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Nuclear fusion as a probe for octupole deformation in 224Ra
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Background: Nuclear fusion has been shown to be a useful probe to study the different nuclear shapes. However,
the possibility of testing octupole deformation of a nucleus with this tool has not been fully explored yet. The
presence of a static octupole deformation in nuclei will enhance a possible permanent electric dipole moment,
leading to a possible demonstration of parity violation.
Purpose: To check whether static octupole deformation and octupole vibration in fusion give different results so
that both situations could be experimentally disentangled.
Method: Fusion cross sections are computed in the coupled-channel formalism making use of the ingoing-wave
boundary conditions (IWBC) for the systems 16O + 144Ba and 16O + 224Ra.
Results: Barrier distributions of the two considered schemes show slightly different patterns. In the case of 144Ba,
the difference between them is negligible. For the 224Ra case, perceptible differences are found in correspondence
with its larger octupole deformation. However, the possibility of disentangling both schemes is not guaranteed
and it will depend on the available experimental accuracy and the strength of the octupole deformation.
Conclusions: The measurement of barrier distributions could be a complementary probe to support the presence
of octupole deformation.
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I. INTRODUCTION

The search of octupole deformations in nuclei is experi-
encing a revival thanks to its impact in a possible permanent
atomic electric dipole moment (EDM) [1,2]. A nonzero EDM
will indicate a time-reversal (or equivalently charge-parity)
violation. The magnitude or the experimental maximum limit
to it can constrain the different suggested extensions to
the standard model [3]. The presence of a static octupole
deformation in an odd nucleus will generate enhanced nuclear
Schiff moments, which contributes to the atomic EDM so that
it can be improved by several orders of magnitude [4].

Therefore, the experimental focus is set on the search
for permanent octupole deformations in some of the regions
where different theoretical approaches predict strong octupole
correlations [5,6] with the help of continuous development of
radioactive beam facilities. In the present work we will focus
on 144Ba and 224Ra as representative of two different regions
where possible static deformations have been predicted.

In [1,7], Coulomb excitation was used to measure the
different electric transition probabilities. This tool provides
quadrupole and octupole transition probabilities with good
accuracy. Smaller dipole electric transition probabilities will
carry larger error bars, even though this problem is exper-
imentally affordable and they were able to provide some
measurements. It should be kept in mind that large octupole
transitions can be found also for dynamic octupole vibra-
tions. In addition, the coupling between quadrupole defor-
mation and octupole vibrations can lead to enhanced dipole
moments [5].
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Therefore, we would like to propose here a complementary
experimental probe for static octupole deformation. A tradi-
tional experimental tool for the study of nuclear structure is
provided by subbarrier fusion. It is well known that fusion
at energies around the Coulomb barrier is driven by the
dynamical couplings to the internal degrees of freedom of
the fusing counterparts [8,9]. The absence or presence of
octupole and dipole moments in one of the fusing partners
will have a certain impact in the final subbarrier fusion
cross section. This fact could suggest, if the minimum
accuracy is reached, the possibility of distinguishing between
static octupole deformation and the corresponding dynamical
vibration.

The work is structured as follows. In Sec. II we recall
the reaction formalism for studying nuclear fusion including
deformations and/or vibrations. We apply this framework
in Sec. III to the reactions 16O + 144Ba and 16O + 224Ra
considering quadrupole deformations for 144Ba and 224Ra
looking for the differences between adding an octupole
vibration or deformation to the previous quadrupole defor-
mation. Finally, in Sec. IV the main results of this work are
summarized.

II. REACTION FRAMEWORK

Fusion probabilities are calculated by solving the cor-
responding coupled-channel equations under ingoing-wave
boundary conditions (IWBC). The coupled-channel formalism
for direct reaction processes given by Austern [10] expands
the total wave function in terms of the wave function for the
internal state of the projectile φβ and the radial wave functions
χβ that account for the relative motion between projectile and
target. This leads to a set of coupled equations for the radial
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TABLE I. Theoretical deformation parameters for 144Ba and
224Ra according to [13] for the different multipolarities.

144Ba 224Ra

β2 0.149 0.138
β3 0.068 0.099

wave functions:

d2χβ

dR2
− L(L + 1)

R2
+ 2μ

�2

[
Eβ − V eff

β (R)
]
χβ

= 2μ

�2

∑
α �=β

V
coup
βα (R)χα. (1)

In these expression V is the interaction potential, μ is the
reduced mass, and Eβ is the relative energy. Each channel β
corresponds to a set of quantum numbers {I,L,J}, where I is
the angular momentum of the internal state, L is the angular
momentum in the relative coordinate, and both are coupled to
a total angular momentum J .

As a simplification we can use the same central potential
for the V eff

β (R) although this potential is modified by the terms
Vββ known as reorientation terms. The noncentral terms Vβα

are those in charge of the coupling between two different
channels α and β. For all the cases, we will consider, for
the central potential, a Woods-Saxon with the parametrization
from Akyüz-Winther [11,12] plus the corresponding Coulomb
repulsion.

In our case we will consider one of the two ions to be a
quadrupole deformed rotor. We will also look at cases where
the deformed nucleus has an octupole vibration or a static
octupole deformation together with the quadrupole one.

In the case of permanent deformation, we can describe
the radius of the deformed nucleus as a function of the
angle θ ′, defined with respect to an intrinsic body-fixed frame,
R(θ ′) = R0[1 + ∑

λ βλY
∗
λ0(θ ′)], where R0 is an average radius

of the deformed nucleus and βλ a dimensionless deformation
parameter.

The nuclei of interest in the present work are candidates for
having a permanent octupole deformation together with the
quadrupole one. In Table I we show the deformation param-
eters used in this work following the theoretical predictions
from [13].

If one assumes that the potential is still a function of the
distance between projectile and target, the potential can be
expanded in multipoles as

V (R,�) =
∑
λμ

Vλ(R)Dλ
μ0(α,β,γ )Y ∗

λμ(R̂), (2)

where D is the so-called rotation matrix (or D matrix) [14]. Fi-
nally, evaluating the matrix elements of this potential between
the states of the rotor, it is possible to obtain the coupling
potentials. See [8,9,14,15] for more details. The spherical
harmonic will connect two states χα(R) and χβ(R) depending
on the order λ. The isocentrifugal approximation [16–18] is
used to reduce the size of the calculation.

On the other hand, the coupling may also arise from a
vibration of one of the nucleus. In this case this vibration
is characterized as a variation on the surface as R(ξ ) =
R0[1 + ∑

λ,μ αλμY ∗
λμ(R̂)], where αλμ are to be understood as

dynamical variables, given in terms of phonon creation (b†λμ)
and annihilation (bλμ) operators [19]. The nuclear coupling
between the ground state and the first one-phonon state of
multipolarity λ reads

Vcoup = −βλ

λ̂
R0

∂V

∂R
Y ∗

λμ(R̂). (3)

However, we will consider an octupole vibration on top of
a quadrupole deformed nucleus instead of a pure spherical
nucleus. In this case, the derivative of the potential has a
certain dependence of the orientation. We can express such
dependence in the form

Vcoup(R,ξ ) = −β3

3̂
R0

∂V (R − R0[1 + β2Y20])

∂R
Y30, (4)

which we later expand in spherical harmonics as done for the
full rotor case, i.e., following Eq. (2). Here, we have selected
μ = 0 because the coupling of the octupole vibration with
the quadrupole deformation splits the strength into different
bands, K = 0− being the lowest one [20,21]. In other words,
if the nucleus is significantly prolate, the vibration is stronger
along the symmetry axis where the radius is larger. One should
recall that this potential is only coupling zero octupole phonon
states with one octupole phonon states. Together with these
vibrational couplings, the traditional quadrupole deformed
potential will only act between states with the same number of
phonons.

In addition to all these nuclear couplings considered here,
Coulomb couplings should be considered. However, it has
been shown that high-order Coulomb couplings have a minor
role compared to the nuclear ones [22] and, therefore, only
first-order Coulomb coupling is included here.

Finally, solving the coupled equations, a probability of
transmission TL for each angular momentum L is obtained.
The fusion cross section is given by

σ =
Lmax∑
L=0

σL = π�
2

2μE

Lmax∑
L=0

(2L + 1)TL(E). (5)

The probability of transmission for each partial wave can also
be calculated simply by a shift of energy,

TL
∼= T0

[
E − L(L + 1)�2

2μR2
0

]
, (6)

where R0 is the position of the barrier for the s wave [8].
Hereafter the transmission probability T will refer to the
probability of transmission for the s wave T0 [8,23]. The
derivative of the transmission probability, usually called barrier
distribution, is approximately proportional to the second
derivative of the product of the cross section and the energy
(Eσ ), thus being a direct link between nuclear structure and
this experimental observable [8,24].
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FIG. 1. (Color online) Barrier distribution for the fusion of 16O
and 144Ba including a positive quadrupole deformation for 144Ba,
solid line, and the same for a negative quadrupole deformation, dashed
line.

III. APPLICATIONS

A. Prolate vs oblate deformations

Fusion reaction is one of the experimental tests that can
discriminate between prolate and oblate deformations. A
change in the sign of the deformation length will change
the sign of the coupling and reorientation terms. The sign of the
off-diagonal coupling potential does not have an effect on the
cross section. Instead, the reorientation term is on-diagonal, so
being the main factor responsible for the change in the cross
section when one of the counter partners is either oblate or
prolate.

In Fig. 1 we show the barrier distribution for the fusion
of the system 16O + 144Ba considering a positive quadrupole
deformation parameter, solid line, and a negative one, dashed
line. In this calculation and hereafter, we consider only the first
three levels of a typical quadrupole deformed rotor, including
all allowed couplings. The influence of higher energy and spin
levels depends on the nucleus. For 144Ba we have studied
the variation of the barrier distribution with the number of
levels included. From this analysis we concluded that including
more levels does not alter dramatically the barrier distribution.
Similar results are found for 224Ra.

Additional examples of fusion reactions with prolate and
oblate nuclei can be found in [8,25].

B. Coupled-channel vs frozen approximation

The effect of static deformation was previously studied in
terms of the frozen approximation in [26] for quadrupole and
in [27] for octupole deformation. Within this formalism the
energies of the different states are neglected. As a consequence,
the total cross section can be defined as the average cross
section between those obtained in a single channel calculation
for the different barriers found for each possible orientation
of the deformed nucleus. This fact simplifies the calculations,
but it has been shown to overestimate the cross sections at
energies below the barrier [8,28]. However, the first states of

FIG. 2. (Color online) (a) Cross sections for the fusion of 16O
and 144Ba considering 144Ba as a spherical nuclei (solid line)
and including a positive quadrupole deformation within the frozen
approximation (dashed-dotted line) and within the coupled-channel
framework (dashed line). (b) Barrier distributions for the last two.

the nuclei investigated have small excitation energies, which
should reduce the possible overestimation.

To test the validity of the frozen approximation for these nu-
clei, we have studied the fusion of 16O and 144Ba considering
only the quadrupole deformation. In Fig. 2 we show the result
of the coupled-channel calculation as in the previous section
and the result of considering the frozen approximation for the
same deformation parameter β2. We see in Fig. 2(a) that at
energies below the barrier, the frozen approximation slightly
overestimates the cross section. Barrier distributions are shown
in Fig. 2(b). Main qualitative features are kept so that the
frozen approximation is consistent with the coupled channel
calculations for this case. Therefore, this approximation can
still be of great interest but should be managed with some
caution.

C. Difference between octupole deformation and vibration

A more interesting and up-to-date case is to check if barrier
distributions are sensitive enough to the difference between a
nucleus with both quadrupole and octupole static deformations
and a quadrupole deformed nucleus with an octupole vibration.
The levels and the coupling potentials between the two cases
will be different. In Fig. 3 we show the two different coupling
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FIG. 3. (Color online) Level schemes considered for (a) a
quadrupole octupole deformed nucleus and (b) a quadrupole
deformed nucleus with an octupole vibration. Each arrow can be
related to transitions with more than one possible multipolarity λ.

schemes considered. Each arrow represents the presence of at
least one coupling potential with a certain multipolarity.

The scheme in Fig. 3(a) consists of a single octupole
quadrupole deformed band. Blue solid arrows in this scheme
are there to remind us that we can couple all these levels with
a deformed potential considering the nucleus both octupole
and quadrupole deformed. The scheme in Fig. 3(b) consists
of a ground-state quadrupole deformed rotor band and a one-
octupole-phonon quadrupole deformed band. Different one-
phonon bands may result from the coupling of one octupole
phonon and a quadrupole deformation. For big enough values
of β2 and β3 the lowest energy band is the K = 0− band
with associated levels I = 1−,3−,5−, . . . [20,21] so that this
case coincides with the octupole quadrupole deformed level
scheme [14,29]. Only red dashed arrows connect these two
bands since we need a one-phonon creation to go from the
ground state to any of the levels in this second band.

The strength and shape of each coupling potential for
the system 16O + 144Ba for each multipolarity are shown
in Fig. 4 again for the two different schemes considered.
Differences between both schemes are small but significant.
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FIG. 4. (Color online) Coupling potentials for the system
16O + 144Ba considering (a) quadrupole octupole deformed 144Ba
and (b) a quadrupole deformed nucleus with an octupole vibration.

TABLE II. Experimental excitation energies in MeV for 144Ba
and 224Ra states according to [30].

Iπ 1− 2+ 3− 4+ 5− 6+

144Ba 0.759 0.199 0.838 0.530 1.038 0.962
224Ra 0.216 0.084 0.290 0.250 0.433 0.479

For a meaningful comparison the same value has been used
for the static β3 in case (a) and the dynamical β3 in (b). The
presence of an octupole deformation affects the quadrupole
strength and vice versa. Figure 4 only includes up to λ = 6.
However, larger multipolarities have been included.

Even though the energies expected for the negative parity
states differ in each scheme, we will use in all calculations
the experimental energies [30] collected in Table II. Doing
so, we put ourselves in the less favorable situation since the
difference in energy will translate into larger differences in the
barrier distribution.

With the procedure discussed in Sec. II, we calculated
the barrier distributions for two systems 16O + 144Ba and
16O + 224Ra. Both 144Ba and 224Ra are candidates for having
an octupole deformation with a considerable β3. Excitations of
the projectile are not considered. Results are shown in Fig. 5.
Barrier distributions for both cases show some differences,
but probably not enough to open the possibility of clearly
distinguishing the two situations. It would depend on the
strength of the octupole deformation and the experimental
accuracy available in each case. However, it will be worthy
to extend the present analysis to other regions with large
octupole deformations. As just an example, 232Th could have
an even larger β3 = 0.14 [5,31] as investigated by Hagino and
Sannohe [31].
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FIG. 5. (Color online) Barrier distribution for the fusion of 16O
on (a) 144Ba and (b) 224Ra including a quadrupole and octupole
deformation for the target (solid line) or a quadrupole deformation
plus an octupole vibration (dashed line).
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IV. CONCLUSIONS

In this work we have studied the fusion reactions
16O + 144Ba and 16O + 224Ra under different assumptions for
the structure of 144Ba and 224Ra. We started by introducing
only a quadrupole deformation and studying the sensitivity of
the barrier distributions to the amount of levels included and
to the possibility of having a prolate or oblate shape.

Keeping just this quadrupole deformation we have com-
pared the results of the coupled-channel calculation with
the results of the frozen approximation. We show how the
frozen approximation slightly overestimates the total cross
section below the Coulomb barrier. Nevertheless, the barrier
distributions from the coupled-channel calculation and from
the frozen approximation show an overall good agreement for
the present nuclei.

Finally, we analyze the effect of adding an octupole
deformation or vibration. Even though the differences in the
form factors are not large and the same levels are included,
the fusion cross section is sensitive enough to change from
one coupling scheme to the other. Both cases considered,
16O + 144Ba and 16O + 224Ra, show slight differences in the
barrier distributions. This difference is larger in the 224Ra case.
However, the final possibility of disentangling both distribu-
tions will depend on the available accuracy in a hypothetical
future experiment and the strength of the octupole deformation.

Even if this difference may not be large enough for a solid
conclusion towards clarifying a static octupole deformation,
it is worth saying that, to our knowledge, this is the first

time that octupole deformation and vibration fully coupled
to a quadrupole deformation have been included in a coupled-
channel calculation of a fusion reaction. This should be of
great help in general for the analysis of nuclear fusion with
nuclei from regions with a large octupole deformation.

Since the search for a large EDM needs large static octupole
deformations, it might be possible to further ensure its presence
by analyzing the subbarrier fusion cross section of some of the
candidates. The possibility of finding differences in the barrier
distribution could make subbarrier fusion a valuable tool to
support the presence of static octupole deformations.

To sum up, we would like to stress that fusion reactions have
been of great help in understanding the structure of heavy ions
for many years. In this particular case, it can also help the
community to find the perfect candidate for large EDMs and,
consequently, to test models beyond the standard model.
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[11] Ö. Akyüz and A. Winther, in Proceedings of the Enrico Fermi

International School of Physics, edited by R. A. Broglia, C. H.
Dasso, and R. Ricci (North Holland, Amsterdam, 1981).

[12] R. A. Broglia and A. Winther, Heavy Ion Reactions, Frontiers
in Physics (Addison-Wesley, Reading, MA, 1991).

[13] W. Nazarewicz, P. Olanders, I. Ragnarsson, J. Dudek, G. A.
Leander, P. Möller, and E. Ruchows, Nucl. Phys. A 429, 269
(1984).

[14] A. Bohr and B. Mottelson, Nuclear Structure (Benjamin, New
York, 1975), Vol. 2.

[15] T. Tamura, Rev. Mod. Phys. 37, 679 (1965).

[16] O. Tanimura, Phys. Rev. C 35, 1600 (1987).
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