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Dynamics of neutron-induced fission of 235U using four-dimensional Langevin equations
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Background: Langevin equations have been suggested as a key approach to the dynamical analysis of energy
dissipation in excited nuclei, formed during heavy-ion fusion-fission reactions. Recently, a few researchers
theoretically reported investigations of fission for light nuclei in a low excitation energy using the Langevin
approach, without considering the contribution of pre- and post-scission particles and γ -ray emission.
Purpose: We study the dynamical evolution of mass distribution of fission fragments, and neutron and γ -ray
multiplicity for 236U as compound nuclei that are constructed after fusion of a neutron and 235U.
Method: Energy dissipation of the compound nucleus through fission is calculated using the Langevin dynamical
approach combined with a Monte Carlo method. Also the shape of the fissioning nucleus is restricted to “funny
hills” parametrization.
Results: Fission fragment mass distribution, neutron and γ -ray multiplicity, and the average kinetic energy of
emitted neutrons and γ rays at a low excitation energy are calculated using a dynamical model, based on the
four-dimensional Langevin equations.
Conclusions: The theoretical results show reasonable agreement with experimental data and the proposed
dynamical model can well explain the energy dissipation in low energy induced fission.
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I. INTRODUCTION

The characteristics of fission fragments such as mass
distribution and the multiplicity of γ rays and emitted particles
during fission processes have been studied extensively both
theoretically and experimentally [1–7]. Statistical descriptions
of the fission process are often used to explain experimental
fission characteristics. Weisskopf-type or Hauser-Feshbach
approaches have been developed to simulate the particle
emission based on sequential emission from the excited
fission fragments without considering time and the dynamical
evolution of the fission process [5,6]. A large amount of
experimental data indicated that the pre-scission particle
multiplicities from excited nuclei exceeded the values expected
from the statistical model. The emerged concept of dissipation
that has been used for many years in order to evaluate the
fission process was first presented by Kramers. Also the
origin and mechanism of mass-asymmetric fission have not
been investigated using statistical descriptions. To give a
possibly unified picture of the fission process, it is necessary
to introduce a dynamical model, which includes a dynamical
treatment of a fissioning nucleus based on the classical
Langevin equations [8]. This dynamical approach goes beyond
the limitations of the statistical model, taking into account
the dissipation effects along with the time evolution of the
fissioning system. A few dynamical models have been applied
to investigate the time evolution of the nuclear shape during
fission at low excitation energies along with the shell structure
of certain nuclei [1,9–11]. In the present work, we attempt
to clarify the relation between the origin of the asymmetry
in the mass distribution of fission fragments and the dissi-
pation effects based on the “funny hills” shape parametriza-
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tion, by taking account of the mean neutron and γ -ray
multiplicity.

The paper is organized as follows. The theoretical frame-
work is briefly described in Sec. II. In Sec. III results of the
present model calculations are gathered and compared with
available experimental data. A brief summary of the present
study with concluding remarks is given in Sec. IV.

II. DESCRIPTION OF THE MODEL

The process of neutron-induced fission is described in terms
of collective motion through the Langevin equations coupled
with a Monte Carlo simulation allowing discrete emission of
light particles and γ rays.

In the present study, the shape of the fissioning nucleus
is restricted to the funny hills (FH) parametrization. The
elongation (c), neck thickness (h), and asymmetry parameter
(α) of a compound system define the shape of the compound
nucleus in cylindrical coordinates as FH parameters [12]:

ρ2
s (z) =

{
(c2 − z2)(As c2 + Bsh z2/c2 + α z/c) if Bsh � 0

(c2 − z2)(As c2 + α z/c) exp(Bsh c z2) otherwise,

(1)

where ρs is the radial coordinate of the compound nucleus,
whose rotation about the symmetry axis determines the
nuclear surface. z is the coordinate along the symmetry axis.
Parameters As and Bsh are determined using the conservation
of nuclear volume. The evolution of the above mentioned shape
coordinates is calculated by the coupled four-dimensional set
of Langevin equations of motion [13],

dqi

dt
= pj

mij

, (2)
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dpi

dt
= −pj pk

2

∂

∂qi

(
1

mjk

)
− ∂V

∂qi

− T 2 ∂a

∂qi

− ηi

dqi

dt
+ R(t), (3)

with qi as deformation coordinates (c, h, α) and pi as their con-
jugate momenta. mij stands for the shape-dependent collective
inertia and ηi represents the friction tensor. Depending on the
inertia of the system, the topology of the Langevin trajectory
is observed to substantially differ within different approaches.
Among numerous methods, the Werner-Wheeler model is used
to calculate the mass tensor for the fusion channel of heavy
ion reactions, as fission. Here regarding overlapping nuclei,
the inertia tensor mij is evaluated using the Werner-Wheeler
formula [14,15]

mij = π ρm

∫ zmax

zmin

ρ2
s (z)(Ai Aj + ρ2

s (z) A′
i A

′
j /8) dz, (4)

where ρm is the mass density of the compound nucleus and
ῡ is the average speed of nucleons inside the nucleus; zmin

and zmax are respectively the left and right boundaries of the
compound nuclear surface. According to the Werner-Wheeler
formula, Ai can be expressed as

Ai = − 1

ρ2
s (z)

∂

∂qi

∫ z

−c

ρ2
s (z′) dz′. (5)

The quantity A′ is the first derivative of A with respect to z.
T is the temperature of the compound nucleus which is related
to its intrinsic energy through T = √

(Eint
a

), where Eint and a
are respectively the intrinsic energy of the system and the level
density parameter, which are defined in advance.

The friction tensor can be obtained using one- and two-body
dissipation models, considering the chaotic motion of nucleons
within the nucleus. The dissipation tensor is then calculated
by the following relation [14,16]:

ηi = ηTB
i + ηOB

i , (6)

where ηOB
i and ηTB

i respectively refer to one- and two-body
dissipation and are obtained using the relations

ηTB
i = πμ0RCNfi

∫ zmax

zmin

ρ2
s (z)

[
3A′2

i + A′′2
i ρ2

s (z)/8
]
dz, (7)

ηOB
i = 2π ρm v R2

CN fi

∫ zmax

zmin

ρs(z)[Ai ρ
′
s(z) + A′

i ρs(z)/2]2

× [
1 + ρ ′2

s (z)
]−1/2

dz. (8)

In the above relations μ0 is the viscosity coefficient.
Moreover A′ and A′′ are respectively the first and second
derivatives of A with respect to z. Also ρ

′
s(z) is the first

derivative of ρs(z) with respect to z, RCN is the radius of
the compound nucleus, and f is defined by the following
relation [17]:

fi =
(

d qi

d x

)2

+ 2
d qi

d x
. (9)

Here x = rcm/RCN. The coordinate rcm is the center-to-center
distance between two parts of nascent fragments. The evolu-
tion of the orientation degree of freedom (K coordinate) [18]

is obtained from the solution of Langevin equations

dK = −γ 2
KI 2

2

∂V

∂K
dt + γKIξ (t)

√
T dt

2
, (10)

where γK is the friction parameter which controls the coupling
between the orientation degree of freedom, K , and the heat
bath [18],

γK = 1

RNRc.m.

√
2π3n0

√
J||JeffJR

J 3
⊥

(11)

where RN , Rc.m., and n0 are the neck radius, the distance
between the centers of mass of nascent fragments, and the
bulk flux in standard nuclear matter, respectively. J|| and J⊥
are the rigid body moments of inertia, about and perpendicular
to the symmetry axis and JR = MR2

c.m./4 where M is the
compound nucleus mass. Also ξ (t) is the normalized random
variable which is assumed to be white noise. The potential
energy of the system is defined as a sum of the liquid-drop
parts, namely rotational and microscopic parts [8]:

V (q,l,T ) = VLD(q) + �
2l(l + 1)

2I (q)
+ VSH(q,T ). (12)

Here VLD(q) stands for the potential energy, which is calculated
based on the liquid-drop model, given as a sum of the surface
energy (ES), the Coulomb energy (EC), and the temperature-
dependent shell correction energy as a microscopic part of the
potential energy which is denoted by VSH as the following
relation:

VSH(q,T ) = [
Epair(q) + 
Eshell(q)]�(T ), (13)

where 
Epair(q) is the pairing correlation energy which is
evaluated in the BCS approximation. Also 
Eshell(q) is the
shell correction energy based on the Strutinsky method which
would also be defined as the difference between the sum of
the single particle energies of occupied states and the average
over density of single particle states [19,20],


Eshell(q) = �εk −
∫ μ

∞
eg(e)de, (14)

where εk , μ, and g(e) are the energy, the chemical potential,
and the density of states parameter for single particle represen-
tation, respectively. Also �(T ) is the temperature-dependent
shell correction which is evaluated through the following
relation:

�(T ) = exp

(
−aT 2

Ed

)
, (15)

where Ed is the shell damping energy that is chosen to be
25 MeV and a is the level density parameter [21]

a =
{

1 + VSH(T = 0)

Eint

[
1 − exp

(
−Eint

Ed

)]}
ã(q), (16)

where

ã(q) = a1ACN + a2A
2/3Bs(q). (17)
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The intrinsic energy of the system (Eint) is calculated at
each step of a Langevin trajectory by the following relation:

Eint = Ec.m. − Q − pi pj

2 mij

− V (q,l,T = 0), (18)

where Ec.m. and Q are the energy of the system in the center-of-
mass framework and the Q value of the reaction, respectively.
In the present dynamical model, each fission event is defined
as the instance that a Langevin trajectory overcomes the
scission point on the potential energy surface in which the
configuration of the neck radius becomes zero. Shape evolution
of the compound nucleus proceeds in competition with pre-
scission particle emissions and fission. Emission of neutrons
is simulated through Weisskopf’s conventional evaporation
theory under the following outline. The neutron decay width
is calculated using the following relation [22]:

�n = 2mn

[π�]2ρc(Eint)

∫ Eint−Bn

0
ρd (Eint − εn)εnσinvdεn, (19)

where mn is the reduced mass of the neutron with respect
to the residual nucleus and Bn shows the binding energy of
the compound nucleus. Also, ρc is the level density of the
compound nucleus and σinv(εn) is the inverse cross section
for the reaction (A − 1) + n → A and εn is the mean kinetic
energy of the emitted neutrons. A Monte Carlo algorithm is
used to calculate the competition between neutron emission
and fission. The kinetic energy of the emitted neutrons has been
sampled from the Watt spectrum. After emission of a neutron,
the intrinsic excitation energy of the compound nucleus is
recalculated and the process is continued. After each fission
event, the mass numbers of conjugate fragments are calculated
as well.

III. RESULTS

The time evaluation of the calculated mass distribution of
fission fragments for 236U at E∗ = 20 MeV together with

FIG. 1. Time evolution of mass distribution of fission fragments
of 236U at E∗ = 20 MeV. Experimental data [23] are indicated by
solid squares.

FIG. 2. Average initial fission fragment spin (�) of 236U at E∗ =
20 MeV as a function of the fragment mass. Experimental data of
Durell [24], Aumann et al. [25], and Naik et al. [26], are denoted by
solid squares, triangles, and circles, respectively.

corresponding experimental data is shown in Fig. 1. It is clear
from this figure that the number of fission events increases with
time since t = 2.5 × 10−20 s, and they become saturated until
t = 1.0 × 10−18 s, which indicates the occurrence of almost
all of the fission events. At this time evaluation is in agreement
with available experimental data, which is shown by solid
squares in Fig. 1 [23]. Figure 2 shows the average angular spin
carried by a fission fragment as a function of the fragment’s
mass. It is evident from this figure that the calculated average
spin of fragments is higher than those obtained from isomeric
yield ratio experiments of Durell [24], Aumann et al. [25], and
Naik et al. [26], which are denoted by solid squares, triangles,
and circles in the figure, respectively, for heavier fragments.

Decelerating the fission process and increasing the time
from saddle to scission point in 236U as a viscous system

FIG. 3. Time scale of fission of 236U nucleus as a function of the
viscosity coefficient (�/fm3).

024622-3



M. R. PAHLAVANI AND S. M. MIRFATHI PHYSICAL REVIEW C 92, 024622 (2015)

FIG. 4. The energy carried away by emitted neutrons in the fission
of 236U as a function of fission fragment mass. The theoretical result
of the present approach and experimental data of Nishio et al. [28]
are denoted by the solid line and open squares, respectively.

presumably was due to decreased potential energy that is con-
verted into internal excitation energy; however, the evaluation
time of neutron-induced fission of 236U is shorter as compared
with heavy-ion fusion-fission reactions. It is well established
that for small viscosity coefficient, by increasing the kinetic
energy in the fission mode, the decrease in the time of fission is
expected [15]. As it is shown in Fig. 3 the time scale of fission
smoothly increases as a function of viscosity coefficient. The
magnitude of this coefficient for each Langevin trajectory was
chosen by fitting and comparing with the time evaluation of
fission fragments’ mass distribution. In the present study the

FIG. 5. The energy carried away by emitted γ rays in the fission
of 236U as a function of fission fragment mass distribution. The
theoretical result of the present approach and experimental data of
Pleasonton et al. [27] are denoted by the solid line and open squares,
respectively.

FIG. 6. Average prompt fission γ -ray multiplicity for 236U at
E∗ = 20 MeV as a function of the fragment mass. Experimental data
of Pleasonton et al. [27] and Albinsson et al. [29] are denoted by
open squares and circles, respectively.

magnitude of the viscosity coefficient is limited to a range of
0.0095 < μ0 < 0.1422 (�/fm3).

The average kinetic energy of emitted neutrons and γ rays
from a given initial fission fragment as a function of the fission
fragment’s mass is shown in Figs. 4 and 5, which correspond
to the available experimental data [27,28]. In these figures the
open squares show the experimental data and the solid line
represents the calculated result in our macroscopic dynamical
approach. It should be noted that in our dynamical treatment
the average kinetic energy carried away by γ rays is considered
when no further neutron emission occurs.

The average γ -ray multiplicity as a function of fragment
mass is also calculated and is shown in Fig. 6. This figure

FIG. 7. Average prompt fission neutron multiplicity for 236U at
E∗ = 20 MeV as a function of the fragment mass. Experimental data
of Vorobyev et al. [30] are denoted by open squares.
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shows a good agreement of the theoretical result based on
the dynamical approach with data from the experiments of
Pleasonton et al. [27] and Albinsson et al. [29], as shown
by open squares and circles, respectively. As is clear from
this figure, the calculated emission of the light fragment was
to be slightly higher than measured data. Figure 7 shows
the average neutron multiplicity as a function of the fission
fragment mass. A very good agreement with the experimental
data is achieved. These data were taken from the experiment
of Vorobyev et al. [30] and are denoted by open squares in
Fig. 7. The only exception was for mass regions 115–135 u and
145–155 u, which belong to heavier fragments. The theoretical
results in these regions are greater than experimental data.

IV. CONCLUSION

In this study, the Langevin equations have been used to
investigate the dynamical evaluation of the fission process of
236U induced fission at E∗ = 20 MeV. The mass distribution,
initial spin, and γ -ray and neutron multiplicity of fission
fragments have been obtained as a function of the fragment
mass. By comparing the mass distribution in this model with
the experimental data, it is shown that the time scale of
fission is of order t = 1.0 × 10−18 s. Since the initial spin
distribution strongly influences the neutron and γ -ray emission
competition, we compared the initial spin of the nascent
fragments with the available data. The calculated initial fission

fragment spin, based on our dynamical approach, has been
found to have a good agreement with the experimental data.

Based on our macroscopic description of fission, the mag-
nitude of viscosity coefficient in the two-body friction tensor is
fitted by comparing its time evaluation with experimental mass
distribution of fission fragments in each Langevin trajectory.
This method leads to obtaining the average value of μ0 =
0.12 (�/fm3), which has a highly acceptable accordance with
the results of the literature [15]. In order to obtain more
information about the energy dissipation in the fission process
of 236U, the energy carried away by the neutrons and the γ
rays is calculated and compared with experimental data [28].
Reasonable agreement between the theoretical results and the
experimental data indicates the validity of our approach, based
on one- and two-body friction tensors.

Eventually, the calculations of prompt γ -ray and neutron
emission from nascent fission fragments were presented and
compared with the available experimental data. Ultimately,
the theoretical findings and the experimental data were
greatly accordant. Here, the remarkable point is that the
mass distribution of fission fragments has been calculated by
considering the dissipation effects and the γ -ray and neutron
emission, based on the four-dimensional Langevin equations.
As a subject under study by our group, much more detailed
and thorough investigations such as the particle emission, and
the influence of the level density parameter and dissipation
coefficients on neutron-induced fissions, could improve the
model for various systems.
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