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Ternary fission of superheavy elements
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Ternary fission of superheavy nuclei is studied within the three-cluster model potential energy surfaces (PESs).
Due to shell effects, the stability of superheavy nuclei has been predicted to be associated with Z = 114, 120, and
126 for protons and N = 184 for neutrons. Taking some representative nuclei we have extended the ternary fission
studies to superheavy nuclei. We adopted two minimization procedures to minimize the potential and considered
different arrangements of the fragments. The PES from one-dimensional minimization reveals a strong cluster
region favoring various ternary breakups for an arrangement in which the lightest fragment is kept at the center.
The PES obtained from two-dimensional minimization reveals strong preference of ternary fragmentation in the
true ternary fission region. Though the dominant decay mode of superheavy nuclei is α decay, the α-accompanied
ternary breakup is found to be a nonfavorable one. Further, the prominent ternary combinations are found to be
associated with the neutron magic number.

DOI: 10.1103/PhysRevC.93.014601

I. INTRODUCTION

Flerov [1] suggested the use of a highly neutron-rich beam
of 48

20Ca on actinide targets such as 244
94 Pu, 248

96 Cm and 252
98 Cf

for the synthesis of superheavy nucleus (SHN); he succeeded
in synthesizing 252

102No in a cold reaction with 206
82 Pb targets

[2]. Fiset and Nix predicted [3] that the nucleus with Z = 110
and N = 184 has a longer total half life of T1/2 = 109 years.
In the discussion section of Ref. [4], Nix, suggested the use
of very asymmetric target projectile combinations, such as
250
96 Cm and 257

100Fm with 48
20Ca to synthesize superheavy nuclei.

Gupta et al. also suggested [5] that the use of a 48Ca beam on
even-even 196−204Hg, 204−208Pb, 232Th, 234−238U, 240−244Pu,
and 244−248Cm targets for synthesizing various isotopes of
even Z = 100, 102, and 110–116 elements. The synthesis
of a superheavy nucleus has natural limitations due to the
decrease in half lives with increase in charge number. The
stabilization of SHN is mainly attributed to the shell effects
[6–8] since the SHN possess an almost negligible liquid drop
fission barrier. Based on the liquid drop picture it had been
envisioned that a nucleus can split into two, three, or more
and the energy release would be larger if the division is more
than two. In the heavy element region, splitting into two, the
so-called binary fission, is the predominant breakup with less
probability of breakup into three or more fragments. Since the
fission barrier picture has ruled out the possibility of the binary
breakup of a superheavy nucleus leading to fission, the other
possible fission modes are not investigated rigorously in this
region.

α emission is the dominant decay mode in the superheavy
region, i.e., the superheavy nucleus predominantly undergoes
sequential α decays followed by spontaneous fission. Binary
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fission being not a feasible decay mode, cluster decay is
predicted as a possible decay mode in the superheavy region.
Kumar et al. predicted [9] that in addition to α decay
and fission, emission of heavy clusters, such as 14C, 34Si,
and/or Ca, are possible cases of cluster decay modes for
any of the parent superheavy nuclei of the 277

110X α-decay
chain.

Based on liquid drop model prediction, several theoretical
and experimental studies were made to explore the ternary
fission in transactinide region. But very few experiments
[10–12] were carried out to observe ternary fission in the
superheavy system formed in heavy-ion reactions. Fleischer
et al. measured [10] the ternary to binary ratio from the
superheavy system formed in the interaction of Th and
414 MeV Ar ions. Becker et al. measured [11] the ternary to
binary ratio of the superheavy system formed while uranium is
irradiated with 540 MeV Fe ions. They observed the symmetric
ternary fission events with the aid of a microscope and
detected tracks of the fragments through mica detectors. Vater
et al. investigated [12] experimentally the symmetric ternary
fission for the system formed in the reaction of U+Ar. Wild
et al. measured [13] the energy distribution and the emission
probabilities of light charge particles ( 1H, 3H, and 4He)
from the spontaneous fission of superheavy nuclei 256,257Fm.
Apart from this Grumann et al. reported [14] that superheavy
nuclei undergo ternary fission through oblate deformation
and predicted ternary fission as the dominant decay mode
of superheavy nuclei. Later Diehl and Greiner [15,16] have
shown that in 298

114X the liquid drop barrier for oblate ternary
fission is more than 50 MeV high and suggested that oblate
ternary fission can be ruled out since the shell energy of nearly
magic nuclei can hardly reduce this barrier. Contrary to that,
the prolate liquid drop barriers almost vanish and they have
equal heights for binary and ternary fission of the superheavy
nuclei with mass number of about 300 [16].
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Schultheis et al. calculated [17] the barrier for ternary
fission of superheavy nuclei and reported that unlike actinides
the barriers for binary and ternary fission are equal within
10%. They also calculated the relative cross section (σT /σB) of
ternary to binary spontaneous fissions, which is much higher
in the superheavy nuclei than in the actinide region. They
justified this result by the following reason; in binary fission
of superheavy nuclei many nucleons would be outside the
closed shell (Z = 50, N = 82) of both the fragments, hence
it might be energetically favorable to form a third cluster
(with neutron or proton magic number of nucleons) among
these nucleons (say, for example, 132Sn + 132Sn + 34Si in
298
114X). For actinides, a lower number of nucleons are available
outside the closed shells. With this successful justification they
extended [18] their calculation to 20 even mass nuclei in the
region of 110 � Z � 122 and 176 � N � 192. From their
calculations it is reported that ternary fission barriers in this
superheavy mass region exceed the binary barriers by only
10–35 %. Minimum excess of the ternary barrier height over
the binary one occurs in the region below the doubly magic
nucleus 298

114X, where the total life time is high with respect
to spontaneous fission and α and β decay. This result implies
that the ratio of ternary to binary will be large for highly
stable superheavy nuclei. Hence, the high ternary to binary
ratio is considered as a characteristic property of superheavy
nuclei and it is advocated as a test for superheavy elements.
If the measured relative counting rate �T /�B is substantially
larger than 10−6 then the event has to be associated with
superheavy nuclei. Schultheis et al. calculated [19] the ternary
and binary fission barriers and their relative penetrability for
the isotopes 184 � N � 228 of element Z = 126, considering
both Z = 114 and 126 as magic numbers in the calculation
of shell energy. In all the cases the predicted ternary to binary
relative rates �T /�B are substantially higher than those for
actinides.

Greiner predicted that ternary fission could be a possible
decay mode for superheavy nuclei though fission remains a
noncompeting decay mode, with respect to α decay. To our
knowledge, since then there has been no other significant
progress in the theoretical (or experimental) study of ternary
fission in superheavy mass region. Very recently Zagrebaev
et al. studied [20] the possibility of true ternary fission in
superheavy nuclei and reported that it is quite possible for
superheavy nuclei to undergo ternary fission, with formation of
a heavy third fragment because of the strong shell effects lead-
ing to a three-body clusterization with the two doubly magic
Sn-like cores (for example 132Sn + 132Sn + 32S in 296

116X). All
these theoretical predictions [14,17–19] and experimental
observations [10–12,20] imply that ternary fission might be
a competing decay mode to α decay in the superheavy mass
region. Hence, it would be of interest to see the possibilities
of observing heavy light charged particles with doubly magic
Sn-like main fission fragments in spontaneous ternary fission
of highly stable superheavy nuclei. On the structure side, the
relativistic mean-field theory [21] predicted the next magic
number for SHN as Z = 120 and N = 172 or 184. The
nonrelativistic model [22–25] shows that there will be closed
shells at Z = 114 and N = 184. Cwiok [26] et al. predicted the
next proton magic number as Z = 126. Based on these facts,

for this study we have chosen three nuclei with Z = 114, 120,
and 126 and the neutron number as 184 for all the three nuclei
viz., 298

114X, 304
120X, and 310

126X.

II. METHODOLOGY

Within the three-cluster model (TCM) [27–32], the ternary
fragmentation potential between the three (spherical) frag-
ments in collinear geometry is the sum of the total Coulomb
potential, the total nuclear potential, and the sum of the mass
excesses of the ternary fragments and it can be written as

Vtot =
3∑

i=1

mi
x +

3∑
i=1

3∑
j>i

VCij + VPij , (1)

where mi
x are the mass excesses of the three fragments in

energy units, taken from Ref. [33].
The Coulomb interaction energy VCij defines the force

of repulsion between two of the interacting charges. The
Coulomb expression is defined as,

VCij
= ZiZje

2

Rij

, (2)

where Rx is the radius of the fragment, it is defined by Rx =
1.28A

1/3
x − 0.76 + 0.8A

−1/3
x fm. (x is taking the values of 1,

2, and 3 corresponding to fragments A1,A2, and A3). Rij is
the center to center distance between the fragments i and j .

The proximity potential VPij is defined as

VPij = 4πRγbφ(ξ ). (3)

The universal function φ(ξ ) depends only on the distance
between two nuclei and is independent of the atomic numbers
of the two nuclei, it is given by

φ(ξ ) =
{ − 1

2 (ξ − 2.54)2 − q(ξ − 2.54)3, ξ < t
−3.437 exp(−ξ/0.75), ξ � t.

(4)

Here, q = 0.0852, t = 1.2511, and ξ = s/b, which takes
negative (the overlap region), zero (for touching configu-
ration), and positive (separated configurations) values of s
(=Rij − Ri − Rj ). b is the diffusivity parameter of the nuclear
surface given by b = 0.99 fm. The specific nuclear surface
tension γ is given by

γ = 0.9517

[
1 − 1.7826

(
N − Z

A

)2]
MeV fm−2. (5)

The mean curvature radius, R has the form

R = RiRj

Ri + Rj

. (6)

In TCM the available Q value to the kinetic energies Ei of
the three fragments, i.e., Q = E1 + E2 + E3, is defined as

Q = M −
3∑

i=1

mi
x, (7)

where M and mi
x are the mass excess of the decaying nucleus

and the product nuclei respectively, which are expressed in
MeV and taken from Ref. [33].
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FIG. 1. Ternary fragmentation potential of 298
114X as a function of

fragment mass number A2 for three different arrangements.

III. RESULTS AND DISCUSSIONS

The potential energy surfaces (PESs) for the superheavy
nuclei considered are calculated by imposing the condition
A1 � A2 � A3 on the masses such that the fragment combi-
nations are not repeated. A1, A2, and A3 are the mass numbers
of the three fragments. A1 is considered as the heaviest among
all the three fragments and A3 as the lightest among all the
fragments. All the three fragments may have the same mass
also. The minimization of the potential was done as discussed
in Ref. [34].

Thus obtained minimized potentials are plotted with respect
to the third fragment mass number A3 as shown in Figs. 1,
2, and 3 for the ternary fission of 298

114X, 304
120X, and 310

126X,
respectively. In each figure, the three different potential energy
curves correspond to three different arrangements viz.,

(i) Case I: keeping A2 in the middle;
(ii) Case II: keeping A3 in the middle; and

(iii) Case III: keeping A1 in the middle.

It is to be mentioned here that these three cases corre-
spond to collinear configuration. Recently, we have shown
in Ref. [36] that collinear configuration as a favorable con-
figuration over triangular configuration particularly for heavy
third fragments. Further, the potential energy is always higher
for Case III, which indicates that the formation of heaviest
fragment at the middle is not a favorable configuration, and can
be ruled out for further analysis as is also shown in Ref. [36].
In the present discussion we limit only to Cases I and II and a
representative result of triangular configuration.

It can be seen from the Figs. 1, 2, and 3 that the structure of
the potential corresponding to Case II (solid line) is altogether
different from Cases I and III. For lower mass numbers, say
A3 < 40, and for almost equal mass numbers beyond A3 > 80,

FIG. 2. Same as Fig. 1, but for 304
120X.

the potential energies corresponding to Case I and Case III are
more or less similar. Case II is of our interest in which a region
of mass numbers from 1–40 shows some significant results.
In this region, several light mass nuclei (clusters) are having
very low potential energy compared to Cases I and III. This
result implies that during the ternary breakup, the formation
of a light mass nucleus (A3) at the middle is having higher
probability. For mass numbers A3 > 40, the potential energy
increases linearly. Comparing the Figs. 1, 2, and 3, it is seen
that the cluster region broadens with increase in mass number
of parent nuclei.

FIG. 3. Same as Fig. 1, but for the parent nucleus 310
126X.
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For the true ternary breakup of 298
114X, with comparable

masses, corresponding to Case II, the fragment combina-
tion 86

34Se + 80
30Zn + 132

50 Sn seems to be a probable one as
shown in Fig. 1. In addition, there are other pronounced
valleys for the fragment combinations 132

50 Sn + 22
8 O + 144

56 Ba,
132
50 Sn + 32

12Mg + 134
52 Te, and 132

50 Sn + 34
14Si + 132

50 Sn (as marked
in Fig. 1) in the potential energy. These combinations are
having two fragments with closed shell. For the Case I
(dashed line), there are several combinations possessing a
deep minimum in PES. For these combinations, the neu-
tron number of the fragments is associated with a magic
number particularly for the fragments in the combina-
tions 132

50 Sn + 132
50 Sn + 34

14Si and 204
78 Pt + 48

18Ar + 46
18Ar of 298

114X,
208
82 Pb + 82

32Ge + 14
6 C, and 206

80 Hg + 50
20Ca + 48

20Ca of 304
120X and the

combinations 208
82 Pb + 86

36Kr + 16
8 O and 136

54 Xe + 88
36Kr + 86

36Kr of
310
126X are having minimum potential energies.

From the ternary fragmentation potential energy surface
of 304

120X corresponding to the Case II arrangement,
as shown in Fig. 2, it is seen that the fragment
combinations 98

40Zr + 72
28Ni + 134

52 Te, 92
38Sr + 78

30Zn + 134
52 Te,

and 88
36Kr + 82

32Ge + 134
52 Te are having minimum potential

energy in the true ternary fission region. In addition
to that there are several combinations having
notable minimum potential energy in the cluster
region viz., 134

52 Te + 10
4 Be + 160

64 Gd, 134
52 Te + 14

6 C + 156
62 Sm,

136
54 Xe + 22

8 O + 146
58 Ce, and 134

52 Te + 34
14Si + 136

54 Xe. In Fig. 3
for the Case II arrangement, it is seen that the fragment
combinations 96

40Zr + 76
30Zn + 138

56 Ba and 90
38Sr + 82

32Ge + 138
56 Ba

are having minimum potential energy in the true ternary
fission region. Further, there are several combinations
having minimum potential energy in the cluster region,
namely 138

56 Ba + 10
4 Be + 162

66 Dy, 138
56 Ba + 14

6 C + 158
64 Gd, and

138
56 Ba + 22

8 O + 150
62 Sm. From Figs. 1, 2, and 3, it is seen that

the fragments with the neutron magic number dominate over
the fragments with the proton magic number and at least one
of the fragments in the combination is either proton or neutron
closure.

Further, the calculated Q value is found to be higher for
the fragment combinations having heavier third fragments,
indicating a strong preference to the true ternary fission. From
these figures, it can be seen that the ternary breakup with the
lightest fragment at the middle has more probability than the
other two arrangements. The strong decrease in the potential
for Case II is due to the fact that the Coulomb potential
between the fragments A1 and A2 reduces considerably as
they are separated at least by the diameter of the lightest
fragment A3.

Two-dimensional minimization

In the foregoing discussion all possible combinations are
minimized with respect to the mass number of the third
fragment A3. All possible combinations are classified into
a number of groups according to the mass number of the
third fragment, i.e., the ternary combinations having the same
mass number A3 are combined to form one group. The third
fragment mass number will vary from 1 to integer number
of A

3 , where A is the mass number of the parent nucleus. In

FIG. 4. Potential energy surfaces of proton-minimized ternary
fission fragments at touching configuration for the arrangements
(a) Case I (upper) and (b) Case II (lower) in the ternary fission
of 298

114X.

each group thus formed, we search for a combination having
minimum potential energy among all the combinations. In
this way, we get the A

3 minimized combinations that are the
most favorable combinations. This minimization can be done
separately for the different arrangements of the fragments,
referred to as Cases I, II, and III.

In order to get an overall picture about all possible
minimized combinations, we follow a two-dimensional min-
imization procedure in which all the possible combinations
are minimized with respect to the charge and/or neutron
number of the three fragments. For this minimization, a two-
dimensional array is defined to choose the best combinations
from all possible combinations. All possible combinations are
classified into a number of groups according to the charge
number of the fission fragments in the combinations, i.e., the
ternary combinations having the same charge numbers Z1,
Z2, and Z3 are combined to form one group. The number of
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FIG. 5. Potential energy surfaces of proton-minimized ternary
fission fragments at touching configuration for the arrangement Case
I in the fission of (a) 304

120X (upper) and (b) 310
126X (lower).

groups for a given parent nucleus depends upon the availability
of experimental masses we use.

From all the possible groups thus obtained, in each group,
we search for a combination having minimum potential energy
among all the combinations. This two-dimensional minimiza-
tion can be done separately for the different arrangements of
the fragments, namely Cases I, II, and III.

Figures 4–7 present the ternary plots of the potentials
as a function of charge numbers and neutron numbers.
The potential energy surfaces of two-dimensional proton-
minimized combinations are presented in the ternary plots of
Figs. 4(a), 5(a), and 5(b) and neutron-minimized combinations
are presented in the ternary plots of Figs. 6(a), 7(a), and 7(b)
corresponding to the parent nuclei 298

114X, 304
120X and 310

126X,
respectively, for the arrangement of Case I. Figures 4(b)
and 6(b) correspond to the arrangement of Case II of the
parent nucleus 298

114X for proton and neutron minimization,
respectively. In these figures, the magic numbers are shown

FIG. 6. Potential energy surfaces of neutron-minimized ternary
fission fragments at touching configuration for the arrangements
(a) Case I (upper) and (b) Case II (lower) in the ternary fission
of 298

114X.

as dashed lines to see the importance of closed shell effects in
the ternary fragmentation. For the three nuclei considered, it is
seen that the potential energy is possessing a deeper minimum
in the true ternary fission region than in any other region for the
arrangement of Case I irrespective of whether the minimization
is done with respect to proton or neutron.

In Figs. 4(a) and 6(a), the ternary combination correspond-
ing to the deep minimum is 132

50 Sn + 84
32Ge + 82

32Ge, which is
present in the true ternary fission region. The next minimum
is at the charge numbers Z1 = 78, Z2 = 18, and Z3 = 18
and/or neutron numbers N1 = 126, N2 = 30, and N3 = 28
corresponding to the ternary combination 204

78 Pt + 48
18Ar + 46

18Ar.
Another notable minimum is corresponding to the combination
of 162

62 Sm + 132
50 Sn + 4

2He in the ternary fission of 298
114X. In

Figs. 5(a) and 7(a), the ternary combination corresponding
to the deep minimum is 134

52 Te + 86
34Se + 84

34Se, which is in
the true ternary fission region. In addition to this, there
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FIG. 7. Potential energy surfaces of neutron-minimized ternary
fission fragments at touching configuration for the arrangement Case
I in the fission of (a) 304

120X (upper) and (b) 310
126X (lower).

is another minimum around the charge numbers Z1 = 80,
Z2 = 20, and Z3 = 20 and/or neutron numbers N1 = 126,
N2 = 30, and N3 = 28, which corresponds to the ternary
combination 206

80 Hg + 50
20Ca + 48

20Ca. In Figs. 5(b) and 7(b),
the ternary combination corresponding to the deep minimum
is 136

54 Xe + 88
36Kr + 86

36Kr, which is in the true ternary fission
region. In addition to this, there is another minimum around
the charge numbers Z1 = 80, Z2 = 20, and Z3 = 20, which
corresponds to the combination 206

82 Pb + 52
22Ti + 52

22Ti as seen
in Fig. 5(b). Similarly, there is a minimum around the
neutron numbers N1 = 126, N2 = 30, and N3 = 28, which
corresponds to the ternary combination 206

82 Pb + 54
22Ti + 50

22Ti as
seen in Fig. 7(b).

In addition to these minima, there is a region of minimum
along Z1 = 50 (in proton minimization) and N1 = 82 (in
neutron minimization) in the ternary fission of all nuclei
considered. This suggests that the probability of observing
132
50 Sn as one of the fission fragments is higher. In Case II,
there is a region of minimum around the charge numbers Z1 =

FIG. 8. Potential energy surfaces of ternary fission fragments at
touching configuration for the triangular geometry in the fission
of 298

114X corresponding to (a) proton minimization and (b) neutron
minimization.

46 − 68, Z2 = 48 − 58, and Z3 = 0 − 20 [in Fig. 4(b)] and
around the neutron numbers N1 = 74 − 110, N2 = 74 − 92,
and N3 = 1 − 34 [in Fig. 6(b)] having minimum potential
energy. This implies that the possibility of one of the fragments
as tin isotope ( A1 Sn) is higher in the ternary breakup.

In Refs. [34,35], we have shown that the ternary fission
of heavy nuclei has minimum potential energy in the true
ternary fission region as well as in a region with Z3 = 2.
However, for heavier nuclei such as Cf, the potential energy
shows a deep minimum in the region of Z3 = 2 rather than
in the true ternary fission region. However, in superheavy
nuclei considered for this study, the deep minimum is seen
corresponding to the true ternary fission region alone. No
other stronger minimum is seen particularly corresponding to
the region with Z3 = 2. Although α decay is dominant decay
mode for superheavy region, α-accompanied ternary fission
seems to be a nonfavorable breakup. The true ternary fission
mode is the preferable mode compared to any other modes in
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the ternary fission of superheavy nuclei. The results indicate
that the possibility of formation of the third fragment (with
Z3 = 0–20 or N3 = 1–32) at the center is higher for ternary
breakup.

Some of the minima shown in Figs. 4(a), 5(a), and 5(b) do
not exactly match with the proton magic numbers. However,
the minima marked in Figs. 6(a), 7(a), and 7(b) exactly match
with the neutron magic numbers. This result explains the
fact that the fragments with neutron magic numbers are the
dominant one in the ternary fission of superheavy nuclei.
Similarly, fragments with proton magic numbers are dominant
ones in the ternary fission of heavy nuclei, as shown in
Refs. [34,35].

Figures 8(a) and 8(b) present the potential energy surfaces
of 298

114X for the triangular geometry corresponding to proton
and neutron minimization respectively. The triangular geom-
etry shows minimum potential energy only for very light third
fragments, particularly for A3 � 4. The deepest minimum
corresponds to Z1 = 62, Z2 = 50, Z3 = 2, and N1 = 100,
N2 = 82, N3 = 2, a combination involving 4He as the third
fragment. The true ternary region, as well as ternary split up
with heavy third fragments seen in the calculations of collinear
configuration is not present for the triangular configuration.
However, for the triangular configuration, the minimum energy
seen, at least for some very light particle-accompanied ternary
fission events, is lower than the true ternary region present
in Case I of collinear configuration but higher than the
Case II. This calculation also emphasizes that the triangular
geometry is not a favorable configuration for very heavy
third-particle-accompanied fission as well as for true ternary
fission. Hence, it is suggested that the experimentalists may

look for such events in a collinear configuration over triangular
configuration.

IV. SUMMARY

The ternary potential energy of all possible ternary com-
binations of three superheavy nuclei 298

114X, 304
120X, 310

126X are
calculated and are minimized by the one-dimensional and
two-dimensional minimization procedure. The results of one-
dimensional minimization show that there are several promi-
nent three-fragmentation clusters having very low potential
energy corresponding to an arrangement in which the lightest
fragment is kept at the center. This indicates a stronger
probability of formation of the lightest fragment at center for
superheavy nuclei. Similar calculations done in Refs. [35,36]
for heavy nuclei show no such low potential energy for a
range of clusters. Further, the two-dimensional proton and
neutron minimization is also carried out. The calculated Q
values are found to be high for the true ternary fission region,
which is supported by the low potential energy for the true
ternary fission region. Obtained results indicate the true ternary
mode as a dominant mode to look for in the ternary fission
of superheavy nuclei. Further, the prominent combinations
are found to associate with magic neutron numbers for
superheavy nuclei, which differs for heavy nuclei as reported
earlier wherein the proton magic numbers are found to be
the dominant ones. Further, true ternary breakup is found to
be more favorable than the α-accompanied ternary breakup
for superheavy nucleus. Also, it is shown that the triangular
configuration is not a favorable configuration to look for heavy
third-particle-accompanied fission and true ternary fission.
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