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The two-neutrino double-8 Gamow-Teller and Fermi transitions are studied within an exactly solvable
model, which allows a violation of both spin-isospin SU(4) and isospin SU(2) symmetries, and is expressed
with generators of the SO(8) group. It is found that this model reproduces the main features of realistic
calculation within the quasiparticle random-phase approximation with isospin symmetry restoration concerning
the dependence of the two-neutrino double-8 decay matrix elements on isovector and isoscalar particle-particle
interactions. By using perturbation theory an explicit dependence of the two-neutrino double-g decay matrix
elements on the like-nucleon pairing, particle-particle 7 =0 and 7 =1, and particle-hole proton-neutron
interactions is obtained. It is found that double-8 decay matrix elements do not depend on the mean field
part of Hamiltonian and that they are governed by a weak violation of both SU(2) and SU(4) symmetries by the
particle-particle interaction of Hamiltonian. It is pointed out that there is a dominance of two-neutrino double-8
decay transition through a single state of intermediate nucleus. The energy position of this state relative to
energies of initial and final ground states is given by a combination of strengths of residual interactions. Further,
energy-weighted Fermi and Gamow-Teller sum rules connecting AZ = 2 nuclei are discussed. It is proposed
that these sum rules can be used to study the residual interactions of the nuclear Hamiltonian, which are relevant

for charge-changing nuclear transitions.
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I. INTRODUCTION

With increasing sensitivity of double-f decay (B8) ex-
periments looking for a signal of Majorana neutrino mass,
the problem of reliable calculation of neutrinoless double-8
decay (OvBp-decay) matrix elements M becomes more
urgent [1]. As far as is known their value cannot be related
to any observable and must be calculated by using tools of
nuclear structure theory. Many sophisticated nuclear struc-
ture approaches including the large basis interacting shell
model [2,3], the interacting boson model [4], the projected
Hartree-Fock-Bogoliubov method [5], the energy density
functional method [6], and various versions of the quasiparticle
random phase approximation [7-9] were used to calculate
them. The difference among obtained results are at the level
of factor 2-3 for particular nuclear systems [1]. They can be
attributed to truncation of the nuclear Hamiltonian, many-body
approximations, and various sizes of the single-particle model
space.

The importance of the improvement of the calculation of the
OvBB-decay nuclear matrix elements is accepted worldwide.
The quality of nuclear structure models can be improved
by complementary experimental information from related
processes like two-neutrino double-B decay (2v8f8 decay),
charge- and double-charge-exchange reactions, particle trans-
fer reactions, muon capture, etc.

The 2vB88 decay [1,10,11],

(A, Z) > (A,Z+2)+2¢ +2v,, ey

is a process fully consistent with the standard model of
electroweak interaction. So far it has been observed in twelve
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even-even nuclides in which single-8 decay is energetically
forbidden or strongly suppressed [12]. The measurement of
2vBp-decay rates gives us information about the product
of fourth power of axial-vector coupling constant g4 and
the squared 2vBp-decay matrix element |M?'|, which is a
superposition of double Gamow-Teller (GT) and double Fermi
(F) matrix elements,

2
8v
M* = M%), — (-) MP. )
8A

Here, gy is the vector coupling constant.

The observed values of M?” are used to study the nuclear
structure and nuclear interactions associated with the OvBS8
decays. The calculation of M?' requires a construction of
wave functions of the even-even initial and final nuclei and of
a complete set of J* = 0", 1T states in intermediate odd-odd
nucleus within a nuclear model. These wave functions enter
also in the evaluation of the neutrinoless double- 8 decay matrix
elements, which has a different form. The problem of a reliable
calculation of M2’ is still not solved. Essentially, calculations
performed for nuclei of experimental interest overestimate
the 2vBB-decay rate [2,4]. The shell model, which describes
qualitatively well energy spectra, does reproduce experimental
values of M?" only by consideration of significant quenching
of the GT operator, typically by 60 to 70% [2].

In most quasiparticle random phase approximation (QRPA)
calculations of M the particle-particle interaction is adjusted
so that the 2vfB-decay half-life is correctly reproduced [7,8].
As a result M values become essentially independent of
the differences in model space, nucleon-nucleon interaction,
and refinements of the QRPA method. Recently, a partial
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restoration of isospin symmetry was achieved within the
QRPA [8,9] by separating the particle-particle neutron-proton
interaction into its isovector and isoscalar parts and renormal-
izing them each separately. The isoscalar strength parameter
g;pzo is fit as before to 2vBB-decay rates unlike the isovector
parameter g7 » p , which is determined by the requirement that
M%" = 0 dictated by the isospin symmetry of the nucleon-
nucleon force. As a consequence, essentially no new parameter
is introduced as the strength of isovector particle-particle force
is close to the pairing force.

The Fermi and GT operators are generators of isospin SU(2)
and spin-isospin SU(4) multiplet symmetries, respectively. In
the case of both symmetries being exact in nuclei, the 2v88
decay would be forbidden as ground states of initial and final
nuclei would belong to different multiplets. The isospin is
known to be a good approximation in nuclei. Thus, it is
assumed that double Fermi matrix element is negligibly small
and the main contribution is given by the double GT matrix
element. In heavy nuclei the SU(4) symmetry is strongly
broken by the spin-orbit splitting. But values of M2 deduced
from the observed 2vBB-decay rates are especially small for
nuclei with large A. It is worth noting that the 2v88-decay
transition to ground state of final nucleus exhausts only
about 10~* of the double GT sum rule [13]. The existence
of an (approximate) underlying symmetry responsible for
the suppression of the 2vBf decay, which is assumed to
be the SU(4) symmetry, justifies approaches based on the
perturbative breaking of this symmetry for construction of
wave functions of nuclear states participating in double-8
decay transitions. To this category of methods belong the
phenomenological approach of Ref. [14] and various versions
of the proton-neutron QRPA.

Whether a discussed behavior of Mg P &7 18 a special property
of nuclei or just an artifact of the QRPA was discussed within
a schematic model which can be solved exactly and contains
most of the qualitative features of a realistic description [15].
The vanishing of Mé”T was identified with a dynamical SU(4)
symmetry of Hamiltonian. Later this model was exploited to
examine isovector and isoscalar proton-neutron correlations
in the case of GT strength and double-g decay [16]. In this
paper we extend this schematic model to allow a violation of
both spin-isospin SU(4) and isospin SU(2) symmetries. The
main issue is to discuss explicit dependence of both M2 and
M2’ on the mean field and different components of residual
interaction by taking advantage of perturbation theory. We
note that a similar study, which has been found to be very
instructive, was performed for M 12;" by discussing violation of
isospin symmetry of Hamiltonian expressed with generators
of the SO(5) group [17].

II. 2vBB-DECAY RATE AND THE IMPORTANCE
OF THE ENERGY DENOMINATORS

The 2vBB-decay occurs as a second-order perturbation of
the weak interaction within the minimum standard model
independently of whether neutrinos are Dirac or Majorana. The
effect of neutrino mixing and masses can be safely neglected.
The most favorable is the two-nucleon mechanism where the
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successive B decays of two neutrons in the even-even nucleus
trigger the 2vB8 decay.

The inverse half-life of the 2v88-decay transition to the 0"
ground state of the final nucleus is given as follows:

(T30 =

m(G,gm ) 1"(0%), 3)

where Gg = G cosOc (GF is Fermi constant and O¢ is the
Cabbibo angle), m, is the mass of electron, and

1 Ei—E;—m,
12v(0+) e w / F()(Zf,Egl)pe]Ee]dEgl
e Jm

e

E;—E;—E
x f Fo(Zs,Ee,) pe, Ee,dEe,
m

e

Ei—Ej Eé] _E”2
x / E, E} AMdE,,. 4)
0

Here, E,, = E; — Ef — E,, — E,, — E,, due to energy con-
servation. E;, E¢, E,, (E,, = \/pi —i—mg) and E, (i =1,2)
are the energies of initial and final nuclei, electrons and an-
tineutrinos, respectively. F(Z s, E,,) denotes relativistic Fermi
functionand Z; = Z + 2. A?¥ consists of products of nuclear
matrix elements, which depend on lepton energies:

AY = gé[lwﬁ +ME]” + z|M£‘ - M%ﬂ
— gvgiRe| M MG, + Mé?ML}

+_[_|MGT+MGT| +7 |MGT MéT|2:|’ ®

where
K(OF L(OF
MPK:Z (2n)Fn7 M%':Z (2”)Fn7
K(15) L(1))
M =3 —5"Gn. Mgr =) —=Gn (0
with

= (0% Zr,; 1070, Zr,; 10f),
= 0+||Zr om 1) 1+||Z o 105), (D)

and energy denominators are

2
Kn(J+) =
(2En(.]+) - El‘ - Ef) + €x
2
+
QRE,(J*)—E; — Ef) — ek
2
L,(J") =
(2En(.]+) - El‘ - Ef) + €L
2

T REGUH —E—Ep-—e
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Here, |O;r>, |0Jf) are the 0" ground states of the initial and final
even-even nuclei, respectively, and |0;) (]1;7)) are all possible
states of the intermediate nucleus with angular momentum
and parity J* = 0% (1) and energies E,(07) (E,(11)). ex =
E,+E,—FE,—E,ande, =E, +E, —E, —E,. We
note that formally in the limit 2E, — E; — E; = 0 one ends
up with A% = 0. The maximal value of |ex| and |, | is the
QO value of the process. For 2v8f decay with energetically
forbidden transition to intermediate nucleus (E, — E; > —m,)
the quantity 2E,(J*) — E; — Ef = Q +2m, + 2(E, — E;)
is always larger that the Q value. We clarify later that
this quantity can be expressed as a combination of residual
interactions of nuclear Hamiltonian.

The calculation of the decay probability is usually simpli-
fied by an approximation

Ka(J) ~ Lo(J") ~ 2 C®
E,(JT) —(E;i + Ef)/2
Then we obtain
A = g My — g mEy [ ©

with the Fermi and GT matrix elements given by

+ - - 1ot
M2U=Z<of 1T~ 11005 I T~ 110])
b= E0) - (Ei+ Ef))2

Y OF 11 Y, T o IS Y,, Tom 107)
or T £ E,(17) — (Ei + Ej)/2

(10)

Here, T~ =), 1, is the total isospin-lowering operator. As
a result of the above approximation, the separation of phase
space factor and nuclear matrix elements is achieved.

The calculation of M7’ and M2} needs to evaluate
explicitly the matrix elements to and from the individual
|0F) and |1}) states in the intermediate odd-odd nucleus,
respectively. In the shell model and IBM calculation of these
matrix elements the sum over virtual intermediate nuclear
states is completed by closure after replacing E,(J ) by some
average value E,(J7)):

2v — MIZT‘:CI
P EN0Y) — (B + Ep)/2]
M2v
Mgy = o (11)

E,(17) — (Ei + Ey)/2
with
M} = (05T~ T~10]),

MG = {01 ) Tty G GalO]). (12)
m,n

The validity of the closure approximation is as good as the
guess about the average energy to be used. This approximation
might be justified in the case where there is a dominance of

transition through a single state of the intermediate nucleus.
The T~ operator connects states only in the same isospin
multiplet. M7’y _,, is nonzero only to that extent that Coulomb
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interaction mixes states of different multiplets. As an example
2vBp-decay transition *8Ca — “*Ti can be considered. The
ground state of parent and daughter nuclei can be identified
withT =4, My =4 and T = 2, My = 2 states, respectively.
A crude estimate of the mixing of the 7 = 2, My = 2 state
with T =4, My =2 analog of the **Ca ground state due
to the isotensor piece of Coulomb force implies a negligible
small value M?" , < 0.02 for this and some other 2v8B-decay
transitions [10].

The GT operator ) _, 7, 0, connects states only within the
same spin-isospin multiplet of the SU(4) symmetry, which
leads to new conserved quantum numbers in addition to
those of spin and isospin. The ground state of the initial
(A,Z) even-even nucleus belongs to the multiplet [n,n,0]
with spin S =0 and isospin 7 =n = (N — Z)/2 and it is
the only state of this nucleus belonging to that multiplet. In
the neighbor (A,Z + 1) odd-odd nucleus there are two states
of the multiplet [r,n,0], namely the isobaric analog state with
T =n,S = 0 and the GT state with T =n — 1,5 = 1. In the
final (A,Z + 2) even-even nucleus, the states belonging to the
[72,n,0] multiplet are the double isobaric T = n,S = 0 and two
GT stateswith 7T =n—-2,S=0and T =n —2,S = 2. The
ground state of the final (A,Z + 2) even-even nucleus with
T =n—2,5 =0 belongs to the multiplet [ — 2,n — 2,0].
The SU(4) limit results in vanishing matrix elements Mé”T
and M%) _,. The nonzero double GT matrix element requires
a breaking of the SU(4) symmetry able to mix the ground
and excited states of the final nucleus. The dynamical origin
of breaking the SU(4) symmetry is associated with the spin-
orbit and the tensor potentials which affect mainly the mean
field. Another possibility is the difference between strength
triplet-singlet, triplet-triplet, and singlet-singlet channels of the
central potential. We show later that the 2v83-decay NMEs
does not depend explicitly on the mean field part of the nuclear
Hamiltonian. In contrast, mainly the differences between
triplet-singlet and singlet-triplet (spin-isospin) interactions of
nuclear Hamiltonian contribute to the 2vS8 process. This small
violation of the SU(4) symmetry will be studied in an exactly
solvable model within the perturbation theory.

III. SCHEMATIC HAMILTONIAN EXPRESSED
WITH GENERATORS OF SO(8) GROUP

We consider an exactly solvable model [16] with a set of
degenerate single-particle orbitals, characterized by [,s = 1/2,
and r = 1/2. The total number of single-particle states is
Q =) ,(2l + 1). The model is made solvable by building a
basis entirely from L = 0 operators, i.e., pairs of nucleons
with spin S = O and isospin 7 = landwith S = land 7T =0
are allowed. The Hamiltonian of the model is an extension
of the Hamiltonian introduced in Ref. [16] and possesses the
main qualitative features of a realistic Hamiltonian relevant
to double-8 decay. It contains proton and neutron single-
particle terms and the two-body residual interaction, which
components are isovector spin-0, isoscalar spin-1 pairing
and the particle-hole force in the T =1,§ =1 channel.
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We have

H =e,N, + epr — 8pair
Mp=-—1,0,1
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Y AL OMD)AGOM) + Y Al (Ms.0)A1o(Ms.0) | + gpn Y EL yEay

Ms=—1,0,1 a,b

+ (gpair —8550) D Al ((Ms5.0)A1o(Ms.0) + (8pair — 81y ') Al 1(0.0)A0,1(0,0).

Ms=-1,0,1

Hy

13)

H,;

Here, gpair, g,{p:‘, g;p:(’, and g,, denote the strengths

of the isovector-like nucleon spin-O pairing (L =0,5 =
0,7 = 1,My £ 1), isovector proton-neutron spin-0 pairing
(L=0,S=0,T =1,Mr = 0), isoscalar spin-1 pairing (L =
0,5 = 1,T = 0), and particle-hole force (L =0,5 =1,T =
1), respectively. The proton number operator N,,, neutron num-
ber operator N, particle-particle operators AE’T(M s,M7),and
particle-hole GT operators E, ; are defined in Appendix A.

The six particle-particle operators A;T(M s,Mr) and their
Hermitian conjugates together with nine particle-hole GT
operators E, j,, total spin S and isospin 7 operators, and
total particle number operator (defined for convention as Q¢ =
Q- %(N » + Np)) represent 28 operators which generate the
group SO(8) [18]. In case of seniority zero, which we will
henceforth assume, the SO(8) irreducible representation is
specified by 7 numbers: (i) spatial degeneracy number of
levels Q =), 2]+ 1; (ii) eigenvalue of Q, operator A =
€ — N/2; (iii) n which corresponds to the irreducible SU(4)
representation [n,n,0]; (iv) total spin number §; (v) total spin
projection My; (vi) total isospin number 7; and (vii) total
isospin projection My. As we are constrained by the set of
degenerate / shells with total degeneracy €2 and given particle
number N, for basis state we introduce the abbreviation as
follows:

|S,MS,T,MT,”> ,Or |STVl> (14)

We note that matrix elements of generators SO(8) group are
known in this basis [18,19], which allows diagonalization of
the Hamiltonian (13). Relevant expressions can be found in
Appendix B.

The physics associated with a simplified version of the
Hamiltonian in Eq. (13) was studied previously with emphasis
on energy levels [18,20,21], the extreme sensitivity of Mé"T
to the strength of proton-neutron particle-particle interac-
tion [15], and the interplay between the isoscalar and isovector
pairing models [16]. Here, we discuss the role of the violation
of the isospin SU(2) and spin-isospin SU(4) symmetries and
of different components of Hamiltonian in the calculation of
two-neutrino double-8 decay matrix elements by taking the
advantage of the perturbation theory.

The Hamiltonian in (13) is decomposed in two parts:
Hy, the unperturbed Hamiltonian, and H;, the perturbing
one. The eigenstates of unpertubated Hamiltonian H, are
characterized by the number of nucleon pairs (only systems
with even number of nucleons are considered), the isospin
T, and a quantum number n corresponding to the irreducible

(

SU(4) representation [n,n,0]. The possible values of quan-
tum number n for system with A particles in the set of
degenerate [ shells with degeneracy €2 and given T, S are
S+T,S+T+2,... ,0ma Where npay = N/2ifN/2 < Q
and 7 = 22 — N/2 otherwise [16]. The single-particle
and particle-hole interaction components of Hj violate both
isospin and spin-isospin symmetries and as a consequence
energies of states with the same quantum numbers 7 and
n are different for a given T, = (N — 2)/2 (T, = My). N
and Z are numbers of neutrons and protons, respectively. If
Spair = &3> and gpair = g1 =" the isospin and spin-isospin
symmetries of particle-particle interaction are restored we
get H = Hoand H; = 0.1f gpuir # g/ and/or gpair # g},
the Hamiltonian (13) is not more diagonal in basis (14) and
states with different quantum numbers 7" and n are mixed.
The eigenstate of the Hamiltonian |S,Mg,T’,M7,n’) can be
expressed with eigenstates of unperturbated Hamiltonian H
as follows:

1S Mg, T' My.n') = ey 7ty |1S-Ms. T.My.n) .
n,T

s)

Here, we assume a small violation of the SU(4) symmetry,
which can be treated by a perturbation theory. The prime
symbol by quantum numbers 7 and n (T’ and n’) indicates that
these quantum numbers are not more good quantum numbers
due to the violation of SU(4) symmetry and that the dominant
component in the expansion over states with a good isospin and
the SU(4) quantum number is that with 7 = T and n’ = n. A
diagonalization of Hamiltonian requires calculation of matrix
elements

<S,M5,T,MT,I’! + 2| H |S,M5,T,MT,I’!> B

(S.Ms, T £2,Mr.,n|H|S,Ms,T,Mr,n),

(S, Mg, T £2,Mr,n 2| H|S,Ms,T,Mr,n).
The corresponding expressions are given explicitly in
Apppendix B.

We assume a small violation of the SU(4) symmetry due
to H; # 0, namely gpair = ggpzo and/or gpair = ggil. For the
numerical application we consider a set of parameters as
follows [16]:

e, =12 MeV e, = 1.1 MeV
N =20, gpair = 0.5 MeV,

Q=12

8ph = 1-5gpair- (16)
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FIG. 1. (Color online) Eigenenergies Egr, of the Hamilto-
nian (13) for set of parameters (16), 7, = 4, 3, and 2 and by assuming
H; = 0. Energy states are labeled by spin, isospin, and the SU(4)
quantum number n: (S, T,n). The levels with different value of S + T
are displayed in different colors online: S + 7 = 2 (green), 4 (red),
6 (orange), 8 (black), and 10 (blue).

The initial, intermediate, and final states of the double-g decay
transition will be identified with the isospin projection 7, =
4, 3, and 2. For these three values of T, the corresponding
numbers of neutrons and protons (N, Z) are (14,6), (15,7), and
(12,8), respectively.

In Fig. 1 we present states with energy Egsr, of different
isotopes. The considered level scheme illustrates the situation
with double GT transition for “*Ca as the isospin and its
projection of the initial and final ground states correspond
to those of “¥Ca and *3Ti. We note that in nuclear physics the
isospin symmetry is conserved to a great extent. Within the
studied model in the SU(4) symmetry limit the ground states
of ¥Ca and *3Ti can be identified with § =0, T =4, T, = 4,
n=4,and S=0, T =2, T, =2, n =2, respectively, and
the intermediate states in *®Sc with S =1 (T =3, 5, 7, and
9), T, =3 (n=4, 6, 8, and 10). As the GT operator is not
changing quantum number 7, the double GT matrix elements
connecting initial and final ground states is nonzero only to the
extent the breaking of SU(4) symmetry mixes the high-lying
(0,4,4) analog of the 8Ca ground state into (0,2,2) analog of
the *3Ti.

IV. DOUBLE FERMI AND GT MATRIX ELEMENTS
WITHIN THE PERTURBATION THEORY

We study the double GT and Fermi matrix elements using
perturbation theory within the discussed model close to a
point of restoration of the SU(4) symmetry of particle-particle
interaction of H. First, we assume a conservation of the isospin
symmetry by the particle-particle interaction and a subject
of interest will be Mé”T as function of the isospin of the
initial state. Then a weak violation of the isospin symmetry
is allowed and the dependence of M# and M2} on both
quantities gpair — glfp:(’ and gpair — ggpz !, which violates the
SU(4) symmetry, is analyzed.

PHYSICAL REVIEW C 91, 064311 (2015)

A. The GT matrix element in the case of isospin symmetry

We consider a small violation of the SU(4) spin-isospin

symmetry in nuclear Hamiltonian (13) due to gpair # 85,,: 0
and that isospin is a good quantum number, i.€., gpair = g;p:l,
which implies M2” = 0.

As an example we discuss in detail the GT matrix element
for 2vB8 decay from the state with S = 0, T = M7 = 4 to the
state with S = 0, T = My = 2. The corresponding transition

18
[0,0,4,4,4) — [1,Ms,3,3,4) — |0,0,2,2,2). A7)

In the case gpair = g, one finds that M 2% = O as eigenstates
of the GT operators are diagonal in SU(4) quantum number
n and the initial and final states are assigned into different
SU(4) multiplets. By breaking the SU(4) symmetry of particle-
particle interaction the quantum number 7 is not more a good
quantum number and states with different n are mixed. By
keeping in mind a small violation of this symmetry we denote
perturbed states and their energies with a superscript prime
symbol (|S,Ms,T,M7,n’), E&MS’T’MT’H), unlike the states with
a definite quantum number n (|S,Ms,T,M7.n), Es mq.7.M7.n)-

Up to the second order of parameter (gpair — g;pzo) we
get (for sake of simplicity a shorter notation of states and
energies (14) is used)

[(024| H, |022)

E(y = Eop + (022| H; |022) +
022 — Eo24

= 12¢, + 8¢, — 94gpair + 68 pn

—0\2
132 (gpair — 85y ") 8316
5 10gpur +20g, 25
(18)

+ (gpair - g;p:(])

[(136|H, |134)|?
134 — E136
= 13e, + Te, — 84gpair + 18gp,

Ely, = Eya + (134 H, [134) +

o ,T=0\2
+ (g air — gTZO)@ — (gpalr gPP ) 10125
p e ) g 14gpair + 288,149

19)

[{046|H, |O44)|2
Eoss — Eose
= 146,, —+ 6€p — 84gpair + 12gph

Egu = Eous + (044] Hy |044) +

—0\2
108 (8pair — 85, ") 7425
7 14gpair+28gph 49 .
(20)

+ (gpair - g17)"p=0)

For the double GT matrix element we have

(022" ot~ |13n') (13n'| o~ |044")
; Els, — (Egy — Egpy)/2
(022'| ot~ |134') (134'| 5T |044)

~ : / , . 1)
E134 - (E()44 - E022)/2

v
MGT -

’
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FIG. 2. (Color online) Matrix element M%, for the double-GT
two-neutrino double-8 decay mode as function of ratio ggpzo / &pair
for a set of parameters (16). Exact results are indicated with a solid
line. The results obtained within the perturbation theory up to the first
and second order in H; contribution to Hamiltonian (13) are shown
with dash-dotted and dashed lines, respectively. The restoration of
spin-isospin symmetry of particle-particle interaction is achieved for

gzpzo/gpair =1

The allowed intermediate states |13n) are those with S = 1,
T =3, and n’ =4,6,8 and 10. We note that up to second
order of perturbation theory there is only a single contribution
through the intermediate state |134’) and the product of two
corresponding 8 amplitudes (numerator of (21) takes the form

(022|677 |134')(134' |57~ |044')

— —0\2
1 [0 (orir = 87,7) 267 (g — 5,")
35 1ngair + 20gph 35(108pair + 2ngh)2 .

(22)

We see that if gpair = g;pzo GT matrix element vanishes. With
help of Egs. (18), (19), and (20) for the energy denominator in
Eq. (21) we obtain

(2E;34 - E622 - E(/)44)/2
_on 39
= 5gpair + 9gph + (gpair - g;,;())?

(gpair — 85:°) (1249263)
gpair + 2gph 171500 '

It is worth noting that neither the numerator nor denominator
of Mé”T depend exp?icitly on the. singlp—panicle energies e,
and e,. If we restrict our consideration to the first-order
perturbation theory we find

231 T=0
2 _ 144 f(gpair - gpp )
O (Sgpuir + 98p)(108paic + 208 )
In Fig. 2 M’ is plotted as function of ratio g7 =/ gpair. We
see that results obtained within the second-order perturbation

theory agree well with exact results within a large range of
this parameter. For g}~/ gpir = 1 the restoration of the SU(4)

(23)

(24)
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FIG. 3. (Color online) Matrix element M%) for the double-GT
two-neutrino double-8 decay mode as function of ratio gZp:O / 8pair fOr
different initial state with T = My (M = 2,4, 6, 8, and 10).

symmetry of particle-particle interaction is achieved, i.e., M, é"T
is equal to zero. We notice that if the quantity ggpzo / 8pair 18
within the range (0.8,1.2) the first-order perturbation theory
seems to be sufficient.

Usually, ground states of stable even-even nuclei are
identified with isospin T = T,. The dependence of Mé"r on
the isospin of the initial nucleus is presented in Fig. 3. We
see that for a fixed value of g[{pzo /&pair (i.€., breaking of the
SU(4) symmetry) the absolute value of Mé”T decreases with
increasing isospin 7. We note that apart from the shell effects
of magic nuclei this tendency is observed also for measured
2vBB-decay matrix elements [12].

B. The Fermi and GT matrix elements in the case of broken
SU(2) and SU(4) symmetries

The main task to be addressed in this subsection is deter-
mining the dependence of M7’ and M2 on both quantities
87"/ gpair and g1~/ gpair. Recall that g7=! £ g breaks
both the SU(2) isospin and the SU(4) spin-isospin symmetries
of particle-particle interaction unlike glfp: 0 £ 8pair» Which is
associated only with the violation of the SU(4) symmetry.

We consider the 2vgB-decay transition from the initial
|04'4’) to final |02'2’) ground state. Up to the first order in the
perturbation theory for double Fermi and GT matrix elements

we find
/33 =
2 43 5 (gpair - g;p 1)
MF = - ) (25)
(Sgpair + 3gph)(1ngair + 6gph)

33
144,/3 {

(gpair - g;p:())
(Ingair + 20gph)

M2U —
or 5gpair + 9gph

28ph (gpair - g;,;ZI) (26)
(]ngair + 2ngh)(]ogpair + 6gph) .

+

We see that M%“ depends only on strength of the isovector
interaction ggpzl unlike M2}, which depends also on the
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FIG. 4. (Color online) Matrix elements M2’ and M2} as function
of ratios g;p:O / 8pair and g;p:l / 8pair for transition from the initial |04'4")
to final |022") ground state and a set of parameters (16). The results
are obtained within the perturbation theory up to the second order.

strength of the isoscalar interaction gZ=°. Due to the violation
of the isospin symmetry the final ground state |02'2’) is mixed
with both first |04’4") and second |02'4’) excited states (see
Fig. 1), resulting in g7 =" contribution to MZ’.

In Fig. 4 we present behavior of M3’ and MZ, as
function of g/ ='/gpir (g5 0/gpair) for a particular values
of g7=0/gir (g} /8pair)- Results were obtained within
the perturbation theory up to the second order. We see

clearly that for g7=!/gp.ir = 0 matrix element M;" does not
depend on g/~ and varies strongly with change of g7 =".
A different behavior offers M2, which weakly depends on
the g7=! and significantly on the g/~°. These conclusions
agree qualitatively well with results obtained for two-neutrino
double-B decay transitions within the proton-neutron QRPA
with restoration of the isospin symmetry [8]. The advantage
of the study which considered the schematic model and in
perturbation theory is that explicit dependence of M%" and
MZ’, on isoscalar and isovector strength of particle-particle
interactions can be determined.

V. ENERGY-WEIGHTED SUM RULE OF AZ =2 NUCLEI

In Ref. [17] the double Fermi and GT sum rules associated
with AZ = 2 nuclei were introduced. We have

E,+E, _ .
S?“(Lf)sZ(&—%) (FIT™ |n) (] T 1)

n

1
=5 I IH.T1i) 27

E, + E¢ ~ ~ .
e fr= (E - %) (f1Ogr In) (n Ogr 1i)

1
= 2 DM S O6r) - [H.(OcrIul i)
M

(28)
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with
A
Ocr =Y 7 6k, (29)
k=1

where |i) (|f)) are 0T ground states of the initial (final)
even-even nuclei with energy E; (E), and |L1}) (|0;)) are
the 17 (0™) states in the intermediate odd-odd nucleus with
energies E,,.

If there is a dominance of contribution through a single or
few states of the intermediate nucleus, energy-weighted sum
rules (27) might be exploited to adjust the strengths of the
residual interaction of Hamiltonian for nuclear structure cal-
culations. The left-hand side of Eq. (27) might be determined
phenomenologically, unlike the right-hand side of Eq. (27),
which requires evaluation of the double commutator within a
nuclear model and can be expressed in terms of the strengths
of residual interaction. Due to a double commutator of nuclear
Hamiltonian with charge-changing Fermi and GT operators
connecting states with AZ = 2 the energy-weighted sum rule
SE'r(i, f) does not depend explicitly on the mean field part
of the nuclear Hamiltonian.

We analyze Si';; for the Hamiltonian (13) and by
exploiting the commutation relations of the SO(8) group. For
the case |i) = |044'), | f) = |022'), we get

S¢(04'47,02'2)

-y (Ebn _ Ey, —; Eézz)

x (02267 |13'n) (13'n'| 57 |04'4')
= 682" — gpuir) (02'2'] Ay (0, —1)Ag,1(0.1) [04'4")
—gpn (022|571 - 5T~ |04'4)
—3gn (022 T7T7 |04'4), (30)
and
Se2 (04'4,02'2)

_ Z (E/ _ Eyu + E(/)zz)
= 00430 = T 5

x (02'2'| T~ [04'n'y (04'n'| T~ |04'4")
= 2(gpair — g1y 1) (022 Ag (0, —1)Ag,1(0,1) |04'4') .
(€2Y)
We note that the dominant contribution to Sg(044',022')
and S$77(044',022) comes from the transition through the
single intermediate states |134’) and |044’), respectively. By
exploiting the first-order perturbation theory to evaluation of

matrix elements in Egs. (31) and (30) for a combination of
energies of involved states we find

Egy + Egp

E;34 - 2
64 _
= 5gpair + 9gph - g(gpair - gggl)
39 _
+ _(gpair - ngI;O) (32)

5

064311-7



STEFANIK, SIMKOVIC, AND FAESSLER

TABLE 1. The coefficients a, b, ¢, and d of the expansion of the

energy denominator E; — & J;Ef [see Eq. (34)] associated with the
dominant double GT (double Fermi) transition from the initial ground
state |07 = Myn) to the final ground state |07 = My —2n —2)
through a single state of the intermediate nucleus |1 Mrn) (|0Mrn)).
Coefficients are presented for different isospin 7 = M7 of the initial

state.

T =My Transition Coefficients
a b c d
2 GT 3 5 —59/15 44/5
Fermi 3 3 50/3 —-59/5
4 GT 5 9 —64/35 39/5
4 Fermi 5 3 401/35 —192/35
6 GT 7 13 —71/63 340/63
Fermi 7 3 482/63 —71/21
8 GT 9 17 —80/99 103/33
Fermi 9 3 469/99 —80/33
10 GT 11 21 =7/11 12/11
Fermi 11 3 26/11 =21/11
£ _ Epu+ Egy
0,0,4,3,4 )
401 _
= 5gpair + 3gph + g(gpair - g;p_l)
192 —
— 35 (8pair = gr=0). (33)

The result in Eq. (33) is in agreement with above calculated
expression for energy denominator in Eq. (23), which was
derived by assumption of the isospin conservation.

We see that considered energy-weighted sum rules imply
useful relations between three energies of states appearing in
the denominator of the double GT or Fermi matrix elements
and nucleon-nucleon interactions. The energy denominator
associated with the dominant double-GT (double-Fermi)
transition from the initial ground state |07 = Myn) to the
final ground state |07 = M7 — 2n — 2) through a single state

of the intermediate nucleus |1 Myn) (J0M7n)) can be written as
E + E’,

f =

E, - l B = agpair + bgpn + C(gpair - g,{p 1)

+d(gpair - g,f,,zo). (34)

Here, a, b, ¢, and d are coefficients. The perturbation theory up
to the first order is considered. For different isospin T = My of
the initial ground-state coefficients a, b, and c are presented in
Table I. We see that for larger value of T the value of the energy
denominator is affected less by the violation of both the isospin
and spin-isospin symmetries as it is for smaller value of 7.

VI. CONCLUSIONS

The anatomy of the two-neutrino double-8 decay matrix
elements was studied within a schematic model, which can be
solved exactly and yet contains most of the qualitative features
of a more realistic description, and by taking advantage of

PHYSICAL REVIEW C 91, 064311 (2015)

the perturbation theory. We paid attention to violation of
both spin-isospin SU(4) and isospin SU(2) symmetries of
particle-particle interaction of Hamiltonian. The isospin vi-
olation originates from the difference of the proton-proton
and the neutron-neutron pairing force compared to the proton-
neutron isovector pairing force. The breakdown of the SU(4)
symmetry is a consequence of the difference of the like-
nucleon pairing interaction compared to the proton-neutron
isoscalar interaction and/or to the proton-neutron isovector
interaction, which violates also the isospin symmetry.

By using perturbation theory, an explicit dependence of
the two-neutrino double-8 decay matrix elements on different
constituents of the Hamiltonian was established. It was found
that the mean-field part of the Hamiltonian does not enter
explicitly in the decomposition of M7’ and M2, and is
related only to the calculation of unperturbated states of the
Hamiltonian. This general conclusion is valid for any mean
field approximation. In the case of medium and heavy heavy
nuclei the SU(4) symmetry is strongly broken by the spin-orbit
splitting, affecting strongly the mean field part, unlike the
interaction part of nuclear Hamiltonian. This fact might be
an explanation for a smallness of Mé”T being governed by a
small violation of the SU(4) symmetry by the particle-particle
interaction of the Hamiltonian.

The obtained expressions for M3’ and M2 supported by
numerical calculation up to the second order in perturbation
theory confirm the finding achieved within the proton-neutron
QRPA approach that M%" depends strongly on the isovector
part of the particle-particle neutron-proton interaction, unlike
Mé“T, which depends strongly on its isoscalar part. By
assuming a fixed violation of the SU(4) symmetry by the
particle-particle interaction it is shown that value of Mé”T
decreases by an increase of the isospin of the initial ground
state. This tendency is found also in the case of measured
double-GT matrix elements being partially spoiled by different
pairing properties. We also showed that Mé”T contains a
small component due to violation of the isospin symmetry.
By keeping in mind that in nuclear physics the isospin
symmetry is conserved to a great extent it is recommended
for evaluation of double-8 decay matrix elements to use
many-body approaches with a conservation or restoration of
the isospin symmetry [8,22].

An important result coming from the analysis within
perturbation theory is that there is a dominance of double-8
decay transition through a single intermediate state. Further,
the importance of the energy-weighted sum rule associated
with AZ = 2 nuclei for fitting different components of the
residual interaction of the Hamiltonian was pointed out. It goes
without saying that further studies, in particular those in which
a realistic nuclear Hamiltonian is used, are of great interest.
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APPENDIX A: OPERATORS IN SO(8) SCHEMATIC MODEL

We consider a set of single-particle states with the associated creation and annihilation operators, a;mm\mr and ajm,m, , which
are labeled by orbital angular momentum /, its projection on z axis m, and z components of spin (m; = 1/2) and isospin
(m; = 1/2).

The particle-particle operators entering the Hamiltonian (13) are given by [18]

S T(M57MT) - Z v I+ Clmlm’CT,:IT m| S,,A;IS; éathnmyl11,a;m’m§m;’ (8,7) = (0,1) or (1,0), (AD)

2
l,m,mg,m;

the particle-hole GT operators take the form

Eip= Y ((ms+a)m; +b)|6ats |mame) @l s st @immm, (A2)
1,m,mgs,m;

and particle number operators are written as

N; = Z Doy Wy 1= Po1y g, = E1/2. (A3)
L,m,mg,m,l

Here, o, and 7, represent spherical components of the single-particle Pauli spin and isospin operators with convention used in
Ref. [18].

APPENDIX B: RELEVANT SO(8) MATRIX ELEMENTS

The matrix elements of SO(8) operators in the basis of zero-seniority states are given in Refs. [18] and [19]. Here, we present
the SO(8) matrix elements relevant for calculation of the double GT and Fermi matrix elements. We have

(S.Ms.T.Mz.n|» Al ((Ms,0)A, o(Ms,0) |S, Mg, T, My ,n)

Ms
_(Q+n+k+®m—n—m[G+DM+S+T+®M+S—T+$+SM—S+T+$M—S—T+D}
B 8(n +2)(n + 3) 25+ 1)

m—n+x+mm+n—x+®[w+nm—S+T+Dm—S—D+Sm+S—T+Dm+S+T+m}
8(n + 1)(n +2) Qs+

(S,MS,T,MT,n|ZA&I(O,MT)AO,I(O,MT)|S,MS,T,MT,n)
Mr
_(Q+n+A+6)(Q—n—2) [(T+1)(n-|—T+S+4)(n+T—S+3)+T(n—T+S+3)(n—T—S+2)}
B 8(n +2)(n +3) QT +1)
Q=n+r+2)(Q+n—r+4) [(T+l)(n—T+S+l)(n—T—S)+T(n+T—S+1)(n+T+S+2)}
&m + (n+2) @r+1)

(S.Ms.T.Mr.n+2| > A} |(0,M7)Ao,1(0.Mr)|S.Ms.T,Mr.n)
My

= —(S.Ms.T.Mr.n+2|y_ Al o(Ms,0)A1 o(M5.0)|S,Ms,T,Mr.n)
Ms

1 (QHn+r+6)Q+n—A+6)(Q—-n+1)(Q—n—21)
8(n + 3) (n+2)(n+4)

xJn+S+T+dHn+S—T+3)n—S+T+3)n—S—T +2)

(S.M5.T.Mr.n| Y El,Euy|S.Ms. T, Mr.n) = n(n+4) = S(S+ 1) = T(T + 1)
a,b

(S.Ms.T.Mr.n| A} (0,0)Aq,1(0,0)|S,Ms.T, My ,n)

nQ-n+A+2DQ+n— A+ [T+ S+T+2n—S+T +1)(T — My)T + My)
- 4(n +2) 2n(n + DQRT + 1) TQRT — 1)

064311-9
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(T+1)(n+S—T+1)(n—S—T)(T+MT+1)(T—Mr+1):|

2n(n+ Q2T + 1) (T + DT +3)
+(n+4)(s2+n+x+6)(sz—n—,\)[T(n—S—T+2)(n+S—T+3)(T—MT)(T+MT)
4(n +2) 2(n+3)n+ 42T + 1) TQT — 1)
(T+1)(n—S+T+3)(n+S+T+4)(T+MT+1)(T—MT+1)]
2(n +3)(n + 42T + 1) (T + DT +3)

(S.Ms.T +2,Mr.n| A} (0,0)A0,1(0,0) |S.Ms,T My ,n.)

T+ Mr+1)T—-Mr+1) [(T+Mr+2)(T—Mr+2)
QT +3)(T + 1) QT +3)(T +2)

L [r@ a4 D@ tn—itd) [T+ S+T+4)0=S+T+3) [T+ D@+S—T+1)n -5~ T)
4(n+2) 2n(n+ DT +5) 2n(n+ DT + 1)

LY@t i+ Q@ =n=1) [T+ =S —T)n+S~T+1) [(T+1)n=S+T+3)n+S+T +4)
4(n+2) 2(n+3)n+4)2T +5) 2n+3)(n+4HQ2T +1)

(S.Ms.T,My.n + 2| A} ;(0,0)40,1(0,0)|S,Ms.T, Mz ,n)

4+ DQ—n+D)Q+n—1+6) [n+DHQ+n+A+6)(Q—n— 1)
o 4(n +4) 4(n+2)

Tm+S+T+4)n—-S+T+3)Tn—-S-T+2)n+S—-T+3)(T — M )T + My)
2 +2)(n+3)2T + 1) 2 +3)(n +4H)Q2T + 1) TQ2T -1)

T+Dn+S—T+3)n—=S—T+2)T+Dn—S+T+3)n+S+T+4 (T + My +1)T — My +1)
2(n +2)(n +3)2T + 1) 2 +3)(n +4HQ2T + 1) (T + DT +3)

(S,Ms.T +2,M7y.n +2| A} (0,0)A0,(0,0)|S, M, T, M7.,n)

_ /(n+2)(sz—n+x)<sz+n—A+6>\/<n+4>(sz+n+x+6)(9—n—k)\/(r+2)(n+s+T+6)(n—S+T+s>

4(n +4) 4n+2) 2(n+2)(n+3)2T +5)

T+Dn—=S+T+3)n+S+T+4) [(T+Mr+1)(T—Mr+1) [(T+ Mrp+2)T—Mr+2)
2(n+3)(n+4Q2T + 1) QT +3)(T+1) QT +3)T +2)

0,0,T =2,M7 —2,n —2| A(T),I(O, —1)A40,1(0,1)10,0,7, M7 ,n)

[0+ D@+ HQ—n—2+2) n(Q-n+i+DQ+n—2+4) [T —DOr—1+T)n+T)
- 4n 4(n +2) 2(n + D(n +2)2T — 3)

Tn+T+2)n+T+1) [((T+Mr—2)(T+Mr—3) [(T+Mr—1)T+ Mr)
2n(n + DT + 1) QT —2)Q2T — 1) QT — 12T

(0,0.7 — 2,M7 — 2,n| A} (0, =1)A0,1(0,1)[0,0,T,M7.n)

_ [T+ My =2)T+ My —3) [(T+Mr—1)T+ Mr)
- QT —2)Q2T — 1) QT — 12T

Q=+ A+ QAn—r44) [Ta+T+2)n+T+1) [(T—Dn—T +3)n—T +2)
x 4n+2) 2n(n + DT + 1) 2n(n + DT - 3)

L D@44+ QR —n—h) [T DO+ T+ D0 +T+2) [T =T +2)n =T +3)
4(n +2) 2(n +3)(n +HQ2T - 3) 2(n +3)(n +HQRT + 1)
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(0,0,7,Mr — 2,n| A(T),l(O, —1)A0,1(0,1)10,0,7, M7 ,n)

PHYSICAL REVIEW C 91, 064311 (2015)

4(n+2)

2n(n+ DR2T + 1)

2TQT — 1) 2TQT — 1)

_ n(Q-n+A+2)(Q+n—h+4d) |:T(n+T+2)(n+T+1)\/(T—MT+1)(T—MT+2)\/(T+MT—1)(T+MT)

(T+D(n—T+ Dn— T)\/(T + M) T + My — 1)

2n(n + DT + 1) QT +2)Q2T +3)

(T —My +1)(T — My +2)
QT +2)Q2T +3)

L Q@A n+h 46/ Q—n ) |:T(n—T+2)(n—T+3)\/(T—MT+1)(T—MT+2)\/(T+MT—1)(T+MT)

4(n+2)

2n+3)n+ 42T +1)

2TQT — 1) 2TQT — 1)

2+ 3)n+4HQ2T + 1)

QT +2)QT + 3)

QT +2)Q2T +3)

(T+1)(n+T+3)(n+T+4)\/(T+MT)(T+MT—1)\/(T—MT+1)(T—MT+2)i|

For Ty = T — 2 the GT matrix element is

> 007 =27 —2.@|57" [1.Ms.T — 1.T — L) - (1.Ms.,T — 1.T — Li'| 6T 0,0.T.T.n')

ii',Ms

_ 207 i il "
= €0,0,7-2,7-2,7€1,0,7—1,7—1,i€1,0,7-1,7—1,n€0,0,T,T,n

n,n

QT — DT + 1)

X\/(T—1)T(ﬁ—T+2)(n—T+3)(n+T+1)(ﬁ+T+2)

Within the perturbation theory the subject of interest is the GT matrix element as follows:

Z (0,0,4,2,4| 0t~ |1,Ms,3,3,4) (1,Ms,3,3,4|677|0,0,4,4,4) = ———.

My
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