
PHYSICAL REVIEW C 92, 064604 (2015)
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Background: At extremely low incident energies, unexpected decreases in fusion cross sections, compared to
the standard coupled-channels (CC) calculations, have been observed in a wide range of fusion reactions. These
significant reductions of the fusion cross sections are often referred to as the fusion hindrance. However, the
physical origin of the fusion hindrance is still unclear.
Purpose: To describe the fusion hindrance based on an adiabatic approach, I propose a novel extension of the
standard CC model by introducing a damping factor that describes a smooth transition from sudden to adiabatic
processes, that is, the transition from the separated two-body to the united dinuclear system. I demonstrate the
performance of this model by systematically investigating various deep sub-barrier fusion reactions.
Method: I extend the standard CC model by introducing a damping factor into the coupling matrix elements
in the standard CC model. This avoids double counting of the CC effects, when two colliding nuclei overlap
one another. I adopt the Yukawa-plus-exponential (YPE) model as a basic heavy ion-ion potential, which is
advantageous for a unified description of the one- and two-body potentials. For the purpose of these systematic
investigations, I approximate the one-body potential with a third-order polynomial function based on the YPE
model.
Results: Calculated fusion cross sections for the medium-heavy mass systems of 64Ni + 64Ni, 58Ni + 58Ni,
and 58Ni + 54Fe, the medium-light mass systems of 40Ca + 40Ca, 48Ca + 48Ca, and 24Mg + 30Si, and the mass-
asymmetric systems of 48Ca + 96Zr and 16O + 208Pb are consistent with the experimental data. The astrophysical
S factor and logarithmic derivative representations of these are also in good agreement with the experimental
data. The values obtained for the individual radius and diffuseness parameters in the damping factor, which
reproduce the fusion cross sections well, are nearly equal to the average value for all the systems.
Conclusions: Since the results calculated with the damping factor are in excellent agreement with the experimental
data in all systems, I conclude that a coordinate-dependent coupling strength is responsible for the fusion
hindrance. In all systems, the potential energies at the touching point VTouch strongly correlate with the incident
threshold energies for which the fusion hindrance starts to emerge, except for the medium-light mass systems.
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I. INTRODUCTION

Heavy-ion fusion reactions are an important probe to
investigate the fundamental features of the macroscopic
tunneling for many-body quantum systems. The Coulomb
barrier is formed when a projectile approaches a target,
because of the strong cancellation between the Coulomb
repulsion and nuclear attractive forces. Capture takes place
when the projectile penetrates through this Coulomb barrier.
The fusion reaction at incident energies below the Coulomb
barrier is called the sub-barrier fusion reaction. An important
observation of the sub-barrier fusion reactions is that the
measured fusion cross sections exhibit strong enhancements
compared to estimations using a simple one-dimensional
model [1]. These enhancements have been accounted for in
terms of strong couplings between the relative motion of
colliding nuclei and the intrinsic degrees of freedom, such as
the collective vibrations of the target and/or projectile. In this
context, the coupled-channels (CC) model based on this picture
has been successful in describing these enhancements [2,3].

Because of recent progress in experimental techniques,
it is possible to precisely measure the fusion cross sections
down to extremely low incident energies, the so-called “deep
sub-barrier energies.” The experimental data revealed that
significant decreases in the fusion cross sections at deep sub-
barrier energies, compared to the standard CC calculations,

emerge in a wide range of reaction systems [4–6] (see Ref. [7]
for details). These significant decreases in the fusion cross
section are often referred to as fusion hindrance. Below, the
incident energy for which the fusion hindrance starts to emerge
is referred to as “the incident threshold energy for fusion
hindrance.”

A key quantity for understanding the fusion hindrance
is the potential energy at the touching point VTouch, which
strongly correlates with the incident threshold energy for
fusion hindrance [8]. When the incident energy is lower than
VTouch, the inner turning point of the potential energy occurs
inside the touching point (see Fig. 1). Namely, the projectile
is still in a classically forbidden region when the two colliding
nuclei touch each other. As a result, the colliding nuclei
must penetrate through a residual barrier with an overlapping
configuration before fusion occurs. Thus, the fusion hindrance
would be associated with the dynamics in the overlapping
region of the two colliding nuclei.

To describe the fusion hindrance associated with the
dynamics in the overlapping region, two approaches with
different assumptions that contradict one another have been
proposed [7]. One is the sudden approach proposed by Mişicu
and Esbensen [9], which assumes that fusion occurs rapidly.
They considered the Pauli principle effect that acts when two
colliding nuclei overlap one another. Thus, they constructed a
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FIG. 1. (Color online) Schematic picture of a heavy ion-ion
potential versus the center-of-mass distance r between colliding
nuclei. The small black circle and square indicate the touching point
of the colliding nuclei and its compound state, respectively. The gray
area represents the overlapping region of the colliding nuclei. The
dashed and dotted lines indicate the potential energy curves for the
adiabatic and sudden processes, respectively.

heavy ion-ion potential with a shallow potential pocket based
on the frozen-density approximation. They systematically
investigated various reaction systems to test the performance
of the sudden model [10–14].

The other is the adiabatic approach proposed by Ichikawa
et al. [15,16], which assumes that fusion slowly occurs and
that neck formation between two colliding nuclei occurs in
the overlapping region. In these considerations, the sudden
and adiabatic processes are smoothly joined by phenomeno-
logically introducing a damping factor in the coupling form
factor to avoid double counting of the CC effects. Later, it was
shown that the physical origin of this damping factor is the
damping of quantum vibrations near the touching point of two
colliding nuclei using the random-phase approximation (RPA)
method for the 16O + 16O, 40Ca + 40Ca, and 16O + 208Pb
systems [17,18].

In these approaches, the diabatic and adiabatic single-
particle motions correspond to the sudden and adiabatic limits.
Diaz-Torres and Scheid have discussed the importance of the
formation of a dinuclear system (nuclear molecule) in fusion
processes using the two-center shell model [19], which is
an intermediate approach between the sudden and adiabatic
limits. Mass and Scheid also proposed the coupled-channel
method combined with the two-center shell model based on
this molecular picture [20].

Another approach, different from the CC model, has
recently been developed to describe heavy-ion fusion reac-
tions based on self-consistent mean-field theory [7]. In this
approach, the time-dependent Hatree-Fock (TDHF) method
is often used to extract a dynamical heavy ion-ion potential.
Umar and Oberacker proposed the density-constrained TDHF
method and demonstrated the energy-dependent heavy ion-ion
potential with inertia mass relative to the center-of-mass
distance between two colliding nuclei [21–24]. Although,

in this approach, any input parameters are not required to
calculate fusion cross sections once one determines an energy-
density functional, its mechanism for the fusion hindrance is
still unclear.

In this paper, I systematically investigate the fusion
hindrance using the adiabatic approach to test the model’s
performance in various reaction systems. Later, I show that
the adiabatic approach works very well in many systems,
strongly indicating that indeed the smooth transition from
sudden to adiabatic processes—that is, the transition from the
separated two-body to the united dinuclear system—occurs in
deep sub-barrier fusion reactions. The coordinate-dependent
coupling strength is responsible for the fusion hindrance.
I also show that a difference between the adiabatic and
sudden models appears in the average angular momentum of
compound nuclei. I also discuss the strong correlation between
VTouch and the incident threshold energy for fusion hindrance.

The rest of the paper is organized as follows. In Sec. II,
I describe the theoretical framework and how to construct a
heavy ion-ion potential. In Sec. III, I present the results of the
systematic calculations by applying the adiabatic approach
for the medium-heavy, medium-light, and mass-asymmetric
systems. In Sec. IV, I discuss the average angular momentum
of compound nuclei calculated with the adiabatic and sudden
models, and the correlation between VTouch and the incident
threshold energy for fusion hindrance. I summarize my studies
in Sec. V.

II. THEORETICAL FRAMEWORK

A. Concept of a smooth transition from sudden
to adiabatic processes

Here, I discuss how to describe the fusion hindrance based
on the adiabatic approach and show a concept of smooth
transition from sudden to adiabatic processes, that is, the
transition from the separated two-body to the united dinuclear
system.

An important aspect of fusion reactions at deep sub-barrier
incident energies is that the inner turning point of a heavy
ion-ion potential would be located deep within the touching
point of the colliding nuclei. Figure 1 shows a schematic
picture of a heavy ion-ion potential versus incident energies in
a fusion reaction. The solid line indicates a potential energy
curve in the two-body region. The solid circle indicates the
potential energy at the touching point VTouch of the colliding
nuclei. The gray area represents the overlapping region of
the colliding nuclei. At incident energies around the Coulomb
barrier, the inner turning point is still far outside of the touching
point [line (i) in Fig. 1]. At these energies, one usually assumes
that a compound nucleus is automatically formed once the
projectile penetrates the Coulomb barrier because of strong
nuclear attractive forces in the classically allowed region. On
the other hand, at incident energies below VTouch, the inner
turning point appears more deeply within the touching point
[line (ii) in Fig. 1]. Namely, the projectile is still in the
classically forbidden region when the colliding nuclei touch
one another.
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After touching, a composite system is formed, which
evolves in the classically forbidden region toward its com-
pound state by overlapping between projectile- and target-
like nuclei. Since this involves the penetration of a residual
Coulomb barrier, fusion cross sections are naturally hindered
by the tunneling factor. In Ref. [8], a strong correlation
between VTouch and the incident threshold energy for fusion
hindrance is found by systematically investigating various
experimental data. Thus, the dynamics after the nuclei collide
plays an essential role in significantly decreasing the fusion
cross section at deep sub-barrier incident energies.

A description for the evolution toward the compound
state strongly depends on which model is employed in the
overlapping region. There are mainly two assumptions that
contradict one another. One is the sudden approach, where
fusion rapidly occurs. Here, the potential energy curve would
have a shallow potential pocket due to the strong overlapping
of the two colliding nuclei (dotted line in Fig. 1). The other is
the adiabatic approach, where the density distribution of the
composite system evolves with the lowest energy configuration
(dashed line in Fig. 1). In this paper, I focus on applying the
adiabatic process to the standard CC model framework.

However, one cannot directly apply the adiabatic potential
calculated with the lowest energy configuration to the standard
CC model, because its direct application leads to double
counting of the CC effects. Channel coupling already includes
many effects of the adiabatic process, including neck formation
between the colliding nuclei. To avoid such double counting,
I developed a full quantum mechanical model, whereby the
CC effect in the two-body system is smoothly joined to the
adiabatic potential tunneling for the one-body system.

In the CC calculations, one often employs the incoming
wave boundary condition in order to simulate a compound
nucleus formation. To construct an adiabatic potential model
with it, I assume the following conditions: (1) before the
target and projectile touch one another, the standard CC
model in the two-body system works well; (2) after the target
and projectile appreciably overlap one another, the fusion
process is governed by a single adiabatic one-body potential,
whereby the excitation on the adiabatic base is neglected; and
(3) the transition from the two- to one-body treatments occurs
near the touching point, where all physical quantities are
smoothly joined. These are the important conditions, which
should be taken into account in the adiabatic approach under
the framework of the CC model.

B. An extension of the standard coupled-channel model

Before describing an extension of the standard CC model,
taking into account the adiabatic process, I first briefly describe
the standard CC model (for details see Refs. [3,25,26]).

For heavy-ion fusion reactions, the no-Coriolis approxima-
tion is often used [3,26]. Here, one can replace the angular
momentum of the relative motion of colliding nuclei in each
channel by the total angular momentum, J . For simplicity, the
index J is suppressed and a simplified notation n = {α,�,I } is
used in the following, where α denotes any quantum numbers
separate from the angular momenta, and � and I denote the
orbital and intrinsic angular momenta, respectively. The CC

equations [3,26] are then given by[
− �

2

2μ

d2

dr2
+ J (J + 1)�2

2μr2
+ V (0)(r) + εn − E

]
un(r)

+
∑
m

Vnm(r)um(r) = 0, (1)

where r is the radial component of the relative motion
coordinate, μ is the reduced mass, E is the incident energy
in the center-of-mass frame, and εn is the excitation energy
of the nth channel. A bare nuclear potential V (0) consist-
ing of the Coulomb and nuclear interactions is given by
V (0)(r) = ZT ZP e2/r + V

(0)
N (r), where ZT and ZP are the

proton numbers of target and projectile, respectively, and e
is the elementary charge. The matrix elements of the coupling
Hamiltonian Vnm are calculated with the collective model
including the Coulomb and nuclear components.

The CC equations are solved by imposing the incoming
wave boundary condition [3,26] at the minimum of the poten-
tial pocket rmin inside the Coulomb barrier. This condition is
expressed as

un(r) ∼ Tn exp

(
−i

∫ r

rmin

kn(r ′)dr ′
)

(r � rmin) (2)

= H
(−)
J (knr)δn,0 + SnH

(+)
J (knr) (r → ∞), (3)

where Sn are the S matrix, Tn are the transmission coefficients,
and H (+) and H (−) are the outgoing and incoming Coulomb
wave functions, respectively. The local wave number for the
nth channel kn(r) is given by

kn(r) =
√

2μ

�2

(
E − εn − J (J + 1)�2

2μr2
−V (0)(r) −Vnm(r)

)
.

(4)

By taking a summation over all possible intrinsic states, the
inclusive penetrability is given by

PJ (E) =
∑

n

kn(rmin)

k0
|Tn|2, (5)

where kn = kn(r = ∞) and the ground state of the target
nucleus is denoted by n = 0. The fusion cross section σfus

is thus obtained as

σfus(E) = π

k2

∑
J

(2J + 1)PJ (E). (6)

In coupling matrix elements, I consider only vibrational
couplings in this paper. The nuclear coupling Hamiltonian
can be generated by changing the target radius in the nuclear
potential of V

(0)
N to a dynamical operator R0 → R0 + Ôλ.

Therefore, the nuclear coupling Hamiltonian is given by
VN (r,Ôλ) = V

(0)
N (r − Ôλ) [3,26]. For the vibrational coupling,

the operator Ôλ is given by Ôλ = (βλ/
√

4π )RT (α†
λ0 + αλ0),

where α
†
λ0 and αλ0 are the creation and annihilation operators

of the phonons, respectively, and RT is the radius of the
target nucleus. Here, the eigenvalues λα and the eigenvectors
|α〉 of Ôλ are given by Ôλ|α〉 = λα|α〉. The deformation
parameter βλ is an input parameter and can be estimated from
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an experimental transition probability B(Eλ) which is given
by

βλ = 4π

3ZT Rλ
T

√
B(Eλ) ↑

e2
. (7)

The matrix elements of the nuclear coupling Hamiltonian
are expanded by the eigenvalues and eigenvectors [3,25,26],
and thus are defined as

V (N)
nm = 〈n|VN (r,Ôλ)|m〉 − C0(r)

=
∑

α

〈n|α〉〈α|m〉VN (r,λα) − C0(r), (8)

where C0 is the coupling constant given by C0(r) =
〈0|VN (r,Ôλ)|0〉. In Ref. [25], the nuclear coupling potential
VN (r,λα) = V

(0)
N (r − λα) is expanded by λα and is taken up to

the second order of λα , which is given by

VN (r,λα) = V
(0)
N (r) − dV

(0)
N

dr
λα + 1

2

d2V
(0)
N

dr2
λ2

α. (9)

Thus, one can calculate V (N)
nm with Eqs. (8) and (9). The

Coulomb coupling matrix elements V (C)
nm are similarly cal-

culated using the linear coupling approximation [3,26]. The
total coupling matrix elements are given by the sum of V (N)

nm

and V (C)
nm .

Below, I describe an extension of the standard CC frame-
work following the strategy mentioned in the previous section.
To this end, I introduce the damping factor 
(r,λα) in the
coupling form factor. Instead of Eq. (9), I employ the following
form for the nuclear coupling potential with respect to the
eigenchannel α,

VN (r,λα) = V
(0)
N (r) +

[
−dV

(0)
N

dr
λα + 1

2

d2V
(0)
N

dr2
λ2

α

]

(r,λα).

(10)
The most important modification to the standard CC treatment
is the introduction of the damping factor 
. This damping fac-
tor represents the physical process for gradually transitioning
from sudden to adiabatic approximations by diminishing the
excitation strengths of the target and/or projectile vibrational
states after the two colliding nuclei overlap one another. To
describe it, I choose the damping factor as


(r,λα) =
{
e−(r−Rd−λα)2/2a2

d , r < Rd + λα (overlap region),

1, otherwise (two-body region),

(11)

where Rd is the spherical touching distance between the target
and the projectile defined by Rd = rd (A1/3

T + A
1/3
P ). Here, rd

and ad are the damping radius and diffuseness parameters. An
important point of these modifications is that the touching
point in the damping factor depends on λα; namely, the
excitation strength begins to reduce at different distances in
each eigenchannel.

Therefore, in the two-body region (r > Rd + λα), the
standard CC equations of Eq. (1) work well because 
 = 1.
Conversely, in the overlapping region (r < Rd + λα), the
coupling matrix elements become Vnm → 0 because 
 → 0.

Then, the standard CC equations of Eq. (1) are close to the
one-dimensional Schrödinger-like equations given by[

− �
2

2μ

d2

dr2
+ J (J + 1)�2

2μr2
+ V (0)(r) + εn − E

]
un(r) = 0

(r 
 Rd + λα). (12)

If an adiabatic one-body potential V
(0)

1bd is substituted to V (0) in
Eq. (12), one can avoid double counting of the CC effects and
correctly estimate the tunneling probability in the one-body
process. Subsequently, all the physical quantities are smoothly
joined.

It is technically complicated to take into account the effects
of damping factor on Coulomb coupling. I have introduced
the channel independent damping factor for the Coulomb
coupling, but its effect on fusion cross sections appear to be
small. Therefore, I consider the damping factor only for the
nuclear coupling in the calculations presented below.

Although I attempted to apply several functional forms
to the damping factor, I found that the form of Eq. (11)
can well reproduce various experimental data. Recently, the
physical origin of the damping factor was examined using
the RPA method with a dinuclear shape configuration [17,18].
As shown in Eq. (7), the deformation parameter is directly
related to the transition strength B(Eλ). In Refs. [17,18],
the B(E3) values for individual colliding nuclei are directly
calculated when they approach each other. The obtained
B(E3) values drastically reduce near the touching point
and strongly correlate with the damping factor of Eq. (11),
which well reproduces the experimental fusion cross sections
for the 40Ca + 40Ca and 16O + 208Pb reactions. Namely, the
damping factor describes the damping of quantum vibrations
near the touching point, indicating the suppression of tran-
sitions between reaction channels in the CC equations. This
coordinate-dependent coupling strength would be responsible
for the fusion hindrance.

It is also important to take into account the effects of
coordinate-dependent inertia mass in the adiabatic limit of
Eq. (12) [27]. The effects were examined in Ref. [15] but are
negligible in the incident energy region where experiments
have been performed until now. This can be accounted for
by the adiabatic coupling potential, which is the lowest
eigenenergy of the coupling matrix elements (see Fig. 12).
At extremely low incident energies, the main contribution
to fusion cross sections is the penetrability of this adiabatic
coupling potential [2,3]. In the case of 64Ni + 64Ni, the lowest
incident energy of the experimental data is about 86 MeV. At
this incident energy, the inner turning point in the adiabatic
coupling potential is located at still far outside of the touching
point. Thus, the effects of the coordinate-dependent mass play
an important role in the fusion cross section at much deeper
incident energies.

C. Heavy ion-ion potential

In this paper, I adopt the Yukawa-plus-exponential (YPE)
potential [28] as a basic ion-ion potential V

(0)
N , because the

diagonal component of this potential satisfies conditions (1)–
(3), mentioned in Sec. II A by electing a suitable neck-formed
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shape for the one-body system, as shown in our previous
work [15]. This model is advantageous for a unified description
of both two- and one-body systems. In this model, two
Yukawa-type nuclear forces with a different range parameter
are assumed. One of the range parameters is then determined
by the saturation condition at the touching point. In Ref. [28],
the nuclear volume energy EV is given by

EV = − cs

8π2r2
0 a3

∫ ∫
V

(
σ

a
− 2

)
e−σ/a

σ
d3r d3r ′, (13)

where σ = |�r − �r ′|, r0 is the radius parameter, and a is the
diffuseness parameter. In this paper, these two parameters
are adjustable. The nuclear radius is given by R = r0A

1/3.
The integrations are performed over all nuclear densities. The
effective surface constant cs is given by cs = as(1 − κsI

2),
where as is the surface energy constant, κs is the surface
asymmetry constant, and I is the relative neutron-proton
excess, and I = (N − Z)/A. The values of as and κs are taken
as as = 21.33 MeV and κs = 2.378 from the FRLDM2002
parameter set [29].

For two separated spherical nuclei of equivalent sharp
surface radii RT and RP , the nuclear potential energy in the
two-body system V

(N)
2bd before the touching point is given by

V
(N)

2bd (r) = −D

(
F + s

a

)
RT P

r
e−s/a, (14)

where RT P = RT + RP , and s = r − RT P . The depth con-
stant D is given by

D = 4a3g(RT /a)g(RP /a)e−RT P /a

r2
0 RT P

c′
s , (15)

where g(x) = xcosh(x) − sinh(x) and c′
s = √

cT
s cP

s . The con-
stant F is given by

F = 4 + RT P

a
− f (RT /a)

g(RT /a)
− f (RP /a)

g(RP /a)
, (16)

where f (x) = x2sinh(x).
For the one-body potential, one can calculate V1bd(N ) by

integrating Eq. (13) with an appropriately shaped parametriza-
tion having a neck formation, such as in the previous work
of Ref. [15]. However, this calculation is time-consuming
for systematic investigations. For mass-asymmetric systems,
it is also difficult to smoothly join the potential energies
between the two-body and the adiabatic one-body systems at
the touching point, because the proton-to-neutron ratio for the
one-body system differs from that for the target and projectile
in the two-body system. There is discontinuity even at the
touching point in symmetrical systems for a few physical
quantities, including the Wigner term and the A0 constant
in the nuclear mass model (for details see Ref. [29]). It is also
important to take into account the shell and paring energies in
the adiabatic one-body potential [27].

To avoid these difficulties, I approximate the one-body
potential with a third-order polynomial function based on
the YPE potential using the lemniscatoids parametrization
[30–32] (see Appendices A and B for detail). I smoothly
join the potential energy at the touching point to the energy

of its compound state, estimated from experimental nuclear
masses. I also perform this by identifying the internucleus
distance r with the center-of-mass distance of two half spheres.
I have systematically tested the performance of this procedure
for various systems. The deviation due to this procedure is
negligible. This procedure works very well in many systems,
because the data points at the lowest incident energy in the
experiments which have been performed until now are less
than the potential energies at the touching point only by a
few MeV. At much deeper incident energies, the adiabatic
one-body potential energy including the shell and pairing
energies would play a decisive role in the fusion hindrance.

In this procedure, there are three input parameters: the
position of the compound state rGS, the energy of the
compound state EGS, and the potential energy curvature at
the ground state �ωGS. The value of rGS is estimated by the
center-of-mass distance between the two halves of its spherical
compound nucleus, which is given by rGS = (3/4)Rc, where
Rc = r0(AT + AP )1/3. The value of EGS is estimated from
the experimental nuclear masses taken from the AME2003
table [33]. If the experimental mass value is not available
for a nucleus, I use the calculated mass from the FRDM95
table [34]. The value of �ωGS is estimated from a systematic
curve fitted to the curvatures of the liquid drop energies at their
ground states for various systems (see Appendix B). This is
given by �ωGS = 0.0047x2 − 0.4586x + 9.125 MeV, where
x = A

1/3
T A

1/3
P .

Figure 2 shows the calculated YPE potentials (solid lines)
for the (a) 64Ni + 64Ni, (b) 40Ca + 40Ca, and (c) 16O + 208Pb
systems. In the calculations, I use the r0 and a fitted parameters
to reproduce their experimental data by CC calculations (this
is discussed later; see the parameters in the tables in Sec. III).
From the figure, it is evident that the calculated potential
energies in the two-body system are smoothly joined to its
compound states (solid squares) at the touching point (solid
circles). For comparison, the potential energies calculated with
the Woods-Saxon (WS) and sudden models are demonstrated
by the dashed and dash-dotted lines, respectively. The param-
eters of the WS model are taken from Ref. [5]. The results
calculated with the sudden model are from Refs. [9–11]. In
Fig. 2(a), the YPE potential around the Coulomb barrier is
recognizably thicker than that of the WS model using the
parameters from Ref. [5].

Interestingly, the YPE potentials are similar to the sudden
ones before the touching point. In Fig. 2(a), the YPE potential
is almost identical to the sudden one before the touching
point. In Figs. 2(b) and 2(c), the YPE potentials are also
similar to the sudden ones before the touching point. After the
touching point, the sudden potentials have a shallow potential
pocket, whereas the adiabatic potentials have different energy
dependence and a much deeper potential pocket. This large
difference at smaller r indicates that the mechanisms for the
fusion hindrance in the two models are completely different.

III. CALCULATION RESULTS

I perform the CC calculations with the damping factor
described in the previous section for the medium-heavy mass
systems of 64Ni + 64Ni, 58Ni + 58Ni, and 58Ni + 54Fe; the

064604-5



TAKATOSHI ICHIKAWA PHYSICAL REVIEW C 92, 064604 (2015)

 40

 50

 60

 70

 80

 90

 100

 110

 120

 2  4  6  8  10  12  14

P
ot

en
tia

l E
ne

rg
y 

(M
eV

)

r (fm) 

(a) 64Ni + 64Ni

Woods-Saxon(Ref. [5])
Sudden

YPE

 10

 20

 30

 40

 50

 60

 70

 2  4  6  8  10  12  14

P
ot

en
tia

l E
ne

rg
y 

(M
eV

)

r (fm) 

(b) 40Ca + 40Ca

 40

 50

 60

 70

 80

 90

 2  4  6  8  10  12  14

P
ot

en
tia

l E
ne

rg
y 

(M
eV

)

r (fm) 

(c) 16O + 208Pb

FIG. 2. Potential energies versus the center-of-mass distance r

for the (a) 64Ni + 64Ni, (b) 40Ca + 40Ca, and (c) 16O + 208Pb systems.
The solid lines indicate the calculated YPE potential. The solid circles
and squares denote the potential energy at the touching point and
the compound state estimated from experimental nuclear masses,
respectively.

medium-light mass systems of 40Ca + 40Ca, 48Ca + 48Ca,
and 24Mg + 30Si; and the mass-asymmetric systems of
48Ca + 96Zr and 16O + 208Pb.

TABLE I. Input parameters for the coupling strengths in the
CC calculations for the 64Ni + 64Ni, 58Ni + 58Ni, and 58Ni + 54Fe
systems. The symbol λπ denotes the multipolarity and the parity of
a state. The symbol Eex denotes the excitation energy of a state.
The symbols βCoul

λ and βNucl
λ denote the deformation parameters

for the Coulomb and nuclear coupling strengths, respectively.
The symbol Nph denotes the number of phonons included in the
calculations.

Nucleus λπ Eex (MeV) βCoul
λ βNucl

λ Nph

(a) 64Ni + 64Ni (see Ref. [5])
64Ni 2+ 1.346 0.165 0.185 2

3− 3.560 0.193 0.200 1

(b) 58Ni + 58Ni (see Ref. [25])
58Ni 2+ 1.450 0.187 0.226 3

3− 4.470 0.200 0.200 1

(c) 58Ni + 54Fe (see Refs. [25,37])
58Ni 2+ 1.450 0.187 0.187 2

3− 4.470 0.200 0.200 1
54Fe 2+ 1.408 0.200 0.200 1

For this purpose, I implemented the YPE potential and the
damping factor in the computer code CCFULLYPE [35], which
is a modified version of the code CCFULL [26]. Note that the
definition for the origin of the coupling potential [C0 in Eq. (8)]
is different from that of the original CCFULL in Ref. [26]. To
compare my calculated results with those of the sudden model,
I adopt the definition used in the sudden model [9].

I calculate the fusion cross sections for these systems and
show the astrophysical S factor and logarithmic derivative
representations of the obtained fusion cross sections. In this
paper, I focus the discussion on fusion cross sections from
the sub-barrier to deep sub-barrier incident energies, because
the adiabatic approach can work well in this energy region.
At incident energies much higher than the Coulomb barrier,
where oscillations of the fusion excitation function have been
recently studied [36], other approximations, including the
sudden model, would be more appropriate.

In this paper, the S factor is given by S(E) =
Eσfus(E)exp[2π (η − η0)], where E is the incident energy, σfus

is the fusion cross section, η is the Sommerfeld parameter, and
η0 is an arbitrary unit. The Sommerfeld parameter is given
by η = e2ZtZp/�ν, where Zt and Zp are the charges of the
target and projectile, respectively, and ν is the relative velocity
between the target and projectile in the center-of-mass frame.
The logarithmic derivative of the fusion cross section is given
by L(E) = d

dE
ln[Eσfus(E)].

A. Medium-heavy mass systems

First, I discuss the fusion hindrance in the medium-
heavy mass systems for the 64Ni + 64Ni, 58Ni + 58Ni, and
58Ni + 54Fe systems. All input parameters for the CC cal-
culations are tabulated in Tables I and II. In the calculations,
I included couplings only to the low-lying 2+ and 3− states
and all mutual excitations of these states. The deformation
parameters are basically the same as those in Refs. [5,25,37].
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TABLE II. Input parameters for the YPE potential and the
damping factor in the 64Ni + 64Ni, 58Ni + 58Ni, and 58Ni + 54Fe
systems. The symbols r0 and a0 denote the radius and diffuseness
parameters in the YPE potential. The symbols VGS and �ωGS denote
the potential energy and its curvature at each ground state. The symbol
VTouch denotes the potential energy at the touching point. The symbols
rd and ad denote the radius and diffuseness parameters in the damping
factor.

System r0 a0 VGS �ωGS VTouch rd ad

(fm) (fm) (MeV) (MeV) (MeV) (fm) (fm)

64Ni + 64Ni 1.205 0.68 48.8 2.99 88.6 1.298 1.05
58Ni + 58Ni 1.180 0.68 66.1 3.31 95.3 1.310 1.32
58Ni + 54Fe 1.198 0.68 58.7 3.42 86.8 1.330 1.25

Only for the 2+ state of 58Ni in the 58Ni + 58Ni system, I use
a 20% larger value of βNucl

λ compared to βCoul
λ .

Figure 3 shows the calculated fusion cross sections. The
solid and dashed lines indicate the results calculated with
and without the damping factor, respectively. The dotted lines
indicate the results calculated with no coupling. The exper-
imental data for 64Ni + 64Ni, 58Ni + 58Ni, and 58Ni + 54Fe
(solid circles) are taken from Refs. [5,37–39], respectively. In
the figure, one can see that drastic improvements have been
made by taking into account the damping in the CC form factor,
as compared to the results calculated without the damping
factor. I tested the dependence of �ωGS on the calculated
results, but it was negligible above the lowest incident energy
of the experimental data in each system. Interestingly, in the
58Ni + 58Ni system, the fusion cross sections are slightly
enhanced around an incident energy of 95 MeV due to the
damping factor.

For comparison, in Fig. 3(a), I also plot the result calculated
with the WS potential using the parameters given in Ref. [5].
Since the YPE potential is much thicker than the WS
potential, as shown in Fig. 2, the result calculated with the
YPE potential is slightly suppressed. Although the potential
thickness around the Coulomb barrier increases considerably
in the YPE potential, one cannot reproduce the fusion cross
sections at the deep sub-barrier energies only by changing it.
The damping factor plays an important role in reproducing the
fusion hindrance behavior.

In each of these systems, VTouch remarkably correlates with
the incident threshold energy for fusion hindrance. The values
of VTouch are tabulated in Tabel II and indicated by the arrows
in Fig. 3. In all the systems, one can clearly see that the
significant decreases in the fusion cross sections start from
VTouch. Thus, the threshold rule for the potential energy at the
touching point works very well in the medium-heavy mass
systems.

Figure 4 shows the astrophysical S factor representations of
the fusion cross sections for these systems. I take η0 = 75.23,
69.99, and 66.0 MeV for the 64Ni + 64Ni, 58Ni + 58Ni, and
58Ni + 54Fe systems, respectively. In the figure, the solid and
dashed lines indicate the results calculated with and without
the damping factor, respectively. In all the systems, the results
calculated with the damping factor are in good agreement
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FIG. 3. (Color online) Calculated fusion cross sections versus
incident energies for the (a) 64Ni + 64Ni, (b) 58Ni + 58Ni, and
(c) 58Ni + 54Fe systems. The solid circles denote the experimental
data. The solid and dashed lines indicate the calculated results with
and without the damping factor, respectively. The dotted lines indicate
the calculated results of no coupling. The dash-dotted line indicates
the result calculated with the WS potential. The arrows indicate the
potential energy at the touching point VTouch.

with the experimental data. In each of these systems, the
calculated result well reproduces the single peak structure of
the experimental data. For comparison, the results calculated
with the sudden model from Ref. [9] are plotted by the
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FIG. 4. (Color online) Astrophysical S factor representations of the fusion cross sections versus incident energies for the (a) 64Ni + 64Ni,
(b) 58Ni + 58Ni, and (c) 58Ni + 54Fe systems. The solid and dashed lines indicate the results calculated with and without the damping factor,
respectively. The dash-dotted lines indicate the results calculated with the sudden model from Refs. [9].

dash-dotted lines in Figs. 4(a) and 4(b). In both the systems,
the adiabatic model better reproduces the experimental data
compared to the sudden model. The S factors of the adiabatic
and sudden models at the deep sub-barrier energies are consid-
erably different from each other, although the reproductions
of the fusion cross sections calculated with the two models are
similar to an extent.

In the 64Ni + 64Ni system, the S factor calculated with the
sudden model significantly decreases with decreasing incident
energy, whereas the adiabatic model has a much weaker
and smoother energy dependence. In the 58Ni + 58Ni system,
unphysical fluctuations of the S factor are recognizable at
extremely low incident energies in the sudden model, whereas
the adiabatic model has a single, smooth peak. Thus, fusion
cross section measurements at much deeper incident energies

for this system are appropriate for discriminating which model
can better describe the deep sub-barrier fusions.

Figure 5 shows the logarithmic derivative representations
of the fusion cross sections versus incident energies. The
solid and dashed lines indicate the results calculated with and
without the damping factor, respectively. All the calculated
results are in good agreement with the experimental data.
In each of these systems, the result calculated with the
damping factor is saturated below a certain incident energy.
Conversely, the result calculated with the sudden model
significantly increases or fluctuates with decreasing incident
energy [9]. At the deep sub-barrier energies, the energy
dependence of the logarithmic derivative in the adiabatic
model is substantially different from that in the sudden
model.

 0

 1

 2

 3

 4

 5

 85  90  95  100

L(
E

) 
(M

eV
–1

)

Ec.m. (MeV) 

(a) 64Ni + 64Ni

Exp.

YPE

+ damping

 0

 1

 2

 3

 4

 5

 90  95  100

L(
E

) 
(M

eV
–1

)

Ec.m. (MeV) 

(b) 58Ni + 58Ni

 0

 1

 2

 3

 4

 5

 85  90  95  100

L(
E

) 
(M

eV
–1

)

Ec.m. (MeV) 

(c) 58Ni + 54Fe

FIG. 5. (Color online) Logarithmic derivative representations of the fusion cross sections versus incident energies for the (a) 64Ni + 64Ni,
(b) 58Ni + 58Ni, and (c) 58Ni + 54Fe systems. The solid and dashed lines indicate the results calculated with and without the damping factor,
respectively.
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TABLE III. Input parameters for the coupling strengths in the
CC calculations for the 40Ca + 40Ca, 48Ca + 48Ca, and 24Mg + 30Si
systems. All symbols are the same as those in Table I.

Nucleus λπ Eex (MeV) βCoul
λ βNucl

λ Nph

(a) 40Ca + 40Ca (see Refs. [11,41])
40Ca 2+ 3.905 0.119 0.119 1

3− 3.737 0.402 0.402 1

(b) 48Ca + 48Ca (see Ref. [12])
48Ca 2+ 3.832 0.102 0.154 2

3− 4.507 0.203 0.154 1

(c) 24Mg + 30Si (see Ref. [14])
24Mg 2+ 1.369 0.608 0.460 1
30Si 2+ 2.235 0.330 0.330 1

3− 5.497 0.275 0.275 1

B. Medium-light mass systems

Next, I discuss the fusion hindrance in the medium-
light mass systems for the 40Ca + 40Ca, 48Ca + 48Ca, and
24Mg + 30Si systems. These systems are appropriate to
check the dependence of the reaction Q value on the
fusion hindrance. The reaction Q values of the 40Ca + 40Ca,
48Ca + 48Ca, and 24Mg + 30Si systems are Q = −14.2, −3.0,
and 17.9 MeV, respectively. All input parameters for the
coupling strengths of the CC calculations are tabulated in
Table III. In the calculations, I included couplings only to
the low-lying 2+ and 3− states and all mutual excitations of
these states. For 40Ca + 40Ca, I used the same deformation
parameters between βCoul and βNucl, which differ from those
of Ref. [11]. All input parameters for the YPE potential and
the damping factor are tabulated in Table IV.

Figure 6 shows the obtained fusion cross sections. All the
calculated results (solid lines) are in good agreement with the
experimental data (solid circles). The experimental data for
the 40Ca + 40Ca, 48Ca + 48Ca, and 24Mg + 30Si systems are
from Refs. [11], [40], and [14], respectively. In comparison
to the medium-heavy mass systems, the effect of the damping
factor on the fusion cross sections is relatively small in each
system (dashed lines in Fig. 6). This is because the potential
energies at the touching point are lower than the lowest incident
energies in the available experimental data (VTouch in Table IV).
Thus, the calculated results presented in the energy regions of
Fig. 6 are independent of the slope of the one-body potential
around the touching point associated with �ωGS. In this regard,
it seems that the fusion hindrance is relatively weak in these
systems.

TABLE IV. Input parameters for the YPE potential and the
damping factor in the 40Ca + 40Ca, 48Ca + 48Ca, and 24Mg + 30Si
systems. All symbols are the same as those in Table II.

System r0 a0 VGS �ωGS VTouch rd ad

(fm) (fm) (MeV) (MeV) (MeV) (fm) (fm)

40Ca + 40Ca 1.191 0.68 14.2 4.40 47.6 1.240 0.52
48Ca + 48Ca 1.185 0.68 3.0 3.89 43.0 1.280 0.60
24Mg + 30Si 1.190 0.68 −17.9 5.39 15.8 1.430 1.25

10–3

10–2

10–1

100

101

102

103

 50  55  60  65

C
ro

ss
 S

ec
tio

n 
(m

b)

Ec.m. (MeV) 

(a) 40Ca + 40Ca

Exp.
YPE(NC)

YPE
+ damping

10–5
10–4
10–3
10–2
10–1
100
101
102
103
104

 45  50  55  60

C
ro

ss
 S

ec
tio

n 
(m

b)

Ec.m. (MeV) 

(b) 48Ca + 48Ca

10–4

10–3

10–2

10–1

100

101

102

103

 20  22  24  26  28

C
ro

ss
 S

ec
tio

n 
(m

b)

Ec.m. (MeV) 

(c) 24Mg + 30Si

FIG. 6. (Color online) Calculated fusion cross section versus
incident energies for the (a) 40Ca + 40Ca, (b) 48Ca + 48Ca, and
(c) 24Mg + 30Si systems. All symbols are the same as those in Fig. 3.

The potential energies at the touching point in these system
weakly correlate with the threshold incident energies for
the fusion hindrance. In each of these systems, the value
of VTouch is lower than the incident threshold energy for
fusion hindrance by about 3–5 MeV. In these systems, the
deformation parameters in the coupling strengths from the
CC calculations are considerably large. This implies the effect
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FIG. 7. (Color online) Astrophysical S factor representations of the fusion cross sections versus incident energies for the (a) 40Ca + 40Ca,
(b) 48Ca + 48Ca, and (c) 24Mg + 30Si systems. All symbols are the same as those in Fig. 4. The dotted line indicates the functional form
proposed by Jiang et al. [14].

of the damping factor starts much before the touching point.
Thus, the adiabatic potential in the CC model is affected by
these large deformation effects, which is discussed later in
Sec. IV A. In these medium-light mass systems, the threshold
rule should be modified by taking into account the deformation
effects.

Figure 7 shows the astrophysical S factor representations
of the fusion cross sections versus incident energies for these
systems. I take η0 = 40.8, 45.5, and 22.0 for the 40Ca + 40Ca,
48Ca + 48Ca, and 24Mg + 30Si systems, respectively. All the
calculated results (solid lines) are in good agreement with the
experimental data (solid circles). For comparison, the S factors
calculated with the sudden model taken from Refs. [11,12,14]
are plotted by the dash-dotted lines. The S factors calculated
with the damping factor are in good agreement with the
experimental data compared to those with the sudden model.

As discussed in the medium-heavy mass systems, the S factors
calculated with the damping factor have a much smoother
energy dependence than those with the sudden model.

In each of these systems, the peak structure in the S factor
calculated with the damping factor is not visible, although
Jiang et al. assumed it was in their fitting function [14].
For comparison, the S factor proposed by Jiang et al. is
plotted by the dotted line in Fig. 7(c). The S factor of Jiang
et al. has a strong energy dependence and peak structure.
However, there is no physical reason why the S factor can
be described by the functional form proposed by them. This
large difference in S factor behavior at the low incident-
energy region strongly affects the estimations of astrophysical
reaction rates. Nevertheless, a few additional data points with
high precision at the low-energy region are necessary to
determine this behavior.
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FIG. 8. (Color online) Logarithmic derivative representations of the fusion cross sections versus incident energies for the (a) 40Ca + 40Ca,
(b) 48Ca + 48Ca, and (c) 24Mg + 30Si systems. All symbols are the same as those in Fig. 5.
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TABLE V. Input parameters for the coupling strengths in the
CC calculations for the 48Ca + 96Zr and 16O + 208Pb systems. All
symbols are the same as those in Table I.

Nucleus λπ Eex (MeV) βCoul
λ βNucl

λ Nph

(a) 48Ca + 96Zr (see Refs. [42])
48Ca 2+ 3.832 0.102 0.126 2
96Zr 2+ 1.751 0.079 0.079 1

3− 1.897 0.295 0.295 3

(b) 16O + 208Pb (see Refs. [10])
16O 3− 6.129 0.713 0.713 2
208Pb 3− 2.615 0.111 0.111 2

Figure 8 shows the logarithmic derivative representations
of the calculated fusion cross sections for the 40Ca + 40Ca,
48Ca + 48Ca, and 24Mg + 30Si systems. The results calculated
with the damping factor (solid lines) are in good agreement
with the experimental data (solid circles). For comparison, the
logarithmic derivative presented by Jiang et al. is also plotted
by the dotted line. In each of these systems, the calculated
S factor monotonically increases with decreasing incident
energy and the slope changes at a certain energy. In contrast,
the logarithmic derivative of Jiang et al. linearly increases with
decreasing incident energy.

In the adiabatic model presented in this paper, the reaction
Q value is an important input parameter in the heavy ion-
ion potential for estimating the ground-state energy of the
compound system. In these systems, the compound state
energies are sufficiently lower than the potential energies at
the touching point (Table IV). Therefore, the dependence of
the Q values on the fusion cross sections is negligible in the
adiabatic model, although Jiang discussed the effect of the
positive Q value on the fusion hindrance [14].

C. Mass-asymmetric reaction systems

Finally, I discuss the mass-asymmetric reaction system for
the 48Ca + 96Zr and 16O + 208Pb systems. All input parameters
for the coupling strengths in the CC calculations are tabulated
in Table V. In the calculations, I included couplings only to
the low-lying 2+ and 3− states and all mutual excitations of
these states. For 16O + 208Pb, I included only the 3− states of
16O and 208Pb and used the same deformation parameters of
βCoul and βNucl, although those of Ref. [10] are different.

Figure 9 shows the calculated fusion cross sections versus
incident energies. The results calculated with the damping
factor (solid lines) are in good agreement with the experimental
data (solid circles). The experimental data for 48Ca + 96Zr and
16O + 208Pb is from Ref. [43] and Refs. [44,45], respectively.
In the 16O + 208Pb system, it is seen that a drastic improvement
has been made by taking into account the damping factor in the
CC form factor, as compared to the result without the damping
factor (dashed line). A strong fusion hindrance can be seen in
the 16O + 208Pb system.

In these systems, the potential energies at the touching
point strongly correlate with the incident threshold energies for
fusion hindrance. The values of VTouch are tabulated in Table VI
and are indicated by the solid arrows in Fig. 9. The threshold
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FIG. 9. (Color online) Calculated fusion cross sections versus
incident energies for the (a) 48Ca + 96Zr and (b) 16O + 208Pb systems.
All symbols are the same as those in Fig. 3.

rule works well in these systems. The experimental data for
the 16O + 208Pb system are most adequate for discussing the
fusion hindrance, because the lowest incident energy in the
experimental data is lower than VTouch by about 5 MeV. Only
this measurement has achieved such deep sub-barrier energy.
This is because that the position of VTouch approaches that of
the Coulomb barrier as the mass number of the compound
system increases. Thus, the fusion hindrance would be more
clearly observed in such heavy-mass compound system. The
fusion hindrance phenomena would play a decisive role in the
formation of super heavy elements.

TABLE VI. Input parameters for the YPE potential and the
damping factor in the 48Ca + 96Zr and 16O + 208Pb systems. All
symbols are the same as those in Table II.

System r0 a0 VGS �ωGS VTouch rd ad

(fm) (fm) (MeV) (MeV) (MeV) (fm) (fm)

48Ca + 96Zr 1.198 0.68 45.9 3.16 88.8 1.30 1.05
16O + 208Pb 1.20 0.68 46.5 3.33 70.5 1.255 1.14
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FIG. 10. (Color online) Astrophysical S factor representation
of the fusion cross section versus incident energies for the
(a) 48Ca + 96Zr and (b) 16O + 208Pb systems. All symbols are the
same as those in Fig. 4.

Figure 10 shows the astrophysical S factor represen-
tations of the fusion cross sections for the 48Ca + 96Zr
and 16O + 208Pb systems. I take η0 = 77.0 and 49.0 for
the 48Ca + 96Zr and 16O + 208Pb systems, respectively. The
results calculated with the damping factor (solid lines) are
in good agreement with the experimental data (solid circles).
For comparison, the result calculated with the sudden model
taken from Ref. [12] is plotted by the dash-dotted line in
Fig. 10(b). In the sudden model, the S factor is suddenly cut
off around 66 MeV, corresponding to the bottom of the shallow
potential pocket. Alternatively, at low incident energies, the S
factor calculated with the adiabatic model linearly decreases
with decreasing incident energy. The result calculated with
the adiabatic model has a much smoother and weaker energy
dependence than that with the sudden model.

Figure 11 shows the logarithmic derivative representations
of the fusion cross sections versus incident energies for the
48Ca + 96Zr and 16O + 208Pb systems. The results calculated

 0

 1

 2

 3

 4

 85  90  95  100  105

L(
E

) 
(M

eV
–1

)

Ec.m. (MeV) 

(a) 48Ca + 96Zr

Exp.

YPE

+ damping

 0

 1

 2

 3

 4

 65  70  75  80  85

L(
E

) 
(M

eV
–1

)

Ec.m. (MeV) 

(b) 16O + 208Pb

FIG. 11. (Color online) Logarithmic derivative representations
of the fusion cross sections versus incident energies for the
(a) 48Ca + 96Zr and (b) 16O + 208Pb systems. All symbols are the
same as those in Fig. 5.

with the damping factor (solid lines) are in good agreement
with the experimental data (solid circles). In these systems,
the results calculated with the adiabatic model are saturated
at extremely low incident energies. Conversely, the results
calculated with the sudden model may significantly increase
with decreasing incident energy, as shown in Ref. [9].

I also calculated the fusion cross section for the 12C + 198Pt
system, where the fusion hindrance was recently ob-
served [46]. The result calculated with the damping factor well
reproduces the experimental data of the fusion cross section
and its S factor and logarithmic derivative representations. The
potential energy at the touching point also strongly correlates
with the incident threshold energy for fusion hindrance.

IV. DISCUSSION

A. Adiabatic potential

I discuss here the adiabatic potential, namely, the lowest
eigenvalue obtained by diagonalizing the coupling matrix
elements in the CC model at each center-of-mass distance [47].
Figure 12 shows the adiabatic potential obtained for the (a)
64Ni + 64Ni, (b) 40Ca + 40Ca, and (c) 16O + 208Pb systems.
The solid and dotted lines indicate the adiabatic potentials
calculated with and without the damping factor, respectively.

In each of these figures, one can see that the adiabatic
potential calculated with the damping factor (solid line)
becomes thicker than that without the damping factor (dotted
line) below the potential energy at the touching point indicated
by the solid circle. This is the main effect of the damping factor
on the fusion hindrance behavior. In the adiabatic model, the
adiabatic potential becomes thicker below the potential energy
at the touching point, and this increase in thickness naturally
accounts for the fusion hindrance behavior.

In Fig. 12(b), it seems that the increase in the thickness
of the adiabatic potential is relatively small compared to
the other heavy mass compound systems. In fact, the fusion
hindrance behavior of the fusion cross sections obtained
with the adiabatic model is small in the medium-light mass
system. This is associated with coupling strengths causing
the enhancements in the fusion cross sections. In this system,
the difference between the thicknesses of the bare potential
(dashed line) and the adiabatic potential without the damping
factor (dotted line) is small, indicating that the coupling
strengths in this system are weak compared to those of heavier
compound mass systems. Thus, the increase in the thickness of
the adiabatic potential due to the damping factor also becomes
small. As a result, the fusion hindrance behavior is relatively
small in the medium-light mass systems.

In Fig. 12(c), the adiabatic potential extracted with the
potential inversion method [47] from the experimental data
is illustrated by the gray area. Clearly, the adiabatic potential
calculated with the damping factor strongly correlates with
that of the potential inversion method. This is strong evidence
for the coordinate-dependent coupling strength.

B. Barrier distribution

For the 58Ni + 58Ni and 16O + 208Pb systems,
a large improvement in the barrier distribution

064604-12



SYSTEMATIC INVESTIGATIONS OF DEEP SUB-BARRIER . . . PHYSICAL REVIEW C 92, 064604 (2015)

 85

 90

 95

 100

 105

 8  10  12  14

P
ot

en
tia

l E
ne

rg
y 

(M
eV

)

rc.m. (fm) 

(a) 64Ni + 64Ni YPE(NC)
YPE

+ damping

 45

 50

 55

 60

 65

 6  8  10  12  14

P
ot

en
tia

l E
ne

rg
y 

(M
eV

)

rc.m. (fm) 

(b) 40Ca + 40Ca

 65

 70

 75

 80

 85

 8  10  12  14

P
ot

en
tia

l E
ne

rg
y 

(M
eV

)

rc.m. (fm) 

(c) 16O + 208Pb

FIG. 12. Adiabatic potentials in CC calculations versus the
center-of-mass distance of colliding nuclei for the (a) 64Ni + 64Ni,
(b) 40Ca + 40Ca, and (c) 16O + 208Pb systems. The solid and dotted
lines indicate the results calculated with and without the damping
factor, respectively. The dashed lines indicate the results calculated
with no couplings. The solid circles denote the energies at the touching
point. The gray area in (c) represents the adiabatic potential extracted
from the potential inversion method [47].

Dfus(E) = d2(Eσfus)/dE2 has been achieved by taking
into account the damping factor. Figure 13 shows the barrier
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FIG. 13. (Color online) Barrier distribution versus incident ener-
gies for the (a) 58Ni + 58Ni and (b) 16O + 208Pb systems. The solid
and open circles denote the experimental data. The solid and dashed
lines indicate the calculated results with and without the damping
factor, respectively.

distributions versus incident energies for the (a) 58Ni + 58Ni
and (b) 16O + 208Pb systems.

In Fig. 13(a), one can see a small peak of the barrier
distribution calculated without the damping factor (dashed
line) around Ec.m. = 95 MeV. By taking into account the
damping factor, this peak structure vanishes, and the plateau
structure appears between about 94 and 97 MeV (solid
line). This plateau structure is in good agreement with the
experimental data (solid circles). The experimental data for this
system is adequate for investigating the properties of the fusion
hindrance, because a clear signature of the fusion hindrance
appears in the barrier distribution of the fusion cross sections
around 10−1–1 mb. In addition, the strong fusion hindrance can
be seen for this system in the calculated result of the fusion
cross section after implementing the damping factor. However,
the accuracy of the experimental data is still insufficient to
determine the energy dependence of the calculated barrier
distribution. Thus, in this system, much higher precision fusion
data around these incident energies are required to study the
fusion hindrance properties in detail.
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FIG. 14. (Color online) Fusion cross section versus incident en-
ergies for the 16O + 208Pb system. The solid circles denote the
experimental data. The solid and dashed lines indicate the results
calculated with and without the damping factor, respectively. The
dotted line indicates the calculated result with no couplings.

For the 16O + 208Pb system, the agreement between the
tails of the experimental data and the result calculated with
the damping factor in the low incident-energy region is greatly
improved [solid and dashed lines in Fig. 13(b)]. The peak
position of the result calculated with the damping factor shifts
to the higher incident energy by about 2 MeV, compared to that
without the damping factor. The calculated barrier distribution
at the peak position is also reduced by taking into account the
damping factor. However, it seems that the width of the barrier
distribution calculated with the damping factor becomes wider
than that without the damping factor. In fact, for this system,
fusion cross sections at incident energies highly above the
Coulomb barrier are overestimated when the damping factor
is employed (solid line in Fig. 14). In this system, other
dissipative mechanisms, including single-particle excitations,
as discussed in Refs. [48,49], are necessary to reproduce the
fusion cross sections at incident energies highly above the
Coulomb barrier. The YPE potential, which is optimized in
the adiabatic process, may be also inapplicable to this high
incident-energy region. Note that, in the systems except for the
mass-asymmetric 16O + 208Pb system, the calculated fusion
cross sections with the adiabatic model are in good agreement
with the experimental data even above the Coulomb barrier.

C. Average angular momentum of compound nucleus

An important piece of experimental data for discriminating
between the adiabatic and sudden models is the average
angular momentum of a compound nucleus at extremely
low incident energies. Figure 15 shows the average angular
momentum of the compound nucleus versus incident energies
for the 64Ni + 64Ni system. The experimental data for the
64Ni + 64Ni is from Ref. [50], denoted by the solid circles. The
solid and dashed lines indicate the results calculated with and
without the damping factor, respectively. In the 64Ni + 64Ni
system, the result calculated with the damping factor decreases
with decreasing incident energy. Below the potential energy at
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FIG. 15. (Color online) Average angular momentum of com-
pound nucleus versus incident energies for the 64Ni + 64Ni system.
The sold circles denote the experimental data from Ref. [50].
The solid and dashed lines indicate the calculated results with
and without the damping factor, respectively. The dotted lines
indicate the CC calculation with no couplings. The dash-dotted line
indicates the result calculated with the sudden model taken from
Ref. [9].

the touching point (VTouch = 88.6 MeV), the result calculated
with the damping factor remains constant at around 8�.
Subsequently, the result calculated with the damping factor is
lower than that without the damping factor by about 20%. For
the 12C + 198Pt system, the result calculated with the damping
factor is in good agreement with the experimental data of
overall incident energy [46].

Figure 16 shows the calculated partial cross sections
versus the angular momentum I at an incident energy of
87 MeV for the 64Ni + 64Ni system. The solid line with
solid circles and the dashed line with open circles indicate
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FIG. 16. Partial fusion cross section versus angular momentum
I at an incident energy of 87 MeV for the 64Ni + 64Ni system. The
solid line with solid circles and the dashed line with open circles
indicate the results calculated with and without the damping factor,
respectively.
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the results calculated with and without the damping factor,
respectively. In the figure, in the adiabatic model, the partial
cross section at each I is naturally reduced by the effects of
the damping factor. On the other hand, the average angular
momentum calculated with the sudden model is strongly
suppressed at energies below the threshold energy (dash-dotted
line in Fig. 15). This result indicates that a mechanism of
the fusion hindrance in the sudden model would be the
cutoff of high angular-momentum components in the partial
cross sections due to the shallow potential pocket. In this
respect, a compound nucleus formed at the deep sub-barrier
incident energy in the sudden model has substantially low
angular momentum. Subsequently, particle evaporation from
the compound state would be forbidden, because the angular
momentum necessary for particle evaporation is insufficient.
Therefore, the properties of the formed compound nucleus
are considerably different between the adiabatic and sudden
models. Thus, in order to discriminate the two models, it is
also important to measure the average angular momentum at
deep sub-barrier energies.

D. Systematic trends of the radius and diffuseness
parameters in the damping factor

Next, I test the systematic trends of the obtained radius and
diffuseness parameters in the damping factor for the systems
presented in this paper. Figure 17 shows the (a) radius and
(b) diffuseness parameters versus the mass numbers of the
compound nuclei for the systems presented in this paper. In the
figure, the solid circles denote the obtained values. The dashed
line indicates the average value for all the obtained values of
the individual radius and diffuseness parameters. Clearly, the
values of rd are almost constant at around an average value
of 1.31 fm. Except for a few points, the values of ad are also
distributed around an average value of 1.02 fm.
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FIG. 17. Systematic trends of the (a) radius and (b) diffuseness
parameters in the damping factor versus the mass numbers of the
compound nuclei for the systems presented in this paper. The solid
circles denote the obtained values fitted to the experimental data. The
dashed lines indicate the average value of all the obtained values in
individual radius and diffuseness parameters.

As shown in Refs. [17,18], the damping factor strongly
correlates with the damping of the transition strength of
individual colliding nuclei when they approach one another. In
this respect, the damping of the transition strengths would start
at the overlapping between the tails of the density distributions
for colliding nuclei. That is, the radius parameter of the
damping factor would correlate with a range of interactions
between the colliding nuclei. This would result in an almost
constant value of rd in all the systems. Alternatively, ad is
associated with the damping strength of quantum vibrations,
which would strongly depend on an inner nuclear structure
of individual colliding nuclei. In fact, the values of ad for the
40Ca + 40Ca and 48Ca + 48Ca systems, where 40,48Ca have the
strong shell effects, which largely deviate from the average
value. In this sense, the values of ad would be somewhat
scattered around the average value.

E. Correlation between VTouch and the incident
threshold energy for fusion hindrance

As shown in Sec. III, the potential energies at the touching
point VTouch strongly correlate with the incident threshold
energies for fusion hindrance in the medium-heavy mass and
mass-asymmetric reaction systems (see the arrows in Figs. 3
and 9). In the medium-light mass systems, the correlation is
relatively weak. This would result from considerably larger
deformation parameters associated with coupling strengths
in these systems compared to those in the other systems.
In addition, the curvature of the bare potentials around the
Coulomb barrier is relatively large [Fig. 12(b)]. Thus, the effect
of the damping factor starts much before the touching point
in this system. In this regards, the threshold rule should be
modified considering the deformation parameter effects in this
system. This modification is now in progress.

V. SUMMARY

In summary, I have proposed a novel extension of the
standard CC model to describe the fusion hindrance phe-
nomenon observed at extremely low incident energies. I have
systematically investigated various deep sub-barrier fusion
reactions using an adiabatic approach.

A key quantity for understanding fusion hindrance is the
potential energy at the touching point VTouch. The incident
threshold energies for fusion hindrance strongly correlate with
VTouch. At incident energies below VTouch, the inner turning
point of the potential energy occurs inside the touching point.
That is, a composite system must penetrate through a residual
Coulomb potential with an overlapping configuration before
fusion occurs. Thus, the dynamics in the overlapping region
of the two colliding nuclei would be responsible for the fusion
hindrance.

I have described the fusion hindrance based on an adiabatic
approach. In the adiabatic approach, fusion is assumed to occur
slowly, and neck formation occurs in the overlapping region.
The nuclear density distributions then evolve with the lowest-
energy configuration. Based on this picture, one can calculate
the one-body potential energy with an appropriate adiabatic
model. However, one cannot directly apply the obtained
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one-body potential to a standard CC model, because of double
counting of CC effects.

To avoid this double counting, an important extension of
the standard CC model is the introduction of a damping factor
in the coupling form factor, which enables a smooth transition
from the separated two-body to the united dinuclear systems.
Namely, the damping factor represents the damping of quan-
tum vibrations and suppresses transitions between reaction
channels when two colliding nuclei approach one another. By
introducing the damping factor in the coupling form factor,
one can correctly estimate the tunneling probability in the
one-body region, when an appropriate one-body potential is
taken into account in the bare heavy ion-ion potential in the
CC model.

In this paper, I adopted the YPE model as a basic heavy
ion-ion potential. An advantage of this potential model is a
unified description of both the two- and one-body systems.
For the purpose of systematic investigations, in this paper,
the one-body potential is approximated with a third-order
polynomial function. This procedure works very well, because
the lowest incident energies in the experiments, which have
been performed until now, are lower than the potential energies
at the touching point only by a few MeV.

Based on this framework, I have systematically inves-
tigated the medium-heavy mass systems of 64Ni + 64Ni,
58Ni + 58Ni, and 58Ni + 54Fe, the medium-light mass systems
of 40Ca + 40Ca, 48Ca + 48Ca, and 24Mg + 30Si, and the
mass-asymmetric systems of 48Ca + 96Zr, 12C + 198Pt, and
16O + 208Pb. In addition, I have calculated their fusion cross
sections, the astrophysical S factor and the logarithmic deriva-
tive representations of those. In all the systems, the calculated
results are in excellent agreement with the experimental data,
indicating that the smooth transition from sudden to adiabatic
processes, that is, the transition from separated two-body to the
united dinuclear systems, occurs in the deep sub-barrier fusion
reactions, and the coordinate-dependent coupling strength is
responsible for the fusion hindrance.

I have also showed the adiabatic potential, which is the low-
est eigenvalue obtained by diagonalizing the coupling matrix
elements, in the CC model for the 64Ni + 64Ni, 40Ca + 40Ca,
and 16O + 208Pb systems. Because of the introduction of the
damping factor, the adiabatic potential using the damping
factor becomes much thicker than without the damping factor.
This naturally accounts for the fusion hindrance behavior. The
adiabatic potential for the 16O + 208Pb systems is in good
agreement with that extracted from the potential inversion
method. For the 58Ni + 58Ni and 16O + 208Pb systems, large
improvements in the barrier distribution at low incident
energies were made by taking into account the damping
factor.

The adiabatic and sudden models significantly differ in
the calculated average angular momentum of the compound
nuclei. The average angular momentum estimated with the
adiabatic model is saturated below the threshold incident
energy. Conversely, that with the sudden model is strongly
suppressed at low incident energies, because a mechanism of
the fusion hindrance in the sudden model is the cutoff of high
angular-momentum components in the partial waves due to
the shallow potential pocket.

The obtained parameters of individual rd and ad in the
damping factor are nearly constant in all the systems. The
values of ad are somewhat scattered around its average value,
because ad would depend on the shell structure of the com-
posite system. The strong correlation between VTouch and the
threshold incident energy for the fusion hindrance can be seen
in the medium-heavy mass and mass-asymmetric systems. For
the medium-light mass system, this correlation is somewhat
weak, because the deformation parameters associated with the
coupling strengths in this system are large compared to those at
heavier compound mass systems. It is necessary to modify the
threshold rule with the effects of the deformation parameters
in the medium-light mass systems.

ACKNOWLEDGMENTS

The author thanks K. Hagino for his helpful advice and
useful discussions. The author also thanks A. Iwamoto and
K. Matsuyanagi for useful discussions. This work was partially
supported by the MEXT HPCI STRATEGIC PROGRAM and
by JPSJ KAKENHI Grant No. 15K05078.

APPENDIX A: LEMNISCATOIDS PARAMETRIZATION

The lemniscatoids parametrization proposed by Royer [30–
32] is a special case of the Cassinian oval. This parametrization
allows on to smoothly describe from the touching configura-
tion of two spheres to a single spherical shape as functions of
the elongation parameter s and the mass-asymmetry parameter
α. The described shape has a single sphere at s = 0 and the
touching configuration of two spheres at s = 1. The mass-
asymmetry parameter is defined as α = (A1 − A2)/(A1 +
A2), where A1 and A2 are the total mass numbers of the
fragments 1 and 2. The radius of the spherical composite
system is given by R0 = r0(A1 + A2)1/3, where r0 is the radius
parameter.

In the cylindrical coordinate system, the radial ρ and z
coordinates are expressed as the dimensionless parameters
� = ρ/R0 and ζ = z/R0. The radial displacement of the
shapes described with the lemniscatoids parametrization for
the fragments 1 and 2 is given by

�2
i (ζ ) =

{
1
2

(
A2 − 2ζ 2

c +
√

A4 + 4
(
C2

i − A2
)
ζ 2
c

)
(A �= 0),

Ci |ζc| − ζ 2
c (A= 0),

(A1)

where ζc = ζ − ζg , ζg is the constant to shift the center-of-
mass position of the whole system to the origin, A is the
neck diameter parameter, and Ci are the radius parameter of
individual fragments 1 and 2. The index i stands for fragments
1 and 2. The parameters A and Ci are determined by the
condition of the volume conservation. The regions of z for
the fragments 1 and 2 are given by −C1 + ζg � ζ � ζg and
ζg � ζ � C2 + ζg , respectively.

Here, the parameter Si are defined as Si = A/Ci . For
α > 0, Royer assumed the s dependence of Si as S1 = s and
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S2 = S1/fs [31,32], where

fs =
√

s2 + (1 − s2)

(
1 − α

1 + α

)2/3

. (A2)

From this definition, one also obtains C2 = fsC1. The volume
of each fragment Vi is given by Vi/R

3
0 = C3

i vi , where

vi = π

2

(
S2

i − 2

3
+

∫ 1

0

√
4
(
1 − S2

i

)
ζ 2 + S4

i dζ

)
(A3)

= π

24

⎡
⎣4 + 6S2

i + 3S4
i√

1 − S2
i

Arcsinh

⎛
⎝2

√
1 − S2

i

S2
i

⎞
⎠

⎤
⎦.

(A4)

For practical calculations, Eq. (A3) and the numerical inte-
gration for its last term are conveniently used to avoid the
divergence of Eq. (A4) at Si = 0 and 1. The total volume V
is given by V/R3

0 = V1/R
3
0 + V2/R

3
0 = C3

1v1 + C3
2v2. With

C2 = fsC1, one obtains V/R3
0 = C3

1 (v1 + f 3
s v2). Since V =

4
3πR3

0, C1 is given by

C3
1 = 4

3
π

1

v1 + f 3
s v2

. (A5)

Then, A and C2 are calculated by A = S1C1 and C2 = fsC1.
For α < 0, take S1 = S2/fs and S2 = s with |α| and exchange
the indexes 1 and 2 in the above equations.

Next, I calculate ζg and the center-of-mass distance r
between the fragments 1 and 2. With ζg = 0 in Eq. (A1),
ζg is given by

ζg = −3

4

(∫ 0

−C1

ζ�2
1(ζ )dζ +

∫ C2

0
ζ�2

2(ζ )dζ

)
. (A6)
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FIG. 18. Shapes described using the lemniscatoids parametriza-
tion from s = 0 to 1 with an increment of 0.25. The mass asymmetry
α of the shape corresponds to the 16O + 208Pb system.

Again with ζg = 0 in Eq. (A1), r is given by

r

R0
= π

C3
2v2

∫ C2

0
ζ�2

2(ζ )dζ − π

C3
1v1

∫ 0

−C1

ζ�2
1(ζ )dζ. (A7)

Figure 18 shows the shapes described using the lemnisca-
toids parametrization from s = 0 to 1 with an increment of
0.25. The mass asymmetry corresponds to the 16O + 208Pb
system. From the figure, a smooth transition can be seen from
the single spherical shape to where the two spherical shapes
touch.

The first and second derivatives of Eq. (A1) are necessary
for calculating Eq. (13). The first derivative is given by

d�2
i (ζ )

dζ
=

{
−2ζc

( 2(�2
i +ζ 2

c )−C2
i

2(�2
i +ζ 2

c )−A2

)
(A �= 0),

sgn(ζc)Ci − 2ζc (A = 0).
(A8)

The second derivative is given by

d2�2
i (ζ )

dζ 2
=

{
−2

2(�2
i +ζ 2

c )−A2

(
2
(
�2

i + ζ 2
c

) − C2
i + ( d�2

i

dζ
+ 2ζc

)2)
(A �= 0),

−2 (A = 0).
(A9)

APPENDIX B: APPROXIMATION OF THE ONE-BODY
POTENTIAL ENERGY

Here I describe how to construct the adiabatic one-body
potential used in this paper. For simplicity, I approximate
the one-body potential energy with a third-order polynomial
function based on the YPE model for the purpose of systematic
investigations. Thus, the one-body nuclear potential energy
V

(N)
1bd is given by

V
(N)

1bd (r) = C0 + C1r + C2r
2 + C3r

3, (B1)

where Cn are coefficients determined by the condition that
V

(N)
1bd is smoothly joined to the two-body nuclear potential,

V
(N)

2bd , at the touching point, rT. I impose that the values of
V1bd and V2bd and the first derivatives of those are smoothly
joined at the touching point. To determine Cn, I also assume

the position of the compound state rGS, the energy of the
compound state EGS, and the curvature of the potential energy
at the compound state �ωGS. The curvature �ωGS corresponds
to the parabolic approximation of the potential energy at the
compound state given by V1bd 
 1

2μω2
GSr

2 (r ∼ rGS), where μ
is the reduced mass of the reaction system. For the Coulomb
potential, I use the point charge approximation given by
V

(C)
1bd (r) = ZT ZP e2/r . These conditions are expressed in the

following matrix form:

⎛
⎜⎜⎜⎝

1 rT r2
T r3

T

0 1 2rT 3r2
T

1 rGS r2
GS r3

GS

0 0 2 6rGS

⎞
⎟⎟⎟⎠

⎛
⎜⎜⎜⎝

C0

C1

C2

C3

⎞
⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎝

V
(N)

2bd (rT)

2pt]V (N)
2bd

′
(rT)

EGS − V
(c)

1bd(rGS)

μω2
GS − V

(c)
1bd

′′
(rGS)

⎞
⎟⎟⎟⎠.

(B2)
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FIG. 19. Comparison between the approximation with a third-
order polynomial function and the liquid drop energies calculated
with the lemniscatoids parametrization. The solid curve indicates the
calculated result of the approximation. The open circles denote the
liquid drop energies with the lemniscatoids parametrization. Some of
nuclear shapes described with the lemniscatoids parametrization are
displayed.

I numerically solve these linear equations and obtain the values
of Cn.

To verify the performance of this procedure, I calculate
the liquid-drop energy with Eq. (13) using the lemniscatoids
parametrization which describes appropriate neck formations
[30,31] in the 64Ni + 64Ni system and compare the approx-
imation of the third-order polynomial function with those.
In this parametrization, nuclear shapes are described as a
function of the center-of-mass distance between two halves
of the composite system (Appendix A). To obtain the potential
energy, I subtract the self-volume energies of the two colliding
nuclei from the total liquid drop energy. In this calculation,
I use r0 = 1.16 fm and a = 0.68 fm. The Coulomb volume
energy is also calculated with shape configurations given by
the lemniscatoids parametrization. In the procedure described
above, the three input parameters EGS, rGS, and �ωGS are
estimated from the liquid drop energy calculated with the
lemniscatoids parametrization. These are taken as EGS =
55.60 MeV, rGS = 4.38 fm, and �ωGS = 3.00 MeV.

Figure 19 shows the calculated result of the approximation
with the third-order polynomial function (solid lines) and
the the liquid drop energy calculated with the lemniscatoids
parametrization (open circles). In the figure, the solid circle
and square denote the potential energy at the touching point
and the energy of the compound state calculated with the liquid
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for various systems. The solid circles denote the calculated results.
The solid curve represents a curve fitted to the calculated results.

drop model, respectively. Some nuclear shapes described with
the lemniscatoids parametrization are displayed in the figure.
In the figure, the solid curve is clearly in good agreement with
the open circles, indicating that the approximation performs
very well.

In the procedure described above, there are the three input
parameters EGS, rGS, and �ωGS. In this paper, I estimate the
value of EGS from the energy of the compound state calculated
with experimental nuclear masses, taken from the AME2003
table [33]. The value of rGS is calculated with the lemniscatoids
parametrization. In this parametrization, the compound state
always exhibits a spherical configuration. Thus, rGS is defined
as the center-of-mass distance between two halves of the
spherical nucleus. This is given by rGS = (3/4)Rc, where
Rc denotes the nuclear radius of the compound state with
Rc = r0(AT + AP )1/3.

The value of �ωGS is estimated from a fitting curve obtained
by systematically investigating the liquid drop energy using the
lemniscatoids parametrization (Appendix A). I calculate V ′′

1bd
at the compound state using the liquid drop model with the
lemniscatoids parametrization for the reaction systems shown
in Ref. [6]. I also calculate those for some cold fusion reactions
with the 208Pb target. Figure 20 shows the calculated values
of �ωGS as a function of x = A

1/3
T A

1/3
P . In the figure, a strong

correlation between �ωGS and x is seen. I fitted the obtained
values with a second-order polynomial function. The fitted
curve is given by �ωGS = 0.0047x2 − 0.4586x + 9.125 MeV,
which is presented by the solid curve in the figure.
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[34] P. Möller et al., At. Data Nucl. Data Tables 59, 185 (1995).
[35] The code CCFULLYPE is available from https://sites.google.

com/site/ccfullype/.
[36] G. Montagnoli, A. M. Stefanini, H. Esbensen, L. Corradi, S.

Courtin, E. Fioretto, J. Grebosz, F. Haas, H. M. Jia, C. L. Jiang,
M. Mazzocco, C. Michelagnoli, T. Mijatović, D. Montanari,
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