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The model-dependent uncertainties in the nuclear transition matrix elements for the Majoron-accompanied
neutrinoless double-β decay (0+ → 0+transition) of 94,96Zr, 100Mo, 128,130Te, and 150Nd isotopes are calculated
by employing the projected-Hartree-Fock-Bogoliubov formalism with four different parametrizations of the
pairing plus multipolar two-body interactions and three different parametrizations of the Jastrow short-range
correlations. Uncertainties in the nuclear transition matrix elements turn out to be less than 15% and 21% for
decays involving the emission of single and double Majorons, respectively.
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I. INTRODUCTION

A new generation of experiments searching for the neutri-
noless double-β (ββ)0ν decay is now running or being commis-
sioned, which would be able to measure half-lives approaching
1027 yr (see, for example, Refs. [1–3] and references therein).
These will provide lower limits on the effective Majorana
neutrino mass and more stringent limits on the effective
parameters of gauge theoretical models beyond the standard
model of electroweak unification. Within these models, several
alternative mechanisms violating the conservation of lepton
number L have been proposed, which could be observed in
the (ββ)0ν decay [4]. The Majoron-accompanied neutrinoless
double decay (ββχ )0ν is one such possibility [5].

The proposed nine Majoron models can be broadly classi-
fied into classical [6–9] and new Majoron models [10–12],
which may be alternatively distinguished as single Ma-
joron emitting (ββφ)0ν decay and double Majoron emitting
(ββφφ)0ν decay modes. However, the Gelmini-Roncadelli
model [7] and the doublet Majoron model of Aulakh and
Mohapatra [9] were inconsistent with the measured width of
Z0 and ruled out [13,14]. Over the past decades, a series of
experimental studies were performed, which provided limits
on the Majoron coupling constant 〈g〉 of the order of 10−5 and
information on the sensitivities of the ongoing experiments to
different new Majoron models. The experimental aspects of the
(ββχ )0ν decay have been recently reviewed by Barabash [15]
and references therein. Further, the observability of nine
Majoron models have also been studied theoretically by Hirsch
et al. [16] by employing the quasiparticle random-phase
approximation (QRPA) approach.

To relate the experimental results with limits on Majoron-
neutrino couplings, the evaluation of reliable nuclear transition
matrix elements (NTMEs) is needed. Two main ingredients are
required for this purpose: the wave functions of the initial
and final nuclei and the translation of transition operators
from the fundamental quark level to effective operators
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at the nucleon level. The latter involves the inclusion of
the finite size of nucleons (FNS), short-range correlations
(SRC) [17–21] the, and choice of an effective value of the
axial vector current coupling constant gA [22–25]. The nuclear
wave functions are calculated employing a variety of nuclear
models, namely, shell model [26–28], QRPA [29,30] and
its extensions [31,32], deformed QRPA [33,34], QRPA with
isospin restoration [35], projected-Hartree-Fock-Bogoliubov
(PHFB) [36–39], interacting boson model (IBM) [40,41] with
isospin restoration [25], energy density functional (EDF) [42],
and beyond-mean-field covariant density functional (BMF-
CDFT) [43] approaches. Although, the Hilbert spaces and
residual interactions are employed in quite different ways in
each of them, it is remarkable that the resulting NTMEs M (0ν)

differ only by a factor of 2–3.
The main proposals to estimate the uncertainties in NTMEs

for the (β−β−)0ν decay are a model-independent comparison
of the ratios of the NTMEs squared with the ratios of observed
half-lives T

(0ν)
1/2 [44], treating the spread of the calculated

NTMEs in different models [45] as the measure of the theoret-
ical uncertainty [46,47], and a statistical analysis of model-
specific theoretical uncertainties in the calculated NTMEs
within the QRPA approach [48,49]. Further, uncertainties in
NTMEs due to the SRC have also been investigated [20,21,50].
It has been recently observed by Engel [51] that, despite useful
statistical analysis, large systematic errors inhibit, for the most
part, a kind of careful error analysis advocated in Ref. [52].
By including all physics known to be important as emphasized
by one or the other of the existing approaches, the systematic
errors can be reduced.

The study of uncertainties in the NTMEs, calculated with
the PHFB approach using four different parametrizations of
a Hamiltonian and three different short-range correlations,
was first performed for the (β−β−)0ν decay within the light
Majorana neutrino mass mechanism [37]. Including higher-
order currents (HOC), it was extended later for estimating
uncertainties in the NTMEs, calculated for the exchange of
light [38] and heavy Majorana neutrinos [39], the (β+β+)0ν

decay [53], and the (β−β−)0ν decay involving classical
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Majorons and sterile neutrinos [38]. In Ref. [38], no difference
has been observed in the effects due to the FNS either by
employing dipole form factors or form factors taking the
structure of nucleons into account.

The present work is an extension of estimating uncer-
tainties in NTMEs for the (β−β−χ )0ν decay modes within
mechanisms involving new Majoron models. Results are
presented for 94,96Zr, 100Mo, 128,130Te, and 150Nd isotopes,
calculated within the PHFB approach by employing four
different parametrizations of pairing plus multipolar effective
two-body interaction, dipole form factor, and three different
parametrizations of Jastrow SRC. The effects due to the FNS
as well as the SRC vis-à-vis the radial evolution of NTMEs
and deformation are also investigated.

II. THEORETICAL FRAMEWORK

The detailed theoretical formalism to calculate the half-lives
of the (β−β−χ )0ν decay modes in nine Majoron models [12]
have been discussed by Hirsch et al. [16]. Hence, an outline of
the required theoretical formalism is given in the following for
the clarity in notations used in the present work. The inverse
half-life T

(0νχ )
1/2 for the 0+ → 0+ transition of (β−β−χ )0ν

decay is given by

[
T

(0νχ )
1/2 (0+ → 0+)

]−1 = ∣∣〈gα〉∣∣mG(χ)
α

∣∣M (χ)
α

∣∣2
. (1)

The index α indicates the effective coupling constants gα ,
phase-space factors G(χ)

α , and NTMEs M (χ)
α for different

Majoron models. The index m takes values 2 and 4 for the
(β−β−φ)0ν and (β−β−φφ)0ν decay modes, respectively. The
symbol χ denotes modes involving a single Majoron, φ, or two
Majorons, φφ. The phase-space factors are calculated using

G(χ)
α = a(χ)

α

∫ T +1

1
F0(Zf ,ε1)p1ε1dε1

×
∫ T +2−ε1

1
(T + 2 − ε1 − ε2)nF0(Zf ,ε2)p2ε2dε2.

(2)

In Table I, we present the prefactors a(χ)
α and NTMEs M (χ)

α

corresponding to different Majoron models.

TABLE I. Different Majoron models according to Bamert
et al. [12].

Modes Case n Prefactors aα NTME

ββφ IB, IC, IIB 1
2(GF gA)4m9

e

256π 7 ln (2) (meR)2 M (χ )
mν

ββφ IIC, IIF 3
2(GF gA)4m9

e

64π 7 ln (2) (meR)2 M
(χ )
CR

ββφφ ID, IE, IID 3
2(GF gA)4m9

e

12288π 9 ln (2) (meR)2 M
(χ )
ω2

ββφφ IIE 7
2(GF gA)4m9

e

215040 π 9 ln (2) (meR)2 M
(χ )
ω2

In the closure approximation, the NTMEs M (χ)
α are defined

as

M (χ)
mν

=
∑
n,m

〈
0+

F

∥∥∥∥
[

− HF (rnm)

g2
A

+ σ n · σmHGT (rnm)

+ SnmHT (rnm)

]
τ+
n τ+

m

∥∥∥∥0+
I

〉
, (3)

M
(χ)
CR =

(
gV

gA

)(
fW

3

) ∑
n,m

〈
0+

F

∥∥∥∥σ n · σmHR(r,A)τ+
n τ+

m

∥∥∥∥0+
I

〉
,

(4)

M
(χ)
ω2 =

∑
n,m

〈
0+

F

∥∥∥∥
[(

gV

gA

)2

− σ n.σm

]
Hω2 (r,A)τ+

n τ+
m

∥∥∥∥0+
I

〉
.

(5)

The NTMEs M
(χ)
mν

of the classical Majoron models are the
same as the NTMEs M (0ν) of the light Majorana neutrino mass
mechanism and have been calculated in Ref. [38]. The neutrino
potentials HR(r,A) and Hω2 (r,A) required for the calculation
of the other two matrix elements M

(χ)
CR and M

(χ)
ω2 , respectively,

are defined as

HR(r,A) = 1

4π2M

∫
eiqr

[
A + 2q

q(q + A)2

](
�2

q2 + �2

)4

d3q,

(6)

Hω2 (r,A) = m2
eR

16π2

∫
eiqr

[
3A

2 + 9Aq + 8q2

q3(q + A)3

]

×
(

�2

q2 + �2

)4

d3q, (7)

with gV = 1.0, gA = 1.254, fW = μp − μn = 4.70 [54], and
� = 0.850 GeV. Further, the central part of the recoil term
is only retained in HR(r,A) following Hirsch et al. [16]. The
nuclear radius is taken to be R = R0A

1/3 with R0 = 1.2 fm.
The average energy of the nuclear intermediate states is A =
1.12 A1/2 MeV [55].

The model-specific uncertainties associated with the
NTMEs M (χ)

α for the (β−β−χ )0ν decay modes are evaluated
statistically by estimating the mean and standard deviation
of a set of 12 NTMEs, calculated in the PHFB approach [37]
with the consideration of four different parametrizations of the
effective two-body interaction and three different parametriza-
tions of the SRC. The details about the four different
parametrizations of the effective two-body interaction have
already been given in Refs. [37–39]. By considering a form of
Jastrow short-range correlations given in Ref. [21], the three
different parametrizations of the SRC for the Miller-Spencer
parametrization, Argonne NN , and CD-Bonn potentials, are
denoted by SRC1, SRC2, and SRC3, respectively.

III. RESULTS AND DISCUSSIONS

In the present work, the NTMEs M
(χ)
CR and M

(χ )
ω2 are

calculated employing the same wave functions as those used
in Refs. [37–39]. The reliability of the wave functions has
already been discussed in Ref. [37]. To exhibit the role of the
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TABLE II. NTMEs M (χ )
mν

, M
(χ )
CR , and M

(χ )
ω2 for the Majoron-accompanied (β−β−χ )0ν decay of 100Mo for the PQQ1 parametrization.

NTMEs Point FNS FNS + SRC FNS + SRC(A/2)

SRC1 SRC2 SRC3 SRC1 SRC2 SRC3

|M (χ )
mν

| 8.594 6.830 5.872 6.739 7.016 6.471 7.386 7.674

M
(χ )
CR −0.307 −0.264 −0.229 −0.263 −0.273 −0.259 −0.296 −0.306

M
(χ )
Fω2 × 103 1.179 1.177 1.136 1.192 1.204 2.159 2.265 2.286

M
(χ )
GT ω2 × 103 −5.800 −5.792 −5.596 −5.857 −5.911 −10.659 −11.149 −11.250

|M (χ )
ω2 | × 103 6.979 6.969 6.732 7.050 7.115 12.819 13.415 13.536

FNS and the SRC explicitly, the NTMEs M
(χ)
CR and M

(χ)
ω2 for

100Mo calculated with the PQQ1 parametrization within the
approximations of point nucleons (P), nucleons having finite
size (FNS), and FNS and SRC (FNS + SRC) are displayed in
Table II. In addition, the NTME M

(χ)
mν

[38] is also displayed for
comparison. The NTME M

(χ)
mν−V V + M

(χ)
mν−AA has been taken

as the point nucleon approximation of the NTME M
(χ)
mν

. In the
case of FNS + SRC, the NTMEs M

(χ)
mν

, M
(χ)
CR , and M

(χ)
ω2 are

also displayed with A/2 in the energy denominator to check
the role of average denominator A, in the present work.

It is noteworthy that the qualitative dependence of different
neutrino potentials on momentum transfer q is of a different
nature, and in contrast to the neutrino potential HR(r,A), the
Hω2 (r,A) is quite singular in nature. The contributions from
low-momentum q are crucial in the evolution of M

(χ)
ω2 , and as a

result, the reliability of the calculated NTMEs is questionable.
In fact, it turns out that the magnitudes of M

(χ)
ω2 are numerically

uncertain by about 1 order magnitude, in accordance with
Ref. [16].

A. Effects due to FNS, SRC, and deformation of nuclei

The role of the FNS as well as the SRC can be displayed
in the best possible way by plotting the radial evolution of
NTMEs M

(χ )
mν

, M
(χ )
CR , and M

(χ)
ω2 defined by M (χ)

α = ∫
C(χ)

α

(r)dr [50]. In Fig. 1, the radial variations of C
(χ)
CR and

C
(χ)
ω2 for the 100Mo nucleus are displayed with the PQQ1

parametrization of the effective two-body interaction in four
cases, namely, FNS, FNS + SRC1, FNS + SRC2, and
FNS + SRC3. The plot of the radial dependence of C(χ)

α for
96Zr, 100Mo, 128,130Te, and 150Nd isotopes with the same four
combination of FNS and SRC show that the distributions are
peaked at the same position and, as an example, the radial
variations of C

(χ )
CR and C

(χ)
ω2 for SRC1 are shown in Fig. 2.

It can be noticed that the distribution of C
(χ)
CR is peaked

at r = 1.0 fm for the FNS and the addition of SRC1 shifts
the peak to 1.4 fm. However, the position of the peak is
changed to r = 1.2 fm with the inclusion of SRC2 and SRC3.
Although, the radial distributions of C

(χ)
CR extend up to about

10 fm, the maximum contribution to the radial evolution of
M

(χ)
CR results from the distribution of C

(χ)
CR up to 3 fm. However,

the distributions C
(χ )
ω2 are completely of a different nature, and

in all four cases, the peak positions are at 1.4 fm. Further,

the distributions are oscillating in nature with decreasing
amplitudes and the first peak is similar to the distributions
of NTMEs M

(χ)
mν

and M
(χ)
CR . The distributions up to 15 fm

contribute to the total matrix element M (χ)
ω2 . With the other three

parametrizations of the effective two-body interaction, the
above observations also remain valid. The observed changes
in NTMEs M

(χ)
CR and M

(χ)
ω2 due to the FNS and the SRC are

intimately related with the variations in the areas of curves
under different cases.

In Table III, the effects due to the inclusion of FNS and
FNS + SRC are analyzed in terms of the relative changes in
the NTMEs M (χ)

α (in %) for a given set of parametrizations
of the effective two-body interaction. The relative changes
under FNS and HOC/FNS + SRC are changes in correponding
NTMEs with respect to the point nucleon and FNS cases,
respectively. Depending on the magnitude of form factor �,
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FIG. 1. Radial dependence of (a) C
(χ )
CR (r) and (b) C

(χ )
ω2 (r) for the

(β−β−χ )0ν decay of the 100Mo isotope.
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FIG. 2. Radial dependence of (a) C
(χ )
CR (r) and (b) C

(χ )
ω2 (r) for the

(β−β−χ )0ν decay of 96Zr, 100Mo, 128,130Te, and 150Nd isotopes
corresponding to the case FNS + SRC1.

the maximum change in the values of M
(χ)
mν

and M
(χ)
CR are

between 11% and 16%, respectively. The NTMEs M
(χ)
mν

are
further reduced by 13.0% with the inclusion of HOC. With the
addition of SRC, the NTMEs M

(χ)
mν

and M
(χ)
CR change by about

12%–16%, less than 2% and 2%–4% due to SRC1, SRC2, and
SRC3, respectively. It is worth noting that the NTME M

(χ)
ω2

exhibits negligible change due to the FNS and the SRC.

By using the energy denominator A/2 instead of A, the
relative changes in NTME M

(χ)
CR are similar to those found in

M
(χ)
mν

, which is at most 13.0%, supporting the employment of
the closure approximation. However, the NTME M

(χ )
ω2 (also

M
(χ)
Fω2 and M

(χ)
GT ω2 ) change appreciably as the A is reduced by

a factor of 2. The observed sensitivity of different NTMEs on
the magnitude A can be traced back to the structure of the
neutrino potentials associated with different matrix elements.
Taking the PQQ1 parametrization as reference, the NTMEs
M

(χ)
mν

and M
(χ)
CR change up to 25% with the consideration of the

other three parametrizations, while the NTME M
(χ)
ω2 changes

up to 34%.
By defining the deformation ratio D(χ)

α as the ratio of M (χ )
α

at zero deformation (ζqq = 0) and M (χ)
α at full deformation

(ζqq = 1) [56], the effect of deformation on M (χ)
α is quantified.

It is observed that independent of the underlying mechanisms,
the NTME M (χ)

α is suppressed by a factor of about 2–6 due
to deformation effects in the mass range A = 90–150. Thus,
the deformation plays a crucial role in all the underlying
mechanisms of the (β−β−χ )0ν decay so far as the nuclear
structure aspect is concerned.

B. Uncertainties in nuclear transition matrix elements

The estimated averages M
(χ)
CR and M

(χ)
ω2 with their respective

variances 
M
(χ)
CR and 
M

(χ)
ω2 for 94,96Zr, 100Mo, 128,130Te,

and 150Nd isotopes are presented in Table IV. These are
calculated by employing sets of 12 NTMEs obtained within
the PHFB approach with the consideration of four different
parametrizations of pairing plus multipolar type of effective
two-body interaction and three different parametrizations of
the SRC for both bare gA = 1.254 and quenched gA = 1.0
values of the axial vector coupling constant gA. In addition,

we also present the M
(χ)
mν

and 
M
(χ)
mν

of 12 NTMEs given
in columns 4–6 of Table II of Ref. [38]. By considering
NTMEs without (with) SRC1, the estimated uncertainties

TABLE III. Relative changes (in %) of the NTMEs M (χ )
mν

, M
(χ )
CR and M

(χ )
ω2 for the four different parametrizations of the effective two-body

interaction, namely, (a) PQQ1, (b) PQQHH1, (c) PQQ2, and (d) PQQHH2 with the inclusion of FNS, FNS + SRC (FNS + SRC1, FNS + SRC2,
and FNS + SRC3), and average energy denominator A /2.

NTMEs FNS HOC FNS + SRC(A ) FNS + SRC(A /2)

FNS + SRC1 FNS + SRC2 FNS + SRC3

M (χ )
mν

(a) 8.94–10.63 11.17–12.96 12.38–15.61 0.99–1.96 2.48–2.97 9.22–12.64
(b) 9.40–11.07 11.43–13.02 13.17–16.40 1.11–2.11 2.50–3.04 8.74–12.25
(c) 8.95–10.68 10.13–13.00 12.40–15.71 0.99–1.99 2.39–2.99 9.19–12.62
(d) 9.25–11.15 11.38–12.73 12.91–16.56 1.07–2.15 2.51–3.06 8.67–12.36

M
(χ )
CR (a) 13.12–15.13 – 11.88–14.71 0.10–0.22 3.13–3.70 11.82–16.26

(b) 13.67–15.73 – 12.50–15.09 0.16–0.97 3.16–3.71 11.61–15.98
(c) 12.55–15.19 – 11.51–14.79 0.10–0.93 2.98–3.71 11.78–16.23
(d) 13.49–15.56 – 12.3–15.23 0.13–1.00 3.17–3.73 11.54–16.04

M
(χ )
ω2 (a) 0.12–0.15 – 2.38–3.71 0.89–1.36 1.58–2.38 90.24–91.53

(b) 0.13–0.18 – 2.72–4.39 1.02–1.56 1.79–2.76 89.90–91.40
(c) 0.11–0.16 – 2.39–3.74 0.85–1.37 1.55–2.40 90.22–91.52
(d) 0.13–0.18 – 2.61–4.49 1.01–1.59 1.73–2.83 89.85–91.44
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TABLE IV. Average values for NTME M
(χ )
K and uncertainty 
M

(χ )
K for the (β−β−χ )0ν decay of 94,96Zr, 100Mo, 128,130Te, and 150Nd

isotopes. Both bare and quenched values of gA are considered. Case I and Case II denote calculations with and without SRC1, respectively.

Nuclei gA M
(χ )
mν

M
(χ )
CR M

(χ )
CR

M
(χ )
ω2 × 103 M

(χ )
ω2

×103±1

Case I Case II Case I Case II [16] Case I Case II [16]

94 Zr 1.254 3.873 ± 0.373 4.071 ± 0.246 0.158 ± 0.015 0.165 ± 0.010 4.429 ± 0.560 4.500 ± 0.562
1.0 4.322 ± 0.421 4.550 ± 0.270 0.198 ± 0.018 0.207 ± 0.012 4.782 ± 0.557 4.860 ± 0.557

96 Zr 1.254 2.857 ± 0.264 3.021 ± 0.119 0.115 ± 0.010 0.121 ± 0.004 3.198 ± 0.240 3.256 ± 0.229
1.0 3.204 ± 0.307 3.393 ± 0.141 0.144 ± 0.013 0.152 ± 0.006 3.414 ± 0.299 3.478 ± 0.290

100 Mo 1.254 6.250 ± 0.638 6.575 ± 0.452 0.246 ± 0.024 0.258 ± 0.016 0.16 6.386 ± 0.709 6.499 ± 0.711 ∼1.0
1.0 7.035 ± 0.746 7.410 ± 0.538 0.308 ± 0.029 0.324 ± 0.020 6.923 ± 0.851 7.047 ± 0.856

128 Te 1.254 3.612 ± 0.395 3.810 ± 0.286 0.130 ± 0.014 0.137 ± 0.010 0.14 3.732 ± 0.456 3.795 ± 0.457 ∼1.0
1.0 4.088 ± 0.450 4.316 ± 0.321 0.163 ± 0.018 0.172 ± 0.013 4.161 ± 0.518 4.230 ± 0.519

130 Te 1.254 4.046 ± 0.497 4.254 ± 0.406 0.143 ± 0.016 0.151 ± 0.012 0.12 4.330 ± 0.892 4.395 ± 0.908 ∼1.0
1.0 4.569 ± 0.568 4.808 ± 0.461 0.180 ± 0.020 0.189 ± 0.016 4.819 ± 1.003 4.890 ± 1.021

150 Nd 1.254 2.826 ± 0.430 2.957 ± 0.408 0.094 ± 0.014 0.099 ± 0.013 0.15 3.042 ± 0.496 3.081 ± 0.508 ∼1.0
1.0 3.193 ± 0.492 3.345 ± 0.466 0.118 ± 0.017 0.124 ± 0.016 3.332 ± 0.572 3.375 ± 0.586


M
(χ)
CR in M

(χ )
CR turn out to be about 4% –13% (8%–15%) to

be compared with the uncertainties 
M
(χ)
mν

in M
(χ)
mν

, which
are about 4% –14% (9%–15%). The uncertainties in both
the NTMEs M

(χ)
mν

and M
(χ)
CR are of the same order, reflecting

that the corresponding operators are of identical form. In
addition, the statistically estimated theoretical uncertainties


M
(χ)
ω2 in NTME M

(χ)
ω2 turn out to be 7.0%–21% (7.5%–21%)

without (with) SRC1, exhibiting a negligible dependence on

the SRC. In Table IV, we also present the NTMEs M
(χ)
CR and

M
(χ)
ω2 calculated by Hirsch et al. [16] within the pn-QRPA by

employing the G matrix of the Paris potential for comparison.
The maximum difference between the NTMEs calculated
within the PHFB and pn-QRPA approaches is about a factor of
2. However, the impact of this difference on the total half-life
T

(0νχ )
1/2 is not of much importance so far as conclusions of the

present work are concerned.

C. Nuclear sensitivities and limits on effective
Majoron-neutrino couplings

Recently, the phase-space factors G(χ)
α for the 0+ →0+

transition have been calculated by Kotila et al. [57] with gA =
1.269. In the present work, we rescale them for gA = 1.254
and the phase-space factors for 94Zr are calculated following
Hirsch et al. [16]. There is a large difference in the phase-
space factors within classical and new Majoron models. In
Table V, we present the nuclear sensitivities, which are related
to sensitivities of Majoron-neutrino couplings 〈gα〉, defined
by [58]

ξ (χ) = 1010
√

G
(χ)
α

∣∣M (χ)
α

∣∣, (8)

with an arbitrary normalization factor 1010 so that the nuclear
sensitivities for the (β−β−φφ)0ν decay modes are of order
one. It can be noticed that the nuclear sensitivities for the
(β−β−χ )0ν decay of 150Nd, 100Mo, 96Zr, 130Te, 94Zr, and
128Te isotopes are in decreasing order of their magnitudes.
In addition, the nuclear sensitivities of the promising nuclei

for the classical Majoron models are larger than those of new
Majoron models by about a factor of 103−4.

In columns 7–10 of Table VI, the extracted limits on the
effective Majoron-neutrino coupling constants 〈gα〉 from the
largest observed limits on half-lives T

(0νχ )
1/2 of 94,96Zr, 100Mo,

128Te, 130Te and 150Nd isotopes are displayed. The most
stringent extracted limit on 〈gα〉 < (2.00 − 2.79) × 10−5 is
obtained for 100Mo within classical Majoron models. Due
to smaller NTMEs and phase-space factors, the same limits
〈gα〉 within new Majoron models are larger than those of
classical Majoron models by a factor of 104−5. Because the
sensitivities of the ongoing double-β-decay experiments to
the new Majoron models are quite weak, a comparison of the
expected half-lives T

(0νχ )
1/2 within classical and new Majoron

models is of experimental interest. In Table VII, the predicted
half-lives T

(0νχ )
1/2 with 〈gα〉 = 10−6 and gA = 1.254(gA = 1.0)

are presented for spectral indices n = 1 and 3 of (β−β−φ)0ν

and n = 3 and 7 of (β−β−φφ)0ν decay modes. The smallest
and largest magnitudes of half-lives correspond to 150Nd and
128Te isotopes, respectively. It is quite clear that in the classical
Majoron models, the half-lives T

(0νχ )
1/2 for the potential nuclei

are within the reach of planned experiments and none of the
new Majoron models can produce an observable decay rate in
the near future.

TABLE V. Nuclear sensitivities for the (β−β−φ)0ν and
(β−β−φφ)0ν decay modes in different Majoron models.

Nuclei ξ (χ )
α (ββφ) ξ (χ )

α (ββφφ)

n = 1 n = 3 n = 3 n = 7

94Zr 0.147 × 103 0.162 0.007 0.004
96Zr 1.429 × 103 3.918 0.170 0.579
100Mo 2.528 × 103 6.325 0.253 0.728
128Te 0.105 × 103 0.068 0.003 0.001
130Te 1.359 × 103 2.913 0.124 0.262
150Nd 2.589 × 103 7.124 0.310 1.124
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TABLE VI. Experimental limits on half-lives T(0νχ )
1/2 and extracted effective Majoron-neutrino coupling 〈gα〉, for the (β−β−χ )0ν decay of

96Zr, 100Mo, 128,130Te, and 150Nd isotopes. Both (a) bare and (b) quenched values of gA = 1.254 and gA = 1.0, respectively, are considered.

Nuclei T
(0νχ )

1/2 Ref. gA 〈gα〉 〈gα〉
n = 1 n = 3 n = 7 n = 1 n = 3 n = 3 n = 7

94Zr 2.3 × 1018 [59] (a) 4.49 × 10−2

(b) 6.32 × 10−2

96Zr 1.9 × 1021 5.8 × 1020 1.1 × 1020 [60] (a) 1.61 × 10−4 0.106 1.56 1.28
(b) 2.25 × 10−4 0.133 1.90 1.56

100Mo 3.9 × 1022 1.0 × 1022 7.0 × 1019 [61,62] (a) 2.00 × 10−5 0.016 0.63 1.28
(b) 2.79 × 10−5 0.020 0.76 1.54

128Te 2.0 × 1024 2.0 × 1024 2.0 × 1024 [63] (a) 6.75 × 10−5 0.104 1.47 2.62
(b) 9.37 × 10−5 0.130 1.75 3.11

130Te 1.6 × 1022 9.0 × 1022 [64,65] (a) 5.82 × 10−5 0.011 0.52
(b) 8.09 × 10−5 0.014 0.62

150Nd 1.52 × 1021 2.2 × 1020 4.7 × 1019 [66] (a) 9.91 × 10−5 0.095 1.48 1.14
(b) 1.38 × 10−4 0.119 1.77 1.37

IV. CONCLUSIONS

The Majoron-accompanied neutrinoless double-β
(β−β−χ )0ν decay of 94,96Zr, 100Mo, 128,130Te, and 150Nd
isotopes has been studied within mechanisms involving both
classical and new Majoron models. Uncertainties in the
NTMEs have been estimated by employing sets of twelve
NTMEs M

(χ)
mν

, M
(χ)
CR , and M

(χ)
ω2 calculated using the PHFB

formalism. In contrast to M
(χ)
mν

and M
(χ)
CR , the NTMEs M

(χ)
ω2

are numerically uncertain by 1 order of magnitude due to the
singular nature of the neutrino potential Hω2 . Reducing the
energy denominator by half, the change in NTMEs M

(χ)
mν

and
M

(χ)
CR is smaller than 16%, and the NTMEs M

(χ)
ω2 vary by a

factor of 2. The effects due to the FNS and the SRC on M
(χ)
mν

and M
(χ )
CR are below 16% and are almost negligible on the

magnitude of M
(χ)
ω2 . The effects due to the deformation are

between factors of 2 and 6 for all the three types of NTMEs.
The calculated sensitivities ξ (χ) for new Majoron models

are smaller by 3 to 4 orders of magnitude than those of

classical Majoron models. Using the average NTMEs M
(χ)
α

calculated in the PHFB model, limits on the effective Majoron-
neutrino coupling constants 〈gα〉 were extracted from the avail-
able largest limits on experimental half-lives T

(0νχ )
1/2 . Within

classical Majoron models, the most stringent limit on the
Majoron-neutrino coupling constant 〈gα〉 turns out to be
<2.0 × 10−5 corresponding to the observed half-life of the
100Mo isotope. The extracted effective Majoron-neutrino cou-
pling constants 〈gα〉 for new Majoron models are 3–4 orders
of magnitude larger than those of classical Majoron models.
Further, the ongoing double-β-decay experiments have a
weak sensitivity to the new Majoron models. The calculated
half-lives T

(0νχ )
1/2 for 〈g〉 = 10−6 suggest that although in the

ongoing and planned ββ experiments, the classical Majoron-
accompanied (β−β−φ)0ν decay might be observed, it would be
very difficult to observe the Majoron accompanied (β−β−χ )0ν

decay within new Majoron models in the near future.
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TABLE VII. Predicted half-lives T
(0νχ )

1/2 for the (β−β−χ )0ν decay of 96Zr, 100Mo, 128,130Te, and 150Nd isotopes. Lower and upper values
correspond to bare and quenched values of gA = 1.254 and gA = 1.0, respectively.

Nuclei T
(0νφ)

1/2 (yr) T
(0νφφ)

1/2 (yr)

n = 1 n = 3 n = 3 n = 7

94Zr (4.65–9.19) × 1027 (3.81–6.00) × 1033 (1.95–4.13) × 1048 (7.83–16.6) × 1048

96Zr (4.90–9.60) × 1025 (6.51–10.2) × 1030 (3.47–7.51) × 1045 (2.98–6.46) × 1044

100Mo (1.56–3.05) × 1025 (2.50–3.93) × 1030 (1.56–3.27) × 1045 (1.88–3.96) × 1044

128Te (9.10–17.5) × 1027 (2.15–3.38) × 1034 (9.36–18.6) × 1048 (9.36–18.6) × 1049

130Te (5.41–10.5) × 1025 (1.18–1.85) × 1031 (6.52–13.0) × 1045 (1.45–2.90) × 1045

150Nd (1.49–2.88) × 1025 (1.97–3.10) × 1030 (1.04–2.15) × 1045 (7.92–16.3) × 1043
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