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Background: Temperature is an important parameter in studying many important questions in heavy-ion
collisions. A thermometer based on the isobaric yield ratio (IYR) has been proposed [Ma et al., Phys. Rev.
C 86, 054611 (2012); 88, 014609 (2013)].
Purpose: An improved thermometer (TIB ) is proposed based on the difference between IYRs. TIB obtained from
isobars in different reactions will be compared.
Methods: The yields of three isobars are employed in TIB . The residual free energy of the three isobars are
replaced by that of the binding energy. No secondary decay modification for odd A fragment is used in TIB .
Results: The measured fragment yields in the 140A MeV 40,48Ca + 9Be (181Ta) and 58,64Ni + 9Be (181Ta), the
1A GeV 124,136Xe +Pb, and the 112,124Sn + 112,124Sn reactions have been analyzed to obtain TIB from IMFs. TIB

from most of the fragments in the 40,48Ca and 58,64Ni reactions is in the range of 0.6 MeV < TIB < 3.5 MeV. TIB

from most of the fragments in the 124Xe and 112,124Sn reactions is in the range of 0.5 MeV < TIB < 2.5 MeV,
while the range is 0.5 MeV < TIB < 4 MeV from most of the fragments in the 136Xe reaction. In general, for
most of the fragments TIB in the 40,48Ca and 58,64Ni reactions are very similar (except in the very neutron-rich
fragments), and TIB from IMFs in the 124,136Xe and 112,124Sn reactions is also similar. A slight dependence of
TIB on A is found.
Conclusions: Using the binding energy of the nucleus, TIB can be obtained without knowledge of the free
energies of fragments. In the investigated reactions, TIB from most of the IMFs is low.
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I. INTRODUCTION

Temperature (T ) is one of the key questions in heavy-
ion collision physics since the nuclear system experiences
evolution changing from a very high temperature to a very low
one to form the final fragments. At a high enough temperature,
the liquid-gas phase transition can lead to nuclear disassembly
[1–6]. Using the Albergo isotopic thermometer, the tempera-
ture, its systematic dependence on the incident energy, and its
evolution along the reaction time have been studied based on
the yields of protons, neutrons, and some light isotopes [6–14].
Some works have also used the isotopic thermometer to extract
the temperature from fragments with larger atomic numbers,
for example, carbon isotopes [13,15] and intermediate mass
fragments (IMFs) [14,16]. Besides the isotopic thermometer,
many methods, such as the thermal energy [17], excitation
energy [18–21], momentum fluctuation [22], the correlation of
two-particle relative moment [12,13], and the kinetic energy
spectra of light particles (slope temperature) [14,23–25], have
also been employed and compared.

The Albergo thermometer is based on the thermodynamic
model, which requires the system to be in equilibrium [7].
In the thermodynamic models, the fragment yield is mainly
determined by its free energy, chemical potentials of protons
and neutrons, and temperature [7,26–30]. For the free energy
of a nucleus at a finite temperature, a T 2 dependence of the
coefficient has been introduced in the parametrizations formula
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by using density functional theory [31]. For the temperature, it
is proposed that the value of T should be properly adopted for
neutron-rich fragments [30]. For IMFs, it is important to obtain
the temperature in heavy-ion collisions since it is different
from the temperature determined from the light particles with
the Albergo thermometer [13–16]. Recently, isobaric ratio
methods have also been proposed to determine the temperature
of IMFs. It shows that the primary IMFs reflect a temperature
around 5 MeV [32,33], while the cold IMFs reflect much lower
temperature [16,34–36].

Another question is that in thermodynamic models, tem-
perature is incorporated in the probes for nuclear matter, such
as nuclear symmetry energy, in heavy-ion collisions. For the
many probes used to study the nuclear symmetry energy,
such as the isoscaling method [37–41], the isobaric ratio
method [26,42–46], and the IYR difference (IBD) method
[47–54], T is a part of the probe and cannot be separated
easily. In the IYR method, the ratio of the symmetry-energy
coefficient (asym) to T (asym/T ) is instead used to study the
symmetry coefficient of the neutron-rich nucleus [26,42–44].
Based on the IYR method, a simple method is proposed to
obtain the temperature using the asym of the nucleus [55] and
asym/T of the fragment (for hot primary IMFs [32,33], and for
cold IMFs by considering the different T dependence of the
binding energy [36]).

It is required that the reaction system should be in
equilibrium in the thermodynamic models, which may be
difficult to achieve in experiments or simulated reactions
using dynamical models. The fragments may have different
temperatures in the experiments. For example, in peripheral
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collisions the temperatures are different [47,52], and it is also
shown that temperature depends on the isospin of the reaction
system [34,35,56]. In this article, in the framework of the
thermodynamics model, a thermometer is proposed to extract
the temperature from the IMFs via the difference between
IYRs, which is improved from the IYR method [34,35]. The
article is organized as follows. In Sec. II, the improved isobaric
ratio method for temperature is described. In Sec. III, the
fragment yields in the measured 40,48Ca and 58,64Ni reactions,
and the larger reaction systems of 124,136Xe and 112,124Sn are
analyzed. The results of the temperatures from the IMFs are
discussed. In Sec. IV a summary of the article is presented.

II. ISOBARIC RATIO DIFFERENCE THERMOMETER

The new thermometer is developed using the canonical
ensemble theory. Within the grand-canonical limitation, the
cross section of a fragment σ (A,I ) has a form of [30,57]

σ (A,I ) = CAτ exp{[−F (A,I ) + μnN + μpZ]/T }, (1)

where C is a constant, T is temperature, μn (μp) is the
chemical potential of neutrons (protons), I ≡ N − Z is the
neutron-excess, and F (A,I ) denotes the free energy, which
depends on T and can be parametrized as the T dependent
mass formula [26,31,42–44].

The isobaric yield ratio will be defined. For isobars with
I + 2 and I , one has

lnR(A,I + 2,I ) = ln[σ (A,I + 2)/σ (A,I )]

= [F (A,I ) − F (A,I + 2) + �μ]/T (2)

with �μ ≡ μn − μp. Similarly, for isobars with I and I − 2,
one has

lnR(A,I,I − 2) = ln[σ (A,I )/σ (A,I − 2)]

= [F (A,I − 2) − F (A,I ) + �μ]/T . (3)

Using different approximations of F , Eq. (2) has been used
to determine T [34,35]. In the IBD analysis, �μ/T from
the small A fragment changes very little [45,47–50,52–54],
which means that �μ/T can be canceled out in the difference
between the IYRs in Eqs. (2) and (3). Thus, one obtains

lnR(A,I + 2,I ) − lnR(A,I,I − 2)

= [2F (A,I ) − F (A,I + 2) − F (A,I − 2)]/T . (4)

Defining the residue free energy among the isobars as �F ≡
2F (A,I ) − F (A,I + 2) − F (A,I − 2), T can be obtained
once �F is known. For fragments having finite temperatures,
it is proven that the residue free energy between two isobars
can be replaced by that of B(A,I ) [34]. A further secondary
decay modification is also considered in a recent work [35].
Following the assumption in Refs. [34,35], B(A,I ) will be
used to replace F (A,I ). From Eq. (4), the improved method to
obtain T from the difference between IYRs (labelled as TIB)
can be written as

TIB = 2B(A,I ) − B(A,I + 2) − B(A,I − 2)

lnR(A,I + 2,I ) − lnR(A,I,I − 2)
. (5)

It is thus assumed that the residual free energy is equal
to the residual binding energy for the three related isobars,

i.e., �B ≡ 2B(A,I ) − B(A,I + 2) − B(A,I − 2). �lnR ≡
lnR(A,I + 2,I ) − lnR(A,I,I − 2) is defined to simplify the
discussion of TIB . Equation (5) is very similar to the isotopic
temperature neglecting the spin term [7,16]. The binding
energies in AME12 [58] will be adopted in the analysis.

For the secondary decay modification of TIB , an additional
term considering the light particle decay is added to the binding
energy [30,35],

F
′ ≈ −0.5min(Sn,Sp,S2n,S2p,Sα) − Ep, (6)

with Si denoting the separation energy of the corresponding
particle, and Ep being the modification of the pairing energy.
In this article, only the odd A fragment is considered, for
which the pairing energy can be omitted. Though it has been
suggested that for the odd A fragments, no secondary decay
modification is needed when using the binding energy [35],
we will test this assumption in this work.

III. RESULTS AND DISCUSSION

The measured fragment yields in the reactions of 140A
MeV 40,48Ca + 9Be (181Ta) and 58,64Ni + 9Be (181Ta) [59], 1A
GeV 124,136Xe + Pb [60], and 112,124Sn + 112,124Sn [61], will
be adopted in the analysis.

A. �B and �lnR distributions

The 140A MeV 40,48Ca and 58,64Ni projectile fragmen-
tation reactions have been experimentally studied by Mocko
et al. at the National Superconducting Cyclotron Laboratory
at Michigan State University (MSU) [59]. First, we studied
the distributions of �B for fragments in the 140A MeV
40,48Ca + 9Be and 58,64Ni + 9Be reactions (see Fig. 1). The
results are plotted separately in order to see the trend of �B
more clearly. Though �B for the I = 1 fragments almost
changes monotonically with A, staggering is shown in the �B

FIG. 1. (Color online) �B (in MeV) for the related isobars in the
140A MeV 40,48Ca + 9Be and 58,64Ni + 9Be reactions. The binding
energies for the ground state nuclei are adopted from Ref. [58].
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FIG. 2. (Color online) �lnR for the related isobars in the 140A

MeV 40,48Ca (58,64Ni) + 9Be (181Ta). The full and open symbols
denote the results for the reactions with the 9Be and 181Ta targets,
respectively.

for I = 3, 5, and 7 fragments on the relative small A side. The
staggering in �B becomes smaller for the A > 35 fragments.

The �lnR for the related isobars in the 140A MeV
40,48Ca + 9Be(181Ta) and 58,64Ni + 9Be(181Ta) reactions are
plotted in Fig. 2. For the I = 1 fragments, �lnR is almost
constant on the small A side, but it increases with A when
A > 40 and some staggering is shown when A > 30. For the
I = 3, 5, and 7 fragments, an obvious staggering appears in
�lnR on the small A side, but this staggering becomes very
small when A is relative large. The target (Be and Ta) shows
very little influence on the results of �lnR. In general, the
distributions of �B and �lnR are very similar in shape.

FIG. 3. (Color online) TIB from isobaric yield ratio difference in
the measured 140A MeV 40Ca + 9Be (181Ta) (a), 48Ca + 9Be (181Ta)
(b), 58Ni + 9Be (181Ta) (c), and 64Ni + 9Be (181Ta) (d) reactions. The
results with the 9Be and 181Ta targets are denoted by the full and
open symbols, respectively. The shadowed area denotes the range of
0.6 MeV < TIB < 3.5 MeV.

FIG. 4. (Color online) A comparison between TIB and T
′
IB of the

I = 3 and 5 fragments in the 48Ca + 9Be reactions. T
′
IB is calculated

by adding the secondary decay modification [Eq. (6)] to the binding
energy in Eq. (5).

B. 40,48Ca (58,64Ni) + 9Be(181Ta) reactions

TIB obtained from the fragments produced in the 140A
MeV 40,48Ca + 9Be (181Ta) and 58,64Ni + 9Be (181Ta) reactions
has been plotted in Fig. 3. TIB from the I = 1 fragments
is almost constant around 1.5 MeV in all the reactions. TIB

from the I = 3 fragments shows a relatively large staggering
for the small A fragments, but it becomes similar to that
from the I = 1 fragments when A >∼ 35. TIB from the
I = 5 fragments shows a small staggering. But the staggering
phenomenon again appears in TIB for I = 7 and 9 fragments. It
is also shown that TIB slightly depends on I . From most of the
fragments with I > 3, the values of TIB are within a range from
0.6 MeV to 3.5 MeV (the shadowed areas), which agrees with
the temperatures obtained by the IYR method [34,35]. Only
for some of the very-neutron rich fragments are the values of
TIB large. In the canonical ensemble theory, T = 2.2 MeV
has been used to estimate the mass of neutron-rich copper
isotopes [30]. This agrees with the results in this work. As to
the target effect, a relatively large difference appears in the TIB

of large-I fragments (I = 7 and 9) for the reactions using the
9Be and 181Ta targets.

Now we study the secondary decay modification of TIB .
The isotopic thermometer does not consider the secondary

(M
eV

)
(M

eV
)

FIG. 5. (Color online) A comparison of TIB from fragments in
the 140A MeV 40,48Ca + 9Be and 58,64Ni + 9Be reactions according
to the neutron-excess I , which are replotted from the results in Fig. 3.
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FIG. 6. (Color online) TIB of fragments in the measured 1A

GeV 124Xe + Pb (a), 136Xe + Pb (b) [60], 112Sn + 112Sn (c), and
124Sn + 124Sn (d) reactions [61] at FRS of GSI. The shadowed area
denotes the range of 0.5 MeV < TIB < 2.5 MeV in (a), (c) and (d),
but 0.5 MeV < TIB < 4 MeV in (b).

decay modification [16]. In fact, for light particles, there is
no need to consider the secondary decay modification. While
for the IMFs, it should be verified whether the secondary
decay modification is needed. At the time the fragment is
formed, the system is assumed to be in equilibrium with a
uniform temperature. The secondary decay modification is
introduced with the aim of making the TIB more consistent,
rather than enlarge the fluctuation. In this work, by adding
the secondary decay modification [Eq. (6)] term to Eq. (5), a
modified temperature T

′
IB can be obtained. T

′
IB from the I = 3

and 5 fragments in the 48Ca + 9Be is plotted in Fig. 4. It is
seen that the secondary decay modification does not lead to a
more consistent temperature, and larger fluctuation appears in
T

′
IB . The results suggest that no secondary decay modification

is needed for the odd I (or A) fragments, which agrees with
the assumption in the isobaric ratio thermometer [35].

In the isoscaling or the IBD methods, the fragments in
the two reactions are assumed to have the same temperature,
which can make it possible to cancel out the free energy of
the fragments [47,49,53] (in the recent Shannon information
uncertainty method, this is not required [54]). Since TIB is
obtained from fragments, it is interesting to check whether TIB

is the same in the different reactions. The values of TIB from
the fragments in the 40,48Ca + 9Be and 58,64Ca + 9Be reactions
are replotted according to I in Fig. 5 for a comparison. It can be
seen that in the four reactions, TIB from the I = 1 fragments
is almost the same [Fig. 5(a)], and it is also almost the same
for the I = 3 fragments, except those having a relatively small
A [Fig. 5(b)]. While an obvious difference appears in TIB for
the I = 5 fragments, and the difference becomes even larger
in the I = 7 fragments. It is also shown that TIB for the I = 5
fragments is quite similar in the neutron-rich 48Ca and 64Ni
reactions. These results suggest that for the isoscaling and IBD
methods, the temperature can be assumed as the same for the
fragment which does not have a very large neutron excess.

C. 1A GeV 124,136Xe +Pb reactions

The fragment yields in the 1A GeV 124,136Xe + Pb
projectile fragmentation reactions have been measured by
Henzlova et al. at the Fragment Separator (FRS) at GSI [60].
The measured fragments cover a broad range of isotopes of the
elements between Z = 3 and Z = 56 for 136Xe and between
Z = 5 and Z = 55 for 124Xe. The temperature from the the
IYR method has been obtained [34,34], and the isoscaling and
IBD results have also been reported [48]. Since the Xe reaction
systems are much larger than the Ca and Ni reactions, the IBD
results are sensitive to the shell closure of the fragments [48].

The values of TIB from fragments in the 1A GeV
124Xe + Pb and 1A GeV 136Xe + Pb reactions have been
plotted in Figs. 6(a) and 6(b), respectively. From most of

FIG. 7. (Color online) Comparison of TIB from fragments with the same I in the measured 1A GeV 124,136Xe + Pb and 112,124Sn + 112,124Sn
reactions.
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FIG. 8. (Color online) Fitting results (lines) for the correlation between TIB and A of the I = 3, 5, 7, and 9 fragments in the 124,136Xe
reactions using a function y = C(1 − kA). The fitted C and k are plotted in Fig. 9.

the fragments in the 124Xe reactions, TIB falls in a narrower
range of 0.5 MeV < TIB < 2.5 MeV, compared to that of
0.5 MeV < TIB < 4 MeV in the 136Xe reactions, as shown
by the shadowed areas. Some staggering is shown in TIB from
the small A fragments where I = 3, 5, and 7 in both of the
reactions, and in the fragments where I = 13 and 15 in the
136Xe reaction. From the fragments with the same I , TIB

decreases apparently with the increasing A, while TIB from
the relatively large A fragment tends to be constant.

D. 1A GeV 112,124Sn + 112,124Sn reactions

The fragments with atomic numbers Z > 10 in the 1A GeV
112,124Sn + 112,124Sn reactions have also been measured at
FRS at GSI by Föhr et al. [61]. The cross sections of the
fragments in these reactions have been studied in theories,
such as the statistical multifragmentation model (SMM) [62],
and the EPAX3 parametrizations [63]. The temperatures of
the fragments have been analyzed by using the isobaric
ratio methods [34,34]. The results of the isoscaling and IBD
methods also have been reported [48].

The values of TIB from the fragments in the 1A GeV
112Sn + 112Sn and 124Sn + 124Sn reactions have been plotted
in Figs. 6(a) and 6(b), respectively. TIB from the fragments in
the 112,124Sn reactions have the similar trend to those in the
124,136Xe reactions, most of which are in the range 0.5 MeV
< TIB < 2.5 MeV.

The values of TIB from the fragments in the four reactions
are compared according to I , as shown in Fig. 7. For the
fragments with the same I , TIB is very similar, which indicates
that in the isoscaling and IBD methods, it is reasonable to
assume that the temperatures of a specific fragment in two
reactions are the same.

E. Discussion

The advantage of the TIB thermometer is that the tempera-
ture can be directly obtained from the IYR difference. Without
knowledge of free energy, the residual binding energy for the
isobars is used, which makes the analysis much easier. In
addition, the fitting procedure in the IYR method [34,35] is
avoided, which makes TIB a direct probe to the temperature.
Besides, the TIB thermometer also avoids the complexity of the

coefficient ratio method from the IMFs [33,36]. The results of
TIB can help to separate the temperature term in the isoscaling,
IYR, and IBD methods.

For hot prefragments, a mass dependence of the temperature
is illustrated, i.e., T = C(1 − kA) with C = 5.5 ± 0.2 and
k = 0.007, with C and k variables with the neutron excess of
a fragment [33]. Due to the staggering phenomenon in TIB , no
obvious mass dependence of TIB is shown in the 40,48Ca and
58,64Ni reactions, but an obvious mass dependence of TIB is
shown in the 124,136Xe and 124,136Sn reactions. The TIB from
the I = 3, 5, 7, and 9 fragments in the 124,136Xe reactions have
been fitted using the function y = C(1 − kA) (see Fig. 8). The
fitting function in general coincides with the data, except for
the staggering. C and k (see Fig. 9) both depend on I , with
C slightly increasing with A and k slightly decreasing as A
increases. Meanwhile, for the two reactions, the values of C
and k are similar. The values of C fitted in this work are close
to those of the hot fragments, while the values of k in this
work are larger than those of the hot fragments [33], which
means that TIB from the cold fragments depends more on A
than those from the primary ones.

FIG. 9. (Color online) The values of C (squares) and k (dots) in
the fitting function y = C(1 − kA). The fitting is for the correlations
between TIB and A of the I = 3, 5, 7, and 9 fragments in the 124,136Xe
reactions. The full and open symbols are for the 124Xe and 136Xe
reactions, respectively. The solid and dashed lines denote the C = 5.5
and k = 0.007 for the primary fragments formed in the emitting
source as in Ref. [33].
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IV. SUMMARY

To summarize, an improved isobaric ratio thermometer
(TIB) for IMFs has been developed based on the difference
between IYRs, in which the residual binding energy is
used instead of the residue free energy. In contrast to the
IYR thermometer, TIB is obtained directly from fragments
and avoids the fitting procedure in the IYR method, which
makes TIB become a direct probe to temperature. Consid-
ering no secondary decay modification, TIB from the odd
I fragments in the 140A MeV 40,48Ca + 9Be (181Ta) and
58,64Ni + 9Be (181Ta), and the 1A GeV 124,136Xe + Pb and
112,124Sn + 112,124Sn reactions, has been obtained. The values
of TIB for most considered IMFs are low. It is also concluded

that, for similar reactions with different asymmetries, TIB can
be assumed as the same, which satisfies the assumption that
the temperature in two similar reactions should be the same in
the isoscaling, IYR, and IBD methods. TIB also shows a slight
dependence on the A of a fragment, which is reflected in the
temperature from the primary fragment.
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