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Exploring nucleon drip lines and astrophysical rapid neutron capture process (r-process) paths in the nuclear
landscape is extremely challenging in nuclear physics and astrophysics. While various models predict a similar
proton drip line, their predictions for the neutron drip line and the r-process paths involving heavy neutron-rich
nuclei exhibit a significant variation which hampers our accurate understanding of the r-process nucleosynthesis
mechanism. By using microscopic density functional theory with a representative set of nonrelativistic and
relativistic interactions, we demonstrate for the first time that this variation is mainly due to the uncertainty
of nuclear matter symmetry energy Esym(ρsc) at the subsaturation cross density ρsc = 0.11/0.16 × ρ0 (ρ0 is
saturation density), which reflects the symmetry energy of heavy nuclei. By using the recent accurate constraint
on Esym(ρsc) from the binding-energy difference of heavy-isotope pairs, we obtain quite precise predictions for
the location of the neutron drip line, the r-process paths, and the number of bound nuclei in the nuclear landscape.
Our results have important implications on extrapolating the properties of unknown neutron-rich rare isotopes
from the data on known nuclei.
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Introduction. The determination of the location of neutron
and proton drip lines in the nuclear landscape is a fundamental
question in nuclear physics. The drip lines tell us the limit
of the nuclear stability against nucleon emission and how
many bound nuclei can exist in the nuclear chart [1]. The
quest for the neutron drip line (nDL) is also important for
understanding the astrophysical rapid neutron capture process
(r-process) which occurs along a path very close to the
nDL in the nuclear landscape and provides a nucleosynthesis
mechanism for the origin of more than half of the heavy
nuclei in the Universe [2–5]. While the proton drip line
(pDL) has been determined up to protactinium (proton number
Z = 91) [6], there is little experimental information on the
nDL for Z > 8 [7]. Since the majority of rare isotopes
along the nDL and the r-process paths are unlikely to be
observed in a terrestrial laboratory, their information has to
rely on the model extrapolation based on the known nuclei,
which is so far largely uncertain and hampers our accurate
understanding of the r-process nucleosynthesis mechanism
[8–11]. Understanding and reducing the uncertainty of the
model extrapolation from the known nuclei to the unknown
neutron-rich rare isotopes is thus of critical importance, and
we show here that the symmetry energy plays a key role in this
issue.

The nucleon drip lines are determined by nucleon separa-
tion energy of nuclei and theoretically can be obtained from
either macroscopic models [12–15] or microscopic density
functional theory (DFT) [16–25]. Although these theoretical
approaches have achieved remarkable success in describing
the data on known nuclei, extrapolations to unknown nuclei
appears less certain. Different approaches or interactions,
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which predict a similar pDL, may give quite different predic-
tions for the position of the nDL, especially involving heavy
neutron-rich nuclei [22–25]. Since the nuclei close to the nDL
have extremely large isospin, the model dependence is very
likely related to the poorly known nuclear matter symmetry
energy Esym(ρ), which characterizes the isospin-dependent
part of the equation of state (EOS) of asymmetric nuclear
matter and is a key quantity to reflect the isovector properties
of nuclear effective interactions (see, e.g., Ref. [26]). Indeed,
Oyamatsu et al. [14] found a correlation between the nDL
location and the density slope L(ρ0) of the symmetry energy
at saturation density ρ0. However, a recent work by Afanasjev
et al. [24] (see also Ref. [25]) provided no evidence for
such a correlation, leaving a puzzle in the community. In
this work, we demonstrate that the nDL location for heavy
elements is actually correlated strongly by the magnitude of
the symmetry energy at the subsaturation cross density (scaled
by ρ0) ρsc = 0.11/0.16 × ρ0, i.e., Esym(ρsc). In particular, the
recent accurate constraint on Esym(ρsc) allows us to predict
quite precisely the location of the nDL and thus the r-process
paths as well as the number of bound nuclei in the nuclear
landscape.

The symmetry energy and drip lines. The symmetry
energy plays multifaceted roles in nuclear physics and astro-
physics [26–30] as well as new physics beyond the standard
model [31]. It is defined as

Esym(ρ) = 1

2!

∂2E(ρ,δ)

∂δ2

∣∣∣∣
δ=0

via an expansion of the nucleon specific energy (i.e.,
EOS) in asymmetric nuclear matter, i.e., E(ρ,δ) = E0(ρ) +
Esym(ρ)δ2 + O(δ4) where ρ is nucleon density and δ = (ρn −
ρp)/(ρp + ρn) is the isospin asymmetry. E0(ρ) represents the
EOS of symmetric nuclear matter and is usually expanded
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around ρ0 as

E0(ρ) = E0(ρ0) + K0

2!

(
ρ − ρ0

3ρ0

)2

+ O

((
ρ − ρ0

3ρ0

)3)
,

where the K0 is the so-called incompressibility coefficient. The
symmetry energy Esym(ρ) can be expanded around a reference
density ρr as

Esym(ρ) = Esym(ρr) + L(ρr)χr + O
(
χ2

r

)
, (1)

with χr = (ρ − ρr)/(3ρr). The coefficient L(ρr) denotes the
density slope of the symmetry energy at ρr.

In the nuclear chart, all nuclei that can exist are bounded
by the neutron and proton drip lines. Whether a nucleus can
exist is determined by its single-nucleon and two-nucleon
separation energy. Since the two-nucleon drip lines usually
are more extended than the single-nucleon drip lines due to the
pairing effect, in this work we mainly focus on the two-neutron
(two-proton) separation energy S2n (S2p) of even-even nuclei
and the corresponding two-neutron (two-proton) drip line. The
two-neutron (two-proton) drip-line location Ndrip (Zdrip) is
recognized as the neutron (proton) number of the heaviest
bound even-even nucleus within an isotope (isotone) chain
that satisfies S2n > 0 (S2p > 0). It should be mentioned that
there could exist a secondary and even a tertiary drip line for
an isotope chain [22–25,32]; a possibility we do not consider
in this work.

A qualitative preview about the two-nucleon drip lines can
be obtained from the semi-empirical nuclear mass formula in
which the binding energy of a nucleus with N neutrons and Z
protons (A = N + Z) is expressed as

B(N,Z) = avolA + asurfA
2/3 + asym(A)

(N − Z)2

A

+ acoul
Z(Z − 1)

A1/3
+ Epair, (2)

where avol, asurf , and acoul are constants, Epair represents the
pairing contribution, and asym(A) is the symmetry energy
coefficient of finite nuclei. For a typical heavy nuclei around
the nDL, such as 222Er (Z = 68), assuming asym(A + 2) ≈
asym(A), one can then obtain S2n ≈ −2avol − 0.22asurf −
1.24asym(A) + 2.27acoul. The pairing term is eliminated for
even-even nuclei. Empirically, the values of avol, asurf , and
acoul are relatively well determined, and thus the uncertainty
of asym(A) (within a few MeV) essentially dominates the
uncertainty of S2n at large N − Z where the nDL is concerned
and thus causes the uncertainty of Ndrip. Similarly, for a typical
heavy nuclei around the pDL, such as 222Cm (Z = 96), one has
S2p ≈ −2avol − 0.22asurf + 0.60asym(A) − 58.07acoul. Since
the pDL is close to the symmetry axis of N = Z, so asym(A)
would not have a significant effect on S2p and thus the pDL.
In addition, the Coulomb energy makes S2p vary very rapidly
with Z and thus leads to a relatively stable Zdrip.

The above simple argument based on the mass formula
thus indicates the asym(A) indeed plays a central role for
locating the nDL. For heavy nuclei, considering the empirical
correspondence between asym(A) and Esym(ρc) [33–36] with
ρc ≈ 0.11 fm−3 roughly corresponding to the average nuclear
density, one then expects Esym(ρsc) (here ρc is replaced by ρsc

to consider the saturation density variation in various models)
should be strongly correlated with the Ndrip for heavy elements.

Correlation analysis. The present large-scale calculations
of the nuclear binding energy are based on the Skyrme–
Hartree–Fock–Bogoliubov (SHFB) approach using the code
HFBTHO [37] and the relativistic mean field (RMF) approach
using the code DIRBHZ [38]. These codes allow for an accurate
description of deformation effects and pairing correlations in
nuclei arbitrarily close to the nucleon drip lines. In particular,
we use a large harmonic basis corresponding to 20 major
shells and restrict ourselves to axially deformed nuclei. In
the SHFB calculations, the density-dependent δ pairing force
with a mixed-type pairing is used and the pairing strength
is adjusted to fit the empirical value of 1.245 MeV for the
neutron-pairing gap of 120Sn [18]. In DIRBHZ calculations, a
separable version of finite range Gogny (D1S) pairing force
is used [38]. In the following, we choose the erbium isotope
chain (Z = 68) and isotone chain of N = 126 as examples
to evaluate Ndrip and Zdrip, respectively, through which we
hope to examine the correlation of the drip lines with different
macroscopic quantities. The choice of isotope or isotone chain
is more or less arbitrary, and the above choice is adopted to
avoid the shell effect on the drip lines, as we discuss later.

For the standard Skyrme interaction (see, e.g., Ref. [39]),
the nine parameters t0 to t3, x0 to x3, and σ can be expressed
analytically in terms of nine macroscopic quantities ρ0, E0(ρ0),
K0, Esym(ρr), L(ρr), the isoscalar effective mass m∗

s,0, the
isovector effective mass m∗

v,0, the gradient coefficient GS , and
the symmetry-gradient coefficient GV [40]. In such a way,
one can easily examine the correlations of nuclear structure
properties with these macroscopic quantities by varying them
individually within their empirical constrains [40]. By varying
Esym(ρsc) while keeping other quantities, i.e., ρ0, E0(ρ0), K0,
L(ρsc), m∗

s,0, m∗
v,0, GS , GV , and the spin-orbit coupling W0

at their default values in MSL1 [41], we show in Fig. 1(a) by

FIG. 1. (Color online) The calculated Ndrip for Z = 68 and Zdrip

for N = 126 versus Esym(ρsc) and L(ρsc). Solid squares are the
results from SHFB calculations with MSL1 by varying individually
Esym(ρsc) and L(ρsc). The results from the other 42 nonrelativistic
and relativistic interaction are also included. The band in panel (a)
indicates Esym(ρsc) = 26.65 ± 0.2 MeV [41]. See text for details.

031303-2



RAPID COMMUNICATIONS

POSITIONING THE NEUTRON DRIP LINE AND THE r- . . . PHYSICAL REVIEW C 92, 031303(R) (2015)

solid squares the Ndrip for Z = 68 as a function of Esym(ρsc). As
expected, it is seen that the Ndrip exhibits a strong dependence
on Esym(ρsc), and it rapidly deceases with the increment of
Esym(ρsc). Similar analyses indicate that the Ndrip is insensitive
to L(ρsc) and the Zdrip for N = 126 displays very weak
dependence on both Esym(ρsc) and L(ρsc), as shown by the solid
squares in Figs. 1(b), 1(c), and 1(d), respectively. Applying a
similar analysis to other macroscopic quantities, we find that
E0 and K0 show some effects on the Ndrip; both the Ndrip

and Zdrip display essentially no dependence on all the other
macroscopic quantities [42]. Since E0 and K0 are nowadays
relatively well determined in DFT, the Esym(ρsc) thus indeed
plays a decisive role in locating the nDL.

In order to confirm the strong correlation between Esym(ρsc)
and Ndrip observed from the above simple correlation analyses,
we also include in Fig. 1 the corresponding results with 42
other well-calibrated nonrelativistic and relativistic interac-
tions; namely, SHFB with 31 Skyrme interactions including
27 [43] (i.e., BSk14, SKM, RATP, SKT3, BSk11, BSk7,
BSk10, SKT8, BSk5, SKT1, BSk4, BSk15, SKT6, MSK1,
MSK2, BSk1, SKXce, SLy8, SLy4, SLy5, KDE, SLy9, Skz0,
Z∗

σ , KDE0, Skz1, and a new Skyrme interaction MSL1∗ [42])
obtained in this work and 4 (SV-min, UNEDF0, SKM*,
SkP) from Ref. [22], HFB with HFB21 [22,44], Gogny-HFB
(GHFB) with D1S and D1M [20,21], and the RMF model
with 8 interactions including 5 [45,46] (DD, DD-2, DD-ME1,
TW99 and DD-F) obtained in this work and 3 (DD-PC1, DD-
MEδ, DD-ME2) from Ref. [25]. We select these interactions
in order to have a large spread of the Esym(ρsc) values within
the empirical range of 24 to 28 MeV [34]. It is seen that the
results from these interactions indeed follow the systematics
from the simple correlation analysis above. The Pearson
coefficient r for the Ndrip-Esym(ρsc) correlation from the 43
interactions (including MSL1) is −0.90, and this is a pretty
strong (anti-)correlation considering the fact that the Ndrip is
varied in unit of two. In addition, one can also see from Fig. 1
that the Ndrip from the 43 interactions exhibits a very weak
correlation with the L(ρsc) (r = 0.20), and both Esym(ρsc) and
L(ρsc) essentially have no effects on the Zdrip.

It is interesting to examine the correlations of the Ndrip for
Z = 68 with Esym(ρ0) and L(ρ0), and the results are plotted
in Fig. 2 using the 43 interactions. It is seen that both the
correlations are quite weak, i.e., the r value is −0.32 for
Ndrip-Esym(ρ0) and 0.28 for Ndrip-L(ρ0), consistent with the

FIG. 2. (Color online) The calculated Ndrip for Z = 68 versus
Esym(ρ0) and L(ρ0) from 43 nonrelativistic and relativistic interac-
tions. See text for details.

conclusion in Refs. [24,25]. This feature is due to the fact
that the Ndrip depends on both Esym(ρ0) and L(ρ0) due to
their correlation with Esym(ρsc) [35]. Furthermore, if Esym(ρ0)
[L(ρ0)] is fixed, increasing L(ρ0) [decreasing Esym(ρ0)] will
lead to a decrease of Esym(ρsc) [35] and thus an increase of
Ndrip, consistent with the results in Ref. [14].

Neutron drip line and r-process path. The above analyses
suggest a precise value of Esym(ρsc) will put a stringent
constraint on the location of the nDL and the r-process
paths. By using the accurate constraint of Esym(ρsc) = 26.65 ±
0.2 MeV extracted recently by analyzing the binding-energy
difference of heavy isotope pairs [41], one can thus obtain
the drip lines by using five of the previous 43 interactions,
i.e., KDE, SLy4, MSL1, MSL1∗, and DD-ME1, which are
consistent with Esym(ρsc) = 26.65 ± 0.2 MeV [see the band
in Fig. 1(a)], and the results are shown in Fig. 3. Also included
in Fig. 3 are the experimentally known even-even nuclei. The
recently measured light neutron-unbound nuclei 16Be [48]
and 26O [49] are not included. It is very interesting to see
that these interactions indeed give quite similar predictions for
both the neutron and proton drip lines. In the light-mass region
where the DFT calculation is expected to be less reliable, while
KDE, SLy4, MSL1, and DD-ME1 predict 26O or 28O to be
the two-neutron drip line of oxygen, MSL1∗ predicts 24O
which agrees with the current experimental suggestion [49].
In addition, we note that a small variation of other parameters
can easily vary Ndrip by 2 for oxygen [42]. It should be
mentioned that the lighter two-neutron drip line nucleus 24O
can also be predicted by considering the repulsive three-body
force [50].

Also included in Fig. 3 are the drip lines from the
Weizsacker–Skyrme mass formula with the most recent
parameter set WS4 [15] which predicts a quite small rms
deviation of 298 keV with respect to essentially all the available
mass data, and they are seen to agree well with the five
microscopic calculations. We would like to point out that all
five microscopic predictions are consistent with the benchmark
calculations [22–25] (the gray band in Fig. 3) but with a much
smaller uncertainty, indicating the importance of an accurate
value of Esym(ρsc).

The precise position of the two-nucleon drip lines allows
us to estimate the number of bound even-even nuclei with
2 � Z � 120, and the result is 1887 for KDE, 1928 for SLy4,
1975 for MSL1, 1953 for MSL1∗, and 1963 for DD-ME1,
indicating a quite precise value of 1941 ± 31 (only 800 have
been discovered experimentally [47]). The uncertainty mainly
comes from the shell effect, which will be discussed later.
Furthermore, the single-nucleon drip lines can be estimated
from the condition −EF

n,p(N,Z) = �n,p(N,Z) while the two-
n(p)DL of odd-Z(N) nuclei can be estimated from the condition
2EF

n(p)(N,Z) = 0, where the Fermi energy EF and pairing
gap � of odd-odd or odd-A nuclei can be approximated
by the average of the corresponding calculated results for
their even-even neighbors [22]. Accordingly, we estimate
the total number of bound nuclei to be 6794, 6895, 7115,
and 6659 for KDE, SLy4, MSL1, and MSL1∗, respectively,
leading to a precise estimate of 6866 ± 166 (only 3191 have
been discovered experimentally [47]). Although the above
candidate interactions are not a large sample, the small
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FIG. 3. (Color online) The landscape of bound even-even nuclei as obtained from DFT calculations with four Skyrme interactions (KDE,
SLy4, MSL1, MSL1∗) and one relativistic interaction (DD-ME1). The prediction from the Weizsacker–Skyrme mass formula with WS4 [15] is
also included for comparison. The gray band denotes the uncertainty of two-neutron drip line from the benchmark calculations in Refs. [22–25].
The red band shows the r-process path of S2n = 2 MeV for KDE, SLy4, MSL1, MSL1∗, and DD-ME1. The experimentally known 800 bound
even-even nuclei (up to 2014), including 169 stable (navy squares) and 631 radioactive (green squares), are extracted from Ref. [47] and
references therein.

variation of their predictions represents a useful estimate of
the uncertainty from sources other than Esym(ρsc).

The astrophysical r-process is expected to occur along a
path of constant neutron separation energies [2–5,8–11]. For
the five candidate interactions, we also include in Fig. 3 the
r-process path of S2n = 2 MeV (the results with other S2n

values can be provided by the authors on request). One can see
that the five interactions give fairly consistent r-process paths.
Further shown in Fig. 3 is the limit of neutron-rich isotopes
that might be measured at the Facility for Rare Isotope Beams
(FRIB) [51,52], and our results suggest that the future FRIB
experiment measurement may cover the nDL for Z � 30 and
Z ≈ 40 as well as the r-process path for Z � 50 and Z ≈ 70.

As shown in Fig. 3, the nDL exhibits a clear shell structure,
i.e., around neutron magic numbers N = 82,126,184, and 258,
the position of the nDL is robust. However, the Z value (Zsh)
at which the nDL moves away from the neutron magic number
is sensitive to the interactions, and this is the main reason for
the small variation in the predicted number of bound nuclei
from the candidate interactions as mentioned earlier. By using
a similar analysis as before, we find that the Zsh value is
sensitive to all macroscopic quantities, i.e., ρ0, E0(ρ0), K0,
m∗

s,0, m∗
v,0, GS , GV , W0, Esym(ρsc), and L(ρsc) [42], indicating

the complexity of an accurate prediction of the Zsh value.
Conclusion. In summary, by using microscopic density

functional theory with a number of representative nonrelativis-
tic and relativistic interactions, we have found a strong correla-
tion between the neutron drip line location and the magnitude
of the symmetry energy Esym(ρsc) at the subsaturation cross
density (scaled by ρ0) ρsc = 0.11/0.16 × ρ0. This finding

together with the recent accurate constraint on Esym(ρsc) from
the binding-energy difference of heavy-isotope pairs allows
us to obtain quite precise predictions for the location of
the neutron drip line, the r-process paths, and the number
of bound nuclei in the nuclear landscape. Our work sheds
light on extrapolating the properties of unknown neutron-rich
rare isotopes from the data on known nuclei. The present
results should be less model dependent since they are based
on a large set of both nonrelativistic and relativistic models.
In addition, although we have only used the lowest-order
(quadratic) symmetry energy term Esym(ρ) to characterize
the isospin-dependent part of the EOS for asymmetric nu-
clear matter, all the higher-order-symmetry energy terms
have been considered self-consistently in the mean-field
calculations.
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