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Proton radioactivity in relativistic continuum Hartree-Bogoliubov theory
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We investigate spherical proton emitters in the region from I (Z = 53) to Bi (Z = 83) isotopes as a crucial
application of the relativistic energy density functional PC-PK1 beyond the drip line. The continuum effect is
treated carefully by using the relativistic continuum Hartree-Bogoliubov theory. We calculate the half-lives of the
proton emitters using the Wentzel-Kramers-Brillouin (WKB) method and observe that the calculated values are
in reasonable agreement with experimental results for most of emitters considered in this study. We also discuss
a clue to improve the functional PC-PK1 in future.
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I. INTRODUCTION

The covariant density functional theory (CDFT) [1] has
received much attention during the past decades due to its
successful descriptions of lots of nuclear phenomena, not only
in stable nuclei but also in exotic nuclei [2–4]. In particular,
by taking the Lorentz symmetry into account, this covariant
framework achieves a consistent treatment of the spin degrees
of freedom [2,5], a natural origin of the pseudospin symmetry
[6–9], and the unification of the time-even and time-odd
components [10].

The traditional versions of CDFT are mainly based on the
finite-range meson-exchange representation, such as density-
dependent meson–nucleon couplings [11–13], in which the
nucleus is described as a system of Dirac nucleons that
interact with each other via the exchange of mesons and
photons. More recently, this framework has been reinterpreted
by the relativistic Kohn-Sham density functional theory, and
the functionals have been developed based on the zero-
range point-coupling interaction [14], in which the meson
exchange in each channel is replaced by the corresponding
local four-point contact interaction between nucleons. The
point-coupling model has attracted more attention owing to
the following advantages. First, it avoids the possible physical
constrains introduced by explicit usage of the Klein-Gordon
equation to describe meson fields, especially the fictitious σ
meson. Second, it is possible to study the role of naturalness in
effective theories for nuclear-structure-related problems [15].
Third, it is relatively easy to include the Fock terms [16], and
provides more opportunities to investigate its relationship to
the nonrelativistic approaches [17].

As one of the most successful relativistic point-coupling
energy density functionals, PC-PK1 [18], whose parametriza-
tion is fitted to the binding energies, charge radii, and empirical
pairing gaps of 60 selected spherical nuclei, has made great
achievements in describing not only nuclear ground-state
properties but also various excited-state properties. Represen-
tative examples include the studies of nuclear mass [19,20],
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neutron drip line [21], spin-orbit and orbit-orbit potential
strengths [22], clustering structure [23], configuration mixing
and low-lying excitations [24], collective Hamiltonian and
shape phase transition [25], quadrupole [26] and magnetic [27]
moments, magnetic [28] and antimagnetic [29] rotation bands,
multiple chiral doublet bands [30], so-called stapler band [31],
pairing transitions at finite temperature [32], exotic nuclear
shape [33], fission barrier [34], shape coexistence and α
decay [35], isoscalar proton-neutron pairing and β decay [36],
and neutrinoless double-β decay [37]. With these successful
applications, the energy density functional PC-PK1 is being
used to construct one of the latest versions of CDFT nuclear
mass table, where a proper treatment of pairing correlations
in the presence of the continuum can be achieved within
the framework of relativistic continuum Hartree-Bogoliubov
(RCHB) theory [4,38–41]. It is found that the couplings
between the bound states and the continuum due to the
pairing correlation strongly affect the drip-line position. By
comparison with the finite-range droplet model, the neutron
drip-line nucleus predicted by the RCHB theory with PC-PK1
functional has 2 (O), 10 (Ne), 10 (Na), 6 (Mg), 8 (Al), 6 (Si),
8 (P), 6 (S), 14 (K), 10 (Ca), 10 (Sc), and 12 (Ti) more neutrons,
respectively [42].

The study of exotic nuclei in which many novel phenomena
has been observed and predicted, such as the change of magic
number, giant halo [43,44], and shape decoupling between core
and halo [45], is an indispensable component of contemporary
nuclear physics. In particular, exotic nuclei beyond the drip
lines pose great challenges in both experimental and theo-
retical researches. The proton radioactivity from proton rich
nuclei beyond the drip line provides not only spectroscopic
information on nuclear structures but also invaluable clues on
the nuclear force beyond the drip line. These proton emitters
are also interesting open systems for quantum mechanical
tunneling as the emitted proton goes through the barrier
of Coulomb and centrifugal potentials. Experimentally, an
isomeric state of 53Co∗ was discovered as the first proton
emitter in 1970 [46,47]. Since then more than 30 proton
emitters have been observed, mainly in the region from I
(Z = 53) to Bi (Z = 83) isotopes; see, e.g., Refs. [48,49]
and the references therein. To understand the physics beyond
the drip line, comprehensive theoretical efforts have been
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made [50–54]. Recently, the proton emission half-lives were
systematically investigated in the framework of CDFT [55,56].

In this work, as another crucial application of the relativistic
energy density functional PC-PK1 beyond the drip line, we will
systematically study the properties of (near) spherical proton
emitters in the region from I (Z = 53) to Bi (Z = 83) isotopes.
The continuum effect is treated carefully by using the RCHB
[4] framework, and the numerical setup is the same as that
used in the latest CDFT mass table [42] without any additional
parameter.

This paper is organized as follows. In Sec. II, the covariant
density functional theory and its Bogoliubov transformation
are explained briefly. We account for the Wentzel-Kramers-
Brillouin (WKB) approximation for proton emission half-lives
in Sec. III. Section IV summarizes and discusses the results of
the present work.

II. COVARIANT DENSITY FUNCTIONAL THEORY

The starting point of the point-coupling CDFT is an
effective Lagrangian density [18]

L = ψ̄(iγμ∂μ − M)ψ − 1

4
FμνF

μν − e
1 − τ3

2
ψ̄γ μψAμ

− 1

2
αS(ψ̄ψ)(ψ̄ψ) − 1

2
αV (ψ̄γμψ)(ψ̄γ μψ)

− 1

2
αT V (ψ̄ �τγμψ)(ψ̄ �τγ μψ) − 1

2
αT S(ψ̄ �τψ)(ψ̄ �τψ)

−1

3
βS(ψ̄ψ)3 − 1

4
γS(ψ̄ψ)4 − 1

4
γV [(ψ̄γμψψ)(ψ̄γ μψ)]2

−1

2
δS∂ν(ψ̄ψ)∂ν(ψ̄ψ) − 1

2
δV ∂ν(ψ̄γμψ)∂ν(ψ̄γ μψ)

−1

2
δT V ∂ν(ψ̄ �τγμψ)∂ν(ψ̄ �τγ μψ)

−1

2
δT S∂ν(ψ̄ �τψ)∂ν(ψ̄ �τψ), (1)

where M is the nucleon mass, Aμ and Fμν are for photon
fields, and αS , αV , αT V , αT S , βS , γS , γV , δS , δV , δT V , and δT S

are the coupling constants in different spin-isospin channels.
In this paper, we adopt the natural units � = c = 1.

From the above Lagrangian density, we derive the RCHB
equation [4]

(
hD − λ �
−�∗ −h∗

D + λ

)(
Uk

Vk

)
= Ek

(
Uk

Vk

)
, (2)

where λ is the Fermi energy and Ek are the eigenenergies of
quasiparticles. The Dirac Hamiltonian hD is given by

hD = α · p + β[M + S(r)] + V (r), (3)

where the scalar S(r) and vector V (r) potentials are

S(r) = αSρS + βSρ
2
S + γSρ

3
S + δS�ρS,

(4)
V (r) = αV ρV + γV ρ3

V + δV �ρV + eA0

+αT V τ3ρT V + δT V τ3�ρT V .

TABLE I. Parameters in PC-PK1 and pairing strength

Value Dimension

mn 939 MeV
mp 939 MeV
αS −3.96291 × 10−4 MeV−2

βS 8.6653 × 10−1 MeV−5

γS −3.80724 × 10−17 MeV−8

δS −1.09108 × 10−10 MeV−4

αV 2.6904 × 10−4 MeV−2

γV −3.64219 × 10−18 MeV−8

δV −4.32619 × 10−10 MeV−4

αT V 2.95018 × 10−5 MeV−2

δT V −4.11112 × 10−10 MeV−4

V0 685 MeV fm−3

The scalar, vector, and isospin densities are expressed as

ρS(r) =
∑

k

V k(r)Vk(r),

ρV (r) =
∑

k

V
†
k (r)Vk(r),

ρT V (r) =
∑

k

V
†
k (r)τ3Vk(r).

(5)

The pairing gap takes the form of

�kk′(r,r′) = −
∑
k̃k̃′

Vkk′,k̃k̃′(r,r′)κkk′(r,r′), (6)

where κ = U ∗V T is the pairing tensor. For Vkk′,k̃k̃′ the fol-
lowing density-dependent zero-range pairing force is adopted:

V pp(r1,r2) = −V0δ(r1 − r2)
1

4
(1 − P σ )

(
1 − ρ(r1)

ρ0

)
, (7)

where P σ is the spin exchange operator and ρ0 = 0.152 fm−3.
By representing the single-particle levels in the canonical

basis [57], we can obtain the occupation probability v2 and
nonoccupation probability u2 in the BCS-like form for each
orbital. The latter plays a very important role in calculating
the spectroscopic factor of proton emission. Table I shows the
masses of proton and neutron, coupling constants, and pairing
strength used in this work.

III. WKB APPROXIMATION FOR PROTON EMISSIONS

In order to calculate proton emission half-lives, we adopt
the traditional Wentzel-Kramers-Brillouin (WKB) method. In
this method, the decay width is given by

� = SN
4μ

exp

[
−2

∫ r2

r1

|k(r)|dr

]
, (8)

where S is the spectroscopic factor, N is the normalization
factor, r1 and r2 are the classical turning points for the emitted
proton, and k(r) = √

2μ[E − V (r)]. Here we take E as the
experimental Q value. Within a two-body scheme, the emitted
proton penetrates the potential barrier provided by the daughter
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FIG. 1. Partial nuclear chart from I (Z = 53) to Bi (Z = 83) isotopes by the RCHB theory with the covariant density functional PC-PK1.
The experimentally known proton emitters [48] are denoted with the symbol �, while the proton drip-line nuclei given by the spherical
RCHB calculations with relativistic density functional PC-PK1 [18] and pairing strength V0 = 685 MeV fm−3 are shown with the symbol
+. The stable nuclei as well as the last mass-measured nuclei and the last bound nuclei in AME 2012 [59] are also shown for guiding
eyes.

nucleus, and therefore μ represents the reduced mass, μ =
M(A − 1)/A.

The potential barrier V (r) includes the nuclear, Coulomb,
and centrifugal contributions

V (r) = VN (r) + VC(r) + �
2

2μr2
l(l + 1). (9)

Here VN (r) = V (r) + S(r) and VC(r) are the nuclear and
Coulomb potentials for the protons, which are calculated
self-consistently by the RCHB theory with the PC-PK1
functional. Moreover, the spectroscopic factor S in Eq. (8)
is obtained within the same self-consistent scheme; i.e., S is
the nonoccupation probability u2 in the canonical basis for the
specific orbital in the daughter nucleus, S = u2. The last term
is the contribution from the centrifugal barrier. We used the
traditional centrifugal barrier instead of the Langer modified
centrifugal barrier [58]. We found that there is less than
5% difference in numerical calculation between the Langer
centrifugal barrier [Vl = �

2

2μr2 (l + 1/2)2] and the traditional
one if l �= 0. However, the discrepancies become more than
20% in some cases with l = 0 because of the first classical
turning point.

Furthermore, the normalization factor, which is responsible
for the assaulting frequencies, is calculated by [58]

1

N =
∫ r1

r0

dr

k(r)
cos2

[∫ r

r0

k(r ′)dr ′ − π

4

]
. (10)

With all of the above ingredients, the proton emission half-lives
read

t1/2 = ln 2

�
. (11)

Note that compared with the formalism used in Ref. [56],
we took into account only the leading-order contribution of the

FIG. 2. Potential barrier for the proton emission of 109I. The
nuclear VN and Coulomb VC potentials are obtained from the mother
nucleus, while the Q value (dotted line) is taken as the experimental
value. The r0, r1, and r2 are classical turning points of the potential
barrier for the emitted proton.
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TABLE II. Calculated and experimental half-lives of (near) spherical proton emitters from I (Z = 53) to Bi (Z = 83), where asterisk (∗)
denotes the isomeric states. The Q values from experiments, single-particle orbitals, and half-lives are taken from Ref. [48] with the updates
for 156

73 Ta and 160
75 Re from Refs. [60,61]. The nonoccupation probabilities u2 of the corresponding orbital in the daughter nucleus are calculated

by the RCHB theory with PC-PK1 functional. The BCS results are shown in the parentheses next to the RCHB results. For comparison, the
calculated one-proton separation energies Sp are also shown.

No. Nucleus −Sp (MeV) Q (MeV) Orbital u2 t th
1/2 t

exp
1/2

1 109
53 I 2.20 0.827(5) 2d5/2 0.9233 (0.9246) 36.18 (33.14) μs 93.5(5) μs

2 112
55 Cs 2.42 0.823(7) 2d5/2 0.8744 (0.9067) 0.23 (0.21) ms 0.5(1) ms

3 113
55 Cs 1.97 0.976(3) 2d5/2 0.8811 (0.9185) 1.74 (1.56) μs 16.7(7) μs

4 144
69 Tm 1.85 1.725(16) 1h11/2 0.7451 (0.8138) 4.84 (4.21) μs 2.7+1.7

−0.7 μs

5 145
69 Tm 1.55 1.753(7) 1h11/2 0.7376 (0.8013) 3.07 (2.70) μs 3.46(32) μs

6 146
69 Tm 1.23 1.210(4) 1h11/2 0.7240 (0.7884) 129.63 (112.59) ms 117.6(64) ms

7 146
69 Tm

∗
1.140(4) 1h11/2 0.7240 (0.7884) 866.47 (751.66) ms 203(6) ms

8 147
69 Tm 0.95 1.073(5) 1h11/2 0.7209 (0.7779) 6.08 (5.35) s 3.78(127) s

9 147
69 Tm

∗
1.133(3) 2d3/2 0.6546 (0.6432) 627.26 (602.20) μs 360(36) μs

10 150
71 Lu 1.31 1.283(3) 1h11/2 0.6076 (0.6558) 88.46 (77.58) ms 64.0(56) ms

11 150
71 Lu

∗
1.306(5) 2d3/2 0.5524 (0.5381) 35.72 (34.15) μs 43+7

−5 μs

12 151
71 Lu 1.03 1.253(3) 1h11/2 0.6098 (0.6434) 176.38 (159.66) ms 127.1(18) ms

13 151
71 Lu

∗
1.332(10) 2d3/2 0.5786 (0.5755) 18.03 (17.21) μs 16(1) μs

14 155
73 Ta 1.08 1.468(15) 1h11/2 0.4955 (0.5036) 5.25 (4.98) ms 2.9+1.5

−1.1 ms

15 156
73 Ta 0.76 1.032(5) 2d3/2 0.5339 (0.5328) 338.86 (321.00) ms 149(8) ms

16 156
73 Ta

∗
1.127(7) 1h11/2 0.4836 (0.5032) 25.37 (23.40) s 8.52(212) s

17 157
73 Ta 0.46 0.947(7) 3s1/2 0.7131 (0.7838) 1117.50 (957.80) ms 300(105) ms

18 159
75 Re

∗
1.831(20) 1h11/2 0.3829 (0.3783) 31.14 (30.54) μs 20.2(37) μs

19 160
75 Re 0.74 1.287(6) 2d3/2 0.4481 (0.4568) 0.91 (0.85) ms 0.687(11) ms

20 161
75 Re 0.45 1.214(6) 3s1/2 0.6774 (0.7715) 844.90 (705.15) μs 440(2) μs

21 161
75 Re

∗
1.338(7) 1h11/2 0.3696 (0.3541) 367.72 (370.29) ms 224(31) ms

22 164
77 Ir

∗
1.844(9) 1h11/2 0.2508 (0.2287) 96.51 (103.08) μs 113+62

−30 μs

23 165
77 Ir

∗
1.733(7) 1h11/2 0.2489 (0.2143) 0.55 (0.62) ms 0.34(7) ms

24 166
77 Ir 0.07 1.168(7) 2d3/2 0.3854 (0.4492) 105.57 (85.96) ms 152(71) ms

25 166
77 Ir

∗
1.340(8) 1h11/2 0.2359 (0.2001) 1.71 (1.94) s 840(280) ms

26 167
77 Ir −0.21 1.096(6) 3s1/2 0.6778 (0.7921) 120.38 (97.87) ms 110(15) ms

27 167
77 Ir

∗
1.261(7) 1h11/2 0.2345 (0.1868) 12.69 (15.28) s 7.5(24) s

28 170
79 Au −0.03 1.488(12) 2d3/2 0.2701 (0.3037) 169.40 (144.46) μs 321+67

−58 μs

29 170
79 Au

∗
1.770(6) 1h11/2 0.1262 (0.1008) 1.50 (1.82) ms 1.046+0.136

−0.126 ms

30 171
79 Au −0.29 1.464(10) 3s1/2 0.6467 (0.7253) 26.20 (22.36) μs 24.5+4.7

−3.1 μs

31 171
79 Au

∗
1.719(4) 1h11/2 0.1243 (0.0963) 3.50 (4.34) ms 2.22(19) ms

32 176
81 Tl −0.80 1.282(18) 3s1/2 0.5811 (0.4950) 8.73 (9.68) ms 5.2+3.0

−1.4 ms

33 177
81 Tl −1.07 1.180(20) 3s1/2 0.5887 (0.5018) 163.34 (180.03) ms 67(37) ms

34 177
81 Tl

∗
1.984(8) 1h11/2 0.0406 (0.0513) 380.60 (288.24) μs 396+87

−77 μs

35 185
83 Bi −2.01 1.624(16) 4s1/2 1.0000 (1.0000) 5.79 (5.48) μs 58(9) μs

nuclear potential from the point of view of similarity renor-
malization group. However, here we perform self-consistent
calculations without any additional free parameters, so that the
predictive power of a given nuclear energy density functional
can be examined in a more strict way.

IV. RESULTS AND DISCUSSION

In Fig. 1 the nuclear chart from the I (Z = 53) to Bi (Z =
83) isotopes is shown, where the experimentally known proton
emitters [48] are highlighted with � symbols. The proton
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drip-line nuclei given by the spherical RCHB calculations
with the relativistic energy density functional PC-PK1 [18]
and pairing strength V0 = 685 MeV fm−3 [42] are compared
with the last bound or last mass-measured nuclei in AME 2012
[59].

Experimentally, the possible candidates of proton emitters
should be located outside the proton drip line with positive Q
values. The corresponding conditions for the calculated results
are Sp > 0, S2p > 0, and λp < 0, where Sp and S2p are the
one- and two-proton separation energies, respectively, and λp

is the Fermi energy. For the proton emitters discovered in this
region it is found that the above conditions are well satisfied
by the self-consistent RCHB calculations in the whole region,
except for a few cases with A > 167.

By taking the proton emitter 109I as an example, Fig. 2
shows the nuclear, Coulomb, and centrifugal contributions to
the potential barrier V (r) in Eq. (9), which are short, long,
and medium range, respectively. The classical turning point
r0 close to the center of the nucleus is mainly decided by
the centrifugal barrier, while the turning point r2 far away
from the center is mainly decided by the Coulomb potential.
In contrast, the turning point r1 near the nuclear surface is
a result of the competition among all contributions. It is
noteworthy to mention the differences between the traditional
centrifugal barrier and the Langer potential [58]. Using the
Langer potential, the first classical turning point (r0) is always
located away from the center even with l = 0. Because of this
fact, WKB calculation from the Langer potential with l = 0
underestimates the half-lives compared with the result from
the traditional centrifugal barrier contribution. This is caused
by the assaulting frequencies from the Langer potential is
higher than the traditional one. If l �= 0, however, the half-lives
are overestimated since the penetration length (r2 − r1) is
increased.

In Table II, we summarize the calculated and experimental
half-lives of (near) spherical proton emitters from I (Z = 53)
to Bi (Z = 83), where asterisk (∗) denotes the isomeric states.
As shown in Table II, the calculated one-proton separation
energies are still not accurate enough for describing the Q
values of proton emission, thus here we adopt the experiment
Q values taken from Ref. [48]. The experimental values are
also taken for the single-particle orbitals. Meanwhile, the
calculated nuclear and Coulomb potentials are used to obtain
the normalization factor in Eq. (10) and decay width in Eq. (8),
together with the spectroscopic factor S as the nonoccupation
probabilities u2 of the corresponding orbital in the daughter
nucleus. The proton emission phenomena of the ground and
isomeric states indicate that the nuclear potentials for protons
from both states are quite similar to each other. For example,
two types of proton emissions were experimentally observed
in 155

71 Lu. The half-lives of the observed proton emission,
however, are different in four orders of magnitude. Considering
spectroscopic factor and experimental Q values, the difference
comes mainly from the centrifugal potentials. This suggests
that the proton emission from the both states highly depends
on the angular momentum of the emitted proton. This justifies
the use of nuclear potential obtained from the ground state for
the isomeric states. We also performed the same calculation
with BCS formalism. In the proton-dripline region, the pairing

100 110 120 130 140 150 160 170 180 190
A

10−2

10−1

100

101

102

tt
h 1/
2
/t

ex
p

1/
2

Ground

Isomeric

FIG. 3. Ratios of the calculated half-lives t th
1/2 to experimental

half-lives t
exp
1/2 [48,60,61] as a function of mass number A, where

the error bars indicate the uncertainties of the experiment values,
δt

exp
1/2/t

exp
1/2 . The proton emissions from the ground states and isomeric

states are denoted with solid (blue online) and open (red online)
symbols, respectively.

effects is less important than the neutron-rich nuclei since the
Coulomb repulsion is the main reason of disintegration of
proton-rich nuclei. The numerical number in the parentheses
next to RCHB results in Table II shows the BCS results. There
are slight differences in u2 between BCS and RCHB results.
The half-lives from RCHB, however, give better agreement as
the number of nucleon in nuclei increases in which pairing and
continuum effects are getting important.

It is seen that the proton emission half-lives range from
a few microseconds to a few seconds, which are mainly
determined by the orbital angular momentum and Q value. For
all the cases covering six orders of magnitude, the theoretical
results by the relativistic energy density functional PC-PK1
are in good agreement with the experimental data, without a
single adjustable parameter. This can be seen more clearly in
Fig. 3, in which the ratios of the calculated half-lives t th

1/2

to experimental half-lives t
exp
1/2 are shown as a function of

mass number A. The solid (blue online) and open (red online)
symbols represent the proton emissions from the ground states
and isomeric states, respectively, and the error bars indicate the
uncertainties of the experiment values, δt

exp
1/2/t

exp
1/2 . It is found

that for the nuclei 113
55 Cs and 185

83 Bi, the results underestimate
the data by around one order of magnitude and for the others,
the calculated half-lives t th

1/2 reproduce the data within a factor
of 4 and many of them even within a factor of 2.

On one hand, the reasonably nice results on the proton
emission half-lives indicate that, by treating properly the
pairing correlations in the presence of the continuum within
the framework of RCHB theory, the relativistic energy density
functional PC-PK1 describes very well the mean-field poten-
tials and the (non)occupation probabilities, even beyond the
proton drip line.

On the other hand, although the ratios t th
1/2/t

exp
1/2 in Fig. 3

do not show a systematic deviation as a function A when
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the experimental Q values are adopted, it is not the case if
the calculated one-proton separation energies Sp are adopted
instead. In the region from I to Bi, it is found that the −Sp

overestimates the Q value when A is small and underestimates
the Q value with larger A. This systematic deviation will be
one of the guidelines for further improvement of the functional
PC-PK1 in future.
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