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Theoretical calculations are performed to investigate the angular momentum and Coulomb effects on
fragmentation and multifragmentation in peripheral heavy-ion collisions at Fermi energies. Inhomogeneous
distributions of hot fragments in the freeze-out volume are taken into account by microcanonical Markov chain
calculations within the statistical multifragmentation model. Including an angular momentum and a long-range
Coulomb interaction between projectile and target residues leads to new features in the statistical fragmentation
picture. In this case, one can obtain specific correlations of the sizes of emitted fragments with their velocities
and an emission in the reaction plane. In addition, one may see a significant influence of these effects on isotope
production both in the midrapidity and in the kinematic regions of the projectile/target. The relation of this
approach to the simulations of such collisions with dynamical models is also discussed.
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I. INTRODUCTION

It has long been commonly accepted that in central
heavy-ion collisions at Fermi energies (20–50 MeV per
nucleon) relatively high excitation energies of nuclear matter,
with temperatures up to T ≈ 5–8 MeV, can be reached [1].
Therefore, they become a suitable tool for study of the
equation of state of hot nuclear matter and nuclear liquid-
gas phase transitions at subnuclear densities. As discussed
previously [2], with the help of multifragmentation one can
study the properties of hot fragments in the vicinity of other
nuclear species. The angular momentum effect is usually
disregarded in this case, since the impact parameters are small.
During peripheral heavy-ion collisions at the same energies, a
considerable amount of angular momentum can be transferred
from the interaction region to the excited projectile and target
residual nuclei, and this can lead to significant changes in
their multifragmentation [3–5]. Additional long-range forces
caused by the complicated Coulomb interaction between the
target and projectile-like sources are involved essentially in
the process [5,6]: Multifragmentation in the presence of
an external Coulomb field offers the possibility to study,
experimentally, the effects of this long-range force, which are
very important for disintegration of matter [4]. This is also
necessary for construction of a reliable equation of state of
nuclear matter at subnuclear densities. Another motivation for
these studies is that similar conditions for nuclear matter occur
during the collapse and explosion of massive stars and in the
crust of neutron stars [7,8], where the Coulomb interactions
of the dense electron environment change the fragmentation
picture. It is generally assumed that the statistical equilibrium
regarding fragment composition at subnuclear densities should
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be established in these astrophysical cases. Therefore, analysis
of the observables obtained in laboratory experiments with
statistical models is a proper way to get knowledge on stellar
matter. Previous studies of the isospin composition of the
produced fragments were found to be especially important
for determining the strength of the symmetry energy during
fragment formation in hot and diluted environments [2,9–11].

In the analysis of ALADIN data, charge and isotope
yields, fragment multiplicities and temperatures, and cor-
relations of various fragment properties were successfully
described by the statistical ensemble approach [11–16] within
the statistical multifragmentation model (SMM) [17]. This
was also achieved in the analysis of the experimental data
of Liu et al. [18] obtained at the MSU laboratory at
50 MeV/nucleon [19–21] and in the analysis of TAMU
data [22,23]. In these studies, the symmetry energy of
fragments was one of the main model parameters governing the
mean N/Z values, the isoscaling parameters, and the isotopic
composition of the fragments. For interpretation of ALADIN
and MSU experiments, which can be explained by formation
and decay of single thermalized sources, we considered the
averaged Coulomb interaction of fragments (Wigner-Seitz ap-
proximation), since the direct positioning of fragments in
the freeze-out volume has a minor influence on their charge
and isotope distributions. This is well justified for relativistic
peripheral collisions and for central collisions of heavy nuclei
around the Fermi energy. However, important information
on multifragmentation and properties of fragments can be
extracted in peripheral collisions at Fermi energies as well.
The new fragment partitions can be obtained by including
the Coulomb effects caused by the proximity of colliding
target and projectile nuclei, as well as those caused by the
large angular momentum transfer to the multifragmentating
sources. For example, a long-range Coulomb interaction of the
target- and projectile-like sources changes the fragmentation
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pattern and leads to a predominant emission of light and
intermediate-mass fragments (IMFs; with charge numbers
Z = 3–20) towards the midrapidity, i.e., in the direction of
another source [6,24]. A few such experiments have been
analyzed with statistical models [23,25]. However, there were
no systematic theoretical investigations of the Coulomb and
angular momentum effects on the multifragmentation picture
in these reactions, especially on the isotope yields, which are
crucial for astrophysical applications. As suggested in Refs. [5]
and [6], the angular momentum may lead to more neutron-rich
IMF production and to anisotropic emission with respect to
the projectile and target sources.

In this paper, we theoretically investigate the influence
of angular momentum and Coulomb interactions on the
charge yields, the neutron-to-proton ratios, and the velocity
distributions of hot particles for peripheral 84Kr + 84Kr col-
lisions at 35 MeV per nucleon. We believe that this is a
quite typical reaction, and our selection is partly motivated
by recent FAZIA experiments [26]. For simulation of the
reactions, we consider the breakup of a single-source 84Kr
in the proximity of a secondary-source 84Kr, as a symmetric
system in terms of isospin contents. Calculations are carried
out within the Markov chain version of the SMM, which is
designed for microcanonical simulation of the decay modes
of nuclear sources [5,24]. This method is based on producing
the Markov chain of partitions which characterize the whole
statistical ensemble. In this method the individual fragment
partitions and coordinate positions of fragments in the freeze-
out volume are generated. They are selected by the Metropolis
algorithm and we can take into account the influences of the
angular momentum and Coulomb interactions for each spatial
configuration of primary fragments in the freeze-out volume,
similarly to Refs. [3,4].

Usually, the conception of statistical sources under multi-
fragmentation is quite effective for description of relativistic
nucleus-nucleus collisions [11,15–17]. We believe that new
effects which may be expected within the statistical picture in
low-energy reactions can be important at high energies too.
In particular, this can help to clarify possible deviations from
poor statistical disintegration that may exist in the fragment
sources produced in relativistic collisions.

II. STATISTICAL APPROACH TO
MULTIFRAGMENTATION

It is assumed in the microcanonical SMM that a statistical
equilibrium is reached in the low-density freeze-out region.
The breakup channels are composed of nucleons and nuclear
fragments, and the laws of conservation of energy Ex ,
momentum, angular momentum, mass number A, and charge
number Z are considered. Besides the breakup channels, the
compound-nucleus channels are also included, and competi-
tion among all channels is permitted. In this way, the SMM
covers the conventional evaporation and fission processes
occurring at low excitation energies as well as the transition
region between the low- and the high-energy de-excitation
regimes. In the thermodynamic limit, SMM is consistent
with liquid-gas phase transitions when the liquid phase is
represented by infinite nuclear clusters [27], which allow

connections for the astrophysical cases [28]. We calculate the
statistical weights of all breakup channels partitioning the sys-
tem into various species. The decay channels are generated by
the Monte Carlo method according to their statistical weights.
In the Markov chain SMM [5,24] we also use ingredients taken
from the standard SMM version developed in Refs. [17,29,30],
which was successfully used for comparison with various ex-
perimental data: Light fragments with mass number A � 4 and
charge number Z � 2 are considered elementary particles with
the corresponding spins (nuclear gas) that have translational
degrees of freedom. Fragments with mass number A > 4 are
treated as heated nuclear liquid drops. In this way one can
study nuclear liquid-gas coexistence in the freeze-out volume.
Free energies FA,Z of each fragment are parameterized as
the sum of the bulk, surface, Coulomb, and symmetry energy
contributions:

FA,Z = FB
A,Z + FS

A,Z + EC
A,Z + E

sym
A,Z. (1)

The bulk contribution is given by FB
A,Z = (−W0 − T 2/ε0)A,

where T is the temperature (which is found for each channel
using the energy conservation), the parameter ε0 is related to
the level density, and W0 = 16 MeV is the binding energy
of infinite nuclear matter. The contribution of the surface
energy is FS

A,Z = B0A
2/3[(T 2

c − T 2)/(T 2
c + T 2)]5/4, where

B0 = 18 MeV is the surface energy term and Tc = 18 MeV the
critical temperature of the infinite nuclear matter. In the stan-
dard SMM version the Coulomb energy contribution is EC

A,Z =
cZ2/A1/3, where c denotes the Coulomb parameter obtained
in the Wigner-Seitz approximation, c = (3/5)(e2/r0)(1 −
(ρ/ρ0)1/3), with the charge unit e, r0 = 1.17 fm, and ρ0 is the
normal nuclear matter density (0.15 fm−3). However, within
this Markov-chain SMM we directly calculate the Coulomb
interaction of nonoverlapping fragments in the freeze-out
by taking into account their real coordinate positions. The
symmetry term is E

sym
A,Z = γ (A − 2Z)2/A, where γ = 25 eV

is the symmetry energy parameter. All the parameters given
above are taken from the Bethe-Weizsaecker formula and
correspond to the assumption of isolated fragments of a
normal density unless their modifications in the hot and dense
freeze-out configuration follow the analysis of experimental
data. For the freeze-out density, one-third of the normal nuclear
matter density is assumed in many successful studies and
consistent with independent experimental determination in
sources formed in peripheral nuclear collisions [31,32]. To
be more general, in this work we use ρ = ρ0/2 and ρ =
ρ0/6 densities for better evaluation of Coulomb and angular
momentum effects. The various positioning of particles and
volume parameters is also useful for understanding the origin
of the kinetic energies of fragments observed in experimental
data. In the case of the high density (ρ = ρ0/2) we assume
a deformation of fragments in the freeze-out volume by
effectively reducing distances between the fragments for
calculation of their Coulomb interaction by a factor of 0.7.
This can be partly justified by the nonspherical shape of
these fragments since they are excited. Usually, we generate
about 5 × 105 Monte Carlo events to provide sufficient
statistics.
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III. EFFECTS OF ANGULAR MOMENTUM AND
COULOMB INTERACTION OF PROJECTILE- AND

TARGET-LIKE SOURCES

As mentioned we investigate only the statistical decay of
excited sources produced in peripheral collisions. Many dy-
namical features, such as the neck-like emission of fragments
and isospin diffusion between the sources during collisions
are beyond the scope of this work. In some cases the
dynamical effects could be taken as input for the statistical
stage, for example, by adjusting N/Z ratios of the sources,
Coulomb interactions during the disintegration of the sources,
and their angular momentum. For peripheral nucleus-nucleus
collisions at 35 MeV/nucleon the corresponding relative
velocity between projectile and target is about 80 mm/ns.
As discussed within the standard reaction picture, during the
initial dynamical stage of such a collision, projectile nucleons
interact with target nucleons and some energetic products
of this interaction can leave the nuclei as pre-equilibrium
particles. The kinetic energy of colliding nuclei can also be
converted into the excitation energy of projectile and target
residues. Therefore, the relative velocity between the residues
decreases as well. These excited target- and projectile-like
sources decay afterwards.

It is known that nuclear multifragmentation is a fast process,
within a characteristic time around 100 fm/c. Therefore,
projectile- and target-like sources will not be far from each
other before disintegration. The idea is that at these short
distances the long-range Coulomb field of one of the sources
influences the breakup of the other one. In this case we are
dealing with multifragmentation in a double-nuclear system,
which is a new physical situation with respect to the standard
multifragmentation of a single isolated source.

According to our estimates from the energy conservation,
their relative velocity should decrease to ∼50 mm/ns, at an
excitation energy around 5 MeV/nucleon transferred to the
residues. In this case, they will be separated by ≈15 fm in
a time of 100 fm/c. The decay of the two excited sources
in such a double system is determined by the short-range
nuclear forces. However, the presence of an external Coulomb
field (for each source) can affect the composition of the
produced fragments and their relative positions. In particular,
an additional Coulomb barrier will prevent disintegration of the
sources into many small pieces. In this work we do not include
the possible deformation of the sources after the dynamical
stage in order to separate the Coulomb effects. It should also
be noted that during the evolution of a double system we
must take into account its total center-of-mass conservation
without an additional constraint in the freeze-out volumes
of disintegrating sources. On the other hand, we include the
angular momenta (rotation) of the separate sources, which
can be transferred after the collision. It will also influence
the positions and sizes of the fragments at freeze-out [3,5,6].
In the following we probe the upper estimate of the angular
momentum 80� in order to see its effect clearly.

We demonstrate the results for multifragmentation of the
projectile-like source (we call it the first source) by assuming
the Coulomb field coming from the center of the target source
(the second source). The first source is assumed to fly along

FIG. 1. Total charge yield of primary hot fragments, in cases
without (filled circles) and with (open circles; L = 80�) angular
momentum, after multifragmentation of the projectile 84Kr source at
excitation energy Ex = 5 MeV/nucleon. This source is assumed to be
formed in the peripheral 84Kr + 84Kr collision at 35 MeV/nucleon,
and its disintegration is affected by the Coulomb field of the target
source. Results at freeze-out densities ρ = ρ0/2 (top) and ρ = ρ0/6
(bottom). For comparison, the results of multifragmentation of a
single isolated 84Kr source, at the same excitation energy but without
the external Coulomb field and without angular momentum, are also
shown.

the Y axis, and the second one is in the opposite direction
(related to the center of mass of the double system). This
separation axis may slightly deviate from the initial beam axis.
The location of the second source is taken as RY = −10.6 fm
and RZ = 10.6 fm with respect to the first source, for the 15 fm
of separation. The peripheral collision is assumed to take place
in the Y -Z plane, therefore, the coordinates on the Z axis are
determined by the sizes of colliding nuclei, as well as by their
possible repulsion after the collision. The X axis is assumed
to be an angular momentum axis. We suggest that this relative
space configuration of the sources is quite general and suitable
for investigating Coulomb and angular momentum effects.

The pre-equilibrium emission of a few nucleons during
the dynamical stage may decrease the excitation energy
and relative velocity of the residues. However, this can be
accounted for in the statistical approach by changing the
corresponding input and by using the ensemble of the sources
(see, e.g., [11]) with adequate parameters. On the other hand,
as shown in many theoretical and experimental works (see,
e.g., [12,17,33]), the relative yields of IMF do not depend much
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FIG. 2. Charge yield of the first, second, and third largest hot fragments (Zmax1, Zmax2, and Zmax3) after multifragmentation of the 84Kr
source (as in Fig. 1). Results without angular momentum (top panels) and with angular momentum (L = 80�) (bottom panels).

on the size of the sources in the multifragmentation regime (a
scaling effect). Therefore, for our purposes it is sufficient to
consider sources of the same size and isospin content as the
colliding nuclei (84Kr).

A. Charge distributions

The purpose of our analysis is to understand the new
characteristics of fragment distributions, which are necessary
for interpretation of many experiments on heavy-ion collisions
at Fermi energies. We consider the angular momentum and
Coulomb field influences on the charge and isospin contents
of produced fragments and compare them with the standard
calculations without these effects. It is expected that the
correlations of the sizes and 〈N〉/Z of hot fragments with
their velocities will be important. For this purpose, after the
breakup of the sources we calculate the Coulomb propagation
of produced hot fragments by taking into account the Coulomb
interactions of particles and their velocities at the breakup time.
In this paper, in order to clarify the modification of the mul-
tifragmentation picture caused by the new effects, we do not
apply the secondary de-excitation of the hot fragments, which,
however, can lead to important consequences, especially for
the isospin composition of final fragments.

In the beginning, we consider the effects corresponding to
the short distance (15 fm) between the sources. In Fig. 1, we
show the total charge yields of hot fragments in the cases with
and without angular momentum conservation. It is shown that
the charge distributions are very sensitive to the freeze-out
densities. The angular momentum favors emission of large
nearly symmetric fragments (like nuclear fission) since the

system at freeze-out needs to have a large moment of inertia
in order to minimize the rotational energy and maximize the
entropy. It is in competition with the second source influence
through the Coulomb interaction, which prevents the emission
of an IMF with a large charge number. The latter can be seen
clearly in comparison with the case of fragmentation of a
standard single isolated source.

For more details, we show in Fig. 2 the yield distributions
of the first, second, and third largest fragments versus their
charge numbers Zmax1,Zmax2, and Zmax3, respectively. These
observables are used to obtain complementary information
on the fragmentation pattern. Top panels include the long-
range Coulomb contribution from the second source only, and
bottom panels include, in addition, the angular momentum
effects. It is obvious that the distributions of Zmax1,Zmax2,
and Zmax3 are ordered according to their size. In the case
where the angular momentum is included (bottom panels),
the average value of Zmax1 decreases, while Zmax2 and Zmax2

show an increasing trend. A low freeze-out density (ρ = ρ0/6)
leads to the smoother and broader distributions (sometimes
Gaussian-like) caused by the less restricted population of the
larger coordinate phase space.

B. 〈N〉/Z and velocity distributions

The initial value of the neutron-to-proton ratio (N/Z) of
the source 84Kr is 1.33. In Fig. 3, we see that the angular
momentum leads to increasing N/Z values of IMFs in the
case of strongly asymmetric decay. This is also caused by the
increasing moment of inertia of the system, which favors a
bigger phase space of the reaction [5]. It is a very instructive
trend which could be responsible for many isospin observables.
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FIG. 3. Mean neutron-to-proton ratios 〈N〉/Z of hot primary
fragments produced at the freeze-out density ρ = ρ0/2 (top) and
ρ = ρ0/6 (bottom). Other notation is as in Fig. 1.

In Fig. 4, we present the yields per event as a function
of the velocities VX and VY for the fragments having the
first, second, and third largest charge numbers, in the first
source frame. The VX velocity distributions in the direction of
the angular momentum are shown in the top panel. The first
and second fragments are nearly peaked around 0, and this
means that they are emitted mostly in the VY -VZ plane. This
is very different from the case of isotropic statistical emission
taking place without angular momentum, which is sometimes
simplistic assumed to be the only possibility for the statistical
breakup. In our case all these fragments fly predominantly in
the plane of rotation, even though the smallest fragments can
deviate from this plane. Another important effect is shown in
the bottom panel in Fig. 4. We remember that the velocity
VY determines the separation axis (close to the beam axis),
where the sources move in opposite directions. One can
see that there is an order in the emission of fragments of
different sizes, such that the largest fragments have the highest
velocity VY , which is higher than those of the second and third
ones. The arrows refer to the average values of the velocity
distributions. The maximum fragments fly predominantly in
the forward direction as VY > 0, while the second and third
ones fly in the backward direction as VY < 0 (i.e., to the
direction of the target source), and in this way they may
simulate the so-called “midrapidity emission.” This is the
consequence of the fragment coordinate positions occupied
predominantly in the freeze-out, and this is caused mainly by
the Coulomb repulsion of the second source. This effect is

FIG. 4. (Color online) VX and VY velocity distributions of the
first, second, and third largest fragments in multifragmentation of
84Kr with angular momentum L = 80� and at freeze-out density
ρ = ρ0/2, in the source frame.

consistent with previous experimental observations [34]. Its
dynamical interpretation may also be possible, however, the
contribution of the Coulomb interaction has not been separated
or investigated up to now with dynamical models.

For detailed examination of the characteristics of produced
particles, we show in Fig. 5 the relative yields (normalized per
total number of generated events) of the hot primary fragments
with Z = 3, 6, 9, 12, 15, and 18 versus their velocities
along the separation axis VY . As in Fig. 4, these velocities
are calculated with respect to the projectile source, so that
VY < 0 means an emission towards the midrapidity. The figure
demonstrates clearly the predominantly “backwards” emission
for the light IMF changing to a “ uniform-like” emission for
larger fragments. It is very important to investigate the isospin
content of these fragments. Their 〈N〉/Z ratio versus VY is
demonstrated in Fig. 6. One can see in this figure that including
the angular momentum can lead to increasing 〈N〉/Z ratios
for small fragments. The external Coulomb field leads to the
emission of neutron-rich fragments towards the midrapidity.
This trend is clearly seen for Z = 3, Z = 6, and Z = 9. The
secondary decay of such fragments may preserve the enhanced
neutron content and lead to emission of final neutron-rich
nuclei in the midrapidity direction. However, this explanation
may not be obvious for very small species (Z � 3) because
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FIG. 5. Relative yields of specific fragments coming from the
disintegration of a 84Kr projectile source at the excitation energy
of 5 MeV/nucleon as a function of the velocity VY in the source
frame. Calculations were performed with (open circles; L = 80�),
and without (filled circles) angular momentum at freeze-out density
ρ = ρ0/2.

of their low contribution in partitions with a large angular
momentum and because their pre-equilibrium emission is also
possible in the reactions. Large species (Z � 15) lose this
sensitivity and they are emitted more uniformly. By including
the angular momentum we increase also the velocities of all
fragments, and the distributions become broader. The drop
in 〈N〉/Z at high velocities, actually, for fragments with low
yields, is trivially explained by strong Coulomb acceleration
if the mass is small.

For completeness, we present how the average charge 〈Z〉
(top panels) and 〈N〉/Z of the fragments with Zmax1,Zmax2,
and Zmax3 change with VY in Fig. 7, for cases with and
without angular momentum effect. It is in agreement with our
previous conclusions on modification of the statistical picture.
In particular, one can see a trend of increasing 〈N〉/Z towards
the midrapidity for Zmax2 and Zmax3 (bottom panels).

C. Dependence of fragment characteristics on distances
between sources

It is instructive to investigate how the multifragmentation
picture changes with an increasing distance between the
sources. This will show the evolution of the decay of the

FIG. 6. Mean neutron-to-proton ratios 〈N〉/Z as a function of VY

shown in Fig. 5 (notation is the same).

sources towards high-energy collisions. As we know, the decay
of an ensemble of isolated statistical sources formed from
projectile/target residues describes very good experiments at
relativistic collisions [11,15–17]. In our analysis we consider
the distances RY = −30 and RY = −70 fm. This is con-
sistent with the assumption of multifragmentation times of
∼230 and 500 fm/c for the given relative velocity, whereas
under the standard multifragmentation time (∼100 fm/c)
it corresponds to higher relative velocities between target
and projectile sources. The typical separation between the
sources in relativistic collisions would be around ∼100 fm.
We demonstrate how rapidly the whole picture transforms into
multifragmentation of isolated sources with the distance.

For this purpose, in Fig. 8, we show the total charge
yields and 〈N〉/Z of fragments produced at the source
density ρ = ρ0/2 for these distances. To clarify the Coulomb
contribution, we do not include the angular momentum here.
Comparing Fig. 8 with Figs. 1 and 3 one can see that the
expected distributions are very close to those obtained in
the case of isolated sources, already at RY = −70 fm. As
expected, the decrease in the external Coulomb field leads
to enhanced IMF production because of the lower Coulomb
barrier. The neutron richness of these fragments increases
slightly, and correspondingly, the neutron content of the
largest fragment decreases, in correlation with their more
uniform distribution in the coordinate space. Similar isospin

014610-6



INFLUENCE OF ANGULAR MOMENTUM AND COULOMB . . . PHYSICAL REVIEW C 92, 014610 (2015)

FIG. 7. (Color online) Mean charge Z (top panels) and 〈N〉/Z (bottom panels) distributions of the first, second, and third largest hot
fragments (Zmax1, Zmax2, and Zmax3) after multifragmentation of a 84Kr projectile source at Ex = 5 MeV/nucleon versus VY in the source frame.
The freeze-out density is ρ = ρ0/2. Left panels represent results without angular momentum; right panels, with angular momentum (L = 80�).

distributions in statistical models have been under study for a
long time [5,12].

The velocity distributions of the produced Z = 6 fragments
are shown in Fig. 9. One can see that the predicted anisotropy
depends also on the distances between the sources: It decreases
with the distance rather smoothly approaching the isotropic
distributions, which are naturally expected for the isolated
sources. However, a small anisotropy presents even at distances
around 30 fm, i.e., the external long-range Coulomb effect can
still occur if the fragment formation is relatively rapid.

Some calculations of the collisions with dynamical models
predict the formation of a neck-like fragment in the midrapidity
region (between the sources). This mechanism is related to
the dynamical migration of nucleons and isospin diffusion.
For our case, it can be treated as an additional source of the
Coulomb field influencing the disintegration of matter in the
projectile freeze-out volume. In order to evaluate this effect
we have assumed such a neck-like fragment with A = 12 and
Z = 6 consisting of nucleons taken equally from the projectile
and the target. In Fig. 10 we show such calculations for the
short distance RY = −10.6 fm and for the formation of IMFs
with Z = 6. To be more general we have included the angular
momentum also. Comparing Fig. 10 with Figs. 5 and 6 we
can see again the anisotropy effects related to the external
Coulomb influence. In addition, there is a reduction in the
total number of IMFs because of the larger Coulomb barrier.

Therefore, such a neck-like emission can just enforce the
Coulomb influence on the fragment distributions in projectile-
and target-like sources.

Another interesting dynamical effect could be the primary
modification of the nucleon density profile from the standard
uniform one assumed in the statistical sources. It can be con-
sidered within the microcanonical approaches, besides the
external Coulomb field, e.g., as a spatial modification of the
sources [35,36]. It may also lead to special effects, which we
plan to investigate in forthcoming works.

To verify our new-found trends we also performed the same
calculations for heavier systems, e.g., 197Au + 197Au colli-
sions. In all cases, we got the same qualitative modifications
of the standard multifragmentation picture.

IV. RELATION BETWEEN STATISTICAL AND
DYNAMICAL DESCRIPTIONS

In this paper we investigate the kinematic characteristics,
sizes, and isospin properties of hot fragments within a micro-
canonical statistical approach. Subsequently, these fragments
will be de-excited by emission of light particles, or by the
secondary breakup, during their propagation. As shown in
many previous works the secondary process can be reliably
described within statistical models (see, e.g., Refs. [11]
and [17], and references in).
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FIG. 8. Total charge yield (top) and mean neutron-to-proton
ratios 〈N〉/Z (bottom) of all primary fragments produced at freeze-
out density ρ = ρ0/2 and at different distances between the sources
(see notations in the figure).

It was previously discussed that dynamical models alone
may simulate the same evolutionary scenario leading to
equilibration and multifragmentation as assumed by statistical
models. In other words, is it possible to use only a dynamical
description, instead of subdividing the whole reaction into
dynamical and statistical stages? Some dynamical approaches
try to reach this goal starting from “first principles” like
fermionic molecular dynamics [37] and antisymmetrized
molecular dynamics [38]. Other approaches, like QMD [39]
and BNV [40,41], use semiclassical equations including
two-body collisions and some elements of stochasticity. In
all cases dynamical simulations are more complicated and
time-consuming compared with statistical models. This is why
full calculations, e.g., with fermionic and antisymmetrized
molecular dynamics models, are usually done for relatively
light systems. This prevents using these codes in many
cases of nuclear fragmentation, especially when extensive
Monte Carlo simulations are required. Another complication
is that the mathematical approximations for calculation of
the many-body process are usually different at high and low
energies, and this requires the involvement of a different
kind of model. A natural solution of this problem is to
develop hybrid approaches which combine dynamical models
for describing the nonequilibrium early stages of the reac-
tion with statistical models for describing the fragmentation
of equilibrated sources. In this respect, the statistical and

FIG. 9. Yield distribution (top) and mean neutron-to-proton ratios
〈N〉/Z (bottom) of primary fragments with Z = 6 as a function of
their velocity VY in the source frame, at different distances between
the sources (see notations in the figure). The freeze-out density is
ρ = ρ0/2.

dynamical approaches are complementary and suitable for
many practical calculations, which are necessary, e.g., in
medicine, space research, and other fields.

One can try dynamical models to describe the fragment (i.e.,
nucleon cluster) formation at the time of nuclear freeze-out
too, as we are doing for hot fragments with statistical models.
Actually, it is popular to explain in a dynamical way the
formation of neck-like fragments in collisions of heavy ions
around the Fermi energy [40]. Also, knowledge of the fragment
formation process may be necessary for determination of
fragment kinematic characteristics. However, the essential
problem in the dynamical approach is the connection to the
relatively slow secondary de-excitation stage of the fragment
(�102–103 fm/c). This last stage is very important for isotope
composition of final cold fragments, which may give access to
the symmetry energy of nuclei and nuclear matter. As shown
in some dynamical calculations [40], the primary nucleon
clusters may have a low density and unusual form. So it is
difficult to establish the excitation energy of such clusters [18].
Moreover, a big problem is the evaluation of other properties
of these clusters, such as their masses, level densities, and
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FIG. 10. The same as Fig. 9, however, for the distance RY =
−10.6 fm between the sources and with the presence of the neck-
like fragment (A = 12, Z = 6) at midrapidity between the sources.
Calculations without (filled circles) and with (open circles) angular
momentum L = 80� are shown.

symmetry energies. The latter are crucial for the subsequent de-
excitations leading to cold nuclei. Therefore, the predictions
of dynamical models are usually limited to hot fragments.
On the contrary, one can easily resolve this problem within
the statistical approach. As demonstrated in Refs. [10,12] one
can connect the freeze-out properties of hot fragments with
their secondary de-excitation and the yield of final isotopes. In
this respect, the application of appropriate statistical models
to the reactions, which were considered previously only as
dynamical processes, opens real chances for involving new
data in theoretical analysis. One should bear in mind that
the statistical and dynamical approaches are derived from
different physical principles. The time-dependent dynamical
approaches are based on Hamiltonian dynamics (the principle
of minimal action), whereas the statistical models employ the
principle of uniform population of the phase space. Actually,
these two principles represent complementary methods for
describing the physical reality. Therefore, the decision to
use statistical or dynamical approaches for the description
of nuclear multifragmentation should be made after careful
examination of the degrees of equilibration expected in

particular cases, and it can only be justified by the comparison
with experiment.

In the case of equilibrated sources, the predictions of
statistical models are usually in good agreement with ex-
perimental data. This is well known in multifragmentation
of relativistic projectiles [15,16,42], especially when the
chemical equilibrium is established in such reactions, and this
equilibrium can be seen in isotopic yields [10,11]. This can
also be seen by describing the isospin observables in nucleus-
nucleus collisions at lower (Fermi) energies: For example, one
can compare dynamical [18] and statistical [19,21,43] analyses
of the MSU experimental data. As shown in the present work,
the effect of increasing the neutron number in IMFs emitted to-
wards the midrapidity region may also be explained within the
statistical picture modified by including the external Coulomb
field and angular momentum. Nevertheless, the dynamical
models provide other important opportunities by describing
nucleon transport and giving information on the nonequilib-
rium reaction stage. In particular, the pre-equilibrium density
and isospin distributions caused by strong interactions can
be obtained, as well as the density and isospin gradients.
In order to distinguish dynamical and statistical mechanisms
one should involve specific experimental characteristics, e.g.,
isospin and correlations of fragments.

We believe that the most urgent matter in this case is
to combine the dynamical and statistical approaches, which
can be used correspondingly in the fast and slow stages
of the reaction. This would also be in agreement with the
previously established physical picture of such reactions and
could be verified by available data [44]. For example, there
are experimental data demonstrating the trend to increasing
neutron richness of IMFs in collisions of nuclei with increasing
centrality, i.e., with increasing excitation energy, both in
the midrapidity region [45] and in a single equilibrated
central source [33]. A dynamical calculation may predict
more neutron-rich IMFs in very peripheral collisions since
the neutron-rich periphery of nuclei influences the dynamics
of IMF formation [40]. Obviously, before comparisons with
experiment, these excited IMFs must go through de-excitation.
We see two ways to effectively combine the dynamical and
statistical approaches: One can use the dynamical density
and isospin profile as the input for a statistical approach
like the one mentioned in this work. Another way is to take
hot fragments after the dynamical calculations and apply
de-excitation statistical models which include the modified
properties of these fragments [12]. In these cases it would
be possible to pursue the full analysis of coming novel
experiments aimed predominantly at measuring isotopes in
low- and intermediate-energy collisions [26,46].

V. CONCLUSIONS

In conclusion, within the statistical approach we have
investigated isotopic characteristics of hot fragments after
multifragmention of the Kr-like projectiles in peripheral
84Kr + 84Kr collisions around (and possibly higher than) the
Fermi energy. It is important and new that we have taken into
account Coulomb and angular momentum effects originating
after the collision dynamics. We have used the microcanonical
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Markov chain approach within the SMM. It is shown that
conservation of angular momentum and complicated Coulomb
interactions caused by the proximity of target- and projectile-
like sources in the freeze-out stage produces significant
changes in the multifragmentation picture. New fragment
formation trends appear, such as an asymmetry of IMF
emission (predominantly towards the midrapidity), increasing
the neutron content of these IMFs, correlation (ordering) of
the sizes and velocities of fragments, and in-plane emission
of large fragments. This is instructive, since in previous
years it was assumed that such effects could be explained
within dynamical models only. These features may also be
preserved after the secondary excitation of hot fragments
for the cold fragments, similar to the previously analyzed
reactions leading to the production and decay of single isolated
sources. Such statistical processes can develop in addition to
the special dynamical phenomena, e.g., the neck-like emission.
In the future, we plan to apply this new approach to analyze
experimental data in intermediate peripheral collisions such
as the FAZIA data measured in 84Kr + 124,124Sn reactions at
35 Mev/nucleon [26]. Particular isotopic effects, such as the
odd-even staggering of the yield of final fragments studied by
the FAZIA Collaboration [46], can also be analyzed within
similar statistical approaches. We have also demonstrated the
evolution of the multifragmentation picture towards relativistic
energy collisions. It is interesting that minor Coulomb effects,

in particular, a small anisotropy in the emission of light
fragments, may still survive, leading to distortion from the
uniform statistical decay, if the disintegration is fast enough.

Some preliminary encouraging results obtained with the
suggested approach were already reported [47]. This kind
of investigation should show a new connection between
dynamical and statistical phenomena in nuclear reactions. We
discuss the possibilities for practical and effective combina-
tions of dynamical and statistical approaches. As expected,
these reactions may provide us with input to understand the
nuclear equation of state and nuclear composition, which are
important for determining the properties of nuclear and stellar
matter under extreme conditions and their connections to the
thermodynamics of stellar matter in astrophysical events [28].
We also believe that our theoretical results may be enlightening
for further analysis of the experiments.
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