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The asymptotic normalization coefficient (ANC) is an important quantity in the calculation of radiative width
amplitudes, providing limits on the radiative width. Here we present some examples showing the connection
between the ANC and radiative width. In particular, the radiative width of the E1 transition "F(1/2, E, =
3.104 MeV) to '"F(1/2%,E, = 0.495 MeV) reported by Rolfs [Nucl. Phys. A 217, 29 (1973)] is (1.2 +0.2) x
1072 eV. Meanwhile the ANC for the first excited state in !’F puts a lower limit on the radiative width, which is
(3.4 £0.50) x 1072 eV. Such a strong disagreement between the measured radiative width and the lower limit
imposed by the ANC calls for a new measurement of this radiative width. Other examples are also considered.
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I. INTRODUCTION

The asymptotic normalization coefficient (ANC) plays an
important role in nuclear reaction and structure theory and
in nuclear astrophysics [1-4]. By definition, the ANC is the
amplitude of the tail of the overlap function. The matrix ele-
ments determining the amplitudes of the transfer reactions and
radiative capture amplitudes contain the overlap functions. For
peripheral processes the overlap functions can be replaced by
their asymptotic terms. Hence the amplitudes of the peripheral
processes are proportional to the corresponding ANCs. That
is why the ANC determines the overall normalization of the
peripheral process amplitude [2,5]. It is evident that the ANC
plays a crucial role in the determination of other nuclear
characteristics; to calculate them we need to know the tail
of the overlap function. One of these quantities is the radiative
width of a resonance decaying to a bound state. In this paper
we reveal a role of the ANC in determination of the resonance
radiative widths. In particular, we show that the ANC can put
a limitation on the value of the radiative width.

For the analysis we use the R-matrix method in which
the radiative width amplitude is expressed in terms of the
difference of the internal and external (channel) parts. The in-
ternal radiative width amplitude is strongly model dependent,
and usually in the R-matrix is used as a fitting parameter.
In contrast, the channel radiative width amplitude can be
expressed in terms of the two observable quantities: the partial
resonance width and the ANC of the final bound state to
which the resonance decays. It depends only on one model
parameter: the R-matrix channel radius. Hence the channel
radiative width amplitude can be calculated quite accurately
with the well identified uncertainty due to the uncertainties
of the partial resonance width, the ANC, and ambiguity in
the choice of the channel radius. The calculated channel
radiative width amplitude can provide limitations on the total
radiative width. It is the goal of this paper to demonstrate this.
We provide all the necessary equations and present five
examples. Throughout the paper we use the system of units in
which i = ¢ = 1.
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II. RESONANCE RADIATIVE CAPTURE IN THE
R-MATRIX APPROACH

To obtain the expression for the radiative width for the
resonance decay to a bound state we consider the radiative
capture amplitude of the process a + A - F* — F +y
proceeding through the intermediate resonance F* to the final
bound state F' = (a A). The reaction amplitude describing this
process is given by

8t (L+1) k' 1 N

Mpa =/ ALwy.
‘ L @Ltonyag, g1l
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Here lIJi(H is the scattering wave function of the system a +
A in the channel where the resonance F* occurs, ¢ is the
bound state wave function of the state F = (¢ A) to which
the resonance F* decays, A 1 1s the electromagnetic transition
operator of the multipolarity L, k,, is the momentum of the
emitted photon, and J is the spin of the final bound state F =
(a A). At very low energies we can use the long-wavelength
approximation 1/k >> R, where R is the size of the resonance
system a + A, and k is the a — A relative momentum in the
initial state. Hence, at this stage we can neglect the internal
degrees of freedom of the individual nuclei ¢ and A and can
treat them as constituent structureless particles. Then

U = g, 0 WD, )

Here, ¢; is the bound-state wave function of nucleus i, and W™
is the scattering wave function of the structureless particles a
and A. Then the reaction amplitude for the radiative capture to
the bound state in the long-wavelength approximation reduces
to
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Here I F s = N (@a 0al@r) is the overlap function of the bound-
state wave functions of nuclei F', A, and a. Here we recovered
the antisymmetrization between the nucleons of @ and A what
leads to the appearance of the antisymmetrization factor N.
In the isospin formalism N = %. The integration in the
matrix element determining the overlap function is carried
over the internal coordinates of nuclei a and A.

The wave function W) can be written as the sum of the
internal and external components:
+wlh. &)

(ext)

\Ij(+) \y(vfm)
This splitting of the scattering wave function into the internal
and external components can be done naturally in the R-matrix
approach, which we are going to use in what follows. The
internal radial scattering wave function (r < rg, 7 is the
distance between the particles @ and A, ry is the channel
radius) in the single-channel R-matrix approach in the case
of an isolated narrow resonance takes the form [3,6]
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where Xj, is the real eigenstate of the level closest to the
resonance, I';. is the partial width of the resonance with the
spin J; for the decay to the channel a + A, E is the real part of
the complex resonance energy Er —i1;,/2, E isthea — A
relative kinetic energy, and 8}” is the hard-sphere scattering
phase shift in the partial wave [;. At the moment we do not
show all the quantum numbers characterizing the resonance
and the bound state but we will recover them later. Note that in
the case of the resonance scattering the resonance behavior (5)
of the internal wave function can be obtained in the potential
model from quite general considerations (see Chap. VII of
(7D.

In the external region W™ is

11
ik, )—f Sk =sokn] . ©

r>rp

Here, I;,(k,r) and O (k,r) are the incoming and outgoing
spherical waves, v = k/u is the a — A relative velocity, and
W is their reduced mass. S is the elastic scattering S-matrix
element, which in the vicinity of an isolated resonance takes

the form
_ojshs iy
s g) o

The nonresonant scattering phase 8" in the R-matrix approach
is the hard-sphere scattering phase shift determined as

e—i25z/’-“ Ili (k,ro)
D —

= ) 8
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Equating the internal and external wave functions at » = ry
and E = Ex we get

Xin(ro) = =2 royy, 9
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with the dimension fm~'/2. Here, vy, 1s the reduced width

amplitude of the resonance level, which is related to the partial
resonance width as

Ty, =2P,(kro)yj. (10)

Py (k,rp) is the barrier penetrability at the orbital angular
momentum /; at which the resonance occurs:

k
Py (k, 7o) = 0 . (1)

JER o) + Gk, 7o)

F;, and G, are the regular and singular Coulomb solutions.
Following the split of the initial scattering wave function

into the internal and external parts, we can rewrite the radiative

capture amplitude as the sum of the internal and external parts:

Mrad = Mrad(int) + Mrad(ext) 5 ( 1 2)

where the internal and external radiative capture amplitudes
are given by
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correspondingly.

Here, Mi.nr) is the external part of the nonresonant
(direct) radiative capture amplitude. Note that in the R-matrix
approach the internal nonresonant radiative capture amplitude
is absorbed into the internal resonant radiative capture ampli-
tude My,qginy- The internal radiative width amplitude for the
decay of the resonance with spin J; to the bound state with
spin Jy is

I ino [87(L+1) k2
mnt) =
Yy L QL+DN2Jr +1

(15, (M| AL ()| Xiw(r)

s)

r<ro

Note that the internal radiative width yyj 'y, (int) is real because
Xint 1s a real eigenfunction.
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The external (channel) radiative width amplitude is given
by [6]

5 e [87(L+1) ky T2
C =
Yy Lv QL+ /2T, +1
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(16)
The channel radiative width amplitude yyj" ’ (ch), in contrast
to the internal radiative width, is complex because it contains

__: shs
the product of the complex functions ¢~ %% oy,.
The total radiative width amplitude can be expressed
in terms of the internal, yVJ"Jj (int), and external (channel),

y 1/J;Jf(ch), radiative width amplitudes:
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Then the total radiative width for the resonance decay to the
bound state is related to the radiative width amplitude as

FJ

g, = (18)

=y, [ =y, (o0 — v, eh)|”.

In the external region the radial overlap function is given
by (we recover here all the quantum numbers characteriz-
ing it)

19)

Lantyo1,(r) = Cryogy Wy 1 102K 1),

where Cj,q;, is the ANC of the virtual decay F — a + A,
W_x 1, 41/2(2k 1) is the Whittaker function, k = /2 e, n’y
and ¢ are the wave number, Coulomb parameter, and binding
energy of the bound state /' = (a A), correspondingly, /s is the
a — A relative orbital angular momentum in the bound state,
and o is the channel spin. Hence the channel radiative width
amplitude is proportional to the ANC of the final bound state.

In the R-matrix approach the channel radiative width
amplitude (in MeV'/?) reduces to [8]
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Here, ([;0L0|/;0) is the Clebsch-Gordan coefficient,
U(LIl;Jio;1; Jr) is the Racah coefficient, Fj,(k,r) and
G, (k,r) are the regular and singular (at the origin) solutions of
the radial Schrodinger equation with pure Coulomb potentials,
E and k are the relative kinetic energy (in MeV) and the
relative momentum (in fm™') of the particles a and A in
the continuum, and m; and Z; e are the mass and charge of
particle i, m, = 931.5 MeV. From now on we show all the
necessary quantum numbers which should be assigned to the
partial resonance width.

Note that the dependence of the channel reduced width
amplitude on the channel radius is its only model de-
pendence, while to calculate the internal radiative width
amplitude a microscopic approach is required. In the R-matrix
method the internal radiative width amplitude is a fitting
parameter.

W_ s 14122 K 10)

[ £, (k.r) 22)
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(

We can rewrite the total radiative width amplitude as

v, = vy, (i) — ) (ch)

= (ny’Jf (int) — Re[yyj"lf(ch)]) —i Im[yVJ’Jf (ch)]. (23)
Then
0y, = |y, 0 = % (e[

. 2 , 2
= (yy‘Jf(1nt)—Re[yy’Jf(ch)]) +(Im[yyj’1f(ch)]) - (24)
Note that the relative phase of yyj ;f (int) and the real part of

the channel radiative width amplitude Re[yyj Jf (ch)]is,apriori,
unknown, so these real parts may interfere either constructively
or destructively. Hence, (Im[yngf (ch)])? always provides a
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lower limit for the radiative width:
Ji Ji 2
I‘y J > (Im[yy Jf(ch)]) . (25)

Additional stronger limits may be obtained if assumptions are
made about the interference between the two real contribu-
tions. For the constructive interference of the real parts (the
signs of yVJ i Jf(int) and Re[yyj i Jf(ch)] are opposite) the channel
contribution gives a stronger lower limit because in this case

r;f,f M (ch). (26)

In the case of the destructive interference of the real parts and
|Re[yyj Jf (ch)]| > |ny Jf (int)|, the channel contribution gives an
upper limit for the radiative width:

ry, < , <T, , (ch). 27

Assuming that the experimental radiative width, the ANC of
the bound state, and the resonance width are known, we can
determine the internal radiative width amplitude

. . : 2
v, it = /T, — (Im[); b))
+Re[y) (ch)]. (28)
Then the internal radiative width takes the form
N2
Ty, (int) = (v, (inv)

:i:\/F” (Im[ VVJ (ch)])’

+Re[yy"Jf (ch)]) . (29)

III. EXAMPLES

In this section we consider five different examples. The
analysis is done within the framework of the R-matrix
method in which the channel radius is a model parameter.
If experimental data are available the channel radius can be
determined from the fitting of the calculated quantity to the
experimental one. Otherwise there are no specific prescriptions
how to choose the channel radius, which brings additional
uncertainty into quantities calculated using the R-matrix
approach. One of the possible recipes is to take the channel
radius as the minimal distance between the interacting nuclei
at which the polarizing force acting on each nucleus from
the other one can be neglected [9]. Often the channel radius
is determined as ry = 1.4(a'/? + A'/3). In what follows we
also use this prescription for four cases, except for the last
one for which the experimental data are available and the
channel radius is determined from the fitting of the calculated
astrophysical factor to the experimental one.

1. Transition r(1/27,E, =3.104  MeV) —
YER(1/2T E, = 0.495 MeV). As the first example we
consider the decay of the first resonance 1/2~ in !"F to the
first excited state 1/2%. The first example is chosen because
it presents the most striking example when the measured
radiative width is significantly lower then the lower limit of
the radiative width given by Eq. (25).

The proton resonance width is 19 = 1 keV [10]. The square
of the proton ANC of the first excited state measured in [11]
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is 6490 4 680 fm~'. The radiative resonance width for this
transition is I')/7, = (1.2 £0.2) x 1072V [12]. Meanwhile,
using Eq. (20) we get that at ro =4.9 fm yy A /z(ch) =
—0.2 —i0.177 eV'/. Then it appears that the minimum of
the radiative width, which is based on the measured proton
resonance width and ANC, significantly exceeds the radia-
tive width measured in [12]: min["}/? , = (Im[y, ", (ch)])* =
(3.14£0.5) x 102eV > r”f/z =(1.2+02) x 102eV. To

get the uncertainty of the calculated (Im[yl/ 2 (ch)]) we
took into account 10% uncertainty of the expenmental ANC,
5% uncertainty in the proton resonance width, and 10%
uncertainty due to the dependence of (Im[ yyl/lz/z(ch)]) on
the channel radius, which gives 15% of the total uncertainty

in the determined (Im[yyl/lz/z(ch)]) Thus we question the

experimental result forr‘l/lz2 =(1.24£0.2) x 1072eV ' [12]
and we think that it should be remeasured.

2. Transition YR(5/2-E, =3.857 MeV) —
17F(5/2+,Ex =0.0 MeV). As the second example we
consider the decay of the second resonance R(5/27) to
the ground state 'F(5/2%). This example is chosen to
demonstrate the case in which the measured radiative width
exceeds, as it supposed to be, the lower limit given by
Eq. (25). The proton resonance width is <1.5 keV [13].
The square of the proton ANC of the ground ''F state
measured in [11]is 1.08 + 0.1 fm~'. The radiative resonance
width for this transition is T3, = (0.11 4 0.02) eV [13].
Calculated at rg =4.9 fm, our channel radiative width
amplitude is y.5,(ch) = —0.049 — i0.0062 eV'/2. Note
that 10% variation of the channel radius leads to only
2% of the Im[ys/sz/z(ch)] The calculated lower limit of

Y3, is (Imly; 5, ()]’ = (3.8 4 0.4) x 10—5 eV, which is

significantly smaller than the measured Y/ e /2 From Eq. (28)
we get for the internal radiative width amphtude two values:
y;/sz/z(lnt) = —0.38 eV!/? and 0.28 eV'/2. In the case under
consideration the ANC is very small compared to the previous
example. That is why the modulus of the channel radiative
width is much smaller than that of the internal width and we
cannot establish any stronger limits on the radiative width.

3. Transition *N(2~,E, = 1.191 MeV) —» *N(1*,E, =
0.0 MeV). As the third example we consider the decay
of the second resonance of >N at 0.576 MeV, l; =0 and
the spin of the resonance J; =2 to the ground state of
2N with the binding energy 0.6 MeV, /; = 1, and J; = 1.
This case is selected because the reaction ''C(p, y) >N is
an important branching point in the alternative path from
the slow 3« process to produce CNO seed nuclei [14,15].
This reaction is contributed by the direct and two resonant
captures (through the first and second resonances in >N
[15]). The radiative width of the second resonance was a
controversial subject theoretically. The proton resonance width
of the second resonance is 51 =20 keV [16]. The square of
the proton ANC of the ground '°N state measured in [15]
is 1.73 +0.25 fm~!. The latest measured radiative resonance
width for this transition is F)z,l =13+0.5 meV [17]. The

previous GANIL measurement F}Z,1 = 63'5
large uncertainty [18].

meV had a too-
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The calculated channel radiative width amplitude at
the channel radius ro=4.5 fm is yyzl(ch)=0.176+

i 0.028 eV'/. Hence the calculated lower limit of the radiative
width I‘)z,1 is (Im[yyzl(ch)])2 = 0.80 £ 0.30 meV, which is
significantly smaller than the measured 1")2, 1~ The calculated

channel radiative width is l"}z, (ch) =31.7£7.5 meV, which
is significantly higher than the measured radiative width.
Here the uncertainty is contributed by the uncertainties of
the experimental ANC, partial proton resonance width and
ambiguity in the channel radius.

Hence the measured radiative width can be obtained only as
the result of the destructive interference between the real part
of the channel radiative width and the internal radiative width
amplitude. The calculated internal radiative width amplitudes
are yf](int) =0.29 eV'/? and 0.065 eV'/2. Correspondingly,
the internal radiative widths are F}z, ,(int) = 82 meV and
4.3 meV.

Because the interference between yyz ,(int) and Re[)/y2 1(ch)]
in both cases is destructive, we cannot impose a stronger lower
limit than the one given by Eq. (25). But, if we select the
lower value of the internal width, then we can impose an
upper limit on the total radiative width: ' ,1 < Fy (ch) =
32.0 £ 8.0 meV.

4. Transition Bo@ /2t E, =2.69 MeV) —
130(3 /27,E, = 0.0 MeV). This is an another example where
the lower 11m1t of the radiative width given by Eq. (25) canraise
questions about some of the previous radiative width estimates
for the decay of the first resonance 130(1 /2T E; = 2.69MeV)
at the resonance energy Eg = 1.17 MeV to the ground state
B0(3/27,E, = 0.0 MeV). The proton partial resonance
width determined in [19] is 0.45 + 0.10 MeV. The radiative
width of that resonance was suggested in [ 14] to have a value of
Fll//32 /2 =24 meV with one order of magnitude uncertainty,
coming from a Weisskopf estimate of the transition strength.
The square of the proton ANC for the ground state of 0
measured in [20] is 2.53 +0.30 fm~!. The lower limit of
the resonance radiative width calculated using Eq.(20) at

ro = 4.6 fm, (Im[)/y1/32/2(6‘l1)])2 = 36.0 meV is larger than the
value accepted in [14]. Variation of the channel radius by
9% changes the lower limit by 9%. Thus from Eq. (25) we
can conclude that the value of the radiative width adopted

in [14] is too low and that 1")1,/2 > 36.0 &+ 5.0 meV, where
the uncertainty is contributed by the uncertainties of the
experimental ANC, partial proton resonance width, and
ambiguity in the channel radius.

If for the estimation of the internal radiative width ampli-

tude we use the single-particle approach we get yyl /32/2(int) =

PHYSICAL REVIEW C 92, 014625 (2015)

~0.47eV'2and I}/ (int) = 0.22.V for ry = 4.6 fm. For the

channel radiative width amplitude we get yyl éz/z(ch) =0.57+

i0.19eV'2 and I')/3 ,(ch) = 0.36 £ 0.07 V. The calculated

total radiative width F1/32 ;o = 1.12 eV is significantly higher

than the lower limit (Im[)/l/f/z(ch)])2 =36.0 meV given

by Eq. (25). Because the interference between the internal
radiative width amplitude (calculated in the single-particle
model) and the real part of the channel radiative width
amplitude in the case under consideration is constructive, the

channel radiative width F (ch) = 0.36 = 0.07 eV provides
a stronger lower limit for the total radiative width than Eq. (25):

I3, > 0.36+0.07 eV.

5. Transition B0@3/2t,Ex =679  MeV) —
B0(1/27,E, =0.0 MeV). As the last example we
consider the transition from the tail of the subthreshold
resonance in 150, which is the bound state with binding
energy ¢ = —0.504 MeV, to the ground state of '°Q. This
transition plays an important role in the radiative capture
“N+4p — 04y, which is the bottleneck reaction in the
CNO cycle [21-23]. A subthreshold resonance is a bound
state which is close to the threshold. Then the tail of this
bound state extended to the continuum works as a resonance
and the radiative capture to the ground state occurs as a
capture to the subthreshold resonance at positive energy E
with its subsequent decay to the ground state by emitting the
photon. The partial width of the subthreshold resonance is
expressed in terms of the ANC and is given by [24]

[W_ 112k 70)]
ro

(Cl 6 7). (30)

1
Uvos=— P(E,ry)
m

Here C;,, , is the ANC of the subthreshold state with spin
Ji, channel spin o, and orbital angular momentum /;, and
nf" and «; are the Coulomb parameter and the bound-state
wave number of the subthreshold bound state. The measured
squares of the ANCs of the ground and the subthreshold states
for the channel spin o = 3/2 in >0 are 54 &+ 6.0 fm~! and
24.0 4+ 5.0 fm~! [22], correspondingly. The radiative width
for the transition of the subthreshold state to the ground state
is determined by the product of the squares of the ANCs of
these two bound states.

In the case under consideration the experimental astrophys-
ical factor is known [23] and the channel radius ro = 5.5 fm
was determined by fitting the calculated astrophysical factor
to the experimental one [23]. For the channel radius ry =
5.5 fm the channel radiative width is 0.79 £ 0.24 eV. The

TABLE 1. Total radiative width and its estimated lower limit.

Resonant state Bound state

F;fjf Low limit of Fyfjf
eV) V)

YR(1/27,E, = 3.104 MeV)
"E(5/2,E, = 3.857 MeV)
N@2,E, = 1.191 MeV)

Bo/2,E, = 2.69 MeV)
50(3/2,E, = 6.79 MeV)

YR(1/2%,E, = 0.495 MeV)
TR(5/2,E, = 0.0 MeV)
2N(11,E, = 0.0 MeV)
¥0(3/27,E, = 0.0 MeV)
50@1/27,E, = 0.0 MeV)

(12+0.2) x 102 (3.1£0.5) x 102

(0.11 £ 0.02) (3.8£0.4) x 1075

(13£0.5) x 1073 (0.8 £0.3) x 1073
1.12 0.36 & 0.07

>0.85 0.79 £0.24
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uncertainty is contributed by the uncertainties of the ANCs
of the subthreshold and ground states and uncertainty of the
R-matrix channel radius. The imaginary part of the channel
radiative width amplitude is negligible. From the fitting the
experimental data the internal radiative width was found to
be 1.1 eV [23]. Then for the total radiative width we get
two values: 0.026 eV and 3.75 eV. The first value is too low
compared to the measurements in [25-27]. The higher value
does not contradict to [27] but significantly exceeds the results
obtained in [25,26]. Because the higher value of the total
radiative width corresponds to the constructive interference
of the internal and channel radiative width amplitudes, the
channel radiative width 0.79 & 0.24 eV provides the lower
limit of the radiative width. It questions the value of the total
radiative width 0.47)33 eV obtained in [25]. The total radiative
width 0.95’:8:85 eV obtained in [26] has too high uncertainty
while [27] gives only the lower limit for the radiative width:
Fi/ 12 n> 0.85 eV. Evidently new, more accurate measurements
of the radiative width for this important transition are needed.

In Table I we summarize the results for all five examples.

IV. SUMMARY

Thus we demonstrated the important role of the ANC in
calculations of the resonance radiative width. In particular,
we showed two examples in which the adopted radiative
widths were smaller than the lower limit imposed by the
measured ANC and the proton partial resonance width.
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Especially interesting is the case of the transition "F(1/2~,
E. =3.104 MeV) — "F(1/2%,E, = 0.495 MeV). The ex-
perimental radiative width for this transition given in the
compilations [13] based on the measurements in [12] should
be remeasured because it is significantly lower than the lower
limit provided by the ANC and the proton resonance width.
Finally, we discussed the role of the ANC in determination of
the radiative width for the capture to the bound state through
the subthreshold resonance. In this case the radiative width
is determined by the product of the squares of the ANCs for
the subthreshold bound state and the final bound state. The
presented cases require new more accurate measurements of
the radiative width.
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