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Low-energy nucleon-nucleus scattering within the energy density functional approach
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The description of nucleons scattering off doubly closed-shell nuclei 16O and 208Pb at energies below 50 MeV
is carried out in a fully self-consistent framework of the particle-vibration coupling approach. The applications
are performed with commonly used Skyrme-type effective interactions. Nucleon-nucleus optical potentials are
thus calculated without ad hoc adjusted parameters. These potentials are then solved with standard optical model
codes (DWBA98 in the present case). Empirical nucleon-nucleus elastic angular distributions are thus successfully
reproduced.
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The optical potential (OP) model is a useful tool to study
nucleon-nucleus scattering. Most OPs have been generated
from phenomenological or microscopic approaches. The
phenomenological optical potential (POP) has been obtained
by adjustment to the experimental data. It has successfully
described nucleon-nucleus (NA) scattering in the mass range
24 � A � 209 with incident energies from 1 keV up to
200 MeV [1]. However, the POP does not have prediction
power for the no-experimental region, e.g., the region of
neutron-rich exotic nuclei. The microscopic optical potential
(MOP) will be a powerful tool to investigate in this region
of nuclei. So far, several kinds of approaches for the MOP
have been proposed in the literature: so-called nuclear mat-
ter approaches [2–4], nuclear structure approaches [5–11],
semimicroscopic approaches [12,13], methods based on self-
energy theory [14], a method which combines nuclear matter
and nuclear structure approaches [16–18], the Faddeev RPA
method [19], and the coupled-cluster theory [20]. Nuclear
matter approaches [4] could produce satisfactory results at
nucleon incident energies �50 MeV. At energies below
50 MeV, early nuclear structure calculations for NA elastic
scattering for heavy-nucleus 208Pb have been performed [7].
This approach only used the Skyrme nucleon-nucleon (NN )
effective interaction SIII [21] via the particle-vibration cou-
pling (PVC) method to calculate the OP. Since the absorption
part of the OP is too weak, they could not fully explain
the observed absorption in nuclear scattering below 30 MeV.
Along the same lines, Nobre et al. [8,9] provided encouraging
results for NA elastic scattering below 70 MeV within the
energy density functional structure models. By using the
continuum particle-vibration coupling (cPVC) [22] with the
SkM∗ interaction [23], Mizuyama et al. [10] have explained
85% of the NA elastic scattering reaction cross section by
16O below 30 MeV. Recently, the energy density functional
built from Gogny force has been successfully applied to
nucleon-nucleus scattering from 40Ca [11]. However, the
nuclear targets of the above nuclear structure approaches
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(except the calculations of Bernard et al. [7]) are limited to
the region of light-medium nuclei.

In this paper, we report on the construction of an OP within
a fully self-consistent PVC framework. The obtained OP is
then applied to describe the NA elastic scattering for light-
nucleus 16O and heavynucleus 208Pb at incident energies below
50 MeV.

We start by solving the radial Hartree-Fock (HF) equations
in the coordinate space: the radial mesh is 0.1 fm and the
maximum value of the radial coordinate is set to be 15 fm.
The NN effective interactions SkM∗ and SLy5 [26] have been
adopted. After the HF solutions are found, the ground states
and the various excited states are calculated on the basis of
the fully self-consistent random phase approximation (RPA)
framework as in Ref. [27]. Note that, in contrast to the cRPA
calculations performed in Ref. [10], the residual interactions
of the RPA method have been fully treated. The continuum has
been discretized by adopting the box boundary conditions. To
build the particle-hole (p-h) configurations, all the hole states
are considered, while for the particle states we choose the eight
lowest unoccupied states. In Table I we list the properties of
low-lying states in 208Pb. One can see that these states are
well described by the RPA calculations. The energy-weighted
sum rule for the isoscalar mode of the most collective states
such as 3− (4+) exhausts 99.50% (99.50%) of the analytic
value calculated from the double commutator. After we obtain
the RPA excited states, all the natural-parity phonons with
multipolarity L from 0 to 5 whose energy is lower than 50 MeV
and fraction of the total isoscalar or isovector strength is larger
than 5% have been selected for the PVC calculations.

According to Ref. [7], the OP is

Vopt = VHF + ��(ω), (1)

where

��(ω) = �(ω) − 1
2�(2)(ω). (2)

In Eqs. (1) and (2), VHF is the local energy-independent
HF potential. This potential is the major contribution to
the real part of the OP. The locality of VHF is due to the
zero-range Skyrme interaction. The polarization potential,
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TABLE I. Properties of low-lying states in 208Pb obtained by
HF-RPA using the SLy5 interaction. Experimental data are taken
from [29].

J π HF-RPA Experiment

Energy B(EL,0 → L) Energy B(EL,0 → L)
(MeV) (e2 fm2L) (MeV) (e2 fm2L)

2+
1 5.09 3.10 × 103 4.09 3.18 × 103

3−
1 3.49 6.96 × 105 2.61 6.11 × 105

4+
1 5.59 1.48 × 107 4.32 1.55 × 107

5−
1 4.45 5.31 × 108 3.19 4.47 × 108

��, is nonlocal, complex, and energy dependent. �(ω) is the
contribution from p-h correlations. �(2)(ω) is the second-order
potential (SOP) generated from the uncorrelated p-h contribu-
tion, and ω is the nucleon incident energy. The factor 1

2 is added
to cancel out the double counting in �(2)(ω). It is important
to mention that the OP should be nonlocal. The nonlocality
of the OP is the consequence of, for example, mapping the
effective interactions to the finite-range NNg matrices that
are solutions of the Brueckner-Bethe-Goldstone equations for
nuclear matter [14,15]. However, the nonlocality of the OP, (1),
does not arise from the finite-range character of the interaction
since the zero-range Skyrme interaction has been adopted. This
is one of the limitations of the present work.

Using the partial wave expansion, the (l,j ) components of
�(ω) are given by

�lj (r,r ′,ω) = ĵ
∑
εα,εβ

u
(εα)
lj (r)

r
�

(lj )
αβ (ω)

u
(εβ )
lj (r ′)

r ′ , (3)

where α,β are generic single-particle (s.p.) states, εi are
the s.p. energies, u

(εα)
lj (r) are the radial functions of the s.p.

wave functions, and ĵ = (2j + 1)1/2. The sum runs over the
complete set of s.p. states. The matrix elements �

(lj )
αβ (ω) read

�
(lj )
αβ (ω) = ĵ−1

α ĵ−1
β

( ∑
nL,A>F

〈α||V ||A,nL〉〈A,nL||V ||β〉
ω − εA − ωnL + iη

+
∑

nL,a<F

〈α||V ||a,nL〉〈a,nL||V ||β〉
ω − εa + ωnL − iη

)
, (4)

where ωnL are the phonon energies with multipolarity L. a,c,d
(A,C,D) denote the hole (particle) s.p. states. Since the s.p.
energies are discrete, the fixed parameter η = 1.5 MeV is intro-
duced to perform the energy averaging on the potential ��(ω).
The reduced matrix elements 〈i||V ||j,nL〉 are calculated as in
Refs. [24] and [25]. In the present work, the p-h interaction V
has been fully treated.

The calculations of �(2)(ω) are similar to that of �(ω),

�
(2)(lj )
αβ (ω) = ĵ−1

α ĵ−1
β

( ∑
cC,A>F

L̂2VL(αcAC)VL(βcAC)

ω − εA − (εC − εc) + iη

+
∑

dD,a<F

L̂2VL(αdaD)VL(βdaD)

ω − εa + (εD − εd ) − iη

)
, (5)

FIG. 1. Diagrammatic representation of the self-energy �(ω) and
the second-order self-energy �(2)(ω). α and β can be either particles
or holes.

where VL(ihjp) are the p-h coupled matrix elements defined in
Ref. [24], and L̂ = (2L + 1)1/2. The upper panel (lower panel)
in Fig. 1 shows the diagrams associated with the self-energy
�(ω) [the second-order self-energy �(2)(ω)]. Figures 1(a)
and 1(c) [1(a’) and 1(c’)] correspond to the direct terms of
Eq. (4) [Eq. (5)], whereas Figs. 1(b) and 1(d) [1(b’) and 1(d’)]
correspond to the exchange terms of Eq. (4) [Eq. (5)].

To obtain the observables for the NA elastic scattering,
the OP, (1), is used in a nonlocal Schrödinger equation. This
equation is solved by the standard DWBA98 code [28]. Note
that we do not introduce any local equivalent potential to treat
the nonlocality of the OP.

It is of interest to compare the cPVC and PVC methods
used to generate the OP. The advantage of the cPVC over
the PVC method [7,24,25] is the implementation of proper
continuum treatment. The price to be paid is that it is not easy
to introduce the corrections for the Pauli principle violated in
the underlying cRPA calculations. Therefore, the SOP of the
OP has usually been neglected as in Refs. [10] and [22]. In
addition, it is well known that the low-lying collective state
4+ gives the main contribution to the absorption of the OP [7].
However, the properties of this state are not well described by
the present cRPA calculations compared with the RPA ones.
For example, the cRPA electromagnetic transition probability
associated with the first 4+ state of 208Pb is 0.516 × 107 e2 fm8,
whereas the same quantity obtained from RPA (extracted
from Table I) is 1.480 × 107 e2 fm8 (the experimental value
is 1.55 × 107 e2 fm8 [29]). It should also be mentioned that,
due to specific features of the continuum treatment, the whole
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FIG. 2. (Color online) Angular distributions of the neutron elas-
tic scattering by 16O at 28 MeV. The interaction SkM∗ has been
used. The solid (long-dashed) curve shows the results of PVC
calculations with (without) the SOP. HF and cPVC results (extracted
from Ref. [10]) are denoted by the dot-dashed and short-dashed lines,
respectively. Experimental data are taken from Ref. [30].

two-body spin-dependent terms, the spin-orbit terms, and the
Coulomb term have been dropped in the cRPA as well as in
the cPVC calculations. The velocity-dependent part of the p-h
interaction of the cPVC method, which simulates somehow
the finite range for the zero-range Skyrme interaction, is
approximately treated by the Landau-Migdal approximations
(but not in the underlying cRPA method).

To understand more the merits and limitations of the cPVC
and PVC methods, the PVC calculations have been performed
within the input of the cPVC calculations as in Ref. [10] in
order to reproduce the angular distributions of the neutron
elastic scattering by 16O at 28 MeV. The interaction SkM∗ has
been adopted. The solid (long-dashed) line in Fig. 2 shows the
PVC calculations with (without) the SOP. The HF and cPVC
results (extracted from Ref. [10]) are denoted by the dot-dashed
and short-dashed lines, respectively. The results show that the
PVC with the SOP describes the cross sections better than
others at scattering angles smaller than 100o. In the larger-
scattering-angle region, the cPVC yields the best agreement
with the experimental data. To see the effects of the SOP on
the absorption part of the OP, we study the quantity W (R,s) =∑

lj
2j+1

4π
Im��lj (r,r ′,ω), where R = 1

2 (r + r ′) corresponds
to the radius and shape of Im��, and s = r − r ′ shows its
nonlocality. The shape of diagonal contributions W (R,s =
0) with (without) the SOP at different incident energies are
presented in Figs. 3 and 4 by 16O and 208Pb, respectively. In
both nuclei, the SOP reduces the strength of W (R,s = 0) at
the nuclear surface as well as in the interior region. It should be
noted that the effect of the SOP increases in nucleon incident
energy. For light nuclei, the effect of the SOP is small but it
should not be neglected. At an incident energy of 28 MeV,
the SOP reduces the reaction cross section of neutron elastic
scattering by 16O from 683.12 to 633.33 mb. For heavy nuclei,
the SOP could be ignored at incident energies below 15 MeV,
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FIG. 3. (Color online) Calculated W (R,s = 0) by 16O at differ-
ent incident energies. The interaction SkM∗ has been used.

whereas the effect of the SOP is very small in the incident
energy range 15 MeV < ω < 50 MeV. Therefore, the results
demonstrate that the Pauli blocking effect is more essential
in few-body systems than heavy nuclei in the low-incident-
energy region, below 50 MeV.

Figure 5 shows the shape of W (R,s = 0) for neutron
elastic scattering by 208Pb at E = 14.5 MeV (solid line).
The interaction SLy5 has been used. The result is compared
with that of Bernard et al. [7] at the same neutron incident
energy (dashed line). At the nuclear surface, the absorption of
the OP is much stronger since all the terms of the effective
interaction have been considered to describe the particle
collective state coupling. In the interior region, the weak
density-dependent interaction SLy5 (ρα with α = 1/6) leads to
non-null absorption inside. Therefore, the angular distributions
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FIG. 4. (Color online) Calculated W (R,s = 0) by 208Pb at differ-
ent incident energies below 50 MeV. The interaction SLy5 has been
used.

014605-3



T. V. NHAN HAO, BUI MINH LOC, AND NGUYEN HOANG PHUC PHYSICAL REVIEW C 92, 014605 (2015)

-2.5

-2

-1.5

-1

-0.5

 0

W
(R

,s
=

0[
M

eV
/fm

3 ])

 0  2  4  6  8  10  12  14
R(fm)

   OP of V. Bernard et al. 

   OP 

208
Pb(n,n)

E=14.5 MeV

FIG. 5. (Color online) Calculated W (R,s = 0) by 208Pb at E =
14.5 MeV. The interaction SLy5 has been used. The solid line
corresponds to OP calculations; the dashed line, to results taken from
Ref. [7].

for neutron elastic scattering by 208Pb at E = 14.5 MeV are
successfully reproduced. The result shows the sensitivity of
choosing the interactions to the calculations of nuclear reaction
observables. Figure 6 shows the contributions of multipole
modes to the cross sections at incident energy E = 14.5 MeV.
The results indicate that the main contributions come from the
most collective 3−, 4+, and 2+ states, while the 5− and 1−
states contribute less to the absorption.

In Fig. 7 we show the angular distributions at different
incident energies lower than 50 MeV. The experimental data
have been well reproduced. The successful differential cross
sections in the small-scattering-angle region indicate that
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FIG. 6. (Color online) Contributions of the multipole modes to
angular distributions of neutron elastic scattering by 208Pb at incident
energy E = 14.5 MeV. The interaction SLy5 has been used. HF re-
sults are denoted by the solid line. Short-dashed, dotted, long-dashed,
dotted/short-dashed, and dotted/long-dashed lines correspond to
calculations with the maximum multipolarity Lmax = 1, 2, 3, 4, and
5, respectively. Experimental points are taken from Ref. [30].
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FIG. 7. (Color online) Angular distributions of neutron elastic
scattering by 208Pb at different incident energies below 50 MeV. The
interaction SLy5 has been used. Solid curves show the results of OP
calculations. Experimental points are taken from Ref. [30].

the surface properties of the imaginary part of the OP are
satisfactorily described. The disagreement at large scattering
angles is due to the lack of absorption in the interior region as
well as the incorrect real part of the OP.

We have used the nuclear structure approach to reproduce
the angular distributions data of the neutron elastic scattering at
incident energies below 50 MeV. The investigation of the pro-
ton elastic scattering could be performed without difficulties.
In this model, the calculations of nuclear reactions observables
directly depend on the nuclear structure inputs adopted,
especially on the effective interaction. Therefore, this model
is useful for the parametrization process of new variants of the
effective Skyrme-type interaction which could simultaneously
describe the nuclear structure and nuclear reactions. At low
incident energies, the work presented here could be a simple
and feasible tool for experimentalists not only to analyze
scattering data but also to interpret the resulting analysis.
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