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Nuclear matter equation of state from a quark-model nucleon-nucleon interaction
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Starting from a realistic constituent quark model for the nucleon-nucleon interaction, we derive the equation
of state (EOS) of nuclear matter within the Bethe-Brueckner-Goldstone approach up to the three-hole-line level,
without the need to introduce three-nucleon forces. To estimate the uncertainty of the calculations both the gap
and the continuous choices for the single-particle potential are considered and compared. The resultant EOS
is compatible with the phenomenological analysis of the saturation point, the incompressibility, the symmetry
energy at a low density, and its slope at saturation, together with the high-density pressure extracted from flow data
on heavy-ion collisions. Although the symmetry energy is appreciably higher in the gap choice in the high-density
region, the maximum neutron star masses derived from the continuous-choice EOS and the gap-choice EOS are
similar and close to two solar masses, which is again compatible with recent observational data. A comparison
with other microscopic equations of state is presented and discussed.
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I. INTRODUCTION

The nuclear matter equation of state (EOS) is one of the
central issues in nuclear physics. Detailed knowledge of it
would allow us to connect the data obtained in laboratory
experiments on heavy-ion collisions (HICs) and the processes
that characterize the structure and evolution of compact
astrophysical objects like neutron stars (NSs) and supernovas.
On the other hand, laboratory experiments and astrophysical
observations can put meaningful constraints on the nuclear
EOS. Unfortunately, a direct link between phenomenology and
the EOS is not possible and theoretical frameworks and inputs
are necessary for the interpretation of the data. In particular,
the EOS above saturation density is much less constrained than
that around or below saturation.

For several years, intense activity has been focused on
analyzing and interpreting the experimental and observational
data for the purpose of putting severe constraints on the EOS
and on the corresponding theoretical models [1]. It can be
recognized from these efforts that a sound theoretical and
microscopical framework for modeling the EOS can be of
help for the establishment of firm results on EOS properties.
Along these lines a microscopic many-body theory based
on interactions among nucleons, which stems from strong
interaction theory, can be of great relevance in reducing the
uncertainties that characterize this type of analysis.

Meson-exchange models of the nucleon interaction have
been extensively developed for several years and applied to
nuclear matter and NS structure within many-body theory.
Among them are the variational method [2], the relativistic
Dirac-Brueckner-Hartree-Fock (DBHF) [3], and the nonrela-
tivistic Bethe-Brueckner-Goldstone (BBG) expansion [4–7],
which have employed different versions of nucleon-nucleon
interactions inspired by the meson-exchange model. In the
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nonrelativistic scheme three-body forces (TBFs) have been
introduced to obtain the correct saturation point of nuclear
matter [8–11]. The goal of all these approaches is to devise
an elementary interaction among nucleons that is able to
describe both few-body nuclear systems and nuclear matter
in agreement with the existing phenomenological data. This
program has been only partially successful. It turns out, in fact,
that it is difficult to reproduce the binding energy of three- and
four-body systems and, at the same time, to predict the correct
saturation point within this scheme.

More recently the chiral expansion theory on nucleon inter-
action has been extensively developed [12–24]. This approach
is based on a deeper level of the strong-interaction theory,
where QCD chiral symmetry is explicitly exploited in a low-
momentum expansion of multinucleon interaction processes.
In this approach multinucleon interactions arise naturally and
a hierarchy of the different orders can be established. Despite
some ambiguity in the parametrization of the force [23] and
some difficulty in the treatment of many-body systems [25], the
method has enabled great progress in the microscopic theory
of nuclear systems. Indeed it turns out [24,26] that within this
class of interactions a compatible treatment of few-nucleon
systems and nuclear matter is possible. Along the same lines,
a chiral force [27] has been adjusted to reproduce, within a
Monte Carlo calculation, the binding of 4He and the phase
shifts of neutron-α scattering. The same interaction was used
to describe neutron matter. Coupled cluster calculations with
chiral forces including TBFs have been performed for neutron
and symmetric nuclear matter [28,29], and finite nuclei [30].

Another approach inspired by the QCD theory of strong
interaction has been developed by a few groups [31–37]. In this
approach the quark degree of freedom is explicitly introduced
and the nucleon-nucleon interaction is constructed from gluon
and meson exchange between quarks, the latter being confined
inside the nucleons. One of these quark models of the nucleon-
nucleon interaction, called fss2 [37,38], is able to reproduce
closely the experimental phase shifts and few-body binding
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energies [38–41]. More recently it has been shown [42] that
the fss2 interaction is able to reproduce also the correct nuclear
matter saturation point without any additional parameter or
need to introduce TBFs.

In this paper we analyze further the fss2 interaction. On
one hand, we compare the results in nuclear matter with
additional phenomenological constraints; on the other hand,
we extend the EOS based on the fss2 interaction to a higher
density and apply it to NS calculations. In this study we use
the renormalized energy-independent kernel of this model
[43]. Kernels of quark-model nucleon-nucleon interactions
are obtained by using the resonating-group method (RGM)
for the (3q)-(3q) system. Although they are therefore energy
dependent, we can eliminate the energy dependence, as we see
in the next section.

This paper is organized as follows. In Sec. II we introduce
the quark-model nucleon-nucleon interaction fss2 [38,44] and
the formulation for the renormalized RGM kernel. We briefly
review phase shifts and deuteron properties. The explicit form
of the deuteron wave function is given in the Appendix.
In Sec. III we first recapitulate the Brueckner-Hartree-Fock
(BHF) calculation and the Bethe-Faddeev calculation, based
on the BBG framework [45]. Then the nuclear matter EOS
for the fss2 interaction is reported and its properties are
discussed in relation to the phenomenological constraints,
also in comparison with some other theoretical methods and
interactions. Section IV is devoted to calculations of the NS
structure. Conclusions are drawn in Sec. V.

II. QUARK-MODEL BARYON-BARYON
INTERACTION FSS2

The fss2 baryon-baryon interaction [38,44] is a low-energy
effective model, which introduces some essential features of
QCD. The color degree of freedom is explicitly considered
within the spin-flavor SU(6) approximation and the antisym-
metrization of quarks is exactly taken into account within the
framework of the RGM. The full model Hamiltonian for the
(3q)-(3q) system reads

H =
6∑

i=1

(
mi + p2

i

2mi

)
− TG

+
6∑

i<j

(
UCf

ij + UFB
ij + US

ij + UPS
ij + UV

ij

)
, (1)

where mi and pi are the constituent quark mass and momentum
of each particle, respectively, and TG denotes the center-of-
mass motion. The remaining terms denote the effective quark-
quark interaction.

The confinement potential UCf
ij is a phenomenological

r2-type potential, which has the favorable feature that it does
not contribute to baryon-baryon interactions. We use a color
analog of the Fermi-Breit (FB) interaction UFB

ij with explicit
quark-mass dependence, motivated by the dominant one-
gluon exchange process in conjunction with the asymptotic
freedom of QCD. This includes the short-range repulsion and
spin-orbit force, both of which are successfully described.
On the other hand, the medium-range attraction and the

long-range tensor force, especially those mediated by pions,
are extremely nonperturbative from the viewpoint of QCD.
These are therefore most relevantly described by effective
meson-exchange potentials. Compared with the previous-
version FSS [46,47], in which scalar (S) and pseudoscalar
(PS) nonets are included, the introduction of vector (V) nonets
and the momentum-dependent Bryan-Scott term [48] greatly
improves nucleon-nucleon phase shifts [38] and makes fss2
sufficiently realistic. The RGM equation for the relative wave
function χ (r) is given by

〈φ(3q)φ(3q)|E − H |A {φ(3q)φ(3q)χ (r)}〉 = 0, (2)

where φ(3q) is the three-quark cluster (nucleon) wave function
and is described by a (0s)3 harmonic oscillator with a common
width parameter. The antisymmetrization operator is denoted
A . In our actual calculation, Eq. (2) is solved in momentum
space [49]. We rewrite Eq. (2) in Schrödinger-like form as

[ε − H0 − VRGM(ε)]χ (r) = 0, (3)

where ε is the two-nucleon energy measured from its threshold
in the center-of-mass system and H0 is the kinetic energy
operator. We regard VRGM(ε) = VD + G + εK as the nonlocal
and energy-dependent potential. Here, VD is the direct meson-
exchange kernel, G represents all exchange kernels for the
kinetic energy and interaction terms, and K is the exchange
normalization kernel.

In the many-body scattering problem, an energy-
independent potential is desirable, since the energy of a two-
nucleon pair is not well defined in the in-medium scattering
state. The energy dependence of the RGM kernel can be
reduced by renormalizing the RGM kernel in the following
way [50]. We can rewrite Eq. (3) as

[ε − N−1/2(H0 + VD + G)N−1/2]�(r) = 0, (4)

where

N ≡ 〈φ(3q)φ(3q)|A |φ(3q)φ(3q)〉 (5)

is the normalization kernel and �(r) ≡ N1/2χ (r) is the
renormalized RGM wave function. If we define the nonlocal
kernel

W ≡ N−1/2(H0 + VD + G)N−1/2 − (H0 + VD + G) (6)

and the renormalized RGM potential V RGM ≡ VD + G + W ,
then Eq. (3) becomes

[ε − H0 − V RGM]�(r) = 0. (7)

The detailed procedure to calculate W can be found in
Appendix A in Ref. [43]. The asymptotic behavior of �(r)
is the same as that of χ (r), because the square root of the
normalization kernel approaches unity at large distances. The
phase shifts derived from �(r) are the same as those from
χ (r).

In this study, we use a Gaussian representation of the fss2
potential for numerical simplicity [51]. This representation
conserves the nonlocal feature of the potential accurately
and reproduces the original phase shifts within an accuracy
better than 0.1◦ for almost all energies and partial waves. The
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FIG. 1. (Color online) Phase shifts of the energy-independent Gaussian fss2 potential up to the energy Tlab � 350 MeV (solid black curves)
compared with the results for the Argonne V18 [52] [long-dashed (red) curves)] and CD-Bonn [53] [short-dashed (blue) curves] potentials.
Symbols show results from the Nijmegen multienergy phase shift analysis [54,55] and Arndt’s np phase shift analyses [56–59].

energy dependence of the Gaussian-represented potential is
eliminated by the above-mentioned method. The phase shifts
for the energy-independent version of fss2 are shown in Fig. 1.
One can note some deficiencies in the 3P2 and 3F2,3 phase

shifts. As pointed out in Ref. [38], this is probably related
to the problem of the balance of central and LS force in the
short-range region. Appreciable deviations appear also in the
3D1 and 3D3 channels in the higher-energy region. This implies
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TABLE I. Neutron-proton phase shifts and proton-proton 1S0 phase shifts (in deg) and χ 2 values of the fss2 model with respect to the
Nijmegen phase shift analysis.

Tlab (MeV)

0.383 1 5 10 25 50 100 150 215 320

No. of data 144 68 103 290 352 572 399 676 756 954
�χ 2 3034 2100 274 710 919 6804 1409 3913 1464 2637

1S0(pp) 14.519 33.097 55.765 56.601 50.693 41.324 27.350 16.822 6.143 −7.090
1S0(np) 54.592 62.220 64.223 60.862 52.234 41.916 27.496 16.899 6.130 −7.105
3S1 159.429 147.838 118.380 102.881 80.956 63.014 43.191 30.495 18.540 4.737
ε1 0.027 0.103 0.653 1.116 1.678 1.915 2.209 2.684 3.553 5.344
3P0 0.048 0.195 1.747 3.885 8.546 11.250 9.038 4.018 −3.147 −14.100
3P1 −0.030 −0.122 −1.033 −2.249 −5.228 −8.685 −13.448 −17.273 −21.786 −28.502
1P1 −0.049 −0.193 −1.545 −3.183 −6.703 −10.267 −14.826 −18.392 −22.502 −28.421
3P2 0.005 0.020 0.237 0.682 2.573 6.252 12.412 15.901 17.485 16.592
ε2 0.000 −0.002 −0.057 −0.207 −0.824 −1.767 −2.854 −3.218 −3.211 −2.865
3D1 −0.001 −0.005 −0.183 −0.679 −2.821 −6.519 −12.427 −16.596 −20.160 −22.872
3D2 0.001 0.006 0.221 0.842 3.671 8.825 17.091 22.260 22.562 26.213
1D2 0.000 0.001 0.045 0.162 0.635 1.473 3.294 5.304 7.816 10.677
3D3 0.000 0.000 0.001 0.001 0.008 0.192 1.287 2.975 5.361 8.425
ε3 0.000 0.000 0.013 0.081 0.554 1.625 3.570 5.008 6.250 7.271
3F2 0.000 0.000 0.002 0.013 0.101 0.319 0.718 0.978 1.076 0.595
3F3 0.000 0.000 −0.005 −0.033 −0.230 −0.703 −1.612 −2.315 −2.940 −3.471
1F3 0.000 0.000 −0.011 −0.066 −0.424 −1.156 −2.344 −3.194 −4.028 −5.094
3F4 0.000 0.000 0.000 0.001 0.017 0.087 0.366 0.816 1.642 3.455
ε4 0.000 0.000 0.000 −0.004 −0.047 −0.191 −0.540 −0.866 −1.223 −1.642
3G3 0.000 0.000 0.000 −0.004 −0.054 −0.264 −0.982 −1.882 −3.109 −4.889
3G4 0.000 0.000 0.001 0.014 0.171 0.726 2.191 3.673 5.423 7.716
1G4 0.000 0.000 0.000 0.003 0.038 0.147 0.386 0.606 0.886 1.413
3G5 0.000 0.000 0.000 0.000 −0.009 −0.052 −0.189 −0.316 −0.399 −0.279
ε5 0.000 0.000 0.000 0.002 0.037 0.206 0.733 1.300 1.983 2.917

that improvements of the tensor force are desirable in future
refinements of the interaction.

Examining χ2 with respect to the phase shift analysis is
a good test to see how strictly the interaction describes the
observables. In this study, we worked in the isospin basis and
with the cutoff Coulomb force,

VC(k) = 1 − cos(kRcut)

k2
, (8)

and extracted the nuclear phase shifts using the Vincent-Phatak
method [60]. This method gives stable phase shifts with respect
to the change in Rcut [61], which we take as Rcut = 10 fm.

Another important factor in considering the pp phase shifts
is charge-independence breaking. The charge-independence-
breaking effect is taken into account by a reduction factor
for the coupling constant of the scalar-singlet meson, which is
determined to minimize χ2 [38,41]. Our value of the reduction
factor is 0.9932, which is quite close to the 0.9934 used in
Ref. [41]. We report in Table I the neutron-proton (np) and the
1S0 proton-proton (pp) phase shifts, along with their �χ2 val-
ues with respect to the Nijmegen phase shift analysis [55,62].
The Gaussian fss2 potential gives χ2/Ndata = 6.34. Although
the phase shifts are overall well reproduced, as we saw in
Fig. 1, we have larger χ2 values, mainly due to the 3P2, 1D2,
and 3D3 partial waves in the high-energy region. Moreover,

the constraint for the 1S0 pp phase shifts in the low-energy
region is very severe. Those phase shifts given by the Nijmegen
phase shift analysis are 14.609◦ and 32.688◦ at Ep = 0.383
and 1 MeV, respectively [62]. A more developed treatment
is desirable, because the difference from the Nijmegen phase
shift analysis should be much less than 0.1◦.

When the deuteron properties were determined in Ap-
pendix B in Ref. [38], the authors first solved Eq. (3) for χ (r)
and then obtained the renormalized relative wave function
�(r) = N1/2χ (r). For the renormalized potential, we can
directly solve Eq. (4) for �(r). Because the procedure to obtain
the potential and that to obtain the deuteron wave function are
different, it is necessary to reexamine the deuteron properties.
The detailed prescription is explained in the Appendix.

Figures 2 and 3 show the deuteron wave functions by
the energy-independent fss2 potential in coordinate and
momentum space, respectively. The wave functions are
indistinguishable from those in Ref. [38]. It can also be
seen in Table II that the renormalization of the kernel does
not change the deuteron properties. Our calculation slightly
underpredicts the quadrupole moment, as other potentials do.
According to Refs. [63] and [64], the correction due to the
meson-exchange current is typically about 0.01 fm2. However,
even taking this correction into account, there is still a small
discrepancy.
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TABLE II. Comparison of the deuteron properties with the predictions using fss2, Bonn C, CD-Bonn, and experimental (expt.) data.

fss2-Gauss fss2 (isospin) [38] Bonn C [65] CD-Bonn [53] Expt.

εd (MeV) 2.2206 2.2250 Fitted Fitted 2.224644 ± 0.000046 [66]
Rrms (fm) 1.961 1.960 1.968 1.966 1.971 ± 0.006 [67–69]
Qd (fm2) 0.270 0.270 0.281 0.270 0.2859 ± 0.0003 [70,71]
η = AD/AS 0.0252 0.0253 0.0266 0.0256 0.0256 ± 0.0004 [72]
PD (%) 5.52 5.49 5.60 4.85

III. NUCLEAR MATTER EOS WITHIN THE
BETHE-BRUECKNER-GOLDSTONE APPROACH

A. Sketch of the approach

The basis of the BHF calculation is the Bethe-Goldstone
equation for the G matrix,

〈12|G(ω)|34〉A = 〈12|V |34〉A
+

∑
5,6

〈12|V |56〉 Q56

ω − e5 − e6
〈56|G(ω)|34〉A,

(9)

where the multi-indices 1,2, . . . include the momentum and the
spin-isospin variables of the particles, |12〉A ≡ |12〉 − |21〉,
V is the bare nucleon-nucleon interaction, ω is the starting
energy, and Q56 ≡ 
(k5 − k

(5)
F )
(k6 − k

(6)
F ) is the two-particle

Pauli operator, where k
(i)
F are the Fermi momenta of the

nucleons. In this study, we use the angle-averaged form of
the Pauli operator and the two-particle intermediate energy
e5 + e6, in order to avoid the complex coupling of the angular-
momentum quantum numbers [73].

The single-particle (s.p.) energy is defined by ei =
k2
i /2MN + Ui(ki), where MN is the nucleon mass. The

auxiliary s.p. potentials Ui(ki) are self-consistently determined
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FIG. 2. (Color online) Deuteron wave functions u(r) = u0α(r)
and w(r) = u2α(r) predicted by the energy-independent Gaussian
potential based on fss2 (solid black curve) compared with CD-Bonn
[dashed (blue) curve] [53].

by the on-shell G matrix elements, with Eq. (9):

Ui(ki) =
∑
j<kF

〈ij |G(ei + ej )|ij 〉A. (10)

The s.p. potential U (k) can be chosen in various ways. Our
investigations are carried out for two somewhat opposite
choices: the continuous choice and the gap (or standard)
choice. In the continuous choice, Eq. (10) is solved for all
k, while U (k) = 0 is assumed for k > kF in the gap choice.
The detailed procedure for BHF calculations is presented in
Refs. [45] and [74].

In this study, we calculate the binding energy per particle for
symmetric nuclear matter (SNM) E/A(ρ,xp = 0.5) and pure
neutron matter (PNM) E/A(ρ,xp = 0), where xp = ρp/ρ is
the proton fraction. In these cases the energy per particle from
the two-hole-line contribution is given by(

E

A

)
2

= 3

5

k2
F

2MN

+ 1

2ρ

∑
k<kF

U (k). (11)

At a given baryonic density ρ, we approximate E/A for
asymmetric nuclear matter by the parabolic approximation,

E

A
(ρ,xp) = (1 − β)

E

A

∣∣∣∣
SNM

(ρ) + β
E

A

∣∣∣∣
PNM

(ρ), (12)

where β = (1 − 2xp)2, which has been verified to be a good
approximation within the BHF approach [75].
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FIG. 3. (Color online) Same as Fig. 2, but for deuteron wave
functions in momentum space qu(q) = qf0α(q) and qw(q) =
qf2α(q).
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FIG. 4. Goldstone diagrams contributing to the nuclear matter
EOS. Diagrams (a) and (b) correspond to the BHF calculation. The
sum of the other diagrams gives the three-hole-line contribution. For
details, please see the text.

The two-hole-line and three-hole-line (THL) diagrams are
depicted in Fig. 4, where the wavy line denotes the G matrix.
Figures 4(a) and 4(b) are the above-mentioned BHF direct
(Hartree) and exchange (Fock) diagrams, respectively. As for
the THL calculations, we closely follow the method described
in detail in Ref. [4]. The full scattering process of three
particles that are virtually excited above the Fermi sphere
can be calculated by solving the Bethe-Faddeev equation for
the in-medium three-body scattering matrix T (3), as depicted
in Fig. 4(f) [4,45,76]. For computational convenience, the
lowest-order contribution in the G matrix, namely, Fig. 4(c),
is calculated separately. Figure 4(c) is known as the “bubble”
diagram, and Fig. 4(d) is the corresponding U -insertion
diagram. Note that the U -insertion diagram vanishes in the gap
choice, because U (k) = 0 is assumed for k > kF . Figure 4(e)
is the “ring” diagram, which is responsible for long-range
correlations in nuclear matter. An indication of convergence
of the BBG expansion is the possible small size of the THL
contribution with respect to the two-hole-line contribution.

B. Numerical results

We report in Tables III–VI the contributions of each diagram
to the equations of state (EOSs) for SNM and PNM with the

continuous and gap choice, respectively. The slightly different
results with respect to Ref. [42] are due to the more refined
momentum grid we used in the present calculations. This was
relevant at a higher density in order to obtain convergence in
the BHF iteration procedure. We divide the space of relative
momentum q into two domains, [0,a] and [a,∞], and apply the
Gauss-Legendre quadrature to each part in solving the Bethe-
Goldstone equation. The mapping q = a + tan [(1 + x)π/4],
where x are the nodes of the Gauss-Legendre quadrature,
is used for the second part as in Ref. [49]. In this study,
a = 6 fm−1 is adopted and we take 70 points in the first section
and 30 points in the second section. All nucleon-nucleon
channels up to the total angular momentum J = 8 were
considered. In each iteration, the s.p. potential was calculated
self-consistently up to kmax = 7.5 fm−1, with a grid step of
0.1 fm−1. After 30 iterations, a convergence within a few keV
was reached in all calculations at kF � 3.0 fm−1.

After adding the THL contributions, we fitted the calculated
EOSs, for both SNM and PNM, by an analytic form with four
parameters:

E

A
(ρ) = aρ + bρc + d. (13)

The values of the fitted parameters are listed in Table VII.
These fitted EOSs are valid for densities that are not too low,
ρ � 0.1 fm−3, and must not be extrapolated to zero density.
The fitted EOSs, for both nuclear matter and PNM, are used
for NS calculations. In this case the low-density region will
be described by the crust EOS, where the fitted nuclear matter
EOS is not used. With the continuous choice around saturation
the analytic form is very close to the calculated points, and
one can extract the saturation energy (E/A)0 = −16.3 MeV
at ρ0 = 0.157 fm−3 and an incompressibility K = 219 MeV,
while with the gap choice one finds (E/A)0 = −15.6 MeV,
ρ0 = 0.170 fm−3, and K = 185 MeV. This indicates the
uncertainty of the EOS around saturation. At a higher density
the fit is less precise, but the deviation does not exceed
1.2 MeV even at the highest density with the continuous
choice, which is more than enough for NS calculations. With
the gap choice, it is not as easy to describe the EOS by one
single analytic expression from very low to high densities as
with the continuous choice, but the reported values of the
parameters give a good fit at high densities, which is useful for
the NS study.

The fss2 EOSs for SNM and PNM are reported in Fig. 5,
in comparison with the corresponding EOSs from some other
approaches. The latter have been selected from those that are
able to reproduce the saturation point within the phenomeno-
logical uncertainty. The comparison of the different EOSs for
SNM shows a substantial agreement up to about 0.5 fm−3,
while at higher densities both the variational calculation (APR)
in Ref. [2] and the relativistic DBHF calculation in Ref. [3]
indicate a stiffer trend. As for nonrelativistic BHF calculations,
also the EOS obtained with a “microscopic” TBF in Refs. [10]
and [11] is appreciably stiffer in that density region, while the
BHF with the Urbana model [8,9] for the TBF produces an
EOS in substantial agreement with the fss2 EOS. A similar
trend is present in PNM.
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TABLE III. Energies per nucleon (in MeV) of the various THL contributions to the SNM EOS for different Fermi momenta kF (in fm−1).
The continuous choice is adopted. The baryon density ρ = 2k3

F /(3π 2) (in fm−3) is also listed. T + E2 corresponds to the BHF calculations; B,
the bubble diagram; BU , the U -insertion diagram; R, the ring diagram; H , higher-order diagrams; E3, the total THL contribution.

kF ρ T + E2 B BU R H × 103 E3 T + E2 + E3

1.1 0.090 −17.07 −7.14 11.02 −0.77 186.8 3.30 −13.77
1.2 0.117 −19.58 −6.17 11.46 −1.27 159.3 4.22 −15.36
1.3 0.148 −21.98 −4.37 11.68 −1.63 113.8 5.79 −16.19
1.4 0.185 −24.21 −2.33 12.48 −1.87 77.22 8.35 −15.86
1.5 0.228 −26.91 0.80 12.93 −1.99 48.35 11.79 −14.30
1.6 0.277 −27.41 4.93 13.91 −2.13 26.58 16.73 −10.67
1.7 0.332 −27.90 10.76 14.83 −2.05 10.88 23.56 −4.34
1.8 0.394 −27.33 18.91 15.61 −1.93 1.19 32.59 5.27
1.9 0.463 −25.57 29.85 16.21 −1.75 −3.75 44.31 18.74
2.0 0.540 −22.25 43.71 15.09 −1.42 2.49 57.39 35.14
2.1 0.626 −17.08 61.42 13.52 −1.29 0.80 73.66 56.57
2.2 0.719 −9.73 83.58 10.47 −1.19 −0.11 92.86 83.13
2.3 0.822 −0.01 111.12 6.15 −1.11 −0.21 116.16 116.16

TABLE IV. Same as Table III, but with the gap choice for the s.p. potential.

kF ρ T + E2 B R H × 103 E3 T + E2 + E3

1.1 0.090 −11.54 −0.48 −1.00 65.07 −1.42 −12.95
1.2 0.117 −13.45 0.08 −1.09 49.27 −0.96 −14.41
1.3 0.148 −15.26 1.02 −1.18 33.16 −0.13 −15.39
1.4 0.185 −16.86 2.48 −1.22 20.72 1.28 −15.59
1.5 0.228 −18.12 4.64 −1.25 11.66 3.40 −14.72
1.6 0.277 −18.88 7.82 −1.29 5.45 6.54 −12.34
1.7 0.332 −19.00 12.40 −1.26 0.99 11.14 −7.85
1.8 0.394 −18.31 18.96 −1.24 −1.99 17.72 −0.59
1.9 0.463 −16.65 28.03 −1.19 −3.96 26.84 10.19
2.0 0.540 −13.90 39.71 −1.09 −1.80 38.62 24.73
2.1 0.626 −9.90 55.18 −1.06 −1.83 54.12 44.22
2.2 0.719 −4.53 75.75 −1.95 −1.76 74.71 70.17
2.3 0.822 2.29 102.63 −1.06 −1.56 101.57 103.85

TABLE V. Same as Table III, but for PNM.

kF ρ T + E2 B BU R H × 103 E3 T + E2 + E3

1.0 0.034 5.18 −0.84 1.17 −0.01 2.63 0.33 5.50
1.1 0.045 5.96 −0.85 1.38 −0.11 −0.04 0.42 6.38
1.2 0.058 6.83 −0.76 1.53 −0.15 −3.74 0.62 7.45
1.3 0.074 7.66 −0.63 1.84 −0.15 −7.02 1.04 8.71
1.4 0.093 8.55 −0.38 2.14 −0.15 −9.34 1.60 10.15
1.5 0.114 9.56 0.07 2.41 −0.13 −10.59 2.34 11.90
1.6 0.138 10.71 0.74 2.81 −0.10 −11.32 3.44 14.14
1.7 0.166 12.10 1.79 3.25 −0.09 −11.17 4.94 17.04
1.8 0.197 13.87 3.40 3.66 −0.09 −10.39 6.96 20.83
1.9 0.232 16.05 5.69 4.11 −0.09 −8.81 9.70 25.75
2.0 0.270 18.76 8.74 4.30 −0.05 −5.54 12.98 31.74
2.1 0.313 22.23 12.81 4.39 −0.07 −4.17 17.13 39.36
2.2 0.360 26.61 18.92 4.14 −0.08 −2.99 22.97 49.59
2.3 0.411 32.02 24.66 3.66 −0.10 −2.09 28.22 60.23
2.4 0.467 38.53 33.09 2.76 −0.10 −1.33 35.74 74.28
2.5 0.528 46.42 43.30 1.18 −0.11 −0.75 44.36 90.79
2.6 0.594 55.86 55.46 −1.08 −0.13 −0.39 54.25 110.11
2.7 0.665 66.93 70.50 −4.14 −0.14 −0.15 66.22 133.15
2.8 0.741 79.78 89.54 −8.23 −0.15 −0.09 81.16 160.94
2.9 0.824 94.52 110.30 −13.50 −0.27 0.42 96.53 191.05
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TABLE VI. Same as Table V, but with the gap choice for the s.p. potential.

kF ρ T + E2 B R H × 103 E3 T + E2 + E3

1.0 0.034 5.79 −0.23 −0.05 1.03 −0.28 5.51
1.1 0.045 6.70 −0.18 −0.08 −0.82 −0.26 6.43
1.2 0.058 7.63 −0.09 −0.10 −2.68 −0.18 6.51
1.3 0.074 8.62 0.07 −0.09 −4.21 −0.03 8.59
1.4 0.093 9.69 0.32 −0.09 −5.10 0.23 9.91
1.5 0.114 10.88 0.71 −0.07 −5.42 0.63 11.50
1.6 0.138 12.25 1.30 −0.06 −5.56 1.24 13.49
1.7 0.166 13.88 2.19 −0.05 −5.45 2.14 16.02
1.8 0.197 15.85 3.53 −0.05 −5.16 3.47 19.32
1.9 0.232 18.24 5.43 −0.06 −4.60 5.37 23.61
2.0 0.270 21.15 7.95 −0.05 −3.11 7.90 29.06
2.1 0.313 24.69 11.34 −0.06 −2.41 11.28 35.97
2.2 0.360 28.96 15.89 −0.08 −1.79 15.19 44.77
2.3 0.411 34.40 21.76 −0.09 −1.26 21.67 55.71
2.4 0.467 40.02 29.50 −0.10 −0.83 29.40 69.43
2.5 0.528 47.00 39.64 −0.12 −0.47 39.53 86.52
2.6 0.594 55.02 52.63 −0.14 −0.24 52.49 107.51
2.7 0.665 64.13 69.74 −0.16 −0.06 69.58 133.71
2.8 0.741 74.37 93.04 −0.19 −0.05 92.85 167.22
2.9 0.824 85.70 123.18 −0.21 0.08 122.97 208.67

In Fig. 5 the EOS is reported in the density range relevant
for NS calculations. From Tables III–VI one can note that at
the highest densities the THL contribution can be larger than
the two-hole-line one. This makes the convergence of the BBG
expansion at least questionable. However, it turns out that the
two-hole-line interaction part is quite limited because of the
strong compensation between negative and positive channel
contributions, and actually it is decreasing in the highest
density region. On the contrary, the dominant contribution to
the THL interaction term comes from the repulsive “bubble”
diagram. This consideration suggests that the convergence

TABLE VII. Fitted coefficients in Eq. (13) for SNM and PNM
and the continuous (C) or gap (G) choice, together with those obtained
for other interactions.

a b c d

SNM
C −515.4 692.6 1.30 2.4
G −113.6 296.4 1.91 −6.2

PNM
C −103.5 355.3 1.48 8.3
G 60.2 252.3 2.50 3.4

SNM
APR −101.5 333.9 2.14 −4.8
DBHF −422.8 711.3 1.56 7.3
V18 + TBF −123.2 407.9 2.38 0.0
V18 + UIX −137.0 308.0 1.82 −5.0

PNM
APR 76.1 256.5 2.71 3.6
DBHF −230.3 715.5 1.58 9.5
V18 + TBF 55.9 532.3 2.68 0.0
V18 + UIX 11.0 309.0 1.95 6.0

might still be present, but of course it does not give a strong
argument in support of it.

However, in addition to that, one can see in Tables III–VI
that three-body scattering processes, described by the scatter-
ing matrix T (3) (column “H”), give a negligible contribution.
It can then be expected that four-body scattering processes
will also be negligibly small. The fourth-order diagrams, apart
from the four-body scattering processes, have been estimated
in Ref. [77] up to about three times saturation density for the
Reid soft-core NN interaction [78] and found to be quite small.
We assume that this is also true in our case, even for higher
densities, at least approximately enough for NS calculations.

As a check of this assumption we confront the EOS with
known phenomenological constraints. The higher-density part
of the EOS, needed for NS calculations, can be seen as an
extrapolation from the lower one, which can be validated by
a comparison with astrophysical observations and laboratory
experiments on HICs. It is clear that the main theoretical
uncertainty in the EOS indeed comes from the many-body
calculations at higher densities. Unfortunately it is difficult to
get a quantitative estimate of this uncertainty without a firm
limit on the higher-order contributions beyond the THL.

C. Comparison with phenomenology

We now confront the EOS with a set of phenomenological
constraints in order to assess its reliability. Possible tests
of the EOS have been devised from experiments on HICs,
which have been performed in the last two decades at energies
ranging from a few tens to several hundred MeV per nucleon.
It can be expected in fact that in HICs at a high enough energy
nuclear matter is compressed and that the two partners of the
collisions produce flows of matter. In principle, the dynamics
of the collisions should be connected with the properties of
the nuclear medium EOS and its viscosity. In the so-called
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FIG. 5. (Color online) The energy per particle of SNM (top) and
PNM (bottom) for several EOSs as a function of the baryon density.
Curves FSS2 (CC) and FSS2 (GC) show the calculated fss2 EOS
with the continuous and gap choice, respectively. Curve Av18 + UIX
refers to the BHF calculation using Argonne V18 plus Urbana IX
TBFs from Refs. [8] and [9], curve APR is the variational calculation
from Ref. [2], curve Av18 + micro TBF is the BHF calculation
from Refs. [10] and [11], and curve DBHF is the relativistic DBHF
calculation from Ref. [3].

“multifragmentation” regime, after the collision numerous
nucleons and fragments of different sizes are emitted, and
the transverse flow, which is strongly affected by the matter
compression during the collision, can be measured. Based
on numerical simulations, it was proposed in Ref. [79]
that any reasonable EOS for SNM should pass through a
phenomenological region in the pressure vs density plane.

The plot is reproduced in Fig. 6, where a comparison with
the same microscopic calculations is made. The larger shaded
(yellow) band represents the results of numerical simulations
of the experimental data discussed in Ref. [79], and the
smaller shaded (violet) band represents the constraints from
the experimental data on kaon production [80]. The fss2 EOS
is in any case fully compatible with the phenomenological
constraints. This is true also for the other selected EOSs, with
the possible exception of the DBHF one, which appears too
repulsive at higher densities. The analysis indicates that the
EOS at low densities must be relatively soft.

Another gross property of the nuclear EOS, which plays a
decisive role in NS calculations, is the symmetry energy as
a function of the density S(ρ), especially at the high density
typical of the NS inner core. It can be expressed in terms of
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Symmetric nuclear matter

FIG. 6. (Color online) Pressure of symmetric matter for several
EOSs. The larger shaded (yellow) and smaller shaded (violet) bands
represent the phenomenological constraints from experimental data.
See text for details.

the energy per particle between PNM and SNM,

S(ρ) = −1

4

∂(E/A)

∂x
(ρ,0.5) ≈ E

A
(ρ,0) − E

A
(ρ,0.5), (14)

and is reported in Fig. 7 for the considered set of EOSs. A
large spread of values is present for densities above saturation.
In comparison with the other EOSs, the fss2 EOS appears in
the region of lower values (“isosoft” EOS), but the gap and
continuous choices show an appreciable discrepancy at higher
densities. As we will see, the stiffness of NS matter shows a
reduced spread of values, since the β-equilibrium condition
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FIG. 7. (Color online) Symmetry energy for several EOSs.
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FIG. 8. (Color online) Symmetry energy at a low density. The
shaded (yellow) band represents recent constraints [81] and the solid
(brown) line shows the region restricted by the neutron skin data,
whereas the different curves are the results of the microscopic many-
body methods.

produces a compensation effect due to the interplay of the size
of the symmetry energy and the stiffness of the EOS.

The symmetry energy up to saturation density has been
constrained in Ref. [81] by analyzing the data on isobaric
analog states as well as those on the neutron skin in a set
of nuclei. In Fig. 8 the larger shaded (yellow) band indicates
the constraint coming from the analog states, while the more
restricted region bounded by the solid (brown) line is obtained
if the neutron skin data are also added. The fss2 EOS is consis-
tent throughout the constrained regions. The other EOSs also
appear to be consistent with the constraints, with the possible
exception of the BHF calculation with microscopic TBF.

Another parameter which characterizes the symmetry
energy is its slope at saturation, usually embodied in the
quantity L ≡ 3ρ(∂S/∂ρ)|ρ=ρ0 . In Fig. 9 this parameter is
displayed versus the value of the symmetry energy at sat-
uration S0 ≡ S(ρ0), which has been thoroughly discussed
in Ref. [82]. The different boxes indicate several constraint
regions obtained in different phenomenological analyses. The
shaded (blue) band represents the constraint coming from
experimental data on HICs, obtained from the neutron and
proton spectra from central collisions for 124Sn + 124Sn and
112Sn + 112Sn reactions at 50 MeV/A [83]. At the same
incident energy, isospin diffusion was investigated. We recall
that isospin diffusion in HICs depends on the different
N/Z asymmetries of the involved projectiles and targets,
hence it is used to probe the symmetry energy [84–86]. The
filled black circle shows the result from isospin diffusion
observables measured for collisions at the lower beam energy
of 35 MeV per nucleon [87]. Transverse collective flows of
hydrogen and helium isotopes as well as intermediate-mass
fragments, with Z < 9, have also been measured at an incident
energy of 35 MeV/A in 70Zn + 70Zn, 64Zn + 64Zn, and

30 32 34
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FIG. 9. (Color online) L = 3ρ(∂S/∂ρ)|ρ=ρ0 versus symmetry
energy at saturation S0, predicted by several EOSs. See text for details
of the experimental constraints.

64Ni + 64Ni reactions and compared to transport calculations.
The analysis yielded values denoted by the filled black
squares [88].

The box labeled FRDM (finite-range droplet model) rep-
resents a refinement of the droplet model [89] and includes
microscopic “shell” effects and the extra binding associated
with N = Z nuclei. The FRDM reproduces nuclear binding
energies of known nuclei within 0.1% and allows the determi-
nation of both S0 = 32.5 ± 0.5 MeV and L = 70 ± 15 MeV.

The other boxes in Fig. 9 represent experimental data
obtained from measurements of the neutron skin thickness.
In light nuclei, with N ≈ Z, the neutrons and protons have
similar density distributions. With increasing neutron number
N , the radius of the neutron density distribution becomes
larger than that of the protons, reflecting the pressure of
the symmetry energy. The measurement of the neutron skin
thickness is made on the stable nucleus 208Pb, which has a
closed neutron shell with N = 126 and a closed proton shell
with Z = 82, hence it is very asymmetric and the neutron
skin is very thick. The possibility of measurements of the
neutron radius in 208Pb by the experiment PREX at Jefferson
Laboratory has been widely discussed [90]. The experiment
should extract the value of the neutron radius in 208Pb from
parity-violating electron scattering. However, the experimental
signature is very small, and the extracted thickness has
a large statistical uncertainty. In the next few years, a
second experimental run for PREX could reduce this large
uncertainty [91].

Recent experimental data obtained by Zenihiro et al. [92]
on the neutron skin thickness of 208Pb deduced a value of
δRnp = 0.211+0.054

−0.063 fm. From the experiments constraints on
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the symmetry energy were derived, and these are plotted
in Fig. 9 as the short-dashed rectangular (blue) box labeled
Pb( �p, �p′).

Finally, we mention the experimental data on the pygmy
dipole resonance (PDR) in very neutron-rich nuclei such
as 68Ni and 132Sn, which peaks at excitation energies well
below the giant dipole resonance and exhausts about 5%
of the energy-weighted sum rule [93]. In many models it
has been found that this percentage is linearly dependent
on the slope L of the symmetry energy. Values of L =
64.8 ± 15.7 MeV and S0 = 32.2 ± 1.3 MeV were extracted
in Ref. [94], using various models which connect L with the
neutron skin thickness. Those constraints are shown in Fig. 9
as the long-dashed rectangle labeled PDR.

It is not clear to what extent all these constraints are
compatible with each other, but it looks that most of the EOSs
provide values consistent with the general trend, including the
fss2 EOS.

IV. NEUTRON STAR STRUCTURE

In order to study the structure of NSs, we have to calculate
the composition and the EOS of cold, neutrino-free, catalyzed
matter. We require that the NS contains charge-neutral matter
consisting of neutrons, protons, and leptons (e−, μ−) in β
equilibrium and compute the EOS in the following standard
way [95,96]: The Brueckner calculation yields the energy
density of baryon/lepton matter as a function of the different
partial densities,

ε(ρn,ρp,ρe,ρμ) = (ρnmn + ρpmp) + (ρn + ρp)
E

A
(ρn,ρp)

+ ρμmμ + 1

2mμ

(3π2ρμ)5/3

5π2

+ (3π2ρe)4/3

4π2
, (15)

where we have used ultrarelativistic and nonrelativistic
approximations for the energy densities of electrons and
muons, respectively. In this study, we adopted the parabolic
approximation for E/A, Eq. (12). Knowing the energy density,
Eq. (15), the various chemical potentials (of the species
i = n,p,e,μ) can be computed straightforwardly,

μi = ∂ε

∂ρi

, (16)

and the equations for β equilibrium,

μi = biμn − qiμe (17)

(bi and qi denoting the baryon number and charge of species
i), and charge neutrality,∑

i

ρiqi = 0, (18)

allow one to determine the equilibrium composition {ρi} at a
given baryon density ρ and, finally, the EOS:

P (ρ) = ρ2 d

dρ

ε({ρi(ρ)})
ρ

= ρ
dε

dρ
− ε = ρμn − ε. (19)
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FIG. 10. (Color online) (a) Proton fraction xp , (b) pressure P ,
and (c) speed of sound (in units of c) of β-stable nuclear matter for
several EOSs as a function of the baryon density ρ.

In Fig. 10 we present the proton fraction xp, the pressure P ,
and the sound velocity,

cs =
√

∂P

∂ε
, (20)

as a function of the total baryon density in NS matter. The
sound velocity can be used as a further test of a given EOS,
since it should not exceed the speed of light c. One can see
that the fss2 EOS becomes superluminal only at a very high
density, which, as we will see, is actually not reached in the
corresponding NS structure.

Once the EOS of the nuclear matter which is present
throughout the NS is known, one can use the Tolman-
Oppenheimer-Volkoff [96–98] equations for spherically sym-
metric NSs:

dp

dr
= −Gmε

r2

(1 + p/ε)(1 + 4πr3p/m)

1 − 2Gm/r
, (21)

dm

dr
= 4πr2ε, (22)

where G is the gravitational constant and m(r) is the enclosed
mass within a radius r . Given a starting density εc, one
integrates these equations until the surface r = R, and the
gravitational mass is obtained by MG = m(R). The EOS
needed to solve the Tolman-Oppenheimer-Volkof equations is
taken from the nuclear matter calculations as discussed above
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FIG. 11. (Color online) Neutron star mass as a function (a) of the
radius or (b) of the central baryon density for several EOSs. Thin lines
indicate results obtained with purely nucleonic EOSs, whereas thick
lines show results for several EOSs including hyperons. See text for
details.

for the liquid-core region and matched with the crust EOS,
which has been taken from Refs. [99–101]. This matching
occurs at about two-thirds the saturation density, where the
EOS analytical fits of Eq. (13) are still accurate.

As is well known, the mass of the NS has a maximum value
as a function of the radius (or central density), above which
the star is unstable against collapse to a black hole. The value
of the maximum mass depends on the nuclear EOS, so that the
observation of a mass higher than the maximum mass allowed
by a given EOS simply rules out that EOS. The fss2 EOS
gives slightly different maximum masses for the gap choice
and continuous cases, in line with their different stiffnesses
at a high density. This gives a range of uncertainty for the
maximum mass, which encompasses the largest mass observed
up to now, (2.01 ± 0.04)M
 [102]. This is illustrated in Fig. 11,
where the relation between mass and radius [Fig. 11(a)]
or mass and central density [Fig. 11(b)] is displayed in
comparison with the other considered EOSs (thin lines). The
observed trend of the central density for all the EOSs is
consistent with the corresponding P (ρ) relation displayed in
Fig. 10(b). As expected, with increasing incompressibility, the
NS central density decreases for a given mass.

Finally, we illustrate the so-called “hyperon puzzle” with
the fss2 model. Figure 11 (thick lines) shows the effect
of allowing the appearance of hyperons in β-stable matter
within our BHF approach [103,104]. Two nucleon-hyperon
interactions, the Nijmegen NSC89 model [105] and the recent
ESC08 model [106], are considered and combined with the
fss2 NN potential in the approximate way explained in more
detail in Ref. [103]; namely, the purely nucleonic BHF energy
density obtained with fss2 is combined with the hyperonic
contribution to the energy density evaluated with either the
NSC89 or the ESC08 interaction, but together with the

Argonne V18 potential plus nucleonic TBF. In this way the
intermediate states in the nucleon-hyperon Bethe-Goldstone
equation are treated approximately, but the overall error of the
global results is expected to be small [103].

Figure 11 demonstrates that under these assumptions the
NS maximum mass is practically insensitive to the choice of
the NN interaction, but determined by the nucleon-hyperon
interaction. This is due to a well-known compensation mech-
anism that is clearly shown in Fig. 11(a): The slightly stiffer
fss2 gap-choice model [thick dashed (black and blue) curves]
causes an earlier onset of hyperons and a stronger softening
than the fss2 continuous-choice model (solid curves). In any
situation the maximum mass is much smaller than the current
observational values.

V. SUMMARY AND DISCUSSION

We have derived the nuclear matter EOS within the BBG
approach up to the THL level of approximation, starting from
an NN interaction based on quark-quark and quark-meson
interactions. An intrinsic uncertainty in the approach is related
to the choice of the auxiliary s.p. potential. Within this
uncertainty the saturation point is well reproduced without any
additional parameters with respect to the interaction, which is
able also to reproduce the binding of three- and four-nucleon
systems. At higher energies the interaction should be improved
in some channels, in particular, 3P2-3F2, which is relevant for
the high-density part of the EOS and, therefore, for NS.

The symmetry energy as a function of the density up to satu-
ration, its value and slope at saturation, and the incompressibil-
ity of symmetric matter at saturation compare favorably well
with the phenomenological constraints. Above saturation the
EOS is compatible with the flow data in HICs at intermediate
energies, up to about four times the saturation density.

As discussed, a warning about these calculations is the
observation that two-hole-line and THL diagram contributions
become comparable at higher densities, which casts some
doubt on the convergence of the BBG expansion. However, this
is mainly due to the behavior of the two-hole-line contribution,
which saturates or even decreases at higher densities, due to
the compensation between positive and negative contributions.
This indicates that the degree of convergence cannot be
estimated in a straightforward way. Within the present many-
body treatment this is probably the main source of uncertainty
in the results.

However, let us note that up to a few times the saturation
density the EOS calculated with the continuous and gap
choices agree very well. In particular, for symmetric matter the
agreement extends up to the maximal density used in NS cal-
culations. This fact can be considered a good indication of the
convergence of the expansion, because this agreement would
be exactly true if convergence is indeed reached. For similar
reasons the mass-radius relationships in NSs are quite close for
the two choices, which supports the validity of these results.

The EOS can be considered relatively soft, but despite
that, the NS maximum mass is compatible with the current
observed NS maximum mass of about two solar masses [102].
Phenomenology seems then to validate this microscopically
derived EOS, at least up to a few times the saturation density.
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However, there are some theoretical caveats to be consid-
ered. It can be expected that quark matter appears in the center
of massive NSs. To describe these “hybrid” NSs one needs to
know the quark matter EOS. It turns out that many models
for deconfined quark matter produce an EOS that is too soft to
support a NS of mass compatible with observations [107–113].
The quark-quark interaction in the deconfined phase must then
be repulsive enough to stiffen the EOS, and indeed, with a
suitable quark-quark interaction, mixed quark-nucleon matter
can have an EOS compatible with two solar masses or more
[114,115].

An additional problem arises if strange matter is introduced
in the NS matter. It turns out that BHF calculations using
realistic hyperon-nucleon interactions known in the literature
produce a NS matter EOS that is too soft, and the maxi-
mum mass is reduced to well below the observational limit
[103,104]. Although hyperon-hyperon interactions and, in par-
ticular, hyperonic TBFs are poorly known, these results pose
a “hyperon puzzle.” An EOS based on relativistic mean-field
models can solve the problem [116–118] with a proper choice
of parameters. Also, modifications of the hyperon-nucleon
interaction, including TBFs, could provide a remedy for the too
soft EOS [119,120]. All these methods introduce quark-quark
or nucleon-hyperon and hyperon-hyperon interactions that
stiffen the EOS enough at high densities.

In this respect, it would be of particular relevance to
perform BBG calculations up to the THL level with the
quark-model baryon-baryon interaction fss2 extended to the
strange sector [44]. This difficult problem must be left for a
future long-term project.
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APPENDIX: DEUTERON WAVE FUNCTION

In this appendix, we basically follow the notation in
Ref. [38]. First, we solve the Lippmann-Schwinger RGM
equation for the deuteron:

(γ 2 + k2)f�(k) = −MN

4π

(2π )3

∑
�′

∫ ∞

0
dq q2 V��′(k,q)f�′ (q).

(A1)

Here we use the nonrelativistic expression εd = γ 2/MN as the
deuteron binding energy. The relativistic correction is of order
ε2
d/MN , which corresponds to a difference of a few keV [53].

The total wave function is

�1M
d (k) = [

f0(k)Y 1M
01 (k̂) + f2(k)Y 1M

21 (k̂)
]
ζ 0

0 , (A2)

where Y JM
LS (k̂) are spin-spherical harmonics and the isospin

function is denoted ζ
MT

T . In coordinate space, we have

�1M
d (r) = [

(u0(r)/r)Y 1M
01 (r̂) + (u2(r)/r)Y 1M

21 (r̂)
]
ζ 0

0 . (A3)

They are related by the Fourier transform

u�(r) =
√

2/π i�
∫ ∞

0
dk k2rj�(kr)f�(k). (A4)

The normalization is
∑
�=0,2

∫ ∞

0
dr u2

�(r) =
∑
�=0,2

∫ ∞

0
dk k2f 2

� (k) = 1. (A5)

The deuteron wave functions are parametrized in the following
way, as in Refs. [38] and [53]:

f�α(k) =
n∑

j=1

{
Cj

Dj

}√
2

π

1

k2 + γ 2
j

for

{
� = 0,
� = 2; (A6)

u�α(r) =
n∑

j=1

{
Cje

−γj r

Dje
−γj r

(
1 + 3

γj r
+ 3

(γj r)2

) for

{
� = 0,
� = 2.

(A7)

The range parameters are chosen as γj = γ + (j − 1)γ0, with
γ0 = 0.9 fm−1 and n = 11.

For r →∞, the deuteron wave functions have the form u0(r)
→ ASe

−γ1r and u2(r) → ADe−γ1r [1 + 3/(γ1r) + 3/(γ1r)2],
where AS = C1 and AD = D1. The asymptotic D/S ratio is
given by η = AS/AD . The boundary conditions u0(r) → r
and u2(r) → r3 as r → 0 lead to one constraint for the Cj

and three constraints for the Dj [121]. These constraints for
the last Cj and the last three Dj are explicitly written in Eqs.
(C.7) and (C.8) in Ref. [53]. The values of γj , Cj , and Dj

are listed in Table VIII. The accuracy of the parametrization is
characterized by

{∫ ∞

0
dk k2[f0(k) − f0α(k)]2

}1/2

= 1.9 × 10−4, (A8)

{∫ ∞

0
dk k2[f2(k) − f2α(k)]2

}1/2

= 2.3 × 10−4. (A9)

The quadrupole moment Qd , the root-mean-square radius
Rd , and the D-state probability PD are calculated using
Eqs. (C.16), (C.17), and (C.18) in Ref. [53], respectively.

TABLE VIII. Range parameters γj and coefficients Cj and Dj

for the parametrized deuteron wave function. Values in parentheses
are calculated from the boundary conditions.

j γj Cj Dj

1 0.2314 0.8803 0.2218 × 10−1

2 1.1314 −0.2235 −0.4637
3 2.0314 −0.2501 0.1776
4 2.9314 −0.1658 × 102 −0.1294 × 102

5 3.8314 0.1694 × 103 0.1192 × 103

6 4.7314 −0.9160 × 103 −0.5884 × 103

7 5.6314 0.2592 × 104 0.1611 × 104

8 6.5314 −0.4095 × 104 −0.2503 × 104

9 7.4314 0.3678 × 104 (0.2214 × 104)
10 8.3314 −0.1766 × 104 ( − 0.1043 × 104)
11 9.2314 (0.3530 × 103) (0.2040 × 103)
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