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Reliability of usual assumptions in the calculation of β and ν spectra
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To test the relevance of the most common assumptions in the calculation of beta (β) and neutrino (ν) spectra,
a database of measured shape factors was created, containing 130 distinct transitions. Some analysis parameters
were defined to characterize the quality of the calculated spectra. Results from this systematic comparison
between theory and experiment are presented in detail. The λk = 1 approximation for forbidden unique transitions
is shown to be systematically worse than the correct calculation of the theoretical shape factors, where the energy
dependence of the λk parameters is included. Regarding forbidden nonunique transitions, the ξ approximation is
found to be valid for only about half of the first forbidden nonunique transitions and incorrect in all other cases.
The criterion 2ξ/E0 � 1 is proved to be insufficient in itself if 2ξ/E0 < 100.
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I. INTRODUCTION

Beta emission properties are crucial features in nuclear data
evaluations for building the decay schemes of radionuclides.
Regarding β spectra, DDEP evaluations [1] as well as NNDC
evaluations [2] provide mean energies calculated by the LOGFT

program [3]. The other code commonly used for nuclear
data is the RADLST program [4]. Both codes use the same
assumptions, which are tested in the present work, and can
calculate only allowed, first and second forbidden unique
transitions. These assumptions are still used in the most recent
calculations [5,6].

Obviously, the mean energies depend directly on the shapes
of β spectra. Furthermore, the energy distribution of the emis-
sion probability is needed in ionizing-radiation metrology [7],
nuclear medicine for radiotherapy and dosimetry [8], as well
as in the nuclear industry for calculations of residual power
or post-irradiation fuel management [9]. The measurement
of ν spectra from reactors, correlated with β spectra, is
currently developing as a technique of monitoring nuclear
facilities and would enable direct access to the amount of
fissile material produced for military use [10]. The β decays
are also known to play an important role in astrophysics,
e.g., for the r process, in cosmochronology or for galatic
neutrinos [11]. In elementary particle physics, measured ν
spectra could highlight possible physics beyond the standard
model leading to a hypothetical fourth neutrino coupled only
to the gravity field [12]. However, a recent study has shed
light on the major influence of the uncertainties that can be
associated with β-spectra calculations, casting doubt on the
reality of the “reactor neutrino anomaly” [13].

Atomic effects have already been demonstrated in previous
work having a substantial influence on the spectrum shape at
low β energies, which correspond to high ν energies [14]. The
calculations presented here are less refined. The aim of this
work is to clearly point out the usual assumptions that are used
in β calculations and to test them via a systematic comparison
with recommended experimental shape factors. This study
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is focused on simple and distinct transitions, disregarding
measurements where multiple β emissions were not isolated
or (neutrinoless) double β decays. The present calculations
of the β spectra, performed using Behrens’ formalism [15],
are set out in detail in Sec. II. Regarding their importance for
some research communities, the elements required to calculate
the corresponding ν spectra are also given, but obviously the
comparison with the measurements presented in Sec. III was
performed only for β spectra.

II. CALCULATION OF β AND ν SPECTRA

Before going into the details of the calculation, some
quantities used throughout this work have to be defined. The
fine structure constant is denoted by α, while me and mp

stand for the electron and proton rest masses, respectively.
The values of these constants are from the 2010 CODATA
recommended values [16]. The ν particles are assumed to be
massless in accordance with [15]. Indeed for this study, a
nonzero mass less than 0.5 keV would affect very weakly
the shape of β spectra in the endpoint region, where the
emission probability is low. The daughter atomic number is
Z and the mass number of the considered isobaric transition
is A. The nuclear radius R of the daughter atom is given,
according to [17], by R = 0.42587αA1/3, which corresponds
to the usual formulation R = 1.2A1/3 fm. Note that the present
calculations are not very sensitive to this value. Other models,
as the one given in [5,6], were tested and did not lead to
significant changes.

The particle parameters are the following. The kinetic
energy of the β particle is denoted by E. The transition
energy E0 is the maximum energy of the β spectrum. The
total energy of the β particle including its rest mass is W =
1 + E/me. Similarly, the total energy corresponding to E0 is
W0 = 1 + E0/me. The β-particle momentum is denoted by
p = √

W 2 − 1. Finally, the ν-particle energy is q = W0 − W ,
which is also its momentum because of the hypothesis of
massless ν particles.

Consistent with Behrens’ formalism, natural units � =
me = c = 1 are used throughout this work. All numeri-
cal integrations were performed using a local three-point
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Lagrangian interpolation. Each spectrum was normalized to
unity.

A. Spectrum shape

The shape of a β spectrum is proportional to (i) a phase
space factor pWq2 for the sharing of the momentum between
the leptons, (ii) the so-called Fermi function FBeh.(Z,W ) which
accounts for the static Coulomb corrections from the electro-
magnetic field of the nucleus, and (iii) a shape factor C(W )
which accounts for the remaining energy dependence that
comes from the coupling between the nuclear structure and the
leptons dynamic. Thus, following Behrens’ formalism [15], it
is given by

dN

dW
∝ pWq2FBeh.(Z,W )C(W ). (1)

It should be highlighted that Behrens’ formalism exhibits a
certain symmetry for which the calculation of a β− decay is
performed for a positive Z, while a negative Z is used for a β+
decay. It is also noteworthy that in this formalism FBeh.(Z,W )
is defined differently from the usual Fermi function. Actually,
it is the product of the usual Fermi function F0 and a factor L0

which accounts for the distortion of the electron wave functions
by a non-point-like nuclear charge. F0L0 can be determined
directly from the electron wave functions (see Sec. II B). The
theoretical shape factors C(W ) and the usual approximations
tested in the present work (λk = 1 and ξ approximation) are
described in Sec. II C. The spectrum given in Eq. (1) is also
corrected for the atomic screening effect (Sec. II D) and for
radiative corrections (Sec. II E).

The present calculations do not take into account any weak
magnetism correction because currently, there are neither
theoretical nor experimental bases to establish a clear and
trustworthy correction. A recent attempt proposes a first-order
correction, but with an associated uncertainty much greater
than the corrected effect [5,6]. One can expect that a careful
study of the experimental shape factors recommended in this
work, especially for the allowed and first forbidden unique
transitions, could lead to a more precise estimate of the weak
magnetism effect. But such a study would require sophisticated
calculations that account for the atomic and nuclear structures
sufficiently well to clearly deconvolve them.

Because of the conservation of the leptonic charge and of
the energy during the transition, there is a symmetry between
β and ν spectra, the latter being the complement of the former.
Indeed, the probability of a β particle to be created with energy
W is the same as the probability of a ν particle to be created
with energy q = W0 − W [15]. The only awkward problem
concerns the radiative corrections, which are different and lead
to a small asymmetry (see Sec. II E).

B. Atomic potential and electron wave functions

Electron wave functions have to be calculated to determine
some parameters (F0L0 and λk) involved in the spectrum
shape. Obviously, the structure of the Coulomb potential
highly influences these wave functions. A more complicated
potential, which was used to calculate precisely the atomic
effects in allowed transitions, has already been described

elsewhere [14]. Unfortunately, the required computation time
for one spectrum is non-negligible and moreover, for most
measurements referred to in this work the lowest ener-
gies recorded are too high to be sensitive to these atomic
effects.

Therefore, the Coulomb potential of a uniformly charged
sphere with a nuclear radius R was considered, and it was
assumed to be scalar, static, and spherically symmetric. It
exhibits a quadratic behavior inside the nucleus and is the
same as for a pointlike charge outside,

V (r) =
⎧⎨
⎩

−αZ
2R

[
3 − (

r
R

)2 ]
0 � r � R,

−αZ
r

R � r � ∞.

(2)

The finite nuclear size effect is thus intrinsically included in
the present calculations.

The relativistic behavior of the β particle within the
Coulomb field of the nucleus is described by the Dirac
equation. The electron wave function can be split into a radial
part and an angular part (see [14] for more details). Thus, it is
only necessary to calculate the electron radial wave functions
fκ (r) (small component) and gκ (r) (large component). Here
κ is the eigenvalue of the operator K̂ = β(�σ · �L + 1) which
appears by applying the theory of angular momentum to an
electron in a Coulomb central field (β is the Dirac matrix,
�σ designates the Pauli matrices σx,y,z, and �L is the orbital
angular momentum operator). Analytical solutions of the Dirac
equation for fκ and gκ exist only for pure Coulomb potential,
i.e., V (r) = −αZ/r [18]. The somewhat simple potential
in Eq. (2) requires determining the radial wave functions
numerically.

Bühring’s method was followed, in which the electron
radial wave functions are expressed locally as power series
expansions, allowing the Dirac equation to be solved with
recurrence relations [19]. Specific solutions have to be deter-
mined relative to the singular points r = 0 and r = ∞. Behrens
and Bühring describe two methods in [15] for determining the
global solution. The first one is called “the simple but slow
method.” The radial wave functions are evaluated (i) near the
singular points with their specific solutions and (ii) step by step
between these two points using the ordinary solution to (iii)
reconnect each solution with the appropriate renormalization
and phase shift. The so-called Coulomb amplitudes ακ are
given, and defined, by the reconnection of the solutions near the
origin with the ordinary solutions. These amplitudes are linked
to the values of the radial wave functions at the nuclear surface.
Similarly, the phase shifts are given by the reconnection of
the asymptotic solutions with the ordinary solutions. This
procedure is time consuming because it requires evaluating
the wave functions in the whole space, without neglecting any
spatial oscillation.

The second method, used in this work, is referred to as
“the fast but complicated method.” Actually, it is possible to
avoid evaluating the wave functions in the whole space in the
specific case of the potential given in Eq. (2). This method
is too complicated to be set out in detail here, however, the
basic idea is to choose the solutions relative to the origin as
a basis for representing the solution outside the nucleus. The
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reader is urged to look at [15] for a complete explanation.
Because of the complexity of this method, validation of
the present calculations was attempted here. The unscreened
Coulomb functions (Table II in [17]) were recalculated and
perfectly reproduced up to the last decimal. Thus, the code
implemented for this work can calculate these parameters
at any energy, especially the Fermi function F0L0 and the
λk parameters, avoiding any interpolation in these tables.
Indeed in Behrens formalism, the Fermi function includes
the finite nuclear size effect through the L0 factor and is
determined using the Coulomb amplitude of the electron wave
functions,

FBeh.(Z,W ) = F0L0 = α2
−1 + α2

1

2p2
, (3)

disregarding the structure of V (r) and the method used to
calculate the wave functions. The λk parameters are defined in
Sec. II C.

C. Theoretical shape factors

The β decays are classified according to the spin change
	J = |Ji − Jf | and the parity change πiπf , where (Ji ,πi)
and (Jf ,πf ) denote the spins and parities of the initial and
final nuclear states, respectively.

For allowed and forbidden unique transitions, Behrens
and Bühring have demonstrated that in a first approximation,
but with excellent precision, the nuclear current component
can be factored out and only the dynamical factor from the
coupling with the leptons remains [15]. Introducing L = 1
for 	J = 0 and L = 	J otherwise, the shape factor of an
allowed (L = 1) or an (L − 1)th forbidden unique transition is

C(W ) = (2L − 1)!
L∑

k=1

λk

p2(k−1)q2(L−k)

(2k − 1)![2(L − k) + 1]!
, (4)

with k = |κ| and λk(Z,W ) is determined from the Coulomb
amplitudes ακ defined in Sec. II B,

λk =
(
α2

−k + α2
k

)
(
α2

−1 + α2
1

) . (5)

As described in Sec. II B, the procedure to calculate
these λk parameters is not straightforward. For this reason,
a typical, but not justified, assumption in classical β-spectra
calculations, even in the most recent ones [5,6], is to
set λk ≡ 1. This assumption is referred to as the λk = 1
approximation in this work.

However, calculation of β spectra for nonunique transitions
is far more difficult than for unique transitions because the
structures of the initial and final nuclear states have to be
taken into account. It can be justified for some first forbidden
nonunique transitions to calculate them as allowed if the ξ
approximation is fulfilled [20], i.e., when the Coulomb energy
of the β particle emitted at the nuclear surface is much higher
than the maximum energy of the transition,

2ξ = αZ

R
� E0. (6)

However, despite no theoretical justification, it is often gen-
eralized to all nonunique transitions, calculating a forbidden
nonunique transition as a forbidden unique one having the
same 	J . No other study was found that evaluates the
applicability of the ξ approximation or that sets a limit on the
ratio 2ξ/E0 for which it would definitely provide good results.

D. Atomic screening effect

Screening is the only atomic effect taken into account
in this work. Excitation and ionization of atomic electrons,
respectively, called shake-up and shake-off effects, can arise
from the sudden change of the nucleus charge during the β
transition. These secondary effects can be confidently set apart
because the probability of K-shell depletion per β decay is
expected to be about 0.1% [21].

Studying the 63Ni and 241Pu decays, it was already proved
in previous work that two main atomic effects have to be
accounted for to accurately reproduce β spectra at low energy,
the screening and the exchange effects [14]. A new and precise
screening correction was defined at that time for allowed
transitions that takes into account the spatial extension of both
the potential V (r) and the wave functions, but its calculation
is time consuming. In the present work, the common approach
described below and originally set out 80 years ago by
Rose [22] was preferred to test its influence. This correction is
largely found in the literature and still used in modern codes.

In this approach, the screening effect is approximately
estimated by subtracting a screened potential of a Thomas-
Fermi type that depends only on Z. For β− transitions, the
potential was taken from [23]

V0(β−) = (−9.45 × 10−9)|Z|3 + (3.014 × 10−6)|Z|2
+(1.881 × 10−4)|Z| − (5.116 × 10−4). (7)

For β+ transitions, the potential is modified in the following
way [24]:

V0(β+) = V0(β−) exp(a/p + b/p2), (8)

with the parameters,

a = (1.11 × 10−7)|Z|3 − (1.01 × 10−5)|Z|2
− (2.38 × 10−3)|Z| + 0.102, (9)

and

b = (−2.42 × 10−8)|Z|3 + (3.83 × 10−6)|Z|2
+ (3.60 × 10−5)|Z| − 0.0156. (10)

The method for applying this correction is well described
in [24] and consists of evaluating the probability of β−
emission at a given energy W as the same probability as at the
energy W ′ = W − V0. This can be summarized by a simple
three-part rule, where the screening is applied everywhere in
the spectrum shape in Eq. (1) and in the subsequent factors in
Eqs. (3)–(5) by the following: replacing W by W ′; replacing p

by the corresponding momentum p′ = √
W ′2 − 1; keeping the

ν energy q as it is. Obviously, this correction cannot be applied
for W − V0 < 1 because p would become imaginary. This
proviso induces a nonphysical discontinuity in the spectrum at
the energy Esc = meV0, where the screening correction can
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TABLE I. Experimental shape factors of allowed transitions. Energy range, Ēsf and Ēcalc are in keV; %E0, (1 − R2) and 	Ē are in %.

Parent Mode E0 Experimental shape factor Ref. Range %E0 Ēsf Ēcalc (1 − R2) 	Ē

Allowed
3H β− 18.591 1 [31] 11–18 37.7 5.696 5.695 2e-05 − 0.009
6He β− 3507.8 1 − 0.2/W [32] 300–3200 82.7 1585.30 1561.98 0.430 − 1.47
12B β− 13369.3 1 + 0.0028W [33,34] 7000–12 000 37.4 6479.16 6400.33 0.405 − 1.22
11C β+ 960.5 1 − 0.0074W [35] 266–892 65.2 385.33 385.12 2e-04 − 0.054
14C β− 156.476 1 + 0.00124meq [36] 20–155 86.3 48.233 49.445 0.190 2.51
12N β+ 16316.1 1 − 0.0027W [33,34] 6000–13 000 42.9 7872.06 7870.28 0.004 − 0.023
13N β+ 1198.45 1 + 0.0014W [37] 100–1000 75.1 492.20 490.88 0.016 − 0.267
18F β+ 633.9 1 + 0.0034W [38] 70–600 83.6 250.50 249.71 0.006 − 0.313
20F β− 5390.86 1 + 0.006W − 0.004/W − 0.00009W 2 [39] 600–5380 88.7 2490.96 2468.62 0.120 − 0.897
22Na β+ 546.44 1 − 0.005W [40] 70–520 82.4 216.32 215.68 0.004 − 0.293
24Na β− 1392.72 1 − 0.011W [41] 100–1390 92.6 552.78 553.87 0.004 0.196
27Si β+ 3789.83 1 − 0.002W [42] 1530–3800 59.9 1718.07 1713.32 0.006 − 0.276
31Si β− 1491.5 1 − 0.003W [43] 200–1300 73.8 594.93 594.64 0.002 − 0.049
32P β− 1710.66 1 − 0.019W [43] 200–1635 83.9 689.48 693.42 0.035 0.571
34Cl β+ 4469.64 1 − 0.0003W [44] 2500–4250 39.2 2052.22 2043.51 0.036 − 0.424
34mCl β+ 2488.43 1 − 0.0097W [44] 1380–2300 37.0 1094.47 1095.36 0.003 0.081
41Ar β− 1197.96 1 − 0.017W [45] 80–1140 88.5 456.47 458.34 0.018 0.409
47Ca β− 1992 1 − 0.11W − 0.33/W + 0.009W 2 [46] 710–1899 59.7 817.07 816.96 0.046 − 0.014
49Sc β− 2006 1 − 0.008W [47] 150–1900 87.2 820.70 822.14 0.005 0.175
56Mn β− 2848.7 1 + 0.29/W [48] 970–2715 61.3 1195.02 1213.53 0.196 1.55
56Co β+ 1458.9 1 + 0.3/W [49] 470–1330 59.0 622.98 629.74 0.135 1.09
58Co β+ 475.1 1 + 0.3/W [50] 150–450 63.1 200.96 201.07 0.026 0.053
60Co β− 317.32 1 [51] 75–280 64.6 95.52 95.50 1e-04 − 0.030
63Nia β− 66.98 1 + 1213.49W − 232.009/W [52] 1–67 98.5 17.21 17.41 0.123 1.12

−1517.16W 2 + 532.69W 3

66Ga β+ 4153 (1 + 0.03282W + 0.354/W − 0.000419W 2) [53] 1550–4050 60.2 1882.36 1895.54 0.122 0.700
×(1 + 0.4/W )

68Ga β+ 1899.1 1 − 0.01 · W [54] 870–1845 51.3 834.88 833.69 0.001 − 0.143
89Zr β+ 902 1 − 0.39W + 0.09W 2 [55] 100–840 82.0 392.22 395.03 0.271 0.718
110mAg β− 529.9 1 − 0.01W [56] 110–500 73.6 164.81 165.05 0.002 0.147
115Cd β− 584.5 1 − 0.0007W [57] 250–570 54.8 184.70 184.74 3e-04 0.023
115Cd β− 620.1 1 − 0.0009W [57] 250–620 59.7 197.89 197.96 4e-04 0.035
114In β− 1988.6 1 − 0.0015W [58] 210–1930 86.5 777.17 777.38 0.001 0.027
130I β− 1005 1 + 0.04W [59] 750–980 22.9 349.88 346.63 0.311 − 0.928
130I β− 587 1 + 0.04W [59] 170–460 49.4 185.35 184.23 0.030 − 0.606
131I β− 606.3 1 + 0.02W [60] 380–590 34.6 191.90 191.31 0.017 − 0.307
134Cs β− 415.64 1 [61] 90–415 78.2 123.44 123.36 4e-04 − 0.064
134Cs β− 658.39 1 [61] 415–658 36.9 209.93 210.00 4e-04 0.033

aSee [14] for more precise results.

be switched on. Conversely for β+ transitions, the energy
W is replaced by W ′ = W + V0, the momentum p by the
corresponding p′, and the correction can be applied across the
entire energy range of the spectrum.

E. Radiative corrections

Up to now, only static Coulomb corrections have been
considered and atomic effects have been taken into account
only through the screening correction, excluding all other
atomic processes (see Sec. II D). The radiative corrections are
nonstatic Coulomb corrections and they can have an important
effect on β-spectra shapes for high E0. Formally, they should
be determined using Feynman diagrams, which is an approach
far outside the present work. However, they can be split into

“inner” and “outer” radiative corrections and only the latter
influences the energy dependence of the β spectrum [25]. Thus,
the “inner” radiative corrections have been left out in present
calculations.

Outer radiative corrections account for the energy loss of
the β particle in the electromagnetic field of the nucleus by
means of virtual photons and internal bremsstrahlung. In the
present work, they are calculated as described in [15,25,26].
The spectrum is corrected by a factor [1 + δR(W,Z)] defined
as follows:

δR(W,Z) = δ1(W ) + δ2(Z) + δ3(Z) + δ4(Z). (11)

The energy-dependent term is of order α,

δ1(W ) = α

2π
g(W,q), (12)
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where

g(W,q) = 3 ln

(
mp

me

)
− 3

4
+ 4

β
L

(
2β

1 + β

)

+ 4

(
tanh−1β

β
− 1

) [
q

3W
− 3

2
+ ln (2q)

]

+ tanh−1β

β

[
(1 + β2)

q2

3W 2
− 4tanh−1β

]
, (13)

with β = p/W and L(x) is the Spence function, which is the
opposite of the dilogarithm function,

L(x) =
∫ x

0

ln(1 − t)

t
dt. (14)

The higher order terms in (αZ) are to a first approximation
energy independent,

δ2(Z) = 1.1 |Z|α2 mp

me

, (15)

δ3(Z) = Z2α3

π

(
3 ln 2 − 3

2
+ π2

3

)
mp

me

, (16)

δ4(Z) = |Z|α3

2π

mp

me

. (17)

These radiative corrections have recently been calcu-
lated for ν particles and it was proved that the internal
bremsstrahlung contribution is different, the rationale be-
ing that nonstatic Coulomb processes are secondary pro-
cesses [27]. Thus, in present calculations of ν spectra, only the
following result from [27] is accounted for, which modifies
the spectrum by a factor [1 + δν(q)] defined as follows:

δν(q) = α

2π
h(W ), (18)

with

h(W ) = 3 ln

(
mp

me

)
+ 23

4
+ 8

β
L

(
2β

1 + β

)

+ 8

(
tanh−1β

β
− 1

)
ln(2Wβ)

+ 4
tanh−1β

β

(
7 + 3β2

8
− 2tanh−1β

)
, (19)

where W is still the β-particle energy that corresponds to the
ν energy q, and the quantity β = p/W still remains the same.

This difference in the radiative corrections is the only one
in the present work that breaks the symmetry between a given
β spectrum and its corresponding ν spectrum.

III. SYSTEMATIC COMPARISON WITH
EXPERIMENTAL SHAPE FACTORS

A database of 130 β transitions was created from the
experimental shape factors available in the literature. These
shape factors come mainly from [28] but with a different choice
of the recommended publication in some cases. The literature
since [28] was also reviewed and new shape factors have been
considered. The vast majority (72%) were established from
measurements using magnetic spectrometers. It is noteworthy
that for some transitions, significant disagreement exists
between different publications. Each transition energy was
updated with the latest DDEP evaluation [29], or with the
latest NNDC evaluation [2] if the parent radionuclide was not
yet evaluated by the DDEP collaboration.

Calculations have been performed as described in Sec. II
to analyze the adequacy of these experimental shape factors.
Each spectrum was calculated across the full energy range
of the transition. The analysis was handled using parameters
defined in Sec. III A and the results are extensively presented
in Sec. III B, grouped by the transition type. The calculations
have been performed with and without the screening correction
presented in Sec. II D. The influence of this correction on
the results is weak, especially when E0 is high, but no
systematic trend was found. Therefore, only results with
screening accounted for are given in the present publication.

A. Analysis

For each β transition, the experimental shape factor was not
necessarily measured in the full energy range. It is an important
feature of the measurement which clearly has a significant
influence on the present analysis. Thus, energy range of the
measurement and proportion (%E0) of this range compared
to the maximum available energy E0 are provided for each
considered transition. This simple criterion highlights that in
many cases, the β spectra are not so well measured: Forty-four

TABLE III. Experimental shape factors of second and third forbidden unique transitions. Energy range, Ēsf , Ēcalc, and Ēλk=1 are in keV;
%E0, (1 − R2), (1 − R2)λk=1, 	Ē, and 	Ēλk=1 are in %.

Parent Mode E0 Experimental shape factor Ref. Range %E0 Ēsf Ēcalc (1 − R2) 	Ē Ēλk=1 (1 − R2)λk=1 	Ēλk=1

Second forbidden unique
10Be β− 556 q4+(10/3)q2p2+p4 [79] 100–500 71.9 252.33 252.00 0.006 − 0.131 252.14 0.003 − 0.074
22Na β+ 1821.02 q4+(10/3)λ2q

2p2+λ3p
4 [80] 660–1660 54.9 835.83 833.00 0.026 − 0.339 834.32 0.009 − 0.181

60Co β− 1490.56 q4+(10/3)λ2q
2p2+λ3p

4 [81] 1350–1450 6.7 624.50 623.47 0.073 − 0.166 630.94 0.060 1.03
138La β− 258 1+407.71W − 50.695/W [63] 2.5–255 97.9 90.48 95.55 3.26 5.60 112.42 57.7 24.3

−583.794W 2+246.279W 3

Third forbidden unique
40K β− 1311.07 1.05q6+6.3q4p2 [82] 100–1100 76.3 583.98 583.27 1.21 − 0.122 587.14 1.90 0.541

+6.25q2p4+0.95p6
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TABLE IV. Experimental shape factors of first forbidden nonunique transitions. Energy range, Ēsf , and Ēcalc are in keV; %E0, (1 − R2),
and 	Ē are in %.

Parent Mode E0 Experimental shape factor Ref. Range %E0 2ξ/E0 Ēsf Ēcalc (1 − R2) 	Ē

First forbidden nonunique
42K β− 2000.8 1 − 0.11W + 0.7/W + 0.012W 2 [84] 200–1850 82.5 3.45 769.42 822.39 5.27 6.88
72Ga β− 3163.1 q2 + λ2p

2 + 2.4 [85] 2540–3030 15.5 2.92 997.77 1353.51 4199 35.7
72Ga β− 2533.2 q2 + 0.95p2 [86] 1970–2320 13.8 3.64 1066.96 1055.07 51.3 − 1.11
74As β+ 944.6 1 − 0.017W [66] 100–880 82.6 9.68 409.07 407.32 0.023 − 0.429
74As β− 718 1 + 0.013W [66] 100–600 69.6 13.53 243.00 242.43 0.004 − 0.235
76As β− 2402.9 1 − 0.007W [67] 1730–2270 22.5 4.01 988.95 990.94 0.006 0.202
84Rb β+ 783 1 − 0.073W [66] 100–665 72.2 12.60 340.13 340.75 0.119 0.183
86Rb β− 699.2 1 − 0.64W − 0.46/W + 0.14W 2 [87] 140–615 67.9 14.77 234.61 232.81 0.711 − 0.766
91Y β− 339.5 1 [88] 90–290 58.9 31.43 100.27 100.21 3e-04 − 0.068
99Mo β− 848.1 1 + 0.049W − 0.0047/W + 0.034W 2 [89] 470–780 36.6 13.15 298.48 289.36 1.94 − 3.05
99Mo β− 1214.5 1 − 0.01W [89] 450–1150 57.6 9.18 440.80 442.21 0.009 0.320
111Ag β− 694.7 1 − 0.01W [90] 420–640 31.7 17.25 226.07 226.58 0.012 0.224
111Ag β− 1036.8 1 − 0.016W [90] 700–990 28.0 11.56 361.72 363.48 0.051 0.487
115mCd β− 339.1 1 + 0.011W [73] 280–296 4.7 35.65 98.92 98.73 0.090 − 0.201
115mCd β− 1629.7 1 − 0.78W − 17.2/W [91] 730–1580 52.2 7.42 533.21 617.82 23.5 15.9
122Sb β− 1419.6 1 − 0.012W + 0.003W 2 [92] 360–1380 71.9 8.86 522.73 522.76 0.003 0.004
124Sb β− 2301.6 q2 + λ2p

2 + 7.3 [93] 1680–2250 24.8 5.44 757.57 916.72 200 21.0
124I β+ 1534.9 1 − 0.046W [66] 820–1350 34.5 8.15 681.87 685.25 0.156 0.496
139Ba β− 2151 1 − 0.219W + 0.147/W + 0.02W 2 [71] 300–2060 81.8 6.14 752.68 840.60 7.54 11.7
140La β− 2165.7 q2 + λ2p

2 + 2.3 [94] 1680–2100 19.4 6.19 631.24 845.68 1470 34.0
141Ce β− 435 1 − 0.28W [95] 170–420 57.5 31.27 122.55 129.51 2.28 5.68
141Ce β− 580.4 1 − 0.28W [95] 170–550 65.5 23.43 167.10 180.53 2.63 8.04
144Ce β− 318.6 1 − 0.342W [96] 174–300 39.6 42.39 86.33 91.07 5.75 5.48
142Pr β− 586.6 1 [97] 120–510 66.5 23.52 182.48 182.52 5e-04 0.019
143Pr β− 934.1 1 − 0.018W [98] 125–890 81.9 14.74 313.01 314.73 0.017 0.551
144Pr β− 2997.4 1 + 0.0376W − 0.118/W − 0.0077W 2 [96] 350–2860 83.7 4.58 1219.55 1220.19 0.086 0.053
147Nd β− 364.7 1 − 0.2W [99] 150–350 54.8 38.03 102.95 105.79 0.652 2.77
147Nd β− 804.6 1 − 0.17W [100] 375–775 49.7 17.24 250.07 263.63 3.14 5.42
146Pm β− 795 1 − 0.394W − 0.275/W + 0.044W 2 [101] 200–780 73.0 17.77 235.52 259.55 3.34 10.2
150mEu β− 1015 1 [102] 80–970 87.7 14.24 344.42 344.77 0.002 0.103
152Eu β− 1474.5 q2 + 0.79p2 + 5 [86] 1100–1450 23.7 9.76 532.81 534.76 4.40 0.367
154Eu β− 1845.3 q2 + 0.807p2 + 12 [103] 1000–1770 41.7 7.76 689.89 694.75 0.587 0.705
166Ho β− 1854.5 1 − 0.87W − 1/W + 0.22W 2 − 0.02W 3 [96] 410–1790 74.4 8.01 672.36 693.20 0.396 3.10
170Tm β− 883.7 1 + 0.125(q2 + p2) [104] 290–844 62.7 17.16 297.13 290.10 0.528 − 2.37
170Tm β− 968 1 + 0.103(q2 + p2) [104] 290–930 66.1 15.66 329.39 322.77 0.432 − 2.01
172Tm β− 1801 q2 + λ2p

2 [75] 638–1740 61.2 8.39 440.64 667.28 108 51.4
175Yb β− 356.3 1 − 1.36W + 0.467W 2 [105] 220–320 28.1 42.75 61.21 102.12 10846 66.8
176mLu β− 1224.8 1 − 0.064W [106] 250–1175 75.5 12.59 413.29 423.76 0.276 2.53
176mLu β− 1313.2 1 − 0.15W + 0.0167W 2 [106] 250–1280 78.4 11.74 442.44 459.79 0.631 3.92
185W β− 432.5 1 [107] 90–370 64.7 36.52 126.59 126.48 0.002 − 0.084
187W β− 1310.9 q2 + λ2p

2 + 23 [108] 720–1260 41.2 12.00 436.68 456.10 2.81 4.45
186Re β− 932.3 1 + 0.038(q2 + p2) [104] 200–860 70.8 17.14 308.22 305.72 0.075 − 0.813
186Re β− 1069.5 1 + 0.034(q2 + p2) [104] 200–970 72.0 14.94 361.45 358.87 0.095 − 0.715
188Re β− 1965.3 1 + 0.031(q2 + p2) [104] 210–1840 82.9 8.10 731.69 728.54 0.419 − 0.431
188Re β− 2120.4 1 + 0.039(q2 + p2) [104] 210–1970 83.0 7.51 798.70 795.09 0.746 − 0.453
194Ir β− 1918.5 1 − 0.01W [109] 1300–1800 26.1 8.43 701.04 705.24 0.075 0.600
198Au β− 961 1 − 0.057W [110] 100–956 89.1 17.14 308.77 314.44 0.145 1.84
199Au β− 452 1 − 0.24W [95] 300–430 28.8 36.38 126.38 132.23 7.03 4.63
206Tl β− 1532.4 1 − 0.02W [111,112] 195–1470 83.2 10.87 533.37 538.69 0.057 0.997
207Tl β− 1418 1 + 0.024W [113] 130–1290 81.8 11.73 495.65 492.32 0.033 − 0.673
209Pb β− 644 1 + 0.008W [114] 200–613 64.1 26.06 197.17 197.00 5e-05 − 0.087
210Bi β− 1161.2 1 − 0.47W + 0.065W 2 [115] 60–600 46.5 14.60 317.29 388.66 54.4 22.5
241Pua β− 20.8 1 − 1.9582W + 0.96078W 2 [116] 1–21 96.2 880.64 5.10 5.24 0.291 2.75

aSee [14] for more precise results.
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transitions over a total of 130 exhibit (%E0) < 50%, namely
about one-third of the transitions.

The mean energy of each calculated β spectrum, from
an experimental shape factor or according to one or another
assumption, was determined as follows:

Ē = me

∫ W0

1 (W − 1)N (W )dW∫ W0

1 N (W )dW
. (20)

The difference 	Ē with the mean energy Ēsf determined from
the experimental shape factor is also calculated.

To evaluate the global quality of present calculated spectra,
a goodness-of-fit parameter was estimated. Considering a set
of n measurements {yi} and a model that leads to n predictions
{y th

i }, the quality of the fit of this model with respect to the
data can be given by

R2 = 1 − var(êi)

var(yi)
. (21)

This is a general definition which is valid for n � 1, without
any restriction on the type of model. This quantity falls in
the range 0 � R2 � 1, where R2 = 1 corresponds to a perfect
prediction. The modeling error is êi = yi − y th

i . Nonbiased
estimators of the variances are

var(yi) =
n∑

i=1

(yi − y)2

n − 1
, var(êi) =

n∑
i=1

(êi)2

n − Np − 1
, (22)

with y the simple mean of the measurements, and Np the
number of model parameters. For β spectra, E0 is clearly one
parameter. An additional one is also needed to take into account
that the shape factors had been determined from measured
spectra, which somewhat hides a normalization. Thus, Np = 2
was considered to determine R2. Therefore, the parameter
(1 − R2) quantifies the general disagreement between the
measurements and the predictions. For the consistency of
the analysis, the (1 − R2) values have only been calculated
in the energy range of the measurements.

For forbidden unique transitions, the mean energy Ēcalc

refers to the calculated spectrum for which the λk = 1 approx-
imation was not considered. This approximation was used
to calculate the mean energy Ēλk=1 and all other parameters
having the same label. For forbidden nonunique transitions,
the ratio 2ξ/E0 is also given because it should determine, in
principle, the validity of the ξ approximation. The mean energy
Ēcalc and all other parameters then refer to the calculated
spectrum according to the ξ approximation, as defined in
Sec. II C.

In the following, a β spectrum is considered well known
in the energy range of the measurement if (1 − R2) < 1% and
|	Ē| < 1%, which will be referred to as the 1% criterion
hereafter. If (1 − R2) is low but |	Ē| is high, it means that
the calculation is correct only inside this energy range and,
because the mean energy is determined using the full energy
range of the transition, then the agreement is significantly
worse outside.

B. Results

The results of this systematic comparison with experimental
shape factors are presented first for the allowed transitions
in Sec. III B 1. Next, they are shown for the forbidden
unique transitions in Sec. III B 2 and the reliability of the
λk = 1 approximation is reviewed. Finally, the results for the
forbidden nonunique transitions are given in Sec. III B 3 and a
critical point of view on the ξ approximation is provided.

1. Allowed transitions

Results for the allowed transitions are presented in Table I.
The disagreement parameter (1 − R2) is found to be less than
0.45% in all cases. With |	Ē| < 1%, 30 of the 36 tabulated
spectra are reproduced well. It should be noted that better
results were found for the 63Ni decay with more precise
calculation of the atomic effects [14]. If this criterion is

TABLE V. Experimental shape factors of second, third, and fourth forbidden nonunique transitions. Energy range, Ēsf , and Ēcalc are in keV;
%E0, (1 − R2), and 	Ē are in %.

Parent Mode E0 Experimental shape factor Ref. Range %E0 2ξ/E0 Ēsf Ēcalc (1 − R2) 	Ē

Second forbidden nonunique
36Cl β− 709.53 1 − 0.282715W − 0.045988/W [117] 6–710 99.2 9.22 314.09 278.40 25.0 −11.4

−0.491739W 2 + 0.438731W 3

46Sc β− 1477.2 q2 + 1.67p2 [81] 1170–1400 15.6 4.99 657.73 603.04 19.1 −8.31
59Fe β− 1565 q2 + 0.59p2 [118] 470–1550 69.0 5.32 582.92 633.75 5.54 8.72
58Co β+ 1285.9 p2 [119] 750–1150 31.1 6.27 708.71 580.91 114 −18.0
94Nb β− 471.5 q2 [120] 160–450 61.5 23.51 94.38 165.74 227 75.6
99Tc β− 293.8 q2 + 0.54p2 [121] 55–250 66.4 38.84 95.28 101.03 2.72 6.04
129I β− 151.2 3.16q2 + p2 [122] 55–145 59.5 84.81 45.98 48.62 2.88 5.75
135Cs β− 268.7 q2 + 0.10p2 [123] 50–195 54.0 48.75 61.57 88.44 50.6 43.6
137Cs β− 1175.63 see reference [124] 710–1125 35.3 11.09 284.90 422.87 1834 48.4
Third forbidden nonunique
87Rb β− 283.3 q4 + 0.305q2p2 + 0.011p4 [125] 65–180 40.6 36.32 56.65 114.99 262 103
Fourth forbidden nonunique
113Cd β− 322 3.034q6 + 1.499 × 7q4p2 [126] 30–320 90.1 37.77 139.83 139.30 0.076 −0.376

+1.016 × 7q2p4 + p6
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extended to |	Ē| < 2%, 35 transitions can be considered as
well known.

Only the 14C decay remains for which |	Ē| = 2.51%,
which does not fail so badly. This allowed transition exhibits
an anomalously long half-life, which clearly suggests a nuclear
structure effect which would also affect the spectral shape [30].

2. Forbidden unique transitions

In Table II are presented the results for the first forbidden
unique transitions, and in Table III for the second and third
forbidden unique ones.

Using the 1% criterion defined in Sec. III A, 21 of the 25
first forbidden unique spectra are reproduced well. Extending
the disagreement parameter to (1 − R2) < 2% and the mean
energy parameter to |	Ē| < 2%, 24 transitions can be seen
as well known. The only one for which the calculation really
fails is the 166Ho decay. Despite the measured energy covers
72% of E0 and an emission probability of 50%, the quality of
this measurement is perhaps questionable because the authors
did not provide much detail of possible source impurities or
the data analysis [62]. A new precise measurement would be
beneficial.

It is difficult to be conclusive regarding the second and third
forbidden unique transitions because of the very small number
of measurements. With the 1% criterion, three of the four
second forbidden unique spectra are reproduced well. The last
one is the 138La decay which was very precisely measured in
recent work down to 2.5 keV and for which atomic effects are
expected to play an important role [63]. The third forbidden
unique transition from the 40K decay exhibits a disagreement
parameter (1 − R2) = 1.21% and |	Ē| = 0.122%. As it is the
only measured transition of this type, it cannot be established
if the present calculations are correct for this type of transition
in general.

From this analysis, it was found that for all the 30 forbidden
unique transitions, results from the λk = 1 assumption are
systematically worse than the full calculation with the correct
λk except for the first forbidden unique decay of 41Ar and
the second forbidden unique decays of 22Na and 10Be. In all
three transitions the results pass the 1% criterion. Thus, these
isolated cases cannot be rationally considered as significant
regarding the relevance of the λk = 1 approximation.

3. Forbidden nonunique transitions

Results are shown in Table IV for the first forbidden
nonunique decays, and in Table V for the second, third,
and fourth forbidden nonunique ones. Analysis parameters
(1 − R2) and |	Ē| are presented in Fig. 1 as a function of
2ξ/E0.

Applying the 1% criterion, 26 of the 53 first forbidden
nonunique transitions are reproduced well, namely 49%. For
the 241Pu decay, better results were found with a more precise
calculation of the atomic effects [14]. None of the second and
third forbidden nonunique transitions are well reproduced,
but the fourth one from the 113Cd decay passes the 1%
criterion. However, no clear statement about the validity of
the ξ approximation for this transition type can be made from
this single measurement.

0
/Eξ21 10 210 310

-510

-410

-310

-210

-110

1

10

210

310

410

510
) (%)2(1-R

| (%)EΔ|

,st1 ,nd2 th, 4rd3
non-unique transitions
                        forbidden

FIG. 1. (Color online) Distribution according to 2ξ/E0 of the
(1 − R2) and |	Ē| parameters for the measured shape factors of
forbidden nonunique transitions.

It is difficult to be conclusive regarding the ξ approximation
for extricating a correct criterion. Indeed, one can see in
Fig. 1 and in Tables IV and V that the criterion 2ξ/E0 � 1 is
not sufficient to predict the correctness of the calculations.
A conservative criterion could be 2ξ/E0 > 100, which is
confirmed by the first forbidden nonunique decay of 151Sm,
not present in the tables because no shape factor was yet
extracted. However, this transition, with E0 = 76.6 keV and
2ξ/E0 = 204, was recently measured and proved to exhibit an
allowed shape [83]. Below 2ξ/E0 = 100, no systematic trend
can be observed.

IV. CONCLUSION

Setting out in detail the β and ν calculations used in
this work, the usual assumptions have been clearly pointed
out. A database of measured shape factors from distinct β
emissions was created. The usual assumptions were tested by
comparison with the measurements and focus was made on
the λk = 1 approximation for the forbidden unique transitions
and the ξ approximation for the forbidden nonunique ones.
The main conclusions that can be drawn from this work are
the following:

(1) For allowed transitions, except in the specific case of
the 14C decay, excellent agreement was found between
theory and experiment.

(2) The λk = 1 approximation was proved to be system-
atically worse than the full calculation that includes
the energy dependence of the λk parameters. This
assumption should be avoided in precise β and ν
spectra evaluations.
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(3) For the first time, the relevance of the ξ approximation
was thoroughly studied for many transitions. About
half of the tabulated first forbidden nonunique tran-
sitions were reproduced well, but significant disagree-
ment was found in all other cases. No specific tendency
arose from the analysis of the present results other
than highlighting that the condition 2ξ/E0 � 1 is not
sufficient in itself. A conservative limit of the 2ξ/E0

ratio of 100 was deduced, but has to be confirmed
experimentally.

This study demonstrates also that the mean energy of
a β spectrum given in the nuclear databases is definitely
erroneous for forbidden transitions. And even for an allowed
transition, this mean energy is not trustworthy in the case
of low E0 because of the major influence of atomic ef-
fects. A full calculation is thus recommended for each data
evaluation.

However, improving nuclear databases, e.g., with a rec-
ommended spectrum or an experimental shape factor, will
not be helpful if this information is not systematically taken
into account. Presently, most research communities and the
nuclear power industry use their own codes to calculate the
mean energies from the transition parameters given in the
databases. These codes are based on the same assumptions
which have been tested in the present work and thus an effort
should be made to upgrade them. Furthermore, in the context
of reactor ν oscillations, a strong impact can be expected on
the method used to convert measured total fission β spectra to
total ν spectra. This impact should, at least, be estimated with
improved calculations.
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