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Relativistic Coulomb scattering of spinless bosons

M. G. Garcia” and A. S. de Castrof
Departamento de Fisica e Quimica, Universidade Estadual Paulista, 12516-410 Guaratinguetd, Sdo Paulo, Brazil
(Received 7 November 2014; revised manuscript received 11 February 2015; published 6 March 2015)

The relativistic scattering of spin-0 bosons by spherically symmetric Coulomb fields is analyzed in detail
with an arbitrary mixing of vector and scalar couplings. It is shown that the partial wave series reduces the
scattering amplitude to the closed Rutherford formula exactly when the vector and scalar potentials have the same
magnitude, and as an approximation for weak fields. The behavior of the scattering amplitude near the conditions
that furnish its closed form is also discussed. Strong suppressions of the scattering amplitude when the vector
and scalar potentials have the same magnitude are observed either for particles or antiparticles with low incident
momentum. We point out that such strong suppressions might be relevant in the analysis of the scattering of
fermions near the conditions for the spin and pseudospin symmetries. From the complex poles of the partial
scattering amplitude the exact closed forms of bound-state solutions for both particles and antiparticles with
different scenarios for the coupling constants are obtained. Perturbative breaking of the accidental degeneracy

appearing in a pair of special cases is related to the nonconservation of the Runge-Lenz vector.
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I. INTRODUCTION

Elastic scattering experiments of a nucleon or electron by
atomic nuclei are of the greatest importance because they can
furnish details of the current and charge distributions within
the nucleus by measuring the deviation of the actual scattering
from that due to a point nucleus. The nonrelativistic quantum
solution for the elastic scattering of particles in Coulomb
fields furnishes the classical Rutherford scattering amplitude.
This result was first obtained by Gordon [1] via separation in
parabolic coordinates. Then, Mott found the partial wave series
in terms of phase shifts by using the Schrodinger equation [2]
as well as the Dirac equation with the Coulomb field as a time
component of a Lorentz vector [3]. In this last case, though,
the scattering amplitude is not known in a closed form.

The elastic scattering of a spinless particle such as a
pion or a kaon by a point nucleus is also of fundamental
importance and this problem has received some attention in
the literature. Kang and Brown [4] approached the scattering
amplitude by using the Klein-Gordon (KG) equation with the
time component of a Coulomb field and found a perturbative
expansion on the coupling constant to the third order, whereas
Hetherington [5] analyzed questions regarding the conver-
gence of the partial wave series and Rawitscher [6] examined
deviations of the KG from the Schrodinger scattering for small
velocities. Omission of a term involving the square of the field
in the KG equation has been repeated often [7], and in another
publication the contribution of that term only appeared in the
lowest-order terms of the partial wave series [8]. Later, Cooper,
Jeppesen, and Johnson [9] filled this gap with an analytic
approximate expression taking into account arbitrarily high
angular momentum. Experimental data from the scattering of
kaons by nuclei were analyzed by Hill, Hetherington, and
Ravenhall [10] using the KG equation with a vector Coulomb
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field plus a scalar Woods-Saxon field. Jansen, Pusch, and
Soff [11] investigated the continuum solutions of the KG
equation with vector and scalar couplings for a number of
fields, including the Coulomb field, but their work was not
concerned with the scattering amplitude problem. As a matter
of fact, the bound-state solutions had already received attention
before [12] (see also Ref. [13]). The mixed vector-scalar
Coulomb field was also approached in arbitrary dimensions
with full attention to the bound states [14], and later with
attention to the scattering states and their phase shifts [15].
Even so, the authors of Ref. [15] did not examine in detail the
full properties of the scattering amplitude and for that reason
they missed the opportunity to explore some of its important
attributes.

Physical systems with fermions subject to vector and
scalar fields are not uncommon in the literature. The Dirac
equation with vector and scalar fields was originally used in
an attempt to describe the dynamics between a quark and an
antiquark to calculate meson masses [16]. Later, the mixing
vector-scalar was used for investigating the implications of a
tiny contribution of the scalar Coulomb potential to atomic
spectroscopy [17]. The nucleon-nucleus scattering has been
described quite well with strong repulsive vector and attractive
scalar fields since the 1980s (see, e.g., Ref. [18] and references
therein). The Dirac Hamiltonian with vector and scalar fields
with couplings of equal magnitude is invariant under an SU(2)
algebra [19], and vector and scalar fields with near equality
in the magnitudes have been used as nuclear mean-field
potentials [20] (related to the pseudospin symmetry) and in
the quark model [21], as well as for considering the possibility
of antifermions in nuclei [22] (related to the spin symmetry).
Indeed, most studies of spin and pseudospin symmetries are
concerned with bound states, and it seems that the experimental
data on nucleon-nucleus scattering do not exhibit the features
of the approximate pseudospin symmetry [20,23,24]. The
authors of Ref. [24] suggest that the long-range nature of the
Coulomb potential is responsible for breaking the pseudospin
symmetry. Nevertheless, the approximate realization of that
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symmetry has been found by other authors using different
kinds of analysis [25]. Recently, the perturbative nature of both
symmetries with Coulomb fields was discussed in Ref. [26]
regarding bound states. It has also been shown that, for fields
of any shape, the conditions on the coupling constants that
originate the pseudospin and spin symmetries make spin-1/2
and spin-0 particles have the same energy spectrum due to
the disappearance of the spin-orbit coupling and the Darwin
terms of either the upper component (spin symmetry) or
the lower component (pseudospin symmetry) of the Dirac
spinor [27]. It is the absence of the spin-orbit term for one of
the components of the Dirac spinor that explains the existence
of quasidegenerate pseudospin doublets in certain nuclei and
the existence of nearly degenerate spin doublets in heavy-light
quark mesons.

In applications, the scattering of mesons by a nucleus
is described by a short-range field and an additional vector
Coulomb field, V, = hcZa/r, acting outside the region of the
nuclear matter (Z is the product of the nuclear and mesonic
charges, and « is the fine-structure constant). The addition of
a short-range scalar field, related to the exchange of mediating
massive bosons, is important not only for scattering states but
also for describing the spectrum of a meson immersed in a
nuclear environment.

The purpose of this work is to consider the partial wave
analysis for the relativistic elastic scattering of spin-0 bosons
by a Coulomb field in the presence of mixing of vector and
scalar couplings. The unified analysis of the KG equation
with vector and scalar Coulomb fields allows one to find
the conditions under which closed forms for the scattering
amplitude can be found that apply to both scattering states
and bound states. The addition of a scalar coupling to the
usual vector coupling increases its interest because the partial
wave series can be exactly summed when the vector and scalar
couplings have the same magnitude. The Rutherford formula
can also be retrieved as an approximation for very small
coupling constants, as it happens in the nonrelativistic limit
of the theory. The solution of the KG equation is expressed in
terms of the Whittaker functions, and the scattering amplitude
for small pure vector and pure scalar couplings, as well
as the small deviation from the exact formula for vector
and scalar couplings with the same magnitude, is calculated
in a perturbative way. The exact bound-state solutions for
a restricted range of coupling constants are obtained from
the complex poles of the partial scattering amplitude. For
such bound states the eigenenergies are expressed in terms
of solutions of a second-degree algebraic equation and the
eigenfunctions are expressed in terms of the generalized
Laguerre polynomials. For both kinds of stationary states
we present a detailed study of some interesting particular
cases. Surprisingly, there are strong suppressions of the
scattering amplitude when the vector and scalar fields have
equal magnitude for either particles or antiparticles with low
incident momentum. Furthermore, we show that the accidental
degeneracy for bound states appearing in the nonrelativistic
limit and when the vector and scalar couplings have the same
magnitude, related to the conservation of the Runge-Lenz
vector, is broken perturbatively. Finally, we suggest that the
strong suppressions mentioned above might be relevant in the
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analysis of the scattering of fermions and antifermions near the
conditions required for the spin and pseudospin symmetries.

II. VECTOR AND SCALAR COUPLINGS
IN THE KLEIN-GORDON EQUATION

The time-independent KG equation for a spinless particle
with mass m and energy E under the influence of external
vector (V,) and scalar (V;) fields reads

[(he)*VZ + (E — V,)* —(mc* + V)P lp =0. (1)

Notice that the scalar field is coupled to the mass in accor-
dance with the substitutionm — m + V;/c?. This prescription
allows the analysis of repulsive as well as attractive scalar
couplings in the same framework and furnishes the proper
nonrelativistic limit of the KG equation (fields that are small
compared to mc? and E ~ mc?, and an effective field V, + V),
in contrast with the rule m> — m?+ V?/c* employed in
Refs. [11-13]. If one considers spherically symmetric fields,
then ¢(7) can be factorized as

Buim (7)) = ”“T(”Y/ml ©.9). @)

where Y, (0,¢) is the usual spherical harmonic, v denotes
the principal quantum number plus other possible quantum
numbers, and u,,(r) obeys the radial equation

d*u, [V2—V2—2EV,+mc*Vy) I(I+1) e
- u
dr? (hic)? r2 !

=0, A3)

in which hck = v/ E2 — m2c*. It may well be worthwhile
to note that the spectrum changes its sign if V, does and
that it is symmetrical at about £ = 0 if V, = 0. Notice also
that the spectrum presents a degeneracy of order 2/ + 1 with
respect to m; due to the spherical symmetry of the fields.
Because Vz(l/r) = —47[8(7), unless the fields contain a
delta function at the origin, one must impose the homogeneous
Dirichlet condition u,(0) = 0 [28]. On the other hand, if
both fields vanish at large distances the solution u, has the
asymptotic behavior ¢/*" as r — oo. Therefore, scattering
states only occur if |E| > mc? (k € R), whereas bound states
might occur only if |E| < mc? (k = i|k]).

III. COULOMB FIELDS

Anticipating possible future physics applications, a set of
mathematical conditions is explored below. When the vector
and scalar fields are of the Coulomb type, i.e., they are
of the form V, = hcg,/r and V; = hcgg/r, the use of the
abbreviations

Eg, + mc*g,
hck

and the change ¢ = —2ikr allow us to write the radial KG
equation in form of the Whittaker equation:

d%u, 1 in 1/4—)/,2
R R e AL

yo= JU+1/27 +g2 g2 and n= @)
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with linearly independent solutions M—in,y, (¢)and W—in )
behaving like ¢!/>*” and ¢'/>" close to the origin, respec-
tively [29]. Because u,,(0) = 0, one has to consider the solution
u, proportional to [29]

M_iyy (0) = e PEVPMMA1 /24y, +in 1 +2y,.8)  (6)

Here
gl < /1/4+ g2 @)

and M (a,b,z) is the confluent hypergeometric function:

o0

M(a.b.z)=>

Jj=0

P(a+ HTb)

INCES NN ®)

Using the asymptotic behavior of M(a,b,z) for large |z| and
—Z <argz < —%[29],

I'®D) iva—a , TO) . oy
M 7l?, ~ ra a Za , 9
(a,b,z) —F(b—a)e b4 —i——l_(a)ez 9
one can show that for very large r (|k|r > 1)
u,(r) >~ sintkr — Iz /2 + &), (10)

with the relativistic Coulomb phase shift §; = §;() given by
i
b =ZU+1/2=y)+agl(/2+y, +im. (D

It is instructive to note that the term V2 — V2 in the KG
equation (1) gives rise to an attractive (repulsive) short-range
r~2 termif one uses the Coulomb field with |V, | < |V|(|V,] >
| Vs|). Notice also that this short-range term does not exist if
the vector and scalar fields have equal magnitude and loses its
importance in the limit of small coupling constants. Only in
the absence of the short-range term is the Runge-Lenz vector
a constant of motion [30].

A. Scattering states

For scattering states, the solution of the KG equation (1)
has the asymptotic form

elkr

(7)) = &0 1 £(0,0) (12)

where the first term represents a plane wave moving along the
direction 6 = 0 toward the scatterer and the second represents
aradially outgoing wave. For spherically symmetric scatterers,
both terms exhibit cylindrical symmetry around the direction
of incidence in such a way that ¢ and f are independent of ¢.
The connection between Egs. (2) and (12) allows us to write
the scattering amplitude as a partial wave series,

)
r

o0
£©) = (2 +1)fiP(cos0), (13)
1=0
where P, is the Legendre polynomial of order / and the partial
scattering amplitude is f; = (¢*% — 1)/(2ik). With the phase
shift (11), up to a logarithmic phase inherent to the Coulomb
field, one finds

m(1+1/2—y,)r(1/2 +v +in)

2ikfi =—1+¢e —.
S /24y —in)

(14)
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The series (13) can be summed when y, =/ 4 1/2, the closed
form being [2] (see also Ref. [31])

I'(1 + in) exp(—in Insin®6/2)
T —in)  2ksin26)2

which gives the well-known Rutherford scattering formula for
the differential cross section in classical and nonrelativistic
quantum mechanics. It is worthwhile to note that this last
equation is exact if one considers |g,| = |gs]. Also, it is
appropriate as an approximation for small coupling constants.

To study the behavior of the scattering amplitude near
the conditions that furnish its closed form, we perform the
sum (13) for small g, and g,, convenient for exploring
the nonrelativistic limit. The expansion near the condition
|gy| = |gs| is made easier if one defines g and gy by

8A =8 — &, 8z =8 +&s. (16)

The expansions of the sum (13) out to the next-to-leading
order can be carried out by using a pair of properties of the
gamma function [29]: T'(1 + z) = z['(z) and 1/T'(z) == ze¥%*?
for z >~ 0, where y, is Euler’s constant. In addition, we use a
few mathematical identities taken from Ref. [4], viz.,

fO)=-n

, 040, (15)

= 1
Pi(cosf) = ———,
2 Peost) = 5o
=0
oo
Z(zz +1)P(cosf) =0, 6 0,
=0
(o]
21+ 1)Pi(cos )Yl +1) = —————
§< T DPieos O +1) =~

Insin6/2 +y,

2+ DP(eos O +1) = — 50

=0

> @+ DPieos )Y D + 1) + 493U + 1]
=0

_ g msin0/2+v, :
N sin@/2 ’

where ¥ (z) = dInT'(z)/dz is the digamma (psi) function and
¥ @(z) = d*¥(z)/dz*. With such identities, comparison of
the expansion of Egs. (15) and (13) with f; given by Eq. (14)
furnishes the desired expansions.

The expansions for |g,| < 1 and |g,| < 1 are given by

a7

. 2gy E(Insin0/2+y,)
& E 280 Einsing/24y) .

~ 3k’ sin? 072 ¢ hck Sfo, & =0,
_j 2ssmAnsing 24, (18)

fuck fsv 8v =0,

£6) = o
T hek?sin? 672 ¢
with

gvmhck sin6 /2
gsmhck sin6 /2

2mc?

fvzl 0(83),

fs:1+

The leading terms in both expansions are consistent with
the nonrelativistic limit with |E| ~ mc? and the next-to-
leading order contributes to changing the angular distribution.

+0(g;)- (19)

s
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Differences between vector and scalar couplings appear even
in the zeroth-order terms. A remarkable difference between
the natures of vector and scalar couplings appears in the next-
to-leading order: the pure scalar coupling always contributes
to increase (decrease) | f(0)| when the the scalar field is
repulsive (attractive), as for the the pure vector coupling,
though | f(6)| increases or decreases depending on the sign of
&E.

Near the condition |g,| = |gs|, with ga and gs defined in
Eq. (16), one obtains the following perturbative approxima-
tions:

en(E4mc®) i g (E4mc?)(Insin6/2+y,)

— Ak Sn2 073 e Fick f):’ ga = 0’
fO = M 20)
—rarent ™ fa, gz =0,
with
1[gs(E +mc®)(nsin6/2 + y) 7 3
=1—- - ¢ O s? ,
=13 o +0(s})
1[ ga(E — mc®)(nsin6/2 +y)7* R
=l-3 ‘ 0(g3).
Ja 2|: hck + (gA)

2y

The leading terms of these last expansions, for g =0
(gx = 0), reveal consistency with the nonrelativistic limit
with E ~ 4+mc? (E ~ —mc?) and that the scattering ampli-
tude is strongly suppressed when E ~ —mc? (E ~ 4+mc?)
independently of the magnitudes of g, and g,. The next-to-
leading order terms distort the angular distribution and always
contribute to decrease | f(9)|.

B. Bound states

If k =ilk| (|E| < mc?), the partial scattering amplitude
becomes infinite when 1/2 4y, —Im n = —N, where N =
0,1,2, ..., due to the poles of the gamma function in the nu-
merator of Eq. (14). Because Im n > 0, beyond constraint (7)
one has g; < |g,|. Remembering the asymptotic behavior of
the confluent hypergeometric function given by Eq. (9), we see
that the Whittaker function M ,y, (2|k|r) goes asymptotically

as e %" as r increases because M(—N,1 +2y,.2lk|r) is

proportional to L(;Vl)(2|k|r), the generalized Laguerre poly-

nomial of order N. Thus, the characteristic pair (E,,u,)
represents a spatially localized state explicitly expressed
as

e g 14 (8) - (2)7]

E, =mc ) (22)
L+ (3)°
uy = Ar P WL k), (23)
where the quantum number v satisfies
v=Imn=N+1/2+4y >1/2 (24)

and A, is a normalization constant. The energy levels enter
from the continuum to the bound-state gap (|E| < mc?)
coming from the upper continuum (related to particle
states) or from the lower continuum (related to antiparticle
states).
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One may check that the nonrelativistic limit is correct.
Indeed, if one sets |g,| < 1 and |g;| < 1, one gets

Ei’l Y:I: U2
_:i[l_(g 8v)

— = } g g <0, (25

in which n, contained in the denominator of Eq. (25), is a
positive integer given by n = N +1+1=1,2,3,..., with
I <n—1. Beyond the degeneracy due to the rotational
symmetry, a distinguished degeneracy with respect to / results
in a spectrum n2-fold degenerate.

For g, = eg, (g5 < 0), the expansion of Eq. (22) until the
next-to-leading order in ¢ furnishes

v

v 1= P12 — el 0P + O, (26)
mc

v=N+1/2+ /0 +1/2)*+ g2 + v, 27

2 gs2
2/ +1/2)* + g2

in such a way that the spectrum is symmetrical at about £ = 0
in the case of a pure scalar coupling (the zeroth-order term),
as expected. The addition of a small vector coupling increases
the upper bound on |g,|, breaks the symmetry of the spectrum,
and makes the states of particles (antiparticles) more tightly
bound than the states of antiparticles (particles) if the vector
coupling is attractive (repulsive).
On the other hand, for g; = g, one gets

B oseng) o (g/v)
me2 [+ (g/vPI2 14 (go/v)?

v:N—i—l/Z—i—\/m—i-vg, (30)

with

with

+ O, (28)

Ve = —¢€

+0E?, (29)

g2
Ve = &2 v + O(&?). (31)

RN (ES Y s

In this last case, the positive (negative) energy levels are
excluded from the spectrum if the vector field is repulsive
(attractive) when ¢ = 0, and the energies with the least absolute
values tend to —mc? sgn(gy)/ /2 when |g,| tends to its limit
value equal to 1/2 in such a way that particles (antiparticles)
are always associated with positive (negative) energy levels.
The addition of a scalar contaminant improves the upper bound
imposed on | g, | and increases (decreases) the binding energy if
& < 0(e > 0). The difference between bosons and fermions is
quite remarkable. Whereas fermions dive into the continuum
of negative energies when they are under the influence of a
pure strong and attractive vector Coulomb field (E = —mc?
for g, = Za = —1) and pair creation has to be considered,
the eigenenergy for bosons takes on a real value only if
g =Zuo < 1/4.

To study the spectrum near the condition |g,| = |g;l,
necessarily with g; < 0, we perform an expansion of Egs. (22)
and (24) for small go and gy defined in Eq. (16). The
dependence of v on ga and gx comes through gagys so that
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the expansion for v is given by

8a8x 2 2
=N+I1+1- @ . 32
V=Nl 1= 52+ O(ghgs) (32)
For small g one gets
E® 2 2
v 1_ _2Agz/2v)” En. (33)
mc? 1+ (gx/2v)?
E 2 |1 3
ch =_1+gAﬁ+O(gA)’ (34)
with
2(gs/2v) 2
=gr—————+0 , 35
£ = 8T gy T Ol B9
whereas for small g5, one has
EP , 1 3
S - ghs s+ O(gh), (36)
E() 2(ga/2v)?
P tvEI M. 37)
mc 14+ (ga/2v)
with
2(ga/2v)
ey = —gs——21 2 4+ O(gd). (38)

EU[1+ (ga/2v) P2

Here, the accidental degeneracy already observed in the
nonrelativistic limit also comes to the scene in the zeroth-order
of the expansions in g for E(P), and gx for E{7). In this
particular order, there is no upper bound on the coupling
constant and for an attractive (repulsive) vector field the energy
levels emerge from the upper (lower) continuum for small
couplings and tend asymptotically to the lower (upper) con-
tinuum for large couplings. The accidental degeneracy in the
nonrelativistic Coulomb problem is related to the conservation
of the Runge-Lenz vector [30]. The term V2 — V2 in the KG
equation (1), due to its accompanying r 2 term, violates the
conservation of the Runge-Lenz vector. E( in Eq. (33) and
E() in Eq. (37) reveal that the breaking of the accidental
degeneracy is perturbative. This can be seen from the fact
that go and gy act as perturbative parameters in the above
equations, so that one can go continuously from a bound state
without accidental degeneracy to a bound state with accidental
degeneracy (the nonperturbed state) as these parameters go
to zero. This does not happen for E{~ in Eq. (34) nor for
E(" in Eq. (36) due to the nonexistence of bound states in
the zeroth-order. Related to the perturbative breaking of the
accidental degeneracy, a worthwhile investigation using the
Runge-Lenz vector as a perturbative method for the classical
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scattering in a perturbed Coulomb field can be found in
Ref. [32].

IV. FINAL REMARKS

The partial wave analysis for the elastic scattering of spin-0
bosons by a Coulomb field with a general mixing of vector
and scalar couplings was done in detail. The partial wave
series for the scattering amplitude reduces to that one giving
the Rutherford formula not only in the nonrelativistic limit
of the theory but also when the vector and scalar fields have
the same magnitude. We calculated the scattering amplitude
for small pure vector and pure scalar couplings, as well
as deviations from the exact formula for vector and scalar
couplings with the same magnitude, in a perturbative way. The
complex poles of the partial scattering amplitude furnished the
exact bound-state solutions. The eigenenergies of such bound
states are solutions of a second-order algebraic equation, and
the corresponding eigenfunctions are expressed in terms of
generalized Laguerre polynomials. We presented a detailed
study of some interesting particular cases of stationary states
paying special attention to the differences between vector
and scalar couplings. Furthermore, we showed that when
the vector and scalar couplings have the same magnitude
the scattering amplitude for bosons (antibosons) is strongly
suppressed when g, = —g, (g, = +g;) and |E| =~ mc?. The
analysis of eigenenergies for g, >~ —g, and g, >~ +g, showed
that the accidental degeneracy seen in the cases g, = —g;
and g, = +g; is broken perturbatively and that this break-
ing is related to the nonconservation of the Runge-Lenz
vector.

It seems that the partial wave analysis for the elastic
scattering of fermions by a Coulomb field with a general
mixing of vector and scalar couplings deserves special at-
tention with focus on the possible strong suppression of the
scattering amplitude for antiparticles (particles) in the case
of spin (pseudospin) symmetry in the low-momentum limit.
The presence of an attractive scalar field in addition to the
vector field allows us to approach mesonic atoms with a very
large Z nucleus and this fact raises hope for approaching the
spectroscopy of mesonic atoms with more realistic fields with
the scalar-vector coupling scheme.
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