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Magnetic properties of quantized vortices in neutron P, superfluids in neutron stars
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We discuss quantized vortices in neutron *P, superfluids, which are believed to realize in high density neutron
matter such as neutron stars. By using the Ginzburg-Landau free energy for *p, superfluids, we determine the
ground state in the absence and presence of the external magnetic field, and numerically construct *P, quantized
vortices in the absence and presence of the external magnetic field along the vortex axis (poloidal) or angular
direction (toroidal). We find in certain situations the spontaneous magnetization of the vortex core, whose typical
magnitude is about 107-* G, but the net magnetic field in a neutron star is negligible because of the ratio of the
vortex core size ~10 fm and the intervortex distance ~10~° m in a vortex lattice.
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I. INTRODUCTION

Neutron stars provide unique laboratories in the universe
not only for astrophysics but also for nuclear physics and con-
densed matter physics. Neutron stars have some observables
such as the mass (M), radius (R), surface temperature (7), and
magnetic fields on the surface (By). The observed masses of
neutron stars give a stringent constraint on the stiffness of the
equation of state. Other observables such as 7 and B; give us
rich information about the states of high density nuclear matter.

It is generally believed that a neutron superfluid state is
realized inside neutron stars, which is a high density fermionic
system. At low densities less than the normal nuclear matter
density, the dominant effective pair interaction is the 'S,
attractive one, and the possibility of 'S, superfluidity was
pointed out by Migdal in 1959 [1]. From the observational
point of view, pulsar glitches, which are the sudden speed-up
events of neutron stars [2], might show the existence of the
superfluidity inside neutron stars, although the mechanism
of pulsar glitches is still controversial. The origin of pulsar
glitches was proposed to be the starquake from the core or the
crust of neutron stars [3-5]. It was also proposed that pulsar
glitches can be explained by the unpinning dynamics of a large
number of neutron vortices pinned on the nuclei [6]. In spite
of several different proposals, there is a common point for the
existence of superfluids among several models: the observed
long relaxation time t (~ weeks for Crab and ~years for
Vela) can be explained by assuming that neutron stars have
the two components, normal neutrons and superfluid neutrons
[3-5]. Moreover, recent observation of the cooling process
of a neutron star may indicate the existence of superfluid
components in the neutron star [7,8]. Therefore, it is very im-
portant to study the detailed properties of neutron superfluidity
to understand the dynamics and evolution of neutron stars.
Once it is established, a large number of quantized vortices
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are inevitably created along the rotation axis due to the rapid
rotation of neutron stars, and consequently understanding the
dynamics of superfluid vortices should be crucial.

Due to the repulsive core in the 'S, partial wave, the
effects of pairing in the *p, attractive interaction becomes
comparable to that of the 'Sy case at about the normal nuclear
matter density. Therefore, a transition from an isotropic 1So
superfluid to an anisotropic *P; superfluid has been predicted
to occur at this density [9-14]. The Ginzburg-Landau (GL)
free energy for the P, superfluid, which is valid near the
critical temperature, was derived in Refs. [13,14] in the weak
coupling limit. The ground state was determined in the GL
theory to be in the nematic phase [15] according to the
classification by Mermin [16] for the GL free energy with total
angular momentum 2. The strong coupling effect was taken
into account in Ref. [17]. Although no definite observational
signal of the existence of *P, superfluids was obtained yet, the
existence of quantized vortices is inevitable if it is realized.
Vortex structures in P, superfluids were discussed in the GL
equation for the 3P2 superfluid [14,18,19]. In particular, the
spontaneous magnetization of a vortex was pointed out in
Ref. [19]. Recent study of ’p, superfluids includes for instance
low energy excitations, their low energy theory, neutrino
emission [20-29], their effects on the cooling process [30],
and the entrainment [31].

In this paper, we determine the ground state in the presence
of magnetic fields, and work out quantized vortex structures
in the *P, superfluids in the presence and absence of magnetic
fields in the framework of the GL theory. Due to the tensorial
nature of the order parameter of the 3P, superfluids, the basis
in which the tensor order parameter take a form depends
on the considered physical situation. The vortex was studied
before in the absence of the external magnetic field and the
sixth order term in the GL free energy, in which case the
coordinate basis of the tensor order parameter is cylindrical
for the vortex solution with the least energy [14,18,19]. We
obtain the full numerical solution in this case. We further
take into account the effect of the sixth order term in the
absence and presence of the magnetic field. We find that the
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Cartesian (xyz) basis for the tensor order parameter gives the
least energy configurations in the presence of the sixth order
term and/or the magnetic field along the vortex axis while
the cylindrical bases are preferred only in the absence of the
external magnetic fields or in the presence of the magnetic
field along the angular direction encircling the vortex. We
construct the vortex profiles in all these cases. We further
calculate the magnetization of the vortex core induced by the
neutron anomalous magnetic moment and find that it is present
only when off-diagonal elements in the tensor order parameter
appear around the vortex core; the case that the off-diagonal
elements have the same winding number with the diagonal
elements when the cylindrical basis is preferred for the tensor
order parameter, and the case that the off-diagonal elements
have a winding number differing from that of the diagonal
elements by 2 when the Cartesian basis is preferred for the
tensor order parameter. Among these, a net magnetization is
present for the former case, that is, the case that the sixth order
term is negligible in the absence of the magnetic field and
the case in the presence of the magnetic fields in the angular
direction. For the Cartesian basis, we find a magnetization
upward and downward along the vortex axis locally existing
in the angular coordinate, with zero net magnetization. In these
cases, the typical magnitude of the magnetic field inside the
vortex core is about 107-® G, and the average value is much
less when averaged in the vortex lattice.

This paper is organized as follows. In Sec. II we introduce
the GL equation for *P, superfluid states and determine the
ground states in the absence and presence of the magnetic
fields. In the weak coupling limit, degenerate ground states
can be parametrized by one parameter. We also point out some
analogy to that of *He superfluids and spin-2 Bose-Einstein
condensates (BECs). In Sec. III we construct vortex solutions
numerically by using the *P, GL equation in various cases
in the presence and absence of magnetic fields along the
vortex axis or angular direction. In Sec. IV, we calculate
a spontaneous magnetization caused by the P, vortices.
Section V is devoted to a summary and discussion. In Appendix
A we give the detailed calculation to determine the ground
states taking into account the sixth order term. In Appendix B
we give full equations of motion of 3P, superfluids.

II. GINZBURG-LANDAU FREE ENERGY
FOR *p, SUPERFLUIDS

In this section, we first give the GL free energy and
determine the ground states in various cases in the absence
and presence of the magnetic fields.

A. Ginzburg-Landau free energy

The GL free energy for the 3P, superfluidity in the weak
coupling limit was derived in Refs. [13,14,32] assuming the
contact interaction. Here let us follow their derivation. To this
end, we consider properties of dense neutron matter by the
following Hamiltonian H, which includes a zero range P,
force:

v? 1
f dp ! (—— — u)tﬂ - 58T, (0 Tup(p). (1)
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where p denote space coordinates, i is a neutron field, u is
a baryon chemical potential, M is the mass of neutrons, and
g(>0)is the coupling constant. Here, «, 8 are the space indices,
and the tensor T, is given by

Tys(P) = Vi ()3p)oe (VY1 () &)
with a differential operator ¢ defined by
(tap)oo' (V) = 5[(S)oo' Vs + Va(Sp)eo']
— 18p(S)oo - V 3)

and S is defined by (S )se' = i(0,04)se (@ = X,¥,2).
The order parameter for P, superfluidity is the 3 x 3
traceless symmetric tensor A ,;, which is defined by

A=Y "io,0yAuiki, 4)
i
where A is the gap parameter. The Latin letter u stands for the
spin index as before while the Roman index i stands for the
spatial coordinates. The symmetry acts on the tensor A,; as

A — elgAg", % cU), geSO@M) 5)

in the matrix notation. The free energy density F as a function
of tensor A,; can be written as

Z/d3p(fgrad+f2+4+f6+fl'1) (6)

where for,q is the gradient term, f>,4 and fi [32] are the free
energy densities up to fourth order and sixth order, respectively,
and fp is the magnetic term, given by

o = K1 Ayt Al + Ko Auidj AL + 8iA,,8;A1),

i

@)
fora = aTrAAT + B[(TrAAT)? — TrA2AT, 8)
fo = Y{—3(TrAAD|TrAA* + 4(TrAAT)
+ 12(TrAANTH(AAT? + 6(TrAANTr(A2A™?)
+8Tr(AA") + 12Tr[(AAT)?ATA)
— 12Tr[AATATATAA] — 12TrAA(TrAATAA)*),
©)
and
fu = gy H*Te(AAY) + g H (AAY) H,.  (10)

In Table I, we summarize the coefficients (the GL parameters)
calculated in the weak coupling limit by considering only the
excitations around the Fermi surface [13,14,32]. In this limit,
K, and K, take the same value. In the derivation above, it
should be noted that the following relations hold:

Tr[AAT(AATY ] = Tr[AAT(AAT)"],
Trl(AAD*(AATY ] = Tr[(AATAATAAT) ],
Tr(AAT)THAATAAT) = TH(AAT ' Tr(AATAAT),

because A,,; is a symmetric tensor.
We ignore the first term with the coefficient g}, of fy in
Eq. (10) since the effect of this term can be incorporated into
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TABLE I. The GL parameters in the weak coupling limit. In the derivation of o, we took g = 1\% in order for the 7' dependence of « to

3
F

become the same with that of the BCS theory. Here, kf is the Fermi momentum defined by kr = he(3m2p)'/? where p is the neutron density.
N(Q0) = Mkr s the density of states N = % on the Fermi surface k = kg, T, is the critical temperature for the ’p, superfluidity, and the

272

Riemann ¢ function ¢ (n) is defined by ¢(n) = 2;0:1 ki,,, for which ¢(3) ~ 1.202 and ¢(5) ~ 1.037. y, is the gyromagnetic ratio of the neutrons
and F is the Fermi liquid correction about the Pauli spin susceptibility. In this paper, we take F = —0.75, T, = 0.2 MeV, T = 0.87,, and

p = 0.17/fm> for numerical simulations.

a K, =K, B 12 8H
NO) I'=Te g2 EORIORE] 7@ NO) g4 _31¢B) NO 16 7t(3) _N©O) _(wh)? H2k2
3 T "F 240M2 (xT.)2 " F 60 (nT.)2"F 16 840 (xT.)* " F 24 (7T.)? 2(1+F)? F

the shift of « in f,,4 and consequently the phase structure is
not modified.

Let us make comments on other systems similar to *p,
superfluids: *He superfluids and ultracold atomic gases of
spin-2 BEC. The “He superfluids are also described by a
3 x 3 tensor A,; but it is not traceless symmetric unlike
P, superfluids [33,34]. The gradient terms are the same
in the weak coupling limit. Spin-2 BECs are described by
the Gross-Pitaevskii equation of a 3 x 3 traceless symmetric
tensor [35]. The sixth order term f5 is absent in the energy
functional of the Gross-Pitaevskii equation. In addition, the
terms proportional to K in the gradient term fy,q are absent
in spin-2 BECs. In other words, the terms proportional to K»
in the gradient term exhibits characteristic features of the *p,
superfluids.

B. Ground states

The ground states of the GL free energy with total angular
momentum 2 were classified by Mermin [16]. According to
this classification, the ground state of 3P2 superfluids in the
weak coupling limit is in the nematic phase [15].

We summarize the effects of each term on the symmetry
breaking pattern in the cases (1) f>14,(2) fo+a + f6,(3) frra +
Sfu,and (4) fora+ fo + fu.

(1) First, we consider the simplest case f>4. The magnitude
of the sixth order term is much smaller than that of the fourth
order term in the region that the GL theory is appropriate, that
is, when the gap parameter is small enough. Here we consider
the energy scale in which fg is negligible.

Atthe fourth order level, the ground state A4y, can be written
as

la| r 0 0
Agft;y'“:\/ 0 —d+rn of any

Brr+A+r2+1) 0 0 1

with a continuous degeneracy r up to the SO(3) action, where
(x,y,z) implies that we take the Cartesian xyz coordinates for
the indices of the tensor A. Here, r € R is a parameter whose
range can be restricted to —1 < r < —1/2 without the loss of
generality. In this range, the eigenvalues in the order parameter
have the following magnitude relation:

A+r?<rP<l. (12)
The ground states are continuously degenerate with the
parameter r [36] and are referred to as the nematic phase. The
ground state manifold can be decomposed into three regions
called strata that have the isomorphic unbroken symmetries
H: the uniaxial nematic (UN) phase for r = —1/2, the D,
biaxial nematic (D, BN) phase for —1 < r < —1/2, and the
D, biaxial nematic (D4 BN) phase for r = —1. We summarize
the unbroken symmetry H, the order parameter manifold
G/H, and the homotopy groups from 7 to w4 of the order
parameter manifold in Table II.

While the order parameter G/ H represents gapless Nambu-
Goldstone (NG) modes, the parameter r here represents an
additional gapless mode called a quasi-NG mode, that was
found in a spin-2 BECs [37]. In the nematic phase, the
SO(3) is enhanced to SO(5) in the level of the equation of
motion, and when it is spontaneously broken, there appears
the additional gapless mode, that is, the quasi-NG mode.
The whole ground state manifold (extended order parameter

manifold) that contains both the NG and quasi-NG modes is
U()xSO(5) ~, U)xS*
Zz D(SO(4) - Z2 :

(2) Next, let us add the sixth order term f5 (so that the total

freeenergyis fo14 + fs), and see which state is selected by this
term. In Appendix A, we show that the ground state is still in
the nematic phase in the presence of the sixth order term, with
correcting the amplitude of the condensates in the previous
study [15]. We can derive the ground state Agy, exactly by

TABLE II. The strata in the nematic phase. We show the range of r, the phase, the unbroken symmetry H, the order parameter manifold
G/ H, the homotopy groups from 7 to 74, and the physical situations (free energy) that realize these states. * indicates the universal covering
group, and Q = Dj is a quaternion group. For the definition of the product x,, see Sec. 4.2.2 and Appendix A of Ref. [38].

r Phase H G/H T T T T3 Ty Physical situation
—1/2 UN 02) U(1) x [SO(3)/0(2)] 0 7@ Zs Z Z Zs fora+ o
—l<r<-—1/2 D, BN D, U(1) x [SO@3)/D,] 0 Z®Q 0 Z Zy fora+ fo+ fu
—1 D4 BN Dy [U(1) x SO3)]/ D4 0 Z x, Dy 0 Z Zs Sfora + fu
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FIG. 1. The normalization and free energy f>14 + fo. (a) Normalization Ney, as a function of r. (b) f{, defined by foi4 + fo =

a function of r. The UN state with » = —1/2 is the ground state.

minimizing free energy with the ansatz,

, la| r 0 0
ALY — cgNen[0 —(+n) 0 (13)
p 0 0 1
By minimizing the free energy density,
frva+ fo =2a(1+r +r’)Ngy,
+ BQ2r* +4r® + 6r* + 4r +2)Ng,
+ (487 + 144r° + 3127 + 38473
+312r% 4 144r + 48)NS,., (14)

with respect to Ngy,, we obtain Ngy, and fr44 + f5. We plot
Nem and fo14 + fo as functions of r in Fig. 1. From this figure,
we find that the case with » = —1/2 is realized, which is the
UN phase. Atr = —1/2, we find Neggy,:

68 — /(6B8)* — 2784
Now — \/ p— (p) — 2T84ay

15
1392]y| (15

In the UN phase, the unbroken symmetry is Dy, ~ O(2) =
SO(2) x Z,, where x denotes a semidirect product.

(a)

FIG. 2. The normalization and free energy f>,4 + fu. (a) Normalization Ny, as a function of r. (b) f,;mg defined by fo14 + fu

as a function of r. The D, BN state with r = —1 is the ground state.
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(3) Let us consider the case that we take into account the
magnetic fields but without the sixth order term: f>14 + fg.
Here, we consider the two cases for the magnetic fields: those
along the z (poloidal) direction (H || z), and along the angular
(toroidal) direction (H || #). The second case may not be
physical for the ground state but we use it for the boundary in
the presence of a vortex in the next section. We can derive the
ground state Apm,e With the same method as the case (2). Let us
consider the magnetic field along the z axis. With the ansatz,

Atro - [y (1) . (0) 16
mag @ mag r ’ (16)
0 0 —(1+4r)

we can minimize the free energy density,
freat fu =201+ r + 1) + gy HX(1 + 1V ]NE,,
+BQrt +4r3 + 6r° +4r + )N . (17)

mag’

with respect to N, . Figure 2 shows Nyae and fo44 + fp that
minimize the free energy as functions of . From this figure,
we find that the case with r = —1 is realized, which is the Dy
BN phase.

-2.98

(b)

-2.985

-2.99

mag

% 9995

-3.005 1 1 1 1

— la? g
= ﬁfmag
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Frot ~ —0.572

1
06!
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FIG. 3. The normalization and free energy f>44 + fs + fu. (a) Normalization N as a function of . (b) f, defined by foru + fo + fu =
% £, as a function of 7 (for H = 10" G). The intermediate state, the D, BN state (with r ~ —0.572 for H = 10" G), is the ground state.

To summarize. the ground state Ap,g becomes

. w (L 00
Arya — [ o —1 0| (H|z)
ag 26\o0 0 o
L 00
G0 — 5|0 0 o] @Hie. a8
B\o o -1

The energy contribution from the magnetic fields vanish in
these cases. The symmetry of this state is D4 symmetry, and
we call this phase the D4 BN phase [35,39].!

(4) Finally, we consider the total free energy including
the sixth order term and magnetic term (fo4+4 + f6 + fu),
where we consider the magnetic field along the z axis. The
intermediate states with the symmetry D5, that we call the D,
BN phase, are realized. The order parameter has the following
form:

1 0 0
AFYD = N0 7 0 (19)
0O 0 —-1-r

The free energy density f4 + fs + fm can be written in terms
of the parameter r and Ny as follows:

Paat fot+ fu = [20(0 + 7+ + guHX(1 +1r)*|N,
+BQ2r* +4r3 + 6r* + 4r + 2)N?

tot

+ v (48r® + 14475 4 312r* + 38473
431272 + 144r + 48)N{,. (20)

By minimizing this free energy density with respect to r and
Nyot, We can obtain the ground state. In Fig. 3, we plot Ny, and
the free energy density as a function of r with H = 103 G. In

this case, the minimum free energy density can be achieved at
r~-—0572=ry for H=10"G. 1)

'In the context of spinor BEC, this is simply called the BN phase
[35,39].

In Fig. 4, we plot r that minimizes the energy as a function
of the strength of the magnetic field H. The ground state is in
the UN phase for the weak magnetic field, while the D4 BN
phase is realized for the strong magnetic field. The parameter
r changes drastically around the magnetic field of 10'° G.

III. VORTEX STRUCTURES IN 3p, SUPERFLUIDS
A. Vortex lattice

When superfluids are rotating, superfluid vortices are
created along the rotation axis. In this section, we discuss
vortices in the *P, superfluids. The existence of vortices in the
3p, superfluids is topologically ensured by the first homotopy
group summarized in Table II. The number N, of vortices with
the unit circulation created inside rotating neutron stars can be
estimated to be

N 1of 1 ms M* R 2
N, ~19x 10 , (22)
P 900 MeV 10 km

-05

4 I
0.1 1 10

H(10"° G)

FIG. 4. The parameter r = r(H) minimizing the free energy
fota + fo + fu as a function of magnetic field H.
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where P is the period of the neutron star, M* is the effective
neutron mass, and R is the radius of the 3 P, superfluid. Then,
we can estimate the distance between vortices d from

nd* x N, = mR?, (23)
that implies the intervortex distance d to be
d~17x10°m (24)

for the typical values for P, M*, and R in Eq. (22).

On the other hand, the coherence length & of *p, superfluid
is about 10-100 fm. Therefore the distance between vortices
is much larger than the coherence length, and therefore we
consider a single vortex below.

B. Vortex ansatz and asymptotic energy of a vortex

Let us derive the equation of motion from the free energy F
introduced in the last section. Since we study axially symmetric
configurations, we consider the position dependence of the
order parameters in the cylindrical coordinates (p,6,z). Apart
from this choice of coordinates, due to the tensorial nature
of the order parameter A, there is freedom to choose a basis
in which A is diagonalized at the boundary with its diagonal
components as eigenvalues of the matrix A. As we see below,
the order parameter A is diagonalized either in the Cartesian
coordinate basis or cylindrical coordinate basis. We consider
the following ansatz for the order parameter of a vortex state
[13,14]:

A®YD = |6i13|R(ne)A(p,nQ,z)RT(ne)eile’
fl l-geim9+i6 0

Alpnt.2) _ igeim9+i6 f2 0 ’ (25)
0 0 -fi—f

where [,m,n are integers, [,m,n € Z are explained below, § is
a constant, R is a rotation matrix, given by

cosnfd —sinnf 0O
R(nO) = | sinnf  cosnd 0], (26)
0 0 1

and f1, f»,g are profile functions depending only on the radial
coordinate p, and the boundary conditions for them are

1,2 — constant, g — as p — 0o,
0
— 0 for m # —I
S1,./2—> 0, {g/_)o formi—l asp— 0, (27
where the case of m = —[ is exceptional since the the total

winding of g vanishes. In the ansatz given in Eq. (25), A*->-9
in the left hand side is the order parameter in the Cartesian
coordinate basis that we substitute in the free energy, while the
matrix A®"%9 on the right hand side is the order parameter di-
agonalized at the boundary p — oo, with its eigenvalues in the
diagonal components. In the case of n = 0, A is diagonalized
in the Cartesian coordinate basis, while in the case of n = 1
it is diagonalized in the cylindrical coordinate basis. Higher
generalizations n > 1 do not correspond to any coordinate
basis anymore. As denoted, the configuration is labeled by the
three integers /,m,n € Z, where [ is the winding number of the

PHYSICAL REVIEW C 93, 035804 (2016)

vortex, n represents a rotation of SO(3) that does not have a
topological nature, and m is a semitopological winding number
(relative to that of f;,) defined locally for the component g.2

For the later convenience, here we write down the explicit
form of each component of the tensor parameter A®-¥>?) in the
Cartesian coordinate basis in Eq. (25), that we will substitute
into the GL free energy or the equations of motion:

Avr =(ficos’n0 + fosin’nf — ige™*sin2n0)e"?
Ay =Ay, = [(fi — fo)sin2nd+ige ™’ cos2nble"’
A,y =(fisin’nf+ focos’nd+ige™*sin2n0)e’”  (28)

Az =—(fi+ f)e"
Aothers =0.

Let us consider the tension, the energy per unit length, of the
vortex. A bulk part of the free energy density, fo14 + f6 + fu,
does not depend on the integers /,m,n, while the gradient term
depends on them. The leading contribution to the gradient
energy at large o depends on n and [ as follows:

F= / dzp%{2K1[lz(ff+f1fz+f§)+n2<f1—fz)z]
+ 2K [ f2sin*(n— 10+ fcos* (n—1)0
+n*(fi— )]}
~2nL2K [P (fP+ fi ot £2)+0°(fi— 1))

2K 1P f7+n*(fi— f2)?] (n=1)
iK2[12(f12+f22)+2n2(f1—fz)z] (n#1)

where ~ denotes the asymptotic form and L is the system size
transverse to the vortex, and f; and f5 in the last line are the
boundary values evaluated at p — 0.

From this equation, we first see that the configuration
with [ = 1 has the lower energy than the configuration with
higher winding numbers/ > 1, as for conventional superfluids,
thereby a vortex with the higher winding / is unstable to be split
into / unit winding vortices. In the following, we concentrate
onl =1.

As for n, we find that either the case of n = 0 (the xyz
basis) or of n = 1 (the cylindrical basis) gives the lowest free
energy. The condition on f; and f, that determines which
configuration with n = 0 or n = 1 has lower energy is plotted
in Fig. 5, where the cylindrical basis (n = 1) gives lower
energy in the shaded region defined by

i< < fi, (30)

while the xyz basis (n = 0) gives lower energy in the rest.
This condition can also be translated in terms of the
parameter r. If f7 < f7 < (fi — f»)* is not satisfied, the
configuration with n = 0 always gives the least energy state.
Therefore, if n = 1 is realized, the order parameter becomes

(29)

2Since the boundary condition for g is zero for p = 0,00 (for
n # —1), it is a ring shape if it appears, and m denotes how many
times the phase of g is twisted along the ring; see Ref. [40] for a
similar example in a spinor BEC.
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0
fi

FIG. 5. The conditions for determining whether the Cartesian
basis or cylindrical basis is realized. The cylindrical basis (n = 1)

is realized in the shaded area while the Cartesian basis (n = 0) is
realized in the rest.

the following form:

I r 0 0 '
A [ Rrmo)[0 =1 =r 0| RT(n6)e”.
r24r+1 o o0 1

(€29}

In Fig. 6, we plot the leading contribution to the free energy
proportional to InL in Eq. (29) as a function of r for the cases
of n = 0 (purple curve) and n = 1 (green curve). From this
figure, we can see that the configuration of n = 1 has the
lower energy in the region —5/8 < r < —1/2. At the cross
point » = —5/8, there is a first order phase transition. In the
following, we consider only the cases of n =0 and n = 1.

35

25
n=1 (cylindrical)

grad

n=0 (xyz)

1
1 1 1 1 Hl
-1 -0.9 -0.8 -0.7 1-0.6
i
1

Tarad ~ —0.557

FIG. 6. The leading contribution to the free energy F ~
27 Ky\InL x fy.,q in Eq. (29) as functions of the parameter r at the
infinity for the n = O (purple curve) and n = 1 (green curve) cases,
which cross at r = —5/8. The minimum point is rgag = 6 — /43 for

n = 1in Eq. (42).
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C. Tension of a vortex

We calculate the free energy per unit vortex length analyti-
cally for each basis:

F= fdzp Jo| Kiti + Kxtr + otz + Mﬂm + o yits |,
68 6/ 36p2

(32)

where the terms #; and #, come from the gradient terms and
the terms #3, t4, and #5 come from the second, fourth, and sixth
order terms, respectively, in the GL free energy density in
Eq. (6). Here #; » can be written in the cylindrical basis as

00 = 2(f7 S S f 4 87)
+i{4f2+4f2—2f 8 +2(m + 1)*1g*
o2 U1 2 12+ [8+2(m + 1)1
—4(fi = f)g(m + 2)cos(md + )}, (33)
2
00 = 2SR+ g%+ [ 4+ 1

+(fi = £)* —2g(m + D(fi — fr)cos(mb + §)
+4 frgcos(mé + 8)]

1
+ ;[—Z(ff + f3)g(m + 1)cos(m6 + §)

+2(f1 + f2)g'cos(mb + §)
+2(f1 + U1 = 21 (34)

and in the xyz basis as
00 =27+ S+ S S+ 87)

+ %[ff F 4 fifst m 4 1P, (35)
téx’y’Z) = 2(c0529f{2 + sin®0f;% + g/z)

+ %[sinze fi 4 cos’0fs + (m + 1)°g?]

— 2sin20sin(m6 + 8)(f| + f2)g'

2

— ;cosZQcos(m@ +8)(m + D(f{ + f2)g
2 ,

+ ;cosZ@cos(m@ +8)(f1 + f)g

+ %sinZGsin(mG +8)(m + D(fi + fr)g- (36)

The rest of the terms of the free energy density #3 45 can be
written in both bases as

=2f+fH+fL+8), (37

ty= 2ff +AL 6L HALL +2f
+{[6 + 2cos2(mb + )1 fE + 4 f1 >
+[6 + 2cos2(mé + 8)1 7} g% + 2g*, (38)
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TABLE III. The boundary conditions and physical situation for each case. rgrg = 6 — v/43 ~ —0.557 given in Eq. (42), and r,; depends

on the magnetic field [r,; ~ —0.572 in Eq. (21) for H = 10" G].

Phase Case (1) Case (2) Case (3a) Case (3b) Case (4)
D, BN D, BN D, BN D, BN (or UN, D, BN)
fl rgrad 1 1 1 1
b at p —> o0 —1 — rgraq 1 0 —1 Ttot
—fi—fa 1 -2 -1 0 =1 =1
Basis n=1 n=0(rl) n=1 n=20 n=20
Situation ( fyrag + f214 plus) non Suqe Suain Jo+ fuain

15 = 48 5 + 14415 f, + 3124 f2 + 38413 f3
31271 14411 15 + 4815 + 48¢°
+ {1288 + 144cos20m0 + 8)] £}
+[360 + 120c0s2(mé + 8)1 £ f>
+[576 + 240cos2(mb + &)1 £ f3
+[360 + 120c0s2(mé + &)1 f1 3
+ [288 + 144cos2(mf + 8)1f5'}&°

+ {1288 + 120c0s2(m0 + 8)1 7
+[144 — 48cos2(mb + 8)1 f1 f
+[288 + 120c0s2(m6 + 8)] f2} g*. (39)

The effect of § on the free energy density is not clear. In this
paper, we restrict the case with § = 0, which is consistent with
the equation of motion, since the imaginary part of nondiagonal
elements is directly connected with the real part of diagonal
elements through the equation of motion. By substituting the
order parameter into Eq. (6) and differentiating it with respect
to f1, f» and g, we obtain the sets of the equation of motions
for each basis, as summarized in Appendix B.

D. Vortex solutions

In this paper, we construct the vortex configurations in the
following five cases:

()case 1: F = [d*p fu;

(i) case 2: F = [d’p (fa+ fo);

(iii) case 3a: F = [d?p (fs + fu)and H || 0;

(iv) case 3b: F = [d?p (fs+ fu)and H | z;

(v)case 4: F = fdzp (fa+ fo+ fu)and H || z.

We summarize the forms of the order parameters in these
cases in Table III. In numerical simulations, we change the
variable p (0 < p < oo) by tanhp (0 < tanhp < 1). We divide
the domain of tanhp into 100 parts and solve the equations
of motion given in Appendix B simultaneously by using
Newton’s method.

Case 1. This is only the case studied before [14,18,19]. This
case may be thought to be unphysical because of the presence
of the sixth order term, but it is relevant when the gap is small
enough (fs is much smaller than f4) and the magnetic field is
small compared with f;. In this case, the ground state takes the
form in Eq. (11) due to the fourth order term. We can see from

Eq. (29) that the leading part of the free energy proportional
to InL becomes lower when f7 < f2, so that we take the
following order parameter form:

1 r 0 0 ‘
A o = Rme)|0 —1—r 0O|RTnO)e"
P24+r+1 0 0 1

(40)

with —1 < r < —1/2. Let us assume that the ground state is in
the cylindrical basis (n = 1) from Fig. 6. By putting the order
parameter into Egs. (33) and (34), we obtain

9r2 +10r +3
Pt 5,0 (41)
rZ+r+1
Then, by differentiating this free energy with respect to r, we
get [14,18,19]

r=06—+v43 ~ —0.557 = rgna (42)

that satisfies —5/8 < rgrd < —1/2, and so the lowest energy
state is in the cylindrical basis (n = 1) consistently. It is
interesting to emphasize that the particular r is selected as
the vortex boundary state although the ground states are
continuously degenerate with r.

Let us make a comment on the case of spin-2 BECs
for which the gradient term consists of only the first term
proportional to K; with K, = 0. In this case, the boundary
becomes the UN phase with» = —1/2 (up to the fourth order).
This phenomenon of selection of the vortex boundary state
is not known in the context of BEC. The quasi-NG mode
is gapped through the gradient term in the presence of a
vortex.

In Fig. 7, we plot the profile functions fi, f>, and g as
functions of the distance p from the vortex center. The red
curves correspond to the case of m = 0 with g # 0, which
is the case considered in Ref. [19] without explicit solutions.
The new solution here is the case with g = 0 represented by
the black curves. We see that all the terms in the equation of
motion for g [Eq. (B3) in Appendix B] contain g if m # 0.
Consequently, in this case, g = 0 is a trivial solution in the
entire region of p since g is fixed to be zero at both boundaries.
This implies that all m # 0 give the same solution of g = 0.
In order to determine which state between g # 0 (withm = 0)
and g = O has less energy, we should compare the free energies
for these two cases, but we leave it as a future problem.
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FIG. 7. The profile functions (a) fi, (b) f>, and (c) g as functions of the distance p/& from the vortex center in the case (1). The red and
black curves correspond to the cases of g # 0 with m = 0 and g = 0, respectively.

Case 2. As we discussed before, if we add the sixth order
term, the ground state is in the UN phase. Since f; = f> is
the boundary between the cases with n =0 and n = 1 (see
Fig. 4), we cannot determine the basis easily. However, by
considering the rotational energy from the basis, we taken = 0
in this paper. Figure 8 shows f|, f, and g as functions of p.
In this situation, we find from Eq. (B6) in Appendix B that
g = 0 is a trivial solution in the entire region of p except for
the cases of m = +£2. This implies that all m(# +2) give the
same solution. In the n = 0 basis, the equation of motions for
f1 and f, have the same form. Since f; = f, is satisfied at
the boundary as we have already mentioned, f; = f> holds at
all p for any m. The blue and green curves correspond to the
cases of g # 0 with m = 2 and m = —2, respectively, while
the black curves represent the case of g = 0. In the figures for
f1 and f>, we cannot see the differences among all the cases
but they have tiny differences numerically.

Cases 3a and 3b. Let us consider the cases that external
magnetic fields are present either along the 6@ direction
encircling the vortex (case 3a) or along the vortex direction
(case 3b).

When the magnetic field along the @ direction is present,
the D4 BN phase in the cylindrical (n = 1) basis is realized

as the boundary state. We plot fi, f», and g as functions of
p in Fig. 9. In the n = 1 basis, for the same reason as in case
1, only the case with m = 0 has a nonzero value for g. The
red and black curves correspond to the cases of g # 0 (with
m = 0) and g = 0, respectively.

When the magnetic field along the z axis is present, we
obtain the D, BN phase as the boundary state of the vortex
as shown in Eq. (18). Since f; = — f, holds at the boundary
p — oo, we find from Fig. 4 that the boundary state is in the
Cartesian (n = 0) basis. Figure 10 shows the profile functions
fi1, f2, and g as functions of p in case 3b. Since the relation
fi1 = —f> is satisfied at the two boundaries and the equation
of motions for f; and f, take the same form, the relation
f1 = — f> holds in the entire region of p. Consequently, the

. 3% f, 3 .
terms proportional to =12 and /2 vanish. As a result, g has
ap pap

a trivial solution g = 0 for all m, implying that all m give the
identical solution.

In cases 3a and 3b, the ground state does not depend on the
magnitude of the magnetic field, while the profile of vortices
of course depends on the magnitude of the magnetic field.
We set the magnetic field to be 10" G, which corresponds
to magnetars. To realize the situations in cases 3a and 3b, we
need a strong magnetic field larger than about 3 x 10" G as

12 T T T T 1.2 T T T T 0.08 T T T T
(a) (b) oo (c)
1L _ i L i 06 i
m=2 ! m=2
= = 0.04 | ]
038 m==2 i 0s L m=-2 |
002 | m=-2 i
o 08 1 ~osf 4 o
0
04 - 04
-0.02
0.2 — 0.2 — -0.04
0 1 1 1 1 1 1 1 1 -0.06
5 10 15 20 25 00 5 10 15 20 25
o/& o/&

FIG. 8. The profile functions (a) fi, (b) f2, and (c) g as functions of the distance p/& from the vortex center in case 2. The profile functions
f1 and f, are identical: f; = f5 in this case. The blue, green black curves correspond to the cases of g # 0 withm =2, g # 0 withm = -2
and g = 0, respectively. All the cases take different values numerically although the profiles of f; and f, are almost overlapped.

035804-9



KOTA MASUDA AND MUNETO NITTA

PHYSICAL REVIEW C 93, 035804 (2016)

0.02

(@)

m=0

05| .

0 ] 1 1 1 0 ]

(©)

0

-0.02

-0.04
1)

-0.06

-0.08

15 20 25 0 5

10
o/&

FIG. 9. The profile functions (a) fi, (b) f2, and (c) g as functions of the distance p/& from the vortex center in case 3a. The red and black
curves correspond to the cases of g # 0 withm = 0 and g = 0, respectively.

can be seen from Fig. 4. Therefore, the value 10" G is not
appropriate, but the qualitative behaviors of vortex profiles
are not changed even when we change the magnitude of the
magnetic field to 10'*'7 G.

Case 4. Finally, let us consider the most realistic case for
neutron stars, that is, the case with the sixth order term in the
presence of the magnetic field of 103 G along the z axis. This
case reduces to case 2 in the absence of the magnetic field and
to case 3b in the presence of strong magnetic field for which
the sixth order term is negligible.

In this case, the smallest eigenvalue —1 — r comes to the
z component. By using Fig. 4, we can see that the xyz basis
(n = 0) is realized. By minimizing Eq. (20), we have r =
rot ~ —0.572 in Eq. (21) as the boundary condition at large
distance.

In Fig. 11, we plot fi, f>, and g as functions of p with
m = —2,...,2 in case 4. For the same reason as in case 2,
only the cases with m = £2 have a nonzero value for g. The
blue, green, and black curves correspond to the cases of g # 0
withm = 2, g # 0 withm = —2, and g = 0, respectively. In
figures for f; and f5, the cases of g # 0 with m = +£2 and of
g = 0 take the different values numerically although they are
almost overlapped.

IV. SPONTANEOUS MAGNETIZATION
OF THE *p, VORTEX CORE

In this section, we calculate the spontaneous magnetization
of 3p, vortex cores due to the neutron anomalous magnetic
moment for the vortex profiles obtained in the last section.
The spontaneous magnetization was already reported in case
1 [19]. This is a characteristic feature of P, vortices that is
absent for conventional 'Sy vortices. The vortex magnetization
M (p) can be calculated as

m=""
2
R dk
G6oT Z / Gy T Gl
4o i iw, +&
— [ Crean T
= [ Gomona )T;/“N(O) (@2 +82)
4
= N 80— Fpleosmdz, @

where G (k,w,) is a thermal Green function, w, = 2n + 1)x T
is the Matsubara frequency, and N'(0) = % is the density

0.2

0.5 —

0 ] 1 1 1

(©)

0.15 |- —

o

15 20

10
o/&

25 0

1
10 15 20

0/&

|
25 0 5 25

FIG. 10. The profile functions (a) fi, (b) f>, and (c) g as functions of the distance p/& from the vortex center in case 3b. All m result in the

same solution.
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FIG. 11. The profile functions (a) fi, (b) f>, and (c) g as functions of the distance p/& from the vortex center in case 4. The blue, green,
and black curves correspond to the cases of g # O withm = 2, g # 0 withm = —2 and g = 0, respectively. In the figures of f; and f5, all the

cases take the different values numerically.

of states differentiated by the energy E = k?/2M, N’ = %,
evaluated at the Fermi surface k = kf.

By using the results of the last section, we obtain the
magnetization M as a function of p. We plot M, (for & = 0) as
functions of p for cases 1-4 in Fig. 12. The red, blue, and green
curves correspond to the cases of g # 0 withm =0, m = 2,
and m = —2, respectively, while the black curves correspond
to the case of g = 0. The maximum value of M, is about
103-10° G when it is nonzero. The mean magnetic field in

a vortex lattice, which is obtained roughly by multiplying
(£/d)* ~ 10714, is much smaller than the observed magnetic
field about 10'>2-10'> G, and consequently this magnetic field
is negligible.

Note that the magnetization M, is proportional to [ fi(p) —
f2(p)1g(p) cosmb. Since it is proportional to the off-diagonal
profile function g appearing around the vortex cores, it is
nonzero only for the cases of m = 0 in the xyz basis and
of m = £2 in the cylindrical basis. When f; # f, in the

01 ") IM 02 2 T T T 02 (3a) T T T T
a
0 015 - . 01 m=0 i
-0.1 — 0.1} - 0
~ -02 _ 4 ~ 005} 4 ~
O m=0 O O -o01 _
o -03 - (=) 0 °°O
~— — —
E N_04 ~ No 05 VN*O.Z -
4 i = 005 L i =
sl | o1 L | -03 - 4
-06 . -0.15 | . -04 - -
-0.7 1 | 1 | — ] 1 ] 1 _ ] ] | |
0 5 10 15 20 25 02 5 10 15 20 25 0'50 5 10 15 20 25
/& o/& o/&
02 T T T T 25 T T T T
0.15 (3) i ) _(4) m=-2 |
01 T 15| .
0.05 |- . —~
8 w(D 1+ m=2 .
S o )
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FIG. 12. The dependence of the magnetizations M, on the distance p/& from the vortex core in cases 1, 2, 3a, 3b, and 4. The red, blue,
and green curves correspond to the cases of m = 0, m = 2, and m = —2 with g # 0, respectively, while the black lines correspond to the case
with g = 0 in cases 1, 3a, 3b, and 4. The magnetization M, vanishes in case 2 because of f; = f, even for g # 0.
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region g # 0, the magnetization can occur. However, in case
2, as we have already discussed, f| = f is satisfied for all p,
and the magnetization M, vanishes. Among all the cases with
nonzero magnetization M., only the case with m = 0 has a net
magnetization, since the 6 integration of cosm6 vanishes for
m # 0. Although the case of m = %2 in the cylindrical basis
has no net magnetization, the direction of the magnetization
drastically changes upward and downward depending on 6,
thereby implying the existence of the large current crossing to
the vortex.

V. SUMMARY AND DISCUSSION

We have determined the ground states of the *P, superfluids
in the presence of the external magnetic fields and have
obtained the vortex solutions in various situations in the
absence and presence of magnetic fields along the vortex
axis or the angular direction. First, the boundary state at
p — oo has been determined to lower the bulk free energy.
Second, the basis diagonalizing the order parameter A,; has
been determined by the leading contribution to the gradient
energy proportional to InL and the coefficients K; and K.
The presence of the gradient energy proportional to K; is
essential for the 3P2 superfluids unlike the spinor BEC for
which such terms are absent. In the absence of the magnetic
field and the sixth order term, the ground state is continuously
degenerate with the parameter r. Nevertheless the boundary
value r for the vortex state is fixed and the cylindrical basis
is realized due to the gradient energy. We have constructed
the free energy density and equation of motion for the xyz
basis and cylindrical basis. By using the ansatz of the vortex
profiles with the nondiagonal component g which has the local
winding number m relative to that of f; », we have constructed
the vortex profiles and have found that g is nonzero around the
vortex core only for m = 01in the cylindrical basis and m = £2
in the xyz basis. The former was known before without
explicit profiles [14,18,19] for which we have given the explicit
solution. As aresult, the spontaneous magnetization around the
vortex cores proportional to g cosm6 is present for these cases.
The net magnetization survives for m = 0 in the cylindrical
basis, while in the case of m = %2 in the xyz basis the net
magnetization vanishes with local magnetization upward and
downward depending on the angle coordinates. The typical
value for the spontaneous magnetization is about 10% G, which
is much smaller than the neutron star observations.

Here we address some discussion. The unbroken symmetry
is D4 for the D4 BN phase realized in cases 3a and 3b.
Since the element of the D4 group consists of an element
of simultaneous action of a U(1) phase rotation by 7 and an
SO(3) rotation by 7/2, the most fundamental vortex is a half
quantized vortex [41]. In the BN phase, a single integer vortex
discussed in this paper may be unstable against the decay
into two half quantized vortices. The half quantized vortices
belong to the non-Abelian first homotopy group D} as in Table
II. When two vortices characterized by elements that do not
commute with each other collide, a bridge between them must
be created [42]; see Ref. [43] for such a collision dynamics
in spinor BEC. We should consider the effects of the half
quantized vortices in the P, neutron superfluids.

PHYSICAL REVIEW C 93, 035804 (2016)

We have discussed only vortices characterized by the first
homotopy group. On the other hand, in Table II, we summa-
rized higher homotopy groups that allow higher codimensional
topological objects like monopoles, Skyrmions, and so on.

It was argued in Ref. [44] that in helium 3 superfluid,
the SO(3) symmetry unbroken in the ground state is further
spontaneously broken around the core of an integer vortex
due to the gradient term proportional to K;, giving rise to
a (quasi)gapless mode localized along the vortex. The same
discussion may be made for the integer vortex in the P,
superfluids studied in this paper.

In order to study the fermionic degree of freedom, the
Bogoliubov—de Gennes equation should be used beyond the
GL free energy. It will turn out to be useful to show topo-
logical properties of the *P, superfluidity such as topological
superfluidity and fermion zero modes trapped inside the vortex
core.

The interface between 'Sy and *p, superfluids should be
important to consider: in particular how vortices are connected
in both regions. On the other hand, at much higher density,
quark matter may appear such as color superconductors [45],
where there exist 1/3 quantized superfluid vortices that carry
color magnetic fluxes [46-50], and the boojum structure on
which vortices join will appear at the interface [51]. Dynamics
of vortices at such interfaces (1Sy- 3p, and 3P2-quark matter)
may be important for dynamics of neutron stars.
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APPENDIX A: GROUND STATE WITH THE SIXTH
ORDER TERM

In this Appendix, we determine the ground state taking into
account the sixth order term in the GL free energy. We correct
the amplitude of the state with the sixth order term previously
obtained in Ref. [15], but the difference is negligible. We also
show that off-diagonal elements do not appear, and so the state
remains in the nematic phase even when we take into account
the sixth order term.
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We consider the following free energy:

F= / d’p (fs+ fo)- (A1)

By minimizing fi, we can obtain the ground state up to fourth
order A4lh’

ol 0 0
A= o 1 0 (A2)
8\o 0 —2

To see the ground state up to the sixth order, we expand the
order parameter A as follows:

A=A+ AA

| fi 8 h
= Agn +i o8 g N J
h jJ —hHh-nh

Then, we put this order parameter into the free energy density
and expand it up to the second order with respect to the A A:

(A3)

2
F= /d3p [10;—/8[(]”1 — )+ 4g% + 10K + 10,2]
|o|?

RETTE

(1704 £2 + 1704 £7 + 768 f1 f>

+2640g% + 5808h° + 5808 jz)}. (A4)

Therefore, if we take f; = f>, we can obtain the lower free
energy density since y is negative. Next, we assume that the

J

92 1/ 0 a 0
7 f1+ soh 00 g
p* P

ap ap
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ground state up to the sixth order to be

1 0 0
Agth = Nem | 0 1 0 (AS)
0O 0 =2

By minimizing the free energy with respect to Ngy,, we get

68 — 68)%2 — 2784
Nos \/ B — /6B) ay.

A6
1392]y| (46)
Finally, let us expand the free energy density by using
A= Ay + A'A
fi &
= Aeh +iNem| & J2 J (A7)
hj —-hHh-nr

We thus reach at
F= / $plerfi = fF + 68 +eh® + el (AS)

where the coefficients ¢y, ¢», c3,and c4 are positive. Therefore,
we have shown that Agy, is at least at the local minimum.

APPENDIX B: EQUATION OF MOTION

In this Appendix, we write down the equation of motion in
the cylindrical basis (n = 1) and xyz basis (n = 0).

(i) The equations of motion for the cylindrical basis (n = 1)
are given as follows:

1 5426,
- - 28m,o%) + ;(—15/’1 + 14f +228,08) +3f1 — fi (fﬁ + 24+ fifr+ —°g2>

3

146, o
+ f2< 0 g2) _ el v (216 7 + 408 11! fo + 6727 £ + 528 f1 f5 + 264 f1 £ + &[(972 + 5168,,.0) 7

3 36p2

+ (504 + 1208,,,0) f2 f> + (612 + 3008,,.0) f1 2 — (216 + 1685,,.0) 5] + *[(504 + 2643,,.0) f1 — (144 + 1683,,.0) f>1)

8 (it fH HID
T * {szé AL
b A 1<8f1 of, og
dp? > p

ap ap ap

(B1)

3

1 5425
27— 45— — 25,,,,0—) + 5121 =19/ = 265,.08) +3f2 = fo (fﬁ + 2+ A+ —’”‘Og2>

146, o
+ f1< ’Og2> _ ol v (216 f5 +408 15 fi + 67215 f7 +528f5 7 + 264 f> £ + 82[(972 + 5168,.0) f

3 362
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(ii) The equations of motion for the xyz basis (n = 0) are given as follows:
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