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Hoyle band and α condensation in 12C
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The excited states in 12C are investigated by using an extended version of the so-called Tohsaki-Horiuchi-
Schuck-Röpke (THSR) wave function, where both the 3α condensate and 8Be + α cluster asymptotic
configurations are included. A new method is also used to resolve spurious continuum coupling with physical
states. I focus on the structures of the “Hoyle band” states (0+

2 , 2+
2 , and 4+

2 ), which were recently observed
above the Hoyle state, and of the 0+

3 and 0+
4 states, which were also quite recently identified in experiment.

Their resonance parameters and decay properties are reasonably reproduced. All these states have dilute density
structure of the 3α or 8Be + α clusters with larger root mean square radii than that of the Hoyle state. The Hoyle
band is not simply considered to be the 8Be(0+) + α rotation as suggested by previous cluster model calculations,
nor to be a rotation of a rigid-body triangle-shaped object composed of the 3α particles. This is mainly due to
the specificity of the Hoyle state, which has the 3α condensate structure and gives rise to the 0+

3 state with a
prominent 8Be(0+) + α structure as a result of very strong monopole excitation from the Hoyle state.

DOI: 10.1103/PhysRevC.92.021302 PACS number(s): 21.60.Gx

Nuclear clustering is one of the fundamental degrees of
freedom in nuclear excitation [1]. The Hoyle state, the second
Jπ = 0+ state at 7.654 MeV in 12C, as a typical example of
the cluster states, has a long history ever since it was predicted
by Hoyle [2] and subsequently observed by Cook et al. [3]
as a key state in the synthesis of 12C in stellar evolution.
The microscopic and semimicroscopic cluster models have
clarified that the Hoyle state has the structure of the α particle
loosely coupling in an S wave with the 8Be(0+) core [4–7],
not like a linear-chain structure of the 3α particles proposed
by Morinaga in the 1950’s [8]. In the last decade, however, the
aspect of the α condensate, where the 3α clusters occupy an
identical S orbit, has triggered great interest, since the so-called
Tohsaki-Horiuchi-Schuck-Röpke (THSR) wave function [9],
which has the α condensate character, was shown to be
equivalent to the Hoyle state wave function obtained by solving
the equations of the full 3α resonating group method (RGM)
or generator coordinate method (GCM) [10].

On the other hand, the excited states of the Hoyle state have
been highlighted by recent great developments in experimental
studies. The second 2+ state (2+

2 ), which had been predicted
at a few MeV above the Hoyle state by the cluster model cal-
culations [5,6], was recently confirmed by many experiments
[11–16]. The GCM and RGM calculations propose that the
2+

2 state is built on the Hoyle state as a rotational member
with a 8Be(0+) + α configuration. Freer et al. quite recently
reported a new observation of the 4+ state at 13.3 MeV, which
they consider to compose the “Hoyle band” [17], together
with the 0+

2 and 2+
2 states. It is proposed that this band is

formed by a rotation of a rigid 3α cluster structure with an
equilateral triangle shape based on D3h symmetry [18,19],
which is, however, not consistent with the picture of loosely
coupled 8Be(0+) + α structure or the 3α gaslike structure.

Besides the 2+ and 4+ states, a 0+ state at 10.3 MeV with a
broad width, � ≈ 3 MeV, has been known for a long time.
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However, quite recently Itoh et al. decomposed the broad
0+ state into the 0+

3 and 0+
4 states at 9.04 and 10.56 MeV,

with the widths of 1.45 and 1.42 MeV, respectively [13]. This
observation of the two 0+ states is consistent with theoretical
prediction done by using the orthogonality condition model
(OCM) combined with the complex scaling method (CSM)
and the analytical continuation of coupling constant (ACCC)
method [20]. This was later confirmed by another theoretical
calculation using the OCM and CSM with higher numerical
accuracy [21].

On the other hand, in the antisymmetrized molecular
dynamics (AMD) [22], fermionic molecular dynamics (FMD)
[23], and GCM calculations [6], the observed 0+

3 state seems to
be missing. The 0+

3 state given by the AMD and FMD, which
may correspond to the observed 0+

4 state, is dominated by
a linear-chain-like configuration of the 3α clusters and is not
inconsistent with the 0+

3 state obtained by the GCM calculation
[6], or with the 0+

4 state in Ref. [20], where [8Be(2+) ⊗ l = 2]0

configuration is dominant. It should also be mentioned that the
authors in Ref. [20] claimed that the 0+

3 state has an S-wave
dominant structure with more dilute density than that of the
Hoyle state. These are also consistent with the observed decay
properties of the 0+

3 and 0+
4 states that the former only decays

into the [8Be(0+) ⊗ l = 0]0 channel and the latter decays into
the [8Be(2+) ⊗ l = 2]0 channel with a sizable partial α-decay
width [24].

In this Rapid Communication, I investigate the structures
of the positive parity excited states above the 3α threshold by
using an extended version of the THSR wave function [25]
so as to include 8Be + α asymptotic configurations with a
treatment of resonances. In particular, I focus on the “Hoyle
band” (the 0+

2 , 2+
2 , and 4+

2 states1), and the 0+
3 and 0+

4 states,
together with the corresponding experimental data, though I
also obtained some other positive parity excited states.

1I hereafter mention the 4+ state at 13.3 MeV as the 4+
2 state, for

simplicity, though it is located lower than the 4+ state at 14.08 MeV
which forms the ground-state rotational band.
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The extended version of the THSR wave function is written
as follows:

�THSR
JM (B1,B2)

= P̂ J
MKA

⎡⎣exp

⎧⎨⎩−
2∑

i=1

μi

∑
k=x,y,z

ξ 2
ix

B2
ik

⎫⎬⎭φ3(α)

⎤⎦, (1)

where the φ(α) is an intrinsic wave function of the α particle,
and where the (0s)4 configuration of the four nucleons is
assumed with the size parameter b, which is kept fixed at
b = 1.348 fm as almost the same value as at free space.
ξ i is the Jacobi coordinates between the 3α particles and
μi = i/(i + 1), for i = 1,2. This is a fully microscopic wave
function and every nucleons are antisymmetrized by A. P̂ J

MK

is an angular-momentum-projection operator, acting on the
intrinsic state featured by the deformed Gaussian orbits and
giving the total angular momentum J , in which the relative
angular-momentum channels [8Be(I ) ⊗ l]J are implicitly in-
cluded. The parameters B1 and B2 in this wave function
correspond to the sizes of the 8Be core and the remaining
α particle center-of-mass (c.m.) motion, respectively. In the
subsequent calculations, the axial symmetric deformation is
assumed, i.e., Bi = (Bix = Biy,Biz) (i = 1,2), for simplicity.
One should note that the case of B1 = B2 results in the
original THSR wave function, where the c.m. motions of the
3α particles relative to the total c.m. position are condensed
into a lowest energy 0S orbit, reflecting the bosonic feature
[26,27]. While the original THSR wave function has a product
form of the three α-particle wave functions, this new THSR
wave function is a natural extension of the original version,
since its basic concept is kept as a product form of the
2α (8Be)- and the α-cluster wave functions, where the 2α
particles and the remaining α particle are allowed to occupy
different orbits. Taking |B1| � |B2| thus corresponds to the
8Be + α cluster gas, deviating from the identical 3α cluster
gas for b � B1 = B2. It should also be mentioned that the
THSR-type wave functions were recently shown to give the
best description for various cluster states such as the 16O + α
inversion doublet band in 20Ne [28], 3α- and 4α-linear-chain
states [29], and 2α + � cluster states in 9

�Be [30].
For the excited states above the 3α threshold, it is well

known that the application of the bound state approximation
gives accidental mixing between spurious continuum states
and resonances. By using the fact that the root mean square
(rms) radii of spurious continuum states are calculated to
be extremely large within the bound state approximation, I
developed a new method to extricate the mixing between the
resonances and continuum states and to remove the spurious
continuum components [31]. First I diagonalize the operator
of mean square radius as follows:∑
B ′

1,B
′
2

[〈
�THSR

JM (B1,B2)
∣∣ 1

12

12∑
i=1

(r i − XG)2
∣∣�THSR

JM (B′
1,B′

2)
〉

−{R(γ )}2
〈
�THSR

JM (B1,B2)
∣∣�THSR

JM (B′
1,B′

2)
〉]

g(γ )(B′
1,B′

2) = 0,

(2)

where XG is the total c.m. position. I then remove out of the
present model space the eigenstates belonging to unphysically
large eigenvalues. By taking the following bases,

�
(γ )
JM =

∑
B1,B2

g(γ )(B1,B2)�THSR
JM (B1,B2), (3)

with γ satisfying R(γ ) � Rcut, I diagonalize the Hamiltonian
as follows: ∑

γ ′

〈
�

(γ )
JM

∣∣H ∣∣�(γ ′)
JM

〉
f

(γ ′)
λ = Eλf

(γ )
λ . (4)

For the Hamiltonian, I adopt Volkov No. 2 force [32], with
the strength parameters slightly modified [33], as an effective
nucleon-nucleon interaction. For diagonalizing the operator
of the rms radius in Eq. (2), I adopt 84 mesh points for
the four-parameter set, B1x = B1y,B1z,B2x = B2y,B2z, up to
around 80 fm. Since the present extended THSR wave function
can include the 8Be + α asymptotic form by taking the
large values of the two width parameters B1 and B2, the
8Be + α continuum components, as well as the 3α continuum
components, can be successfully removed by imposing the
cutoff for the mean square radius R(γ ) � Rcut. More details
will be shown in a forthcoming full paper.

Although I could not obtain the excited states except for the
0+

2 and 2+
2 states by using the original THSR wave function

[26], one can now obtain the other observed 0+
3 , 0+

4 , and 4+
2

states by using the present extended THSR wave function with
a treatment of resonances. Since all these states are resonances
above the 3α threshold, one then calculates the partial widths
of the α particle decaying into [8Be(I ) ⊗ l]J channel, which
I simply denote as [I,l]J , based on the R-matrix theory [34],
with the following relations:

�[I,l]J = 2Pl(ka)γ 2
[I,l]J , γ 2

[I,l]J = �
2

2μa
|aY[I,l]J (a)|2, (5)

where Pl(ka) is the penetrability calculated from the Coulomb
wave functions, and k, a, and μ are the wave numbers
of the relative motion, channel radius, and reduced mass,
respectively.Y[I,l]J (r) is the α reduced width amplitude (RWA)
defined as

Y[I,l]J (r)=
√

12!

4!8!
〈[�I (8Be),Yl(ξ̂ 2)]JM

δ(ξ2 − r)

ξ 2
2

φ(α)
∣∣�(λ)

JM

〉
,

(6)

TABLE I. Dependence of the energy and rms radius on the cutoff
parameter Rcut for the 0+

2 , 0+
3 , and 0+

4 states.

Rc 0+
2 0+

3 0+
4

E − Etheor
3α Rrms E − Etheor

3α Rrms E − Etheor
3α Rrms

5.2 0.39 3.5 4.6 4.0 4.3 3.5
5.6 0.31 3.6 3.7 4.2 4.4 3.8
6.0 0.23 3.7 2.6 4.7 3.9 4.2
6.4 0.22 3.8 2.4 4.8 3.9 4.2
6.8 0.22 3.8 2.4 4.9 3.9 4.3
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TABLE II. Calculated binding energies (MeV) measured from the 3α threshold, E−Etheor
3α , rms radii (fm) for mass distributions, Rrms,

partial α-decay widths (MeV) into 8Be(0+) and 8Be(2+) channels, �calc(8Be : 0+) = �[0,J ]J , �calc(8Be : 2+) = ∑
l �[2,l]J in Eq. (5), and total

width (MeV), �calc(total) = �calc(8Be : 0+) + �calc(8Be : 2+). The corresponding experimental data, which are taken from Ref. [13] for the 0+
3 ,

0+
4 , and 2+

2 states and from Ref. [17] for the 4+
2 state, are also shown. The adopted channel radii a (fm) are shown in parentheses. The observed

energies are input in the calculations of the penetration factor Pl(ka) in Eq. (5). The cutoff parameter value Rcut = 6.0 fm is adopted.

Expt.

States E − Etheor
3α Rrms �calc(8Be : 0+) �calc(8Be : 2+) �calc(total) E − Etheor

3α �expt

2.5 × 10−6 (a = 4.5) 2.5 × 10−6
0+

2 0.23 3.7 0.3794 8.5(10) × 10−6
7.6 × 10−6 (a = 5.5) 7.6 × 10−6

1.1 (a = 9.0) 1.10+
3 2.6 4.7 1.77(9) 1.45(18)0.94 (a = 10.0) 0.9

0.57 (a = 4.0) 1.3 × 10−2 (a = 6.0) 0.580+
4 3.9 4.2 3.29(6) 1.42(8)0.53 (a = 4.5) 2.6 × 10−2 (a = 7.0) 0.55

0.69 (a = 5.5) 0.692+
2 1.6 3.9 <10−6 2.57(6) 1.01(15)0.93 (a = 6.5) 0.93

1.7 (a = 8.5) 1.1 (a = 7.0) 2.84+
2 3.7 4.5 6.0(2) 1.7(2)1.1 (a = 10.0) 0.85 (a = 8.0) 2.0

where �
(λ)
JM is the eigenfunction in Eq. (4), �

(λ)
JM =∑

γ f
(γ )
λ �

(γ )
JM .

Table I shows the energy and rms radii dependence on
the parameter Rcut for the 0+ states. Although for Rcut < 6.0
fm, even the Hoyle state energy is not converged well, and
accordingly the higher 0+

3 and 0+
4 states do not have stable

values of the energies and rms radii. However, if one takes
Rcut � 6.0 fm, the results get rather stable for all the states.
On the other hand, one should avoid taking larger values, in
this case, more than Rcut = 7.0 fm, since it is found by using
a pseudopotential method explained in Ref. [31] that spurious
continuum states are again getting mixed with the resonances.
This tendency is also the same for the 2+

2 and 4+
2 states.

The binding energies, which are measured from the 3α
threshold, and α-decay widths of the five states are displayed
in Table II in comparison with the corresponding experimental
data. For the 0+

3 and 0+
4 states, the calculated energies are

slightly higher than those of the observed 0+
3 and 0+

4 states,
respectively. However, the calculated α-decay width of the 0+

3
state, � = 1.1 MeV (a = 9.0 fm), is in good agreement with
the observed width � = 1.45 MeV. For the 0+

4 state, the decay
energy into the 8Be(2+) + α channel is very small. Therefore
the partial width of this decay channel is very sensitive to the
energy position. In Ref. [24], the authors reported a new peak at
10.8 MeV for the 0+

4 state, which decays into the 8Be(2+) + α
channel with a partial width of 0.4 MeV. If one adopts this
energy for calculating the width of the 0+

4 state, the partial

decay width is as high as 0.12 MeV, which is comparable to
the experimental data. For the 2+

2 and 4+
2 states, the calculated

energies and widths are in reasonable agreement with the
corresponding experimental data. In particular, the α-decay
widths of about 1 MeV for the 2+

2 state and about 2 MeV
for the 4+

2 state are reasonably reproduced by this calculation.
Furthermore, the Rcut dependence of the widths is rather weak
and the uncertainty by the variation of the adopted proper
values is within about 10 %.

In Table II, I also show the rms radii of the five states. The
rms radius of the Hoyle state, Rrms = 3.7 fm, is the smallest,
which still corresponds to very low density, i.e., (3.7/2.4)3 =
3.7 times lower than that of the ground state. The 0+

3 , 0+
4 ,

2+
2 , and 4+

2 states have 7.5, 5.4, 4.3, and 6.6 times lower
densities than that of the ground state, respectively. This means
that all these states have loosely coupled structures of the
3α or 8Be + α clusters, which are quite different from the
rigid-body localized structure of the 3α clusters. Next I discuss
the nature of the Hoyle band. Table III shows the E2 transition
strengths and monopole matrix elements, with uncertainties
coming from the cutoff dependence. Very strong E2 transitions
can be seen between the 4+

2 and 2+
2 states, and between the 2+

2
and 0+

2 states. The transitions between the 2+
2 and 0+

3 states
and between the 2+

2 and 0+
4 states are about two times and

ten times weaker than the one between the 2+
2 and 0+

2 states,
respectively. This allows one to consider that the 0+

2 , 2+
2 , and

4+
2 states form a rotational band, though the strength between

TABLE III. Calculated E2 transition strengths B(E2) and monopole matrix elements M(E0) in units of e2 fm4 and fm2, respectively, with
uncertainty from the variation of the adopted cutoff values, ranging from 6.0 to 6.8 fm for the 0+ states and from 6.0 to 6.4 fm for the 2+

2 and
4+

2 states. The observed data are also shown for the B(E2) and M(E0) in the right column.

Calc. Calc. Expt.

B(E2; 2+
2 → 0+

2 ) 295-340 B(E2; 2+
1 → 0+

1 ) 9.5 7.6(4)
B(E2; 4+

2 → 2+
2 ) 560-730 B(E2; 2+

1 → 0+
2 ) 1.0 2.6(4)

B(E2; 2+
2 → 0+

3 ) 88-220 B(E2; 2+
2 → 0+

1 ) 2.0-2.5 0.73(13)
B(E2; 2+

2 → 0+
4 ) 22-31 M(E0; 0+

2 → 0+
1 ) 6.3-6.4 5.4(2)

M(E0; 0+
2 → 0+

3 ) 34-37
M(E0; 0+

2 → 0+
4 ) 0.5-1.4
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FIG. 1. (Color online) Observed energy levels for the 0+
3 , 0+

4 , and
2+

2 states in Ref. [13], and the 2+
2 [16] and 4+

2 [17] states are denoted by
black circles and black squares, respectively. The calculated energy
levels for the five states are denoted by red diamonds. The cutoff
parameter value Rcut = 6.0 fm is adopted.

the 2+
2 and 0+

3 states is still large enough, so that the 0+
3 state

may influence the band nature.
In Fig. 1, the calculated energy levels are plotted as

a function of J (J + 1), together with the corresponding
experimental data. The 0+

2 , 2+
2 , and 4+

2 states both in theory and
experiment roughly follow a J (J + 1) trajectory. However, the
Jπ = 0+ bandhead in experiment seems to be fragmented into
the Hoyle state and the 0+

3 state, and the calculated levels
also have a similar tendency, where the Hoyle state is located
slightly below the J (J + 1) line. This indicates that this Hoyle
band is not a simple rotational band.

Figure 2 shows the calculated S2 factors of the α + 8Be
components, which can be defined as

S2
[I,l](J

+
λ ) =

∫
dr

[
rY[I,l]J (r)

]2
. (7)

One can see that except for the 0+
4 state, all the states have the

largest contribution from the [0,J ]J channel. This supports the
idea of 8Be + α rotation for the Hoyle band, where the 8Be core
is in the 0+ ground state and is consistent with the previous
GCM calculation [6]. The 0+

3 state in the GCM calculation
may correspond to my 0+

4 state since both states dominantly
have the [2,2]0 component, while my 0+

3 state may be missing
in the GCM calculation.

On the other hand, the Hoyle state is considered to be the
3α condensate state, where the 3α clusters mutually move
in an identical S wave. Since the ground state of 8Be is
composed of weakly interacting 2α clusters coupled loosely
in a relative S wave, it is natural that the Hoyle state, with
the α condensate structure, also has a large overlap with the
8Be(0+) + α structure. This is the same situation as for the 4α
condensate state in 16O discussed in Refs. [35,36], which has
a large overlap with the 12C(0+

2 ) + α structure.
However, the 3α condensate structure in the Hoyle state is

not the same as ordinary 8Be(0+) + α rotation, in which the
remaining α cluster orbits outside the 8Be core. Namely in the
Hoyle state, the remaining α cluster also orbits inside the 8Be

0
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[02] [20] [22] [24] [42] [44] [04] [40] [22] [24] [42] [44]

42
+

FIG. 2. (Color online) S2 factors S2
[I,l](J

+
λ ) defined in Eq. (7)

for the five J π states. The cutoff parameter value Rcut = 6.0 fm is
adopted.

core, and the independent 3α-cluster motion in an identical
0S orbit is realized. As a result, the Hoyle state gains an extra
binding, and hence its energy position is considered to be made
lower than the J (J + 1) line, as shown in Fig. 1. The same
effect is also argued in the study of the 4α condensate and
12C(0+

2 ) + α rotational band [37,38], where the 4α condensate
is mentioned as “complete condensate” and the 12C(0+

2 ) +
α state as “local condensate.” Due to the existence of the
complete condensate, a higher 0+ excited state, which has
the prominent 8Be(0+) + α structure, with the remaining α
cluster orbiting outside the 8Be core, appears as a higher nodal
state, that is the 0+

3 state. In fact, one can see in Table III
that the 0+

3 state is strongly connected with the Hoyle state by
a monopole excitation. The calculated strength M(E0; 0+

2 →
0+

3 ) ∼ 35 fm2 is much larger than the other transitions, in spite
of the fact that the E0 strength between the Hoyle and ground
states M(E0; 0+

2 → 0+
1 ) = 6.4 fm2 is still strong enough as to

be comparable to the single nucleon strength [39].
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FIG. 3. (Color online) RWAs of the [I,l]J = [0,0]0 channel,
Y[0,0]0 (r) in Eq. (6), for the 0+

1 , 0+
2 , and 0+

3 states. The cutoff parameter
value Rcut = 6.0 fm is adopted.

In Fig. 3, the RWAs of [0,0]0 channel for the 0+
2 and 0+

3
states are shown together with that for the ground state. While
the RWA for the ground state has two nodes, that for the 0+

3
state has four nodes, and for the Hoyle state the nodal behavior
almost disappears and only a remnant of three nodes can be
seen as an oscillatory behavior. Since the outmost nodal posi-
tion corresponds to a radius of repulsive core between the core
8Be and the α cluster, due to the effect of the Pauli principle,
the disappearance of the nodes for the Hoyle state indicates
a dissolution of the 8Be core, and hence formation of the 3α
condensate. On the other hand, the 0+

3 state, which is excited
from the Hoyle state by the monopole transition, recovers the
distinct nodal behavior and, with one additional node, forms
a higher nodal 8Be(0+) + α structure. This is consistent with
the argument in Ref. [20], as mentioned in the Introduction.

In Fig. 2, the 0+
4 state is shown to have the component of

[2,2]0 channel dominantly, which gives rise to non-negligible
partial decay width into this channel, consistently with the
experimental information, as mentioned above. I also mention
that the 2+

2 state also includes a non-negligible mixture from
the [2,0]2 channel and 4+

2 states from the [2,2]4 channel and
a smaller amount from the [4,0]4 channel. These mixtures
also deviate the 2+

2 and 4+
2 states from a pure 8Be + α

rotational structure. This tendency is not changed qualitatively
by adopting the other proper cutoff parameter values.

In conclusion, the use of the extended THSR wave function
allows one to obtain the wave functions of the Hoyle band
and 0+

3 and 0+
4 states, which were recently confirmed by

experiments. The calculated α-decay widths and the decay
properties of these states are in good agreement with the
experimental data. All these states are shown to have large rms
radii and hence dilute density 3α or 8Be + α cluster structures.
The 0+

2 , 2+
2 , and 4+

2 states are not considered to form a simple
8Be(0+) + α rotational band, due to the specificity of the Hoyle
state with the 3α condensate feature, which allows the 0+

3
state to have a prominent 8Be(0+) + α structure as a result of
the strong monopole excitation.
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