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Relativistic self-consistent mean-field description of Sm isotopes
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The evolution of the shape from the spherical to the axially deformed shapes of the neutron-rich, even-even
144–164Sm transitional nuclei is investigated. The investigations are performed with explicit density-dependent
meson-nucleon and point-coupling models within the framework of the covariant density functional theory. A
nonlinear meson-nucleon coupling model represented by the NL3* parametrization of the relativistic mean-field
Lagrangian has also been used. The bulk and the microscopic properties of these nuclei have been investigated
to analyze the phase-transition region and the critical-point behavior. The microscopic and self-consistent
quadrupole deformation-constrained calculations show a clear shape change for even-even Sm isotopes with
N = 82−102. The potential energy surfaces for 148Sm , 150Sm, and 152Sm obtained using different interactions
are found to be relatively flat, which may be the possible critical-point nuclei. By examining the single-particle
spectra, it is found that these nuclei distribute more uniformly as compared to other isotopes. Investigations also
support the proposed shell-closure properties of 162Sm. Overall good agreement is found within the different
models used and between the calculated and experimental results wherever available.
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I. INTRODUCTION

Among finite many-body systems, atomic nuclei are prime
examples of deformed quantum systems [1–5]. Dynamical
symmetries related to atomic nuclei provide an elegant analytic
framework for understanding their characteristics [6]. In fact,
most nuclei cannot be represented by the limiting cases of
pure symmetries. Rather, they are located in a region of shape
transitions where the dynamical symmetries break, near the
critical point, and deformed shapes evolve as the number
of valence nucleons increases. The investigation of shape
fluctuations and critical-point behavior in transitional nuclei,
as a function of nucleon number, is a hot topic in nuclear-
structure analysis [7–17], in spite of the fact that the concept
of phase transition is only approximate for finite nuclear
systems. Interpretation of the evolution of the structure of such
nuclei in the phase transition region has traditionally been
a difficult task because they exhibit a complicated interplay
of competing degrees of freedom. It is quite challenging
to understand and predict the properties of such nuclei at
the critical point where structure is changing dramatically.
Nevertheless, understanding such nuclei is important because
their structure defines the nature of the transition region itself.

The phase transition corresponds to the breaking of the
dynamical symmetries. The interacting boson model (IBM)
[18] gives three dynamical symmetries—U(5), SU(3), and
SO(6)—which corresponds to spherical, axially deformed, and
γ -unstable shapes. Based on these symmetries, it has been
shown that the phase transition between spherical U(5) and
axially deformed shapes SU(3) is of the first order [19,20].
The first exact solvable analytical model for the critical-point
system was proposed by Iachello et al. [21–23] with the
development of a new class of critical-point symmetries which
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are based on the analytical solutions of the Bohr-Hamiltonian
eigenvalue problem. These dynamical symmetries are denoted
by E(5) [22] and X(5) [23]. These describe systems at
the critical point of a first-order phase transition in one
(deformation β) and two (β and γ ) variables, respectively.
In the nuclear context, these apply to a shape transition from
a spherical to a quadrupole deformed region. Two coexisting
minima in the potential surface, a spherical and a deformed
one, whose energy difference varies with nucleon numbers,
give the idea of X(5) critical-point symmetry. The first example
of X(5) symmetry in the transition region from a spherical
vibrator to an axial rotor is 152Sm [21,24–28], because it is very
near the critical point of this transition region. It also shows
evidence of phase coexistence. Transitional nuclei like 150Nd
[29] and others in different nuclear transition regions have
also been reported [30–37] as examples of X(5) symmetry.
Theoretical studies also confirm many transitional nuclei
as critical-point nuclei in different phase-transition regions
[38–41]. However, there is no assurance that any specific nuclei
will be the critical-point nuclei because nuclear properties
change discretely with N and Z, as nuclei contain integer
numbers of nucleons.

Further, in this context, the study of neutron-rich nuclei
becomes important because such nuclei are different from
normal nuclei. The new experimental facilities make it possible
to investigate these nuclei using rare exotic ion beams. This
has stimulated the theoretical study of the nuclear many-body
dynamics. From the studies of neutron-rich nuclei, a wealth
of structure phenomena has been reported. This includes the
following extensive variety of phenomena: the quenching
of shell closure [42–46] and the observation of new magic
numbers [47–49]; confirmation of the predictions by Brack
et al. [50] that Z, N = 38, and N = 60 are new magic numbers
with deformed shapes [51,52]; theoretical prediction of new
deformed magic numbers such as N = 100, Z ≈ 62, N = 150,
Z = 78, and N = 164, Z ≈ 90 for the island of stability near
the drip-line region [53–55]. To predict new magic nuclei and
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an associated island of stability near the drip line, shell effect
is important [53,54].

A systematic microscopic investigation of the phase-
transition region and critical-point behavior of the transitional
nuclei is necessary. It is the best way to address where and
how the corresponding dynamical symmetries occur. The
relativistic and nonrelativistic models based on effective field
theory (EFT) and density functional theory (DFT) are the
most tested and successful theoretical models to investigate
the properties of atomic nuclei [56–59].

A microscopic and self-consistent mean-field model based
on relativistic mean-field (RMF) theory [60] has been suc-
cessfully applied in the analyses of a variety of nuclear-
structure phenomena. They provide an accurate description
of ground-state properties and collective excitation of atomic
nuclei [61–69]. These models are widely used to analyze from
relatively light systems to superheavy nuclei and from the
valley of β stability to the particle drip lines. The role of
density functional theories in understanding nuclear many-
body dynamics is important. This is done in terms of the
energy density functionals (EDFs). These functionals are
approximated by the self-consistent mean-field models. They
include all higher-order correlations, with powers and gradi-
ents of ground-state nucleon densities (see Refs. [58,70–73]
and references therein). These have been applied success-
fully, as an exact theory in Coulombic systems [74,75].
The Lagrangian of the current generation of self-consistent
mean-field models includes the density-dependent meson-
nucleon vertex function. Relativistic models with an explicit
density-dependent meson-nucleon and point coupling provide
an improved microscopic description of nuclei over standard
nonlinear meson self-interactions (see Refs. [71], [72], and
[76] and references therein).

However, Lorentz invariance is one of the underlying
symmetries of quantum chromodynamics (QCD). Therefore,
covariant density functionals [61,72] are of particular interest
in a nuclear-physics context, where the situation is much more
complicated. Covariant density functionals are very successful
in the nuclear-structure studies [77–99] because the strong
relativistic fields in the nucleus describing the velocity and
spin dependence in an appropriate way, leading to a number of
important effects, are automatically reproduced in relativistic
calculations. However, in the meantime, the most successful
and modern covariant density functionals have been derived
[100–104]. These are based on density-dependent vertices
and one additional parameter characterizing the range of the
force, in particular, the density-dependent meson-exchange
DD-ME1 [100], DD-ME2 [101], and DD-PC1 [102] (density-
dependent point-coupling) effective interactions. These pro-
vide a very successful and an excellent description of different
ground states and excited states over the entire periodic table
[72,80,101,105,106]. The present paper aims for a better
and systematic understanding of the phase-transition region
and critical-point concept in transitional nuclei using the
microscopic and self-consistent RMF models. The present
study shows that 144–164Sm are excellent empirical mani-
festations of the critical-point structure concept. Even-even
samarium (Sm) isotopes have been the focal point of a large
number of experimental studies [28,107–111]. Their study is

a challenging theoretical problem, too, because they lie in
the range from near-spherical to well-deformed shapes. It is
believed that 148Sm is basically spherical, while 154Sm is a
well-deformed nucleus, and 150–152Sm are transitional nuclei.

In our present work, the neutron-rich, even-even 144–164Sm
nuclei (Z = 62) are studied using the newly improved self-
consistent RMF models. These consist of a constrained
RMF model [60,112–115] with nonlinear meson-nucleon
interaction (NL3*) [116] and the covariant density functional
models [117]: The density-dependent meson-exchange model
(DD-ME) and a density-dependent point-coupling model (DD-
PC) are used.

The paper is organized as follows. The theoretical frame-
work and details of the numerical calculations are discussed
in Sec. II. The results of the investigations of the ground-state
properties, quadrupole deformation, potential energy surface
(PES), and single-particle energies are presented in Sec. III.
Finally, Sec. IV summarizes the results of our work.

II. THEORETICAL FORMALISM

A. Covariant density functional theory

Covariant density functional theory (CDFT), namely,
meson-exchange model (DD-ME) and a point-coupling model
(DD-PC), are used in the present calculation. The basic
difference between these two models lies on the treatment of
the interaction range, the mesons, and the density-dependence.
DD-ME and DD-PC are density-dependent models but DD-
ME has a finite interaction range, while DD-PC uses a
zero-range interaction with one additional gradient term in the
scalar-isoscalar channel. Each of these models is represented
here by its corresponding parameter sets as DD-ME1 [100],
DD-ME2 [101], and DD-PC1 [102].

1. Meson-exchange models

Phenomenology of the meson-exchange model considers
the nucleus as a system of Dirac nucleons. These nucleons in-
teract via the exchange of mesons with finite masses, leading to
a finite-range interaction [101,116,118]. The isoscalar-scalar σ
meson, the isoscalar-vector ω meson, and the isovector-vector
ρ meson build the minimal set of meson fields for a quantitative
description of nuclei. The standard Lagrangian density of the
meson-exchange model with medium dependence vertices is
written as [115]

L = ψ[γ (i∂ − gωω − gρ �ρ �τ − eA) − m − gσ σ ]ψ

+ 1
2 (∂σ )2 − 1

2 mσ
2σ 2 − 1

4�μν�
μν + 1

2 m2
ωω2

− 1
4
�Rμν

�Rμν + 1
2 m2

ρ �ρ2 − 1
4 FμνFμν, (1)

where m is the bare nucleon mass and ψ denotes the
Dirac spinors. The masses mσ , mω, and mρ are those of
the σ meson, ω meson, and the ρ meson, respectively,
with the corresponding coupling constants for the mesons to
the nucleons as gσ , gω, gρ , respectively, and e is the charge
of the proton. These coupling constants and unknown meson
masses are parameters of the Lagrangian Eq. (1). Here
�μν, �Rμν , and Fμν are the field tensors of the vector fields ω,ρ,
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and the photon:

�μν = ∂μων − ∂νωμ, (2)

�Rμν = ∂μ �ρν − ∂ν �ρμ, (3)

Fμν = ∂μAν − ∂νAμ. (4)

In the above expressions, isovectors are denoted by arrows,
and boldface symbols are used for vectors in ordinary three-
dimensional space. The functions gσ , gω, and gρ are assumed
to be vertex functions of Lorentz-scalar bilinear forms of the
nucleon operators.

From the Lagrangian density, we obtain the Hamiltonian
density H(r) [61], and by integrating it over the �r space the
total energy is obtained, which depends on the Dirac spinors
and the meson fields

ERMF[ψ,ψ̄,σ,ωμ, �ρμ,Aμ] =
∫

d3rH(r). (5)

This linear model has first been introduced by Walecka
[60,112]. However, this simple model, with interaction terms
only linear in the meson fields, does not provide a quantitative
description of nuclear systems [113,114]. It turns out that a
nonlinear self-coupling for scalar mesons,

U (σ ) = 1
2m2

σ σ 2 + 1
3g2σ

3 + 1
4g3σ

4, (6)

plays a crucial role for a realistic description of complex
nuclear-system properties [113]. This model has been success-
fully used in a number of studies [115,119–121]. Following the
idea of Brockmann and Toki [122] to use density-dependent
couplings, in the meson-exchange model, the meson-nucleon
vertex functions gσ , gω, and gρ are determined. It is done
by adjusting the parameters of an assumed phenomenological
density dependence of meson-nucleon coupling to reproduce
the experimental data in finite nuclei [100,101,118,123].
The density dependence of the meson-nucleon couplings is
parametrized in a phenomenological approach [100,118,123].
The couplings of the σ meson and the ω meson to the nucleon
field are defined as

gi(ρ) = gi(ρsat)fi(x) for i = σ,ω, (7)

where

fi(x) = ai
1 + bi(x + di)2

1 + ci(x + di)2
(8)

is a function of x = ρ/ρsat and ρsat denotes the baryon density
at saturation in the symmetric nuclear matter. The eight real
parameters in Eq. (8) are not independent, but constrained as
follows:

fi(1) = 1, f ′′
σ (1) = f ′′

ω (1), f ′′
i (0) = 0. (9)

These five constraints reduce the number of independent
parameters to three. Three additional parameters in the
isoscalar channel are gσ (ρsat), gω(ρsat), and mσ . The functional
form of the density dependence of the ρ-meson coupling is
suggested by a Dirac-Brueckner calculations of asymmetric
nuclear matter [124]:

gρ(ρ) = gρ(ρsat)exp[−aρ(x − 1)]. (10)

TABLE I. The parameters of the effective interactions DD-ME1
and DD-ME2 in the Lagrangian.

Parameter DD-ME1 [100] DD-ME2 [101]

mσ 549.5255 550.1238
mω 783.0000 783.0000
mρ 763.0000 763.0000
gσ (ρsat) 10.4434 10.5396
gω(ρsat) 12.8939 13.0189
gρ(ρsat) 3.8053 3.6836
aσ 1.3854 1.3881
bσ 0.9781 1.0943
cσ 1.5342 1.7057
dσ 0.4661 0.4421
aω 1.3879 1.3892
bω 0.8525 0.9240
cω 1.3566 1.4620
dω 0.4957 0.4775
aρ 0.5008 0.5647

The isovector channel is parametrized by gρ(ρsat) and aρ .
The eight independent parameters (seven coupling parameters
and the mass of the σ meson) were adjusted to reproduce
the properties of symmetric and asymmetric nuclear matter,
and to ground-state properties of spherical nuclei [125–127].
The present investigation uses the very successful density-
dependent meson-exchange relativistic energy functionals
DD-ME1 [100] and DD-M2 [101] given in Table I.

2. Point-coupling model

In complete analogy to the meson-exchange phenomenol-
ogy, the point-coupling model represents an alternative formu-
lation of the self-consistent RMF framework [102,128–131].
The effective Lagrangian for the density-dependent point-
coupling model [102,132] that includes the isoscalar-scalar,
isoscalar-vector, and isovector-vector four-fermion interac-
tions is given by

L = ψ̄(iγ.∂ − m)ψ

− 1

2
αs(ρ̂)(ψ̄ψ)(ψ̄ψ) − 1

2
αV (ρ̂)(ψ̄γ μψ)(ψ̄γμψ)

− 1

2
αT V (ρ̂)(ψ̄ �τγ μψ)(ψ̄ τ̃ γμψ)

− 1

2
δS(∂vψ̄ψ)(∂vψ̄ψ) − eψ̄γ · A

1 − τ3

2
ψ. (11)

It contains the free-nucleon Lagrangian, the point-coupling
interaction terms, and the coupling of the proton to the
electromagnetic field. The derivative terms in Eq. (11) account
for the leading effects of finite-range interactions that are
crucial for a quantitative description of the nuclear properties.
The functional form of the point couplings chosen is

αi(ρ) = ai + (bi + cix)e−dix, (i = S,V,T V ), (12)

where x = ρ/ρsat and ρsat denote the nucleon density at
saturation in the symmetric nuclear matter. In the present
work, we have used the recently developed density-dependent
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TABLE II. The parameters of the effective interaction DD-PC1
in the Lagrangian.

Parameter DD-PC1 [102]

m 939
aσ − 10.046 16
bσ − 9.150 42
cσ − 6.427 29
dσ 1.372 35
aω 5.919 46
bω 8.863 70
dω 0.658 35
bρ 1.835 95
dρ 0.640 25

point-coupling interaction DD-PC1 [102] given in Table II.
Treatment of the pairing correlations has been carried out as
described in Ref. [117].

The study of PES as a function of the quadrupole deforma-
tion parameter is performed by the method of quadratic con-
straint [133]. In the present calculation, we restrict ourselves
to axially symmetric configurations with reflection symmetry.
The method of quadratic constraint uses an unrestricted
variation of the function

〈Ĥ 〉 +
∑

μ=0,2

C2μ(〈Q̂2μ〉 − q2μ)
2
, (13)

where 〈Ĥ 〉 is the total energy, 〈Q̂2μ〉 denotes the expectation
values of mass quadrupole operators

Q̂20 = 2z2 − x2 − y2 and Q̂22 = x2 − y2, (14)

q2μ is the constrained value of the multipole moment, and C2μ

is the corresponding stiffness constant [133]. Moreover, the
quadratic constraint adds an extra force term

∑
μ=0,2 λμQ̂2μ

to the system, where λμ = 2C2μ(〈Q̂2μ〉 − q2μ)
2

is for a self-
consistent solution. This term is necessary to force the system
to a point in deformation space different from a stationary
point. The augmented Lagrangian method [134] has also been
implemented to resolve the problem of convergence of the self-
consistent procedure. It diverges while increasing the value of
stiffness constant C2μ used in the procedure.

B. Axially deformed relativistic mean-field model

The RMF theory [60] has received wide attention because of
its successful description of many nuclear phenomena during
the past year [61]. The effective Lagrangian density considered
[60,113–115] is written in the form

L = ψi{iγ μ∂μ − M}ψi + 1

2
∂μσ∂μσ − 1

2
m2

σ σ 2

− 1

3
g2σ

3 − 1

4
g3σ

4 − gsψiψiσ − 1

4
�μν�μν

+ 1

2
m2

wV μVμ + 1

4
c3(VμV μ)2 − gwψiγ

μψiVμ

TABLE III. The parameters of the effective interaction NL3* in
the Lagrangian.

Parameter NL3* [116]

m 939
mσ 502.5742
mω 782.600
mρ 763.0000
gσ 10.0944
gω 12.8065
gρ 4.5748
g2 − 10.8093
g3 − 30.1486
c3 0.0

− 1

4
�Bμν. �Bμν + 1

2
m2

ρ
�Rμ. �Rμ − gρψiγ

μ�τψi. �Rμ

− 1

4
FμνFμν − eψiγ

μ (1 − τ3i)

2
ψiAμ. (15)

It describes the nucleons with the mass M as Dirac spinors ψ
moving in the fields of σ, ω, and ρ mesons and the Coulomb
field. The field tensors �μν, �Rμν , and Fμν are given in Eq. (4).
From the above Lagrangian, we obtain the Dirac equation for
the nucleons and the Klein-Gordon-type equations for mesons
and the photon. These equations are solved by expanding
the above and lower components of Dirac spinors and the
boson fields in an axially deformed harmonic oscillator
basis with an initial deformation β0. The set of coupled
equations is solved numerically by a self-consistent iteration
method. The center-of-mass energy correction is estimated
by the usual harmonic oscillator formula Ecm = 3

4 (31A−1/3).
The quadruple deformation is evaluated from the resulting
proton and neutron quadruple moments as Q = Qn + Qp =√

16π
5 ( 3

4π
AR2β2). The root-mean-square (rms) matter radius

is defined as 〈r2
m〉 = 1

A

∫
ρ(r⊥,z)r2dτ , where A is the mass

number, and ρ(r⊥,z) is the deformed density. The total binding
energy and other observables are also obtained by using the
standard relations, given in Refs. [114,115]. For the nuclei
studied in this work, the optimum basis is taken into account
to produce a good convergence on the binding energy and
deformation in the numerical calculations. We have used the
recently proposed parameter set NL3* [116] given in Table
III, which is a modern version of the widely used parameter
set NL3 [120]. It improves the description of the ground-state
properties of many nuclei over parameter set NL3 and provides
simultaneously excellent description of excited states with
collective character in spherical as well as deformed nuclei.

Pairing calculation

It is well known that pairing correlations have to be included
in any realistic calculation of medium and heavy nuclei. In
principle, the microscopic Hartree-Fock-Bogoliubov (HFB)
theory should be used, which have been developed in several
papers [57,61,72,77,100–102,104,105,116,120,135–138] and
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the references given there. However, for pairing calculations
of a broad range of nuclei not too far from the β-stability line,
a simpler approach, the constant gap, BCS pairing approach is
reasonably well. However, this simple approach breaks down
for nuclei far from the valley of β stability where the coupling
to the continuum is important [139]. In the present study we
treat pairing correlations using the BCS approach. Although
the BCS approach may fail for light neutron-rich nuclei, the
nuclei considered here is not light neutron-rich nuclei and the
RMF results with the treatment should be reliable.

The contribution of the pairing interaction to the total
energy for each nucleon is

Epair = −G

[∑
i>0

uivi

]2

, (16)

where v2
i and u2

i = 1 − v2
i are the occupation probabilities

and G is the pairing force constant [114,115,140,141]. The
variational procedure with respect to the occupation numbers
v2

i gives the BCS equation

2εiuivi − �
(
u2

i − v2
i

) = 0, (17)

and the gap � is defined by

� = G
∑
i>0

uivi . (18)

This is the famous BCS equation for pairing energy. The
densities are contained within the occupation number

ni = v2
i = 1

2

⎡
⎣1 − εi − λ√

(ε − λ)2 + �2
k

⎤
⎦. (19)

For the pairing gaps for proton and neutron, we choose the
standard expressions. It is valid for nuclei both on and away
from the stability line, which are given by the following
expressions [142]:

�p = RBse
−sI−tI 2/Z1/3

, (20)

�n = RBse
−sI−tI 2/A1/3

. (21)

The inputs of pairing gaps, i.e., R = 5.72, s = 0.118, t =
8.12, Bs = 1, and I = (N − Z)/(N + Z), have been used in
nuclear physics for many years; we consider that they are
suitable here. The occupation probability is calculated using
Eqs. (20) and (21). The chemical potentials λn and λp are
determined by the particle numbers of neutrons and protons.
Using Eqs. (18) and (19) the pairing energy for nucleon can
be written as

Epair = −�2

G
= −�

∑
i>0

uivi . (22)

It can be seen from Eq. (22) that the pairing energy Epair is not
constant because it depends on the occupation probabilities
v2

i and u2
i , and hence on the deformation parameter β2,

particularly near the Fermi surface. It is known to us that
the pairing energy Epair diverges if it extended to an infinite
configuration space for a constant pairing gap parameter � and

force constant G. Also, for the states spherical or deformed,
with large momenta near the Fermi surface, it decreases in all
realistic calculations with finite range forces. However, for the
sake of simplicity of calculation, we have taken the constant
pairing gap. It is assumed that the pairing gaps for all the
states are equal to each other near the Fermi surface. In the
present calculation, we have used a pairing window, and all
the equations extended up to the level εi − λ � 2(41A1/3).
A factor of 2 has been included to reproduce the pairing
correlation energy of neutrons in 118Sn using the Gogny force
[114,115,140].

The PES map as a function of quadrupole deformation
parameter is obtained microscopically by the constrained
RMF theory with reflection symmetry. The binding energy
is obtained at a certain deformation by constraining the
quadrupole moment 〈Q2〉 to a given value μ2 in the expectation
value of the Hamiltonian [133]

〈H ′〉 = 〈H 〉 + 1
2Cμ(〈Q2〉 − μ2)2, (23)

where Cμ is the constraint multiplier. The deformation param-
eter β2 is obtained from the calculated quadrupole moments
〈Q2〉 for the protons and neutrons through

〈Q2〉 = 〈Q2n〉 + 〈Q2p〉 =
√

16π

5

(
3

4π
AR2β2

)
. (24)

III. RESULTS AND DISCUSSION

A. Ground-state properties

There exist a number of nonrelativistic and relativistic
parameter sets for solving the standard Lagrangian of mean-
field models. The ground-state properties, like the binding
energies (BEs), quadrupole deformation parameters β2, charge
radii (rc), and other bulk properties, are evaluated using these
parameter sets. It is found that, more or less, most of the
recent parameter set reproduces the ground-state properties,
not only of stable, normal nuclei, but also of exotic nuclei far
away from the valley of β stability. This means that if one
uses a reasonably acceptable parameter set, the predictions
of the model will remain nearly force independent. In this
paper, the ground-state properties like the BE, quadruple
deformation parameters β2, charge radii rch, and other bulk
properties are evaluated using recently available effective
interactions. These are density-dependent meson-exchange
DD-ME1 [100], DD-ME2 [101], DD-PC1 [102] (density-
dependent point-coupling), and nonlinear meson NL3* [116]
effective interactions. The present calculations using these
interactions produce the ground-state properties for 144–164Sm
nuclei and are in excellent agreement with the experimental
data available. The different numerical results are compared
with the results reported using the self-consistent HFB ap-
proximation based on the finite-range and density-dependent
Gogny interaction [143] with the parametrization D1S [144].
Comparison with the results reported within the self-consistent
HFB + transformed harmonic-oscillator (THO) framework,
using the Skyrme SLy4, SkP, and SkM* forces along with the
Lipkin-Nagomi (LN) prescription followed by exact particle-
number projection (PNP) [145] are also presented here.
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TABLE IV. The total BE with CDFT (DD-ME1, DD-M2, DD-PC1) and RMF(NL3*) model for even-even 144–164Sm isotopes are compared
with the Skyrme SLy4, SkP, SkM* forces [146] and the experimental values [135,147] wherever available.

E (MeV) EXP DD-ME1 DD-ME2 DD-PC1 NL3* SLy4 SkP SkM*

144Sm 1195.74 1198.79 1197.30 1198.70 1199.05 1196.23 1194.54 1190.56
146Sm 1210.91 1210.99 1209.47 1210.79 1212.17 1208.16 1209.27 1204.24
148Sm 1225.40 1224.79 1223.34 1224.72 1225.75 1221.18 1223.57 1218.50
150Sm 1239.25 1239.01 1237.67 1239.23 1239.57 1235.25 1237.72 1233.26
152Sm 1253.11 1252.55 1251.55 1253.37 1253.70 1248.77 1251.15 1248.86
154Sm 1266.94 1266.13 1265.42 1267.46 1267.59 1262.84 1264.92 1264.10
156Sm 1279.99 1278.42 1277.64 1280.16 1279.98 1274.76 1277.86 1277.59
158Sm 1291.98 1290.11 1289.40 1292.37 1291.65 1286.17 1289.88 1290.61
160Sm 1303.36 1301.20 1300.65 1304.16 1302.95 1297.03 1301.20 1302.08
162Sm 1313.82 1311.52 1311.04 1314.83 1313.34 1307.54 1311.78 1313.30
164Sm 1323.32 1319.93 1319.61 1324.06 1322.28 1316.31 1321.32 1324.09

More details, including a downloadable table of ground-state
properties are available online in Ref. [146]

B. Binding energy, two-neutron separation energy (S2n), rms
charge radius rch, and pairing energy (Epair)

Binding energies are important quantities of nuclei and they
are directly related to the stability of nuclei and to α-decay
energies. Whether a model can quantitatively reproduce the
experimental BE is a crucial criterion by which to judge
the validity of the model. The BEs of the ground state are
listed in Table IV. The constrained calculations are carried
out with the density-dependent meson-exchange DD-ME1
[100], DD-ME2 [101], DD-PC1 [102] (density-dependent
point-coupling), and nonlinear meson NL3* [116] effective
interactions. For the BE the data is well reproduced within
0.2%. Particularly, excellent agreement (within 1 MeV) is
obtained for BE in 146–164Sm with DD-ME1, DD-PC1, and
NL3*, except in case of DD-ME2, where it is ∼0.2%. Even for
neutron magic nuclei 144Sm, the difference between the cal-
culated results and the experimental data [135,147] is less than
3 MeV, i.e., less than 0.3% relatively. The present numerical
results for the BE have been compared with the HFB + THO
method with LN correction followed by exact PNP based on
the Skyrme SLy4, SkP, and SkM* interactions [146]. The nu-
merical results are in good agreement within∼0.5% among the
different self-consistent mean-field approaches using different
interactions along with the experimental data [135,147]. In
Fig. 1(a), we display the calculated two-neutron separation
energy S2n(N,Z) = BE(N,Z) − BE(N − 2,Z) along with ex-
perimental data [148] wherever possible. A comparison with
the macro-microscopic finite-range-droplet model (FRDM)
predictions [149] and the predictions with the HFB + THO +
LN + PNP method based on the Skyrme SLy4, SkP, and SkM*
interactions [146] have also been presented. From the figure,
we find that the calculated microscopic S2n values agree well
within the experimental data, the macro-microscopic FRDM
calculations, and the HFB + THO + LN + PNP results, ex-
cept with SkM* interaction. We notice that, as we move away
from the strong N = 82 (A = 144) shell closure, the magicity
of Z = 62 rapidly decreases. Apparently, the S2n decreases
gradually with the increase of neutron number, except for the

noticeable kinks at A = 150, A = 154, A = 162 with DD-ME,
DD-PC, SLy4, and SkP forces and at A = 154 with NL3*
and SkM* forces. Macro-microscopic FRDM calculations and
experimental values do not show any kinks except at N = 82
(A = 144) shell closure. Interestingly, we can say that the
region between the kinks at A = 146 and A = 154 suggests
the transition region. Also, the kink at A = 162 suggests that
N = 100 as a deformed magic number for 162Sm, supporting
some earlier studies [53,54,150,151].

To investigate the point of neutron shell closure character-
ized by a vanishing neutron pairing energy alone [152,153], we
show in Fig. 1(b) the neutron pairing energy Epair,n obtained
using covariant density functional approach for Sm isotopic
chain. We can see that the Epair,n vanishes at A = 144 and
at A = 162. It is also approaching zero value at A = 150
and at A = 154. This is in agreement with the shell-structure
behavior shown in Fig. 1(a) by S2n separation energies. Though
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FIG. 1. (a) The two-neutron separation energy S2n, for 144–164Sm
nuclei, obtained with DD-ME1, DD-ME2, DD-PC1, and NL3*
forces, and compared with the FRDM [149], Skyrme SLy4, SkP,
and SkM* forces [146] and with the experimental data [148]. (b) The
neutron pairing energy obtained in the CDFT model with DD-ME1,
DD-ME2, and DD-PC1 interactions.
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FIG. 2. The two-neutron shell gap δ2n, for 144–164Sm nuclei (a)
obtained with Skyrme SLy4, SkP, and SkM* forces [146] and (b)
obtained with DD-ME1, DD-ME2, DD-PC1, and NL3* forces,
compared with the FRDM [149] and the experimental data [148].

the systematics of S2n separation energies show the neutron
shell-closure conspicuously, the vanishing of neutron pairing
energy Epair,n at A = 162 supports the deformed magic number
for N = 100.

To confirm the neutron shell closure for N = 100, we cal-
culate the two-neutron shell gap δ2n = S2n(N,Z) − S2n(N +
2,Z), also known as the S2n differential. It is a more sensitive
observable for locating the shell closure and is strongly peaked
at magic shell closure. The behavior of the S2n differential in
Fig. 2 shows exactly the same nature as shown in Fig. 1(a)
by two-neutron separation energy (S2n). There are noticeable
kinks at N = 88 with SLy4, DD-ME1, DD-ME2, and DD-PC1
forces, at N = 92 with all the forces, at N = 96 with only
the SkM* force, and at N = 100 with SLy4, DD-ME1, and
DD-ME2 forces. Macro-microscopic FRDM calculations and
experimental values do not show any kinks except at N = 82
(A = 144) magic shell closure. The investigations for the
magic neutron shell closure, on the basis of the signatures
through some sensitive observables, like two-neutron separa-
tion energy (S2n) and the S2n differential (δ2n), do not give
a completely clear picture. Moreover, zero of the neutron
pairing energies (Epair,n) indicates the magic shell-closure
location. Especially, for the N = 100 system, one can notice
only a moderate jump in S2n and δ2n behavior with SLy4
and DD-ME forces. This indicates a weaker shell closure
which also suggests the model dependence in predicting the
shell-closure location.

Table V shows the pairing energy Epair (sum of the neutron
and proton contributions) for 144–164Sm calculated by CDFT
with effective interactions DD-ME1, DD-ME2, and DD-PC1
and with RMF(NL3∗) + BCS formalism. Pairing energy is an
important factor which decides the BE, masses of nuclei, etc.
For the pairing energy, the data calculated by CDFT more
or less agree within the three different density-dependent
effective interactions. However, with RMF(NL3∗) + BCS
formalism the pairing energy is quite different from CDFT.

TABLE V. The pairing energy −Epair (neutrons + protons) of
the ground states of 144–164Sm are calculated with CDFT(DD-ME1,
DD-M2, DD-PC1) and RMF(NL3*) models.

Epair (MeV) DD-ME1 DD-ME2 DD-PC1 NL3*

144Sm 9.67 9.91 9.90 16.25
146Sm 11.12 10.27 12.61 18.06
148Sm 10.48 10.15 11.71 16.48
150Sm 7.32 6.77 8.67 15.41
152Sm 5.23 4.56 6.45 13.79
154Sm 3.42 2.37 3.90 12.83
156Sm 5.88 5.64 6.80 12.42
158Sm 6.20 6.09 6.98 11.79
160Sm 5.76 5.14 5.66 11.13
162Sm 3.21 3.04 4.61 10.51
164Sm 7.09 5.63 5.73 10.18

We present the rms charge radius (rch) of Sm isotopes
in Table VI. The rms charge radius is calculated from the
proton radius by using the relation [154] rch = √

r2
p + 0.64,

taking the finite size of the proton as 0.8 fm. The experimental
rch’s [155] available are given in the table for comparison.
Our calculated results show nice agreement with experimental
values.

Once we have confirmed that the agreement between our
calculations with the experimental rch is excellent, we have
guaranteed that meaningful results will be obtained for the
neutron and proton mean-square radii

rp,n =
√〈

r2
p,n

〉
(25)

by using the same formalism with the same forces.
Having the neutron and proton rms radii [Eq. (25)], the

neutron-skin thickness (NST) is usually estimated as their
difference:

�R =
√〈

r2
n

〉 − √〈
r2

p

〉
. (26)

In this way, the NST for Sm isotopes is obtained. In Fig. 3
we compare the root-mean-square radii of proton and neutron,

TABLE VI. The rms charge radius rch (in fm) for 144−164Sm
obtained with CDFT(DD-ME1, DD-M2, DD-PC1) and RMF(NL3*)
models. Available data [155] are included for comparison.

rch (fm) EXP [155] DD-ME1 DD-ME2 DD-PC1 NL3*

144Sm 4.95 4.95 4.95 4.95 4.96
146Sm 4.98 4.98 4.98 4.98 4.98
148Sm 5.00 5.01 5.01 5.05 5.01
150Sm 5.04 5.04 5.04 5.05 5.04
152Sm 5.08 5.09 5.08 5.09 5.09
154Sm 5.10 5.12 5.12 5.12 5.12
156Sm — 5.14 5.14 5.14 5.14
158Sm — 5.16 5.16 5.16 5.16
160Sm — 5.18 5.18 5.18 5.18
162Sm — 5.20 5.20 5.20 5.20
164Sm — 5.21 5.21 5.21 5.21
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FIG. 3. (Color online) The rms radii rrms for Sm isotopes as a
function of mass number A calculated with DD-ME1, DD-ME2,
DD-PC1, and NL3* forces.

calculated using CDFT with effective interactions DD-ME
and DD-PC and using the constrained axially deformed RMF
calculations with effective interaction NL3*. We see that
the tendency in rms radii as a function of mass number A
is quite similar in both the approaches, but the proton rms
radii by both the formalism are almost similar. In general,
the neutron rms radii obtained using the density-dependent
effective interactions DD-ME and DD-PC are almost equal
throughout but, using NL3* it is overestimated by almost a
constant factor. We also notice the development of a neutron
skin as evidenced by the large difference between the neutron
and proton rms radii.

This is clearly seen in Fig. 4, where we plot the difference
between the rms radii of neutrons and protons [Eq. (26)]. The
latter is a simple measure of a neutron (proton) skin emergence
in Sm isotopes from the considered isotopic chain. We can see
from Fig. 4 that �R increases monotonically with neutron
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FIG. 4. (Color online) The NST �R for Sm isotopes as a function
of mass number A calculated with DD-ME1, DD-ME2, DD-PC1, and
NL3* forces.

excess in the chain of Sm isotopes. The constrained axially
deformed RMF with BCS pairing results for the different �R
systematically overestimate the CDFT results. The behavior of
the NST displayed in Fig. 4 can be understood in terms of the
slope parameter of the symmetry energy at saturated density
L [156]. It has been predicted that the NST calculated with the
successful EDFs including Skyrme, Gogny, and RMF models
is linearly correlated with L. It has also been shown that the
slope parameter of the symmetry energy at saturation density
L is larger with the RMF (NL3*) model than that found by
CDFT calculations with DD-ME1, DD-ME2, and DD-PC1
interactions [156]. This supports the neutron rms radius and
the NST behavior, as shown in Fig. 3 and Fig. 4, respectively.

C. Quadrupole deformation parameter

We have predicted the quadrupole deformations of Sm iso-
topes with the various models considered here. Our calculated
values are compared with the systematic calculations in the
macro-microscopic FRDM [157], and the predictions within
the HFB + THO + LN + PNP method based on the Skyrme
SLy4, SkP, and SkM* interactions [146], as well as with
the available experimental data [158]. Table VII contains the
systematics in deformation properties calculated with different
models and is also consistent with the known experimental
trend, except in the case of FRDM [157] results. The spherical
shapes in 144,146Sm and the weakly deformed 148Sm are
well reproduced. The deformations in 150–164Sm show good
agreement with available experimental data [158]. Noticeably,
the quadrupole deformation values for higher mass nuclei
show an almost constant nature in the case of different model
calculations.

D. Potential energy surface

We have performed the PES calculations for even-even
144–164Sm using CDFT with density-dependent effective in-
teractions DD-ME1, DD-ME2, and DD-PC1 (point-coupling)
and with a constrained axially deformed RMF model with
effective interaction NL3*. These potential energy curves
for 144–164Sm obtained with effective interactions DD-ME1,
DD-ME2, DD-PC1, and NL3* are shown in Figs. 5, 6, 7, and
8, respectively. Similar patterns are found for all the effective
interactions. The ground state of 144Sm is found to be spherical
and has about a 13-MeV stiff barrier against deformation. The
ground state of 146Sm is still spherical; its barrier becomes
lower and is around 9 MeV against the deformation. With the
increase of the neutron number, the ground state gradually
moves towards the deformed side and the potential energy
curve becomes softer. Finally, well-deformed 154–164Sm is
reproduced. To analyze the transition region of shape change of
the Sm isotopes with the neutron number, we have calculated
the differences �E of the ground-state BE with the binding
energy of the spherical shape of Sm isotopes. This is presented
in Table VIII with different effective interactions DD-ME1,
DD-ME2, DDPC1, and NL3*.

These differences will tell us the softness of Sm isotopes
against the deformation and may give us a hint on the phase
transition of the nuclear shape. We can see from Table VIII that
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TABLE VII. The quadrupole deformation parameter β2 of the ground states of 144–164Sm calculated calculated with DD-ME1, DD-ME2,
DD-PC1, and NL3* forces. Comparison with FRDM [157], Skyrme SLy4, SkP, and SkM* forces [146], and the experimental data [158],
wherever available, are presented.

β2 EXP DD-ME1 DD-ME2 DD-PC1 NL3* FRDM SLy4 SkP SkM*

144Sm 0.09 − 0.00 − 0.00 − 0.00 − 0.00 0.000 0.000 0.000 0.000
146Sm — − 0.08 − 0.08 − 0.07 0.00 0.000 0.046 0.056 0.071
148Sm 0.14 0.15 0.15 0.16 0.13 0.161 0.157 0.140 0.175
150Sm 0.19 0.21 0.22 0.22 0.20 0.206 0.219 0.204 0.247
152Sm 0.31 0.29 0.29 0.29 0.28 0.243 0.290 0.292 0.298
154Sm 0.34 0.33 0.33 0.33 0.32 0.270 0.317 0.318 0.321
156Sm — 0.33 0.33 0.33 0.34 0.279 0.326 0.328 0.334
158Sm — 0.34 0.34 0.34 0.35 0.279 0.334 0.333 0.342
160Sm — 0.36 0.36 0.36 0.36 0.290 0.338 0.337 0.344
162Sm — 0.36 0.36 0.36 0.36 0.300 0.339 0.340 0.344
164Sm — 0.36 0.37 0.36 0.37 0.302 0.338 0.344 0.345

from 144–164Sm, the energy differences between the ground
state and the state with spherical shape change from 0 MeV
to maximum 17 MeV within all the effective interactions.
There are two jumps in the energy difference. The first jump
appears at 148Sm and the second at 154Sm, which suggests
the shape change from spherical to critical-point nuclei and
finally to axially deformed nuclei. The potential energy curves
for 148Sm , 150Sm, and 152Sm are relatively flat; i.e., they
are β2-soft nuclei in the transition region between spherical
and axially symmetric deformed nuclei. The present PES
studies are found to be in good agreement with earlier study
done by Meng et al. [159] using a constrained RMF model
with NL1, NL3, NLSH, and TM1 effective interactions. It
can also be noticed that the PES curve of 164Sm is flat
and the fact that there is a discontinuity in �E at 162Sm
compared to its neighbors supports the magic structure as
reported with RMF formalism [53,54]. In addition to this, it
is worth mentioning that the RMF calculation of shell energy,
two-neutron separation energy, two-neutron differential [53],
and the local energy η in the infinite nuclear matter (INM)
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FIG. 5. The potential energy curves for 144–164Sm obtained with
the density-dependent DD-ME1 parametrization.

mass model [150] predict N = 100 as a deformed magic
number for 162Sm. Also, the dominant β−-decay mode of
the neutron-rich 162Sm shows the extra stability as reported
by Asai et al. [151]. It is worth mentioning that the results
of self-consistent HFB calculations based on the D1S [143]
Gogny [144] effective nucleon-nucleon interaction show a very
similar structure by other isotopic chains between Z = 50–62
and N = 60–100 [53,54]. Further, for PES study done using
the Gogny interaction with the D1S parametrization, a general
behavior has been found along different regions of the periodic
table that, as the neutron number increases above N = 100,
the quadrupole deformation decreases gradually and becomes
slightly negative as one approaches the neutron drip line
[145,160–162]. Because of the magic properties of N = 100,
this isotope will serve as a waiting point in the nucleosynthesis
of the rapid neutron capture process (r process) [163]. This
prediction has an important consequence in the formation of
heavy nuclei in astrophysical objects.
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FIG. 6. The potential energy curves for 144–164Sm obtained with
the density-dependent DD-ME2 parametrizations.
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FIG. 7. The potential energy curves for 144–164Sm obtained with
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E. Ground-state single-particle levels

A detailed study of single-particle levels are one of the
important aspects when discussing nuclear structure and
understanding the physical origin for the critical-point nuclei.
In Fig. 9 we plot the single-neutron levels for 144–164Sm nuclei
lying between −20 and 0 MeV. The figure presents results
calculated with the most recent well-established effective
interaction DD-ME2. The other interactions give similar
structure and thus are not presented here. From Fig. 9 one
finds that, as the neutron number changes throughout the
Sm isotopic chain, the single-neutron levels and hence the
structure of Fermi surfaces of these nuclei show variations.
Even and odd parity levels are represented by black and red,
respectively. The Fermi level is presented here by a dashed
line. In general, from Fig. 9 one finds a consistency between
the shell-structure evolution and the shape evolution in Sm
isotopes with increasing neutron number. From the figure we
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FIG. 8. The potential energy curves for 144–164Sm obtained with
the NL3* parametrizations.

TABLE VIII. The difference of the total BE �E between the
spherical state and the ground state in units of MeV calculated with
DD-ME1, DD-ME2, DD-PC1, and NL3* forces.

�E DD-ME1 DD-ME2 DD-PC1 NL3*

144Sm 0.00 0.00 0.00 0.00
146Sm 0.21 0.31 0.11 0.20
148Sm 2.24 2.51 2.18 2.82
150Sm 4.78 5.23 4.89 5.58
152Sm 6.91 7.71 7.54 8.46
154Sm 9.38 10.46 10.39 11.32
156Sm 10.90 11.96 12.04 13.70
158Sm 12.22 13.35 13.55 16.13
160Sm 13.30 14.59 14.92 16.34
162Sm 14.01 15.35 15.69 17.24
164Sm 13.31 14.73 15.46 17.10

see the shape transitions in Sm isotopes. For 144Sm spherical
symmetry is better restored with large single-neutron gap
in the neutron Fermi surface. With the increasing neutron
number the deformation develops. The deformation in 146Sm
is still small and the energy gap can be clearly seen from
the single-particle spectra. The critical-point nuclei 148–152Sm
belong to a transition area in which the energy gap still exists,
but are much smaller than that in 144,146Sm. In general, we can
say that the Fermi level slowly increases. A good deformation
seems to be reached at A = 148 or A = 150 with a rather
constant level density, from that moment the Fermi levels
stays roughly constant up to 162Sm. These characteristics in
microscopic shell structure can be viewed as the signature
of the critical-point symmetry. The large shell gap in the
neutron Fermi surface in the case of 162Sm indicates the
properties of a magic nuclei, supporting the earlier reported
results [52,53,150,151].
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FIG. 9. (Color online) The single-neutron levels for even-even
144–164Sm nuclei obtained with the density-dependent DD-ME2
parametrizations.
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IV. CONCLUSION

In this work, we have carried out systematic investigations
to study the bulk properties and the microscopic structure
of neutron-rich, even-even 144–164Sm transitional nuclei. The
investigations have been done within CDFT, and the explicit
density-dependent effective interactions as DD-M1, DD-ME2,
and DD-PC1 (point coupling) were used in the calcula-
tions. We have also carried out these investigations using
the constrained axially deformed RMF model with NL3*
parametrization. Proper treatment of the pairing correlations
is given in both formalisms. We have calculated the BE,
two-neutron separation energy (S2n), two-neutron shell gap
(δ2n), neutron pairing energy (Epair,n), rms radii, NST, and
quadrupole deformation parameter to understand the ground-
state properties of these nuclei. The potential energy surface
and the single-particle levels have been studied to understand
the phase transition and the critical-point behavior of these
nuclei. Present calculations have also been compared with
the self-consistent HFB + THO + LN + PNP method based
on the Skyrme SLy4, SkP, and SkM* interactions, macro-
microscopic FRDM, as well as on the experimental data,
wherever available.

In summary, the microscopic investigations are done to
understand the shape evolution from spherical to the axially
deformed shapes in even-even Sm isotopes and to investigate
the deformed magic number for N = 100 as reported by
the authors of Refs. [52,53,150,151]. The bulk properties

are quite well reproduced in our calculations using different
effective interactions and are in good agreement within the
different model interactions, as well as with the experimental
data. 148Sm , 150Sm, and 152Sm are found to be soft against the
β deformation in their corresponding potential energy curves.
We analyze the ground-state single-particle spectra and find
that the single-particle levels in 148Sm , 150Sm, and 152Sm
distribute more uniformly. Different sensitive observables
like two-neutron separation energy (S2n), two-neutron shell
gap (δ2n), neutron pairing energy (Epair,n), total BE difference
(�E), and single-particle level scheme are investigated to
identify the shell-closure location at N = 100. Except for
vanishing of the neutron paring energy Epair,n at A = 162,
other signatures are not very evident, indicating a weaker
shell closure at N = 100. The investigations also suggest the
model dependence on predicting the shell-closure location.
However, the experimental confirmation of the shell-closure
properties of 162Sm is still awaiting. Overall, good agreement
is found between the calculated and experimental results,
wherever available.
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[149] P. Möller, J. R. Nix, and K.- L Kratz, At. Data Nucl. Data

Tables 66, 131 (1997).
[150] R. C. Nayak and L. Satpathy, At. Data Nucl. Data Tables 73,

213 (1999).
[151] M. Asai et al., Jaeri Tandem Annu. Rep. No. 2000, 13 (2001).
[152] M. Del Estal, M. Centelles, X. Viñas, and S. K. Patra, Phys.
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