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The structure of hadrons is described well by the Nambu—Jona-Lasinio (NJL) model, which is a chiral
effective quark theory of QCD. In this work we explore the electromagnetic structure of the pion and kaon using
the three-flavor NJL model in the proper-time regularization scheme, including effects of the pion cloud at the
quark level. In the calculation there is only one free parameter, which we take as the dressed light quark (# and
d) mass. In the regime where the dressed light quark mass is approximately 0.25 GeV we find that the calculated
values of the kaon decay constant, current quark masses, and quark condensates are consistent with experiment-
and QCD-based analyses. We also investigate the dressed light quark mass dependence of the pion and kaon
electromagnetic form factors, where comparison with empirical data and QCD predictions also favors a dressed

light quark mass near 0.25 GeV.
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I. INTRODUCTION

Since the 1960s there have been substantial efforts, both
experimental and theoretical, to unravel the quark structure
of hadrons. The electromagnetic form factors of the various
hadrons have played a crucial role in this process, as they
reflect their internal quark (and gluon) structure [1-3]. The
form factors of the pion and the kaon are of particular interest,
because these mesons are associated with the Goldstone
modes of dynamical chiral symmetry breaking [4] and play
important roles in the description of the nuclear force [5].
The pion form factor has been measured in the region of
low to medium momentum transfer [6,7] and future measures
at higher momentum are planned [8]. The kaon form factor,
however, is poorly known experimentally, except in the region
of very low momentum transfer [9]. On the theoretical side,
QCD-based studies of the pion and kaon form factors have
been carried out, e.g., in the framework of perturbative QCD
[10,11], the Dyson-Schwinger equations [12-14], and the
Nambu-Jona-Lasinio (NJL) model [15,16].

The main purpose of this paper is to study the dressed
(or equivalently constituent) quark mass dependence of the
pion and kaon electromagnetic form factors, including effects
from the virtual pion cloud around the dressed quarks and
from vector mesons, using the three-flavor NJL model with
four-fermion interactions. The NJL model is a powerful
chiral effective quark theory of QCD [17,18], with numerous
successes in the study of meson [17,19] and baryon [20-22]
structure. In several recent studies [23-27] it has been
demonstrated that one important aspect of quark confinement,
namely, the absence of thresholds for the decay of hadrons into
free quarks, can be implemented via a judicious choice for the
regularization prescription. Following these lines, we use the
proper-time scheme [23,28,29] in this study. In our calculations
there is only one free parameter, which we take as the dressed
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light quark (u and d) mass M.! The constituent quark model
suggests dressed quark masses in the range 0.3-0.4 GeV, and
it is often fixed at 0.4 GeV in NJL model calculations of
form factors [30,31] and structure functions [24]. However,
an important goal of our present study is to show that results
for the current quark masses, quark condensates, the kaon
leptonic decay constant, and the pion and kaon charge radii
and form factors, can be improved by using a smaller dressed
light quark mass of M ~ 0.25 GeV. The dressed quark mass
dependence of these observables is therefore investigated.
Recent experimental analyses of the current quark
masses and pseudoscalar meson leptonic decay constants
have found m;/m = 27.5 4+ 1.0 [32] and fx/fr = 1.197 +
0.002 £ 0.006 % 0.001 [32,33]. The lattice QCD calculations
of Refs. [34,35], which are extrapolated to the continuum limit,
find my/m = 27.53 £ 0.20 £ 0.08 and for the pseudoscalar
decay constants Refs. [36,37] obtain fx/f; = 1.1916 +
0.0021. Both of these results are in excellent agreement with
experiment. Concerning quark condensates, a recent lattice
QCD analysis [38] found (5s)/ (€¢) = 1.08 =& 0.16 for the ratio
of strange to light (¢ = u,d) nonperturbative (physical) quark
condensates. As we shall see, our results for those three ratios
mg/m, fx/fr,» and (5s)/(€€), together with the pion charge
radius, are in excellent agreement with the empirical and
QCD-based results if the mass of the dressed light quark is
approximately M ~ 0.25 GeV. We emphasize that, because
our model is free of unphysical decay thresholds, there are no
problems in obtaining hadron masses which are greater than
the sum of their dressed quark masses, which is important
for the extension of these studies to, e.g., the p meson and
the nucleon. The main point which we wish to make in this
paper is to show that the results for the pion and kaon form
factors, as well as the other physical quantities mentioned
above, can be much improved by using a rather small value of

"We assume isospin symmetry and denote M, = M, = M for the
dressed u# and d quark masses and m, = my = m for the associated
current quark masses.
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FIG. 1. Quark self-energy in the mean-field approximation. The
solid line represents a dressed quark propagator.

the dressed light quark mass. Corrections from the pion cloud
and vector mesons to the quark-photon vertex are important to
attain this good overall picture. To keep the simplicity of the
NJL model description, however, we do not intend to present a
full study of meson loops in this work. We explicitly consider
the meson loop corrections only for those processes which
involve an external virtual photon probe, that is, the pion-cloud
corrections (see Fig. 6) and the corrections from p and w
mesons (see Fig. 8) to the quark-photon vertex. For the other
processes, like those shown in Figs. 1-4 only that part of the
pion loop effects which can be incorporated into the mass and
wave-function renormalization of the dressed quarks will be
considered, which is sufficient to uphold various important
low-energy theorems (see Appendix C). This is essentially
the same kind of approximation which has been implicitly
used in numerous works on meson-cloud and meson-exchange
current effects in hadronic [31,39,40] and nuclear [41,42]
physics. Nevertheless, a more complete study of meson loops,
including their effects also on processes without an external
probe [43,44], should be an important goal for future studies.

The outline of this paper is as follows. In Sec. II we
introduce the model and provide expressions that give the
current quark masses, the masses of pion and kaon, and their
leptonic decay constants. In Sec. III we calculate the pion
and kaon form factors, and Sec. IV presents these results. A
summary is given in Sec. V.

II. THE NJL MODEL

The NJL model [45,46] is a successful chiral effective
quark theory of QCD, that has been used to describe low-
to medium-energy phenomena, such as dynamical chiral
symmetry breaking and the associated dynamical quark mass
generation. In this section we briefly explain the three-flavor
NJL model with four-fermion interactions, together with the
proper-time regularization scheme which avoids unphysical
decay thresholds. We also illustrate the relation between the
dressed and current quark masses and discuss mesons as
relativistic bound states of dressed quarks and antiquarks.

S

FIG. 2. Random phase approximation for the quark-antiquark 7
matrix.
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FIG. 3. The pseudoscalar meson bubble diagram, IT;( p?), where
k = m, K. The dashed line represents a pion («,8 = 1,2,3) or a kaon
(o, =4,5,6,7).

A. NJL Lagrangian and the gap equation

The three-flavor NJL model Lagrangian, with four-fermion
interactions, reads

Lo =Y @d — i)W + G [(§ ha ¥)* — (F ha v5 )]
— Gol( ha Y U) + (F A hays ¥, (1

where the quark field ¢ has the flavor components ¢ =
(u,d,s) and m denotes the current quark mass matrix m =
diag(m,m,my). A sumovera = 0, ...,8 is implied in Eq. (1),
where Aq, ...,Ag are the Gell-Mann matrices in flavor space

and Xy = \/g 1. To explicitly break the global U 4(1) symmetry
of Eq. (1) and describe, for example, also the n and 7’
mesons, a six-fermion (determinant) interaction [47] is often
included in Eq. (1). However, because this term will not
directly affect our main results on pion and kaon properties,
we do not include it here for simplicity.” The four-fermion
interaction term proportional to the coupling constant G, in
Eq. (1) describes the direct terms of the gq interaction in
the scalar and pseudoscalar meson channels. This term is
responsible for, inter alia, the dynamical breaking of chiral
symmetry and consequentially the generation of dressed quark
masses. The term proportional to G, in Eq. (1) describes
the direct piece of the ggq interaction in the vector and
axial-vector meson channels.> The NJL model does not a
priori contain quark confinement. However, one important
aspect of quark confinement can be incorporated into the NJL
model by introducing an infrared cutoff in the proper-time
regularization scheme [23,28,39,49]. This additional cutoff
eliminates unphysical thresholds for the decay of hadrons into
quarks and at the same time respects all symmetry constraints.
(Details of this regularization method are discussed further in
Appendix A.)

In the mean-field approximation the dressed quark masses
(M and M) are given by the quark self-energy illustrated
in Fig. 1. Because the relevant interaction term in the NJL
Lagrangian [Eq. (1)] is given by

Gz Y (Fha¥) =2G[@u) + (ddy’ + (Gs71,  (2)

a=0,3,8

2As pointed out in Ref. [48], to avoid an unstable vacuum, the
inclusion of the six-fermion interaction makes it necessary to also
include an eight-fermion interaction. To retain the simplicity of the
model, we do not include these interactions in this work.

3In principle, the flavor singlet and octet pieces of the G, term in
Eq. (1) can appear in the NJL interaction Lagrangian with separate
coupling constants, as they are individually chirally symmetric. Our
choice of identical coupling constants avoids flavor mixing, giving
the w meson as (uii + dd) and the ¢ meson as s5.
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FIG. 4. Diagram representing the pseudoscalar meson decay
constant. The dashed line represents a pseudoscalar meson and the
wavy line an external axial-vector field.

the gap equations decouple in flavor space and take the familiar
forms
Mq =my — 4G7‘[ (6761)
d*k 1
2y k2 — M2 i€’

=m, +48i G, Mq/( 3
where g = u, d, s, and (gq) is the quark condensate. Using a
Wick rotation and introducing the proper-time regularization
gives

m 3G VAR gmtMy
e g 22x f R g— @)
Mq b4 I/A%JV T

The dressed quark propagators for the light and strange quarks
are therefore given, respectively, by

p+M
S =—" 5
P = e ©)
P+ M
S(p) = ———————, 6
(») (7 — M +ic] (6)
and in flavor space the quark propagator has the form
S(p) = diag[Se(p), Se(p), Ss(p)]. (7)

B. Mesons and their couplings to quarks

The pion and kaon T matrices are obtained by considering
quark-antiquark scattering in the pseudoscalar channel using
the random phase approximation (RPA), which is equivalent
to the ladder approximation and is illustrated in Fig. 2.
Summing the bubble diagrams in Fig. 2 gives

—2i Gy
“ 1 + 2G7r Hk(pz)
where k = 7, K ; the sum over « takes the values o = 1,2,3 for
the pion (k = ) and o = 4,5,6,7 for the kaon (k = K). The
matrices ysA, act on the external quarks, and ITi( p?) is the
bubble diagram (polarization propagator) in the pion and kaon

channels, illustrated in Fig. 3. These bubble diagrams take the
form

Ty = ys\. Vshas ®

4
I, (p*) 8up = i / % Trlys Ao Se(p + k) vs g Se(k)],
©
e (p?) bap = i / s Sup 4+ ) 5 g S50
Qn)* T

(10)

where for the pion «,8 =1,2,3 and for the kaon o, =
4,5, 6,7. The trace is taken in Dirac, flavor, and color space.
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Explicit forms for these bubble diagrams, in the proper-time
regularization scheme, are given in Appendix B.

The pion and kaon masses, my, are defined by the pole in
the corresponding T matrix; therefore, the pole conditions take
the form

1+2G, i (p> =mi) =0, where k=m K. (11

Near a bound-state pole the T matrix behaves as

igt
Tu ~ Vsha — Ys5ha, (12)

p2—mi+ie
where g; is identified as the quark-meson coupling constant.
To derive expressions for g, we expand Eq. (8) about the pole
at p? = m3. Using

IMk(p?)
M (p?) = My (m) + ak—f (P> —mi) +-- (13)
PT I pr=m?
gives
o) |
g =—| . (14)
8p2 p2=mf

From the pole behavior in Eq. (12) we see that the quark-
antiquark interactions are mediated by pseudoscalar particles.
Hence, we can interpret m; as the meson mass and gi
as the coupling constant of the meson to the quarks. We
use the pole approximation for the 7' matrix, expressed by
Eq. (12), throughout this work to keep meson loop integrals
tractable analytically. The simple ladder approximation used
here leads to pseudoscalar (ys) couplings of the pion or
kaon to the quarks. It is well known [50] that also a mixing
between the pseudoscalar and pseudovector interaction terms
of the Lagrangian (1) can contribute to the 7 matrix in
the pseudoscalar channel, which leads to a pseudovector
contribution (pys) to the meson-quark coupling. Because this
mixing is physically associated with the contribution of a
heavy meson (the a; meson for the light flavor case) in
the intermediate states, we neglect it here so as to keep the
simplicity of the model description.*

C. Meson decay constants

The pion and kaon leptonic decay constants can be deter-
mined from the meson to hadronic vacuum matrix element,
(01750 kp(p)) (k = 7, K), where jt(x) is the weak axial-
vector current operator for flavor quantum number a. This
matrix element is illustrated diagrammatically in Fig. 4, and
therefore the pion and kaon leptonic decay constants, f, are
defined by

(0175 Olks(p)) = i p** fic Sap- 15)

“4For the case of the T matrix in the pion channel, those mixing
contributions are proportional to p? and therefore expected to be
small near the pion pole. The mixing contributions to the pion form
factor, however, may become important for high values of Q2.
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The diagram in Fig. 4 gives, for the kaon,
d*k

ip" fx 8ap = — 8k W

1
x Tr |:§)/M Y5 )"a S(k + P)VS )"b S(k)] ) (16)

where a,b = 4,5,6,7; the trace is over Dirac, color, and flavor

space; and the quark propagator is given by Eq. (7). Therefore,
d‘k M+

(27.[)4 [([) + k)z —

Introducing Feynman parameters gives

1 d*k
=—12i d
. ’g"/o x/ Q)

M; — x(M; — M) (18)
* [k +x(1 —x)m% — M2 + x(M? — Mz)]z.

By Wick rotating and introducing the proper-time regulariza-
tion scheme we find

3 1/A%,
gK/ f dr—[M £ (M — M,)]
47T2 A2

1A%y

—e M} —x(M? =M —x(1—x)m} ] (19)

Z(M M)
M2|[k* — M?)

fx = —12i gg (17)

X e

The result for f; is obtained from Eq. (19) via the substitutions
Mg — M, gx — gr,andmg — my.

III. PION AND KAON FORM FACTORS

The electromagnetic current, j*(p’,p), of a hadron is
defined by

R | 1 -
/ d*ze (P 1Y(2) 3 (As + —As> y* ¥ (2)alp)

V3
= J4E,E, 2n)' 89 — p—q) j"p.p), (20)

where £, = v/ P+ m,%, g = p’ — p and the normalization of
state vectors is

(p'Ip) =202n)Y E, 890 — p). 1

For the case of a pseudoscalar meson, the electromagnetic
current is parametrized by a single form factor and takes the
form

VAE, Ey ji(p'.p) = (p" + PMF(QY).  (22)
where Q% = —¢°.

In the NJL model considered here the pion and kaon
electromagnetic current is given by the two diagrams of Fig. 5;
and in this section we determine the pion and kaon form
factors at three levels of sophistication. First, the pseudoscalar
form factors are obtained by treating the dressed quarks like
point (bare) particles; in the second case a pion loop on the
dressed quarks is included; and, finally, at the third level of
sophistication we also include vector meson contributions to
the quark-photon vertex.
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FIG. 5. Feynman diagrams for the meson electromagnetic current.

A. Pion and kaon form factors: Bare quarks

The coupling of a photon to a pointlike (bare) quark is given
by

‘ 1 1 Lyn
Ag,(bare) — §<)L3 + ﬁ)\'g) ylL — (6 0 2 ) )]/M’ 23)

where 13 is a Pauli matrix and e; is the s quark charge. With
the quark-photon vertex given by Eq. (23) the electromagnetic
current of the 7, obtained from the diagrams in Fig. 5, reads

P p)y = "W )+ W), (24)
where

ig2 d*k
VAE,E, ] Qn)

x AL Sk + pyys T SK)], (29

JE (' p) = Tt[ys ©_ Sk + p')

d4

(2m)*

i g2
J4E,E,

X AZ-,(bare) S(k — p/) V5 T— S(k)] (26)

jf;’;bm)(l?,d?) — [ Vs T+ S(k p)

Note that the first term of the current corresponds to the left
diagram in Fig. 5 and ;. b2 the right diagram. The flavor
matrices from the Bethe- Salpeter vertices in Egs. (25) and (26)
are defined as 1y = \/Lz(kl =+ i),) and the quark propagator is

given by Eq. (7).° The K+ electromagnetic current reads

., (ba b b
JEW p) = e POW )+ e W p), Q2D

S, (bdre) L, (bdre)

where j and jg are obtained from Egs. (25) and
(26), respectlvely, via the substitutions g, — gx and 74 —
p— JLE()“‘ +iks).

Taking the trace and introducing Feynman parameters, the
(bare) pion and kaon form factors are given by

d*k ! —X
F(bare) 2 — 24 2/ / d
o Q)= [ oy )y Pl Ay

r ., X
e fag]

For the w*, with M, = M, the two pieces of the current are
related by e, j!', = —e;' j¥, and could therefore be written as a
single term.
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d*k !
d
Qn) /0 !

—2x n —X
(k2 — A2 (k2 — A3)?

X 2N, N>
* / ay [(k2 “ay e Asﬁ]} ’

FY™(0%) = 8i g

29)

with
A= M* +x(1—x) 0%, (30)
Ny = M* —x(1 —x)m? + ‘1—‘Q2(x2 -9, (3D
Az = M? 4 x(1 — x) Q% (32)

2
Ay =xM*+ (1 —x) (M} —xmy) + QT(x2 -y, (33)

2
By = e M2+ (=) (M2 —xmd) + L =3, 3

and

X
2
Ny = (1 — x) MM, —M2+%(M2+M3+m§<). (36)

Ni=A—x)MM; — M?> + = (M> + M? +m%), (35)

In the limit where M = M, and therefore m, = mg and g, =
gk, the pion and kaon from factors are identical.

B. Pion and kaon form factors: Pion cloud

In the previous section, we treated the coupling of the
photon to the dressed quarks as pointlike. In general, however,
the constituent quarks are dressed by a cloud of mesons.
Because the pion is the lightest meson, effects of the pion
cloud can contribute significantly to meson form factors for
0% <1GeV? [31]. Because of isospin conservation the s
quark cannot be dressed by the pion cloud and therefore the
pion-cloud contribution to the pion form factor will be about
twice that for the kaon form factor. In this section we consider
corrections to the quark-photon vertex from pion loops around
a constituent quark, as illustrated in Fig. 6, and determine their
contribution to pion and kaon form factors.

As we mentioned in Sec. I, a full treatment of meson-
cloud effects is very complicated and beyond the scope of this
work. Here we follow the procedure explained in Refs. [30,51],
which has been used implicitly in many previous works and
which we summarize in Appendix C, to incorporate a part of

FIG. 6. Feynman diagrams for the quark electromagnetic current
with a pion cloud.
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FIG. 7. Pion-cloud self-energy diagram for the light quarks.

pion-cloud effects into a renormalization of the mass and wave
function of the light dressed quarks.® Only for the quantity
which is of most interest to our present work, namely the
electromagnetic quark-photon vertex, the pion-cloud effects
are resolved and explicitly treated.

Including pion loop corrections modifies the flavor SU(2)
piece of Eq. (23), such that’

1 3 L 1 T3 1
-+ = —Zol =+ 2|y + =0 =) ALY
(6+2)V Q<6+2> +5 =) Ap(p.p)

+ 13 AR(P', p), 37

where each term is associated with the corresponding diagram
in Fig. 6. The quark wave function renormalization, Z, is
essential for charge conservation and is interpreted as the
probability of striking a dressed quark without its pion cloud.
It is given by (see Appendix C)

Zo=1+—2| | (38)
0p |pen

where X (p) is the light quark self-energy arising from the pion
cloud, illustrated in Fig. 7. This self-energy reads

d*k
(2m)?

S(p) =3ig> f iD(p—k)ysiSe(k)ys,  (39)

where D, (p) denotes the pion propagator given by

1
D,(p)= ———7>F—. 40
P = s (40)
The vertex functions of Eq. (37) take the form
AM(/ ) 2/ d4k S(/ k)
\p) = Vsl -
olp,p 8x (2n)4y5 (P
x y*iSu(p — k) ys i D (k), 4D
/ 2 / (bare), 2 d4k
AZ(P'.p) =28 (p" + PIF"(q")
Q2n)t

X iDy(p' —k)iDy(p —k)ysiS(k)ys, (42)

where p’ and p are the external momenta of the quarks.
The off-shell vertex functions of Eqgs. (41) and (42) are
approximated by their on-shell form in our calculation of
the meson form factors. The vertex functions in Eq. (37) can

In Appendix C, we also discuss the validity of low-energy theorems
relevant in the present context, like the Goldberger-Treiman (GT)
relation [52] or the Gell-Mann—Oakes—Renner (GOR) relation [53].

"Contributions from a kaon cloud would modify each piece of
Eq. (23).
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gq + + + ...

FIG. 8. Dressing of the quark electromagnetic current from vector
mesons.

therefore be expressed in the form

ioh QV

AP p) = y"FH0H + ——2FL(0D,  43)

io" qu

AX(p'.p) = Y"FR(0M) + Fip(Q%).  (44)

Expressions for these dressed quark form factors are given
in Appendix D. The flavor SU(2) piece of the quark-photon
vertex [see Eq. (23)], including pion loop effects, therefore

reads
1 3
o3\ m
(6 + 2) v

" B(l 73) F9(0%) + 13 Fi) (0 )}

(1)
AlsLU(jé)(Q) = ZQ

icf"q, | 1 @ ()
—(1 — F, 4 F, 7
i |:2( 13) F,5(0%) + 13 Fy) (0%)
45)
and the corresponding three-flavor vertex is therefore
A5 T(q) = diag[ AT (q).e5 "] (46)

The 7t electromagnetic current, including the effects from
the pion cloud, is therefore given by Eqgs. (25) and (26) with the
substitution A% — Ay ™(g). The K* electromagnetic
current, at the same level of sophistication, is obtained via the
additional substitution g, T+ — gx A+ in Egs. (25) and (26).

C. Pion and kaon form factors: Vector mesons

The quark-photon vertex receives contributions from the
gq T matrix in the vector channel, as illustrated in Fig. 8;
these contributions are analogous to the familiar vector meson
dominance (VMD) model [54]. Because of the flavor structure
of Eq. (1) the electromagnetic current of the light quarks only
receives contributions from p° and @ mesons, while only the
¢ meson couples to the s quark. In this work we do not include
the VMD contribution to the quark-photon vertex of the s
quark because of the larger mass of the ¢ meson.

This is consistent with our earlier approximations of
neglecting the contributions of the kaon cloud and the mixing
between the pseudoscalar (;r) and pseudovector (a;) meson
channels.

Using the transverse Lorentz structure of the bubble
diagrams in the vector gq channels, the SU(2) piece of the

PHYSICAL REVIEW C 91, 025202 (2015)

quark-photon vertex becomes

1 73 “

<6+ 2)’”
1 73 “
*(6+2>[V

where I1,(g?) is the reduced bubble diagram in the p or w
channel. In the on-shell approximation for the external quark
momenta the ¢g* term in Eq. (47) does not contribute to the
form factors. Therefore, the VMD modification of u and d
quark-photon vertices is given by

1 3 1 3
o+ =)y o+ 2| —————.
Y (6 2) Y <6 2) 1 +2G,1,(¢2)
The quark-photon vertex, including both pion-cloud and vector
meson effects, is therefore given by

2G, (g% <M_@>
1126, )\ ~ 2 )]

(47)

(48)

A(q) = diag [Aé‘é&i(g) y“} . (49

v,
1+2G,M,(¢?)

VMD effects on the pion form factor can simply be obtained
by multiplying the entire form factor by [1 + 2 G, I1,(g*)]~!
For the K™ electromagnetic current only to the first term of
Eq. (27) is multiplied by this factor, because the s quark does
not couple to the w meson. The form of Hv(qz) is

d*k
I1,(¢%) =48i ¢*
(g°) AN Ry
1 x(1 —x)
d . (50
x /0 Yoo OV
IV. RESULTS

The NJL model described here depends on two regulariza-
tion parameters Ayy and AR, the coupling constants G, and
G, and the light (M) and strange (M) dressed quark masses.

The infrared cutoff simulates one important aspect of
confinement and should therefore be similar to Aqcp, we
choose Ajg = 0.2 GeV.

The coupling G, and Ayy are fixed by the physical pion
mass (m, = 0.140 GeV) and pion leptonic decay constant
(fr =0.0934 GeV); finally, G, and M, are fixed by the
physical p mesonmass (m,, ~ m, = 0.776 GeV) and physical
kaon mass (mg = 0.494 GeV). This, therefore, leaves one free
parameter, the dressed light quark mass M, and in this section
we investigate the M dependence of the current quark masses,
the kaon decay constant, and the pion and kaon form factors.

A. Quark masses and kaon decay constant

Results for our NJL model parameters, the light (:m) and
strange (m;) current quark masses, the kaon decay constant
(fk), the quark condensates ({(gq)), together with other
quantities defined in the text, are summarized in Table I
for values of the dressed light quark mass in the range
0.2 < M < 0.4 GeV. Empirical analyses of the strange to
light current quark mass ratio and kaon to pion leptonic
decay constant ratio have found m;/m = 27.5 + 1.0 [32] and
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TABLE I. Results for the NJL model parameters: Ayy, G, G, and Mj; together with resulting values for the current quark masses, kaon
decay constant, and quark condensates, all for various values of the dressed light quark mass M. Masses, decay constants, and regularization
parameters are in units of GeV, the Lagrangian couplings, G, and G, are in units of GeV~2, and quark condensates are in units of GeV>.

M AUV Gn Gv Mv m mg ms/m fK fK/frr (EZ> (ES) (5S)/<Z€)
0.20 1.24 2.36 2.08 0.467 0.0041 0.131 31.9 0.128 1.37 —(0.275)° —(0.329)° 1.71
0.25 0.84 6.12 3.06 0.502 0.0086 0.227 26.5 0.110 1.18 —(0.214) —(0.224) 1.15
0.30 0.71 10.6 4.52 0.540 0.0123 0.293 23.8 0.010 1.07 —(0.190)* —(0.180)° 0.85
0.35 0.66 15.0 6.64 0.573 0.0150 0.331 22.1 0.094 1.01 —(0.177)° —(0.159)° 0.72
0.40 0.64 19.3 9.60 0.609 0.0168 0.357 21.3 0.091 0.97 —(0.170) —(0.148)° 0.70
fx/fr = 1.197 £0.002 £+ 0.006 + 0.001 [32,33], respec- solid line shows the empirical monopole function

tively, and a recent QCD analysis [38] found (5s)/(££) =

1.08 £ 0.16 for the ratio of strange to light (£ = u,d) non- F;emp)(Q2) = &))

perturbative (physical) quark condensates.

From an inspection of our results presented in Table I it
is clear that good agreement with empirical values for the
fx/fr and mg/m ratios, and with the QCD analysis for the
ratio (5s) /(€¢), is obtained if the dressed light quark mass
has a value near M ~ 0.25 GeV. Therefore, our results favor
values for M which are considerably lighter than typical values
used in effective quark models, like the NJL model, where
M ~ 0.4 GeV is the norm.

B. Pion and kaon form factors

Results for the pion form factor are presented in Fig. 9 for
our favored value of the dressed light quark mass, namely, M =
0.25 GeV, and in Fig. 10 pion form-factor results with M =
0.40 GeV are illustrated. In each figure the dotted line denotes
the pion form-factor result where the quark-photon vertex is
treated as pointlike (bare), the dash-dotted line includes effects
from the pion cloud, and the dashed line is the full result which
also includes vector mesons in the quark-photon vertex. The

------- bare quarks
incl. pion cloud

0.8} ==+ incl. pion cloud + vector mesons |
— empirical monopole
0.6l Amendolia et al. 1986

¢ ¢
% % Huber et al. 2008
Y Y Huber et al. 2006

0.21

0.0k
0

w
ot

1 2 3 1
Q%GeV?]
FIG. 9. (Color online) Pion form factor with M = 0.25 GeV (see
Table I). The data show the experimental values from Amendolia et al.
[6] and Huber et al. [7] and projected values from Huber ef al. [8].

1+ 02/0.517 GeV?’

which is constrained to reproduce the central value of the
empirical pion charge radius (r;) = 0.672 £ 0.008 fm [32].
From Fig. 10 it is clear that the pion form factor with M =
0.4 GeV is too soft, while the pion form-factor result with
M = 0.25 GeV agrees very well with the empirical result of
Eq. (51).

It is interesting to note that the quark core contributions are
rather similar for the M = 0.25 GeV and M = 0.4 GeV cases;
and the main difference comes from the pion-cloud contribu-
tions. This is understood by noting that the coupling constant
g increases as M becomes larger (see Table II)—which
is consistent with the flavor SU(2) quark-level Goldberger-
Treiman relation M = g, f; [19]—and therefore leads to
larger effects from the pion cloud. In addition, as shown in
Table II, the value of Z,—which represents the probability to
find a quark without its pion cloud—decreases with increasing
M, leading to larger pion-cloud effects as M increases and to
a smaller value of the pion form factor at high Q2, because
the quark vertex function approaches Zg e, y* as Q* — oo
[see Eq. (45)]. The end result is that if both the pion-cloud and
VMD effects are added to the quark core contributions, then the

1.0

vvvvvvv bare quarks
+incl. pion cloud

incl. pion cloud + vector mesons |

— empirical monopole

¢ ¢ Amendolia et al. 1986

* % Huber et al. 2008

Y Y Huber et al. 2006

FIG. 10. (Color online) Pion form factor with M = 0.4 GeV (see
Table I). The data show the experimental values from Amendolia et al.
[6] and Huber et al. [7] and projected values from Huber et al. [8].
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TABLE II. Results for the effective quark-meson coupling con-
stants and the quark wave-function renormalization for various values
of the dressed light quark mass M.

M (GeV) 8 8k Zy
0.20 2.10 220 0.87
0.25 2.62 2.79 0.85
0.30 3.15 3.40 0.84
0.35 3.67 3.97 0.82
0.40 4.20 4.55 0.80

data and the empirical monopole function can be reproduced
very well for the case M = 0.25 GeV, while for the case with
M = 0.4 GeV the calculated form factor is too soft.

Figures 11 and 12 present kaon form-factor results for
the cases M = 0.25 GeV and M = 0.4 GeV, respectively. In
each figure the dotted line denotes the kaon form factor result
where the quark-photon vertex is treated as pointlike (bare),
the dash-dotted line includes effects from the pion cloud on
the light quark, and the dashed line is the full result which
also includes vector mesons in the coupling of the photon
to the light quark. The kaon form factor is poorly known
experimentally; however, in Figs. 11 and 12 the solid line
represents the monopole function,

1
1+ 02/0.744 GeV?’

which is constrained to reproduce the central value of the
empirical kaon charge radius (rgx) = 0.560 £ 0.031 fm [32].
The s quark does not couple to the pions or—under the
assumptions used here—vector mesons; therefore, unlike the
pion, the kaon form factor is not as sensitive to corrections from
the pion cloud and vector mesons. However, from Figs. 11
and 12 it is clear that our kaon form factor results have
better agreement with the empirical result of Eq. (52) when
M = 0.25 GeV, as opposed to the case when M = 0.4 GeV.

F™(0%) =

(52)

bare quarks
incl. pion cloud
== incl. pion cloud + vector mesons ||
— empirical monopole
— ¢ ¢ Amendolia et al. 1986
& 0.6 N7,

@ % 4 Dallyetal. 1980
<3

0.0k . . . .
0 1 2 3 4
Q*GeV?]

(@)
(o8

FIG. 11. (Color online) Kaon form factor with M = 0.25 GeV
(see Table I). The experimental values are taken from Amendolia
et al. [9] and Dally et al. [55].
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1.0 | bare quarks
incl. pion cloud

==+ incl. pion cloud + vector mesons

—  empirical monopole |

Z= 3 ¢ ¢ Amendolia et al. 1986
o 067 X, 4 % Dally et al. 1980
\M/ A
R 0.4}

0.2

0.0 : . .

0 1 2 3 4 ) 6
Q[GeV?]

FIG. 12. (Color online) Kaon form factor with M = 0.4 GeV
(see Table I). The experimental values are taken from Amendolia
et al. [9] and Dally er al. [55].

In Fig. 13 we present results for the kaon-to-pion form-
factor ratio, Fx(Q?)/ F,(Q?), for the case of M = 0.25 GeV.
We find that this ratio, including effects from the pion cloud
and vector mesons, approaches Fx/Fy, ~ 1.4 as Q% — oo.
Perturbative QCD predicts that the ratio Fx/F, should
approach f ,% /f?as Q* — 00[10,11]. Because our calculation
for M = 0.25 GeV reproduces the experimental values for
both decay constants with the squared ratio f2/f2? = 1.4
(see Table I), we can say that our NJL model result for
M = 0.25 GeV is consistent with the prediction based on
perturbative QCD. This agreement cannot be attained for the
case of M = 0.4 GeV, where our calculated ratio of form
factors becomes larger than the calculated ratio of decay
constants.

er 1 bare quarks
incl. pion cloud
—~ L5} ==+ incl. pion cloud + vector mesons |
a — empirical monopole
e, S
h -
~ 1.3}
S | T e
9: 2 IRTTTIL L sint e
T2 £ e
R
Ll A — |
Lo |

FIG. 13. (Color online) Results of the ratio of the kaon form
factor to the pion form factor Fx(Q?)/F,(Q?) for the case M =
0.25 GeV.
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TABLE III. Pion and kaon charge radii (in units of fm) and their ratios for various choices of the dressed light quark mass (in GeV).
The case labeled by (bare) corresponds to dressed quarks treated as pointlike [see Eq. (23)]; the case labeled by (;r) corresponds to including
pion-cloud effects [see Eq. (46)]; and the case with no superscript corresponds to including effects from both the pion cloud and the vector
mesons [see Eq. (49)]. The values for the NJL model parameters needed to obtain these results are given in Table 1.

M {r ) {rg) () /)0 )™ )™ )™ )™ (rx) {ri) {r) / {ri)
0.20 0.455 0.430 1.06 0.527 0.481 1.09 0.645 0571 1.13
0.25 0.489 0.465 1.05 0.589 0.530 L11 0.690  0.608 1.14
0.30 0.497 0.474 1.05 0.627 0.553 1.13 0.724  0.630 115
0.35 0.488 0.468 1.04 0.649 0.562 L15 0.750  0.643 1.17
0.40 0.472 0.453 1.04 0.663 0.563 1.18 0773  0.653 1.18

However, before drawing firm conclusions about the be-
havior of the form factors for large values of 02, one should
take into account the contributions of the mixing between the
pseudoscalar (;r) and pseudovector (a;) meson channels, as
mentioned at the end of Sec. I B.

C. Pion and kaon charge radii

The charge radius, (ry), of the pion and kaon is obtained
from the corresponding form factor via the relation

[ aF(0Y

Our results are given in Table III for the three variations of the
photon coupling to the dressed quarks. For the case where the
quark-photon vertex is treated as pointlike (bare), the charge
radii of the pion and kaon (including their ratios) do not depend
strongly on the dressed u# and d quark mass. Reference [32]
gives empirical values for the pion and kaon charge radii of
(rz) = 0.672 £ 0.008 fm and (rg) = 0.560 & 0.031 fm, with
the ratio therefore equal to (r;) / (rg) = 1.20 + 0.08 . For the
bare quark-photon coupling we therefore find that the pion and
kaon charge radii, together with their ratio, are too small.

Results for the pion and kaon charge radii, including effects
form the pion cloud around the dressed quarks, are presented
in the third sector of Table IIl. The pion cloud leads to a
considerable enhancement of the pion charge radius and a less
pronounced enhancement of the kaon charge radius, bringing
all results into better agreement with the empirical values. As
discussed earlier, increasing the dressed quark mass M results
in larger values for g, and smaller values for Z, (see Table I1I),
and both of these effects increase the pion-cloud effects for the
charge radii and form factors.

Results for pion and kaon charge radii, which include effects
from vector mesons and the pion cloud are presented in the
final sector of Table III. Good agreement with the empirical
results is obtained when the dressed light quark mass is in the
range 0.2 < M < 0.25 GeV; while for large dressed u and d
quark masses the charge radii are too large.

Within our present model description, we have therefore
found that the electromagnetic properties of the pion and
kaon, that is, their charge radii and the Q7 dependence of
their form factors (see Sec. IV B), are described very well if
M = 0.25 GeV.

This is consistent with the observations discussed in
Sec. IV A where results in good agreement with experiment-

(53)

and QCD-based analyses are obtained for the kaon decay
constant, current quark masses and quark condensates (see
Table I) if the dressed light quark mass is approximately
M ~0.25 GeV.

V. SUMMARY

The NJL model, including effects of the pion cloud and
vector mesons at the quark level, has been used to study the
pion and kaon electromagnetic form factors. An important
motivation for this study was to investigate the dressed
light quark (¢ and d) mass dependence of pion and kaon
observables.

We began with results for the u, d, s current quark masses,
quark condensates, and the kaon decay constant. Within the
limits of our approximation scheme, we found that the results
for the current quark mass ratio m, /m, the ratio of condensates
(8s) /{££), and the kaon decay constant are in good agreement
with empirical and QCD-based results if our dressed light
quark mass is approximately M ~ 0.25 GeV.

We next studied the dressed u and d quark mass dependence
of the pion and kaon form factors. We found that the pion
cloud and vector mesons have a substantial effect on these
form factors and that pion-cloud effects increase as the dressed
light quark mass becomes larger (with fixed pion mass), as a
consequence of the increased pion—quark-quark coupling. One
important effect of the pion cloud is to enhance the pion charge
radius more than the kaon charge radius, bringing the charge
radii as well as their ratio in better agreement with empirical
results.

We found that, within the limits of our approximation
scheme, the available data on the form factors and charge
radii are well described with relatively small values for the
dressed u and d quark mass of approximately M ~ 0.25 GeV.

For this case, we also found that the ratio of the kaon to
pion form factor for large values of Q2 agrees very well with
the perturbative QCD prediction.

Our finding that a dressed u# and d quark mass of
M ~ 0.25 GeV leads to a good description of the pion and
kaon electromagnetic properties, the kaon decay constant,
and reasonable values for the current quark masses, quark
condensates, and their ratios is interesting, because, so far,
calculations in constituentlike quark models, e.g., the NJL
model or chiral soliton models [56], mostly use u and d quark
masses in the range 0.3 < M < 0.4 GeV.

025202-9



Y. NINOMIYA, W. BENTZ, AND I. C. CLOET

We emphasize that, because the infrared cutoff in our
calculation eliminates unphysical thresholds for the decay
of hadrons into quarks, there is no inherent problem with
describing the heavier hadrons by using smaller dressed light
quark masses.

For example, in our calculation a vector meson mass
of 0.776 GeV is easily obtained; we also confirmed that a
nucleon mass of 0.94 GeV can be reproduced with reasonable
parameters.® It would be interesting to explore other hadronic
properties, e.g., the nucleon electromagnetic form factors, in
the domain of smaller dressed quark masses in this model
description.
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APPENDIX A: REGULARIZATION METHOD

To evaluate four-dimensional integrals, we first introduce
Feynman parametrization and perform shifts of the loop
momentum so that the integrand depends only on k2, where k
is the loop momentum (plus other fixed parameters). We then
perform a Wick rotation and use four-dimensional spherical
coordinates to obtain

/ d'k f(k*) =27 f OodkE ky f(—kz),
0

where kg = +/ ké + k% is the Euclidean length. Next, we
consider the identity

1 1 /OO n—1 —tD
—_— = dtt e s
D" (n—D!J

where D is the denominator of the integral. Here the cutoff
parameters Ayy and A are introduced as follows:

1 %)
—/ dt .L.n—l e—rD
(n—D!Jo

1 /AR
/ dt _L,nfl efrD

_) ————
(n—1)! 1/A}y

(AD)

(A2)

(A3)

Only the ultraviolet cutoff parameter, Ayy, is needed to make
the integrals finite; however, including an infrared cutoff, A,
eliminates unphysical thresholds for the decay of hadrons into
quarks and plays the role of simulating the confinement in

81n the simplest quark—scalar-diquark model for the nucleon, used,
for example, in Ref. [23], one finds that for M = 0.25 GeV the
experimental nucleon mass can be reproduced by using G,/G, =
0.56, where G, is the four-Fermi coupling constant in the scalar
quark-quark channel.
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the NJL model. Therefore, in the case of the loop integrals
for quarks the infrared cutoff should satisfy Ar ~ Aqcp;
however, for loop integrals involving virtual pions, where these
pions should not be confined, we set Ajg = 0.

APPENDIX B: FORMULAS FOR THE BUBBLE DIAGRAMS

In this Appendix we give formulas for the regularized
bubble diagrams for the pion and kaon, which enter the pole
condition equations, and the coupling constants of pion and
kaon to quarks. These bubble diagrams take the form

m, i [ ax [ LK
o= [l [ 55

2
{[k2+p2x(1—x)—M2] _k2—M2}’

(B1)
d*k
I'IK(p)— 121/ dx/ (271)4

: P> — (M, — MY?
“I

K2+ p2x(1 — x) — x(M? — M2) — M?]

1 1
Ve S Vel

(B2)

Introducing the cutoff parameters as explained in Appendix A,
the regularized bubble diagrams are given by

s 1//\IR
/Aﬁv
% [2 —tM? +p2 t[sz(lx)pz]i| , (B3)
5 l/A[R
Mo = s [ ax [
/AUV

_ 2 2_am2y— —y 2
X {[pz _ (Ms _ M)Z]e T[M:+x(M*—M7)—x(1—x) p~]

+ %[e*sz + efM3]} . (B4)

APPENDIX C: RENORMALIZATION OF PION-CLOUD
EFFECTS

In this Appendix the standard techniques of perturbative
renormalization are briefly reviewed. These techniques are
applied to the renormalization of the mass, wave-function
normalization, and charge of a dressed quark from a pion
cloud (see Figs. 6 and 7), thereby giving the renormalized
(“physical”) values. We restrict the discussion in this appendix
to the flavor SU(2) case, because the strange quark cannot
couple to the pion owing to isospin conservation. Further, we
assume isospin symmetry (m, = my; = m) and refer only to
the scalar and pseudoscalar interaction terms of the Lagrangian
given in Eq. (1). Labeling the unrenormalized quantities with a
subscript 0, and including explicitly the coupling to an external
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vector field V#, we have
L =i —mo)yo — (Yoy*eo Yo)Vyu
+ Grol(Wo¥0)* — (YoysTivo)al,

where ¥ = (u, d) and ¢y is the unrenormalized flavor SU(2)
quark charge in units of the elementary charge. The renormal-
ized quantities—which are the same as in the main text—are
introduced by the scale transformations

m
Yo=+ZoV¥, mo=——, Gro=—5,
Zo Z

(ChH

(€2

where Zy is the quark vertex renormalization for an external
vector field, defined at zero momentum transfer. As usual,
gauge invariance leads to the Ward identity result Zy = Z, so
that the electric charge is not renormalized and given by (% +
%3) asin Eq. (23). (Here we do not consider the renormalization
of the external vector field.) After the scale transformation the
Lagrangian of Eq. (C1) becomes

L=Y(Zgi¥ —mW — Zy(Yytey)V,
+ G (YY) — Wrysy) ]

The mass renormalization is performed in the Esual manner,
that is, by adding and subtracting the term — (M — m)
where the subtracted term is treated as a counterterm:

L=Y(Zgid — My — Zy(Yytey)V,
+ G (YY) — Wriysy) 1+ Y (M — m)y.

Following the standard procedure, we split ¥ in the second
line of Eq. (C4) into an expectation value in the constituent
quark vacuum, and a normal ordered product, which by
definition has no vacuum expectation value. Inserting ¥y =
(Yr) + 2y into the second line of Eq. (C4), and requiring
that the result becomes a “true” residual interaction without
terms linear in :y1/:, we obtain the familiar gap equation

M=m—-2G, (V)

(€3)

(o))

d*k 1

= 48i M G :
A Qn)* k2 — M? +ie

(€5

For the isospin symmetric flavor SU(2) case this is the same
as Eq. (3). The gap equation can therefore be viewed as
a definition of normal ordering and the constituent quark
vacuum. Any contribution to the mass shift, for example,
from the virtual pion cloud around the dressed quark (see
Fig. 7), must also be included in the counterterm proportional
to (M — m) in Eq. (C4), which just leads to a redefinition of
normal ordering and the dressed quark vacuum [45,46]. The
Lagrangian therefore becomes

L=Y(Zgid — M)y — Zy(y e )V,

+ Gl — CYystuy)’l,
where an irrelevant constant (¢ number) term has been
dropped. The quark wave-function renormalization factor
Z is determined perturbatively from the requirement that
the dressed quark propagator, including the self-energy term

(Co)
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illustrated in Fig. 7, becomes S(p) =1/ (p — M +ie) as
p — M [see Eq. (5)]. This gives

dX(p)

C) 2 P

Zo=1+ (e9))
which is just Eq. (38). Therefore, as long as pion-cloud effects
are only included on the level of the mass and wave-function
renormalization of the dressed quark, there is no change in
the standard NJL model description. To demonstrate this in
more detail, we verify various low-energy theorems that are
important herein:

(1) Goldstone theorem. By using Eq. (C5) and the form of
the bubble graph given by Eq. (B1), it is easy to verify
the identity

(YY) = M T1,.(0), (C8)

which relates the quark condensate and the bubble
graph IT,(p?) at p?> = 0. It then follows from the gap
equation [Eq. (C5)] and the pion pole condition of
Eq. (11) that m,zr =0ifm =0.

(i1) Goldberger-Treiman (GT) relation (at the quark level).
Let us write the expression for the pion decay constant,
which is obtained from Egs. (17) and (18), by the
substitutions My, — M, gx — gr,andmg — my, as

fr =8« M 1(p* = m3), (€9)
where the function I(p?) is defined by
b = 12 d*k 1
= — l .
P @) [(p + kP — M2IIRZ — M?]
(C10)

This function is related to the bubble graph IT, (p?) as
follows [see Eq. (B1)]:

M, (p?) — M,(0) = —p*I(pH).

Using the derivative of this relation with respect to
p? and also Eq. (14), it follows that Eq. (C9) can be

(C11)

written as
M=g,f(1+C). (C12)
Here C is defined as
I'(m?
C =m? (m2) (C13)

where the prime denotes differentiation with respect to
p?.Equation (C12) is the GT relation at the quark level
in the present context, where g, and f,; are defined at
the pion pole. We also note that in Eq. (C9) we assumed
that the axial coupling constant of the dressed quark is
given by its bare value, equal to unity. If we would use
instead a model value for g4, which may be calculated,
for example, from the pion cloud similarly to Fig. 6,
in the pion decay diagram of Fig. 4, then Eq. (C9) gets
a factor g4 on the right-hand side, and the GT relation
[Eq. (C12)] takes the familiar form M g4 = g, f in
the chiral limit (m2 — 0).
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FIG. 14. Graphical representation of the general quark electro-
magnetic vertex I'*.

(iii) Gell-Mann—Oakes—Renner (GOR) relation. Note that
the above relations allow us to express the gap equation
and the pion pole condition in terms of the bubble
graph as follows:

142G, ,(0) =

My (m7) =

w (C14)
m
mil(m,zr) = _2G YA

(C15)

[ (0) =

The GOR relation is then obtained as

_ Mm m
—m(WP):ZG <1_M>

= Mzmjzr I(mi)(l — %)
=m? f2(1+C) (1 - %) (C16)

where we have used Egs. (C9) and (C12) to obtain
the last line. In the chiral limit Eq. (C16) becomes the
familiar GOR relation.

This concludes the verification of the low-energy theorems
in our present context. Finally we return to the Lagrangian
of Eq. (C6) and discuss the treatment of the quark elec-
tromagnetic vertex I'#, which is represented generally by
Fig. 14. The “bare” vertex is given by Zy e y* = Zgy e y* and
renormalization in a “global” sense would simply mean charge
renormalization, that is, according to the definition of Zy, the
replacement y* — ZLV y*. This would give the renormalized
quark vertex as ['* = ey ", which is correct in the limit g — O.
One of the main interests of our present work, however, is to
resolve this electromagnetic vertex on the level of the virtual
pion cloud. For this purpose, the bare vertex Z, e y*, which
includes the counterterm from wave-function renormalization,
is supplemented by the corrections owing to the virtual pion
cloud, as shown in Fig. 6. In the pion loop diagrams (second
and third diagrams of Fig. 6), we do not attempt to further
resolve the pion cloud around the dressed quark. Therefore, by
using I'* = ey * at the quark-photon vertex in those diagrams,
we obtain the expressions given in Egs. (41) and (42). Further,
inclusion of the VMD contributions (see Fig. 8) leads to the
correction factor given in Eq. (48).

J

N 2(p'p) = 6i gK/ o )4Tf[1/5)~ S+ 2

=—(p'+p) gKQ2f dx/ /d4k d=x)M, +xM
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APPENDIX D: FORMULA FOR PION-CLOUD EFFECTS

To calculate the quark wave-function renormalization con-
stant Z arising from the pion cloud, we need the derivative
of dressed u and d quark self-energy with respect to p, that is,

0Z(p) 3gn / / dr[x(l —xPM? — i]
8]9 =M /A 27,'

—7[(1—x)*M*+x m;,]

x e D)

In the following we give the formulas for the functions

related to the quark electromagnetic vertex corrections arising
from the pion cloud:

(q)
(Q) o 2{/ //A .
e dy/
—X /A

o Tlx(I- —x)Q*+M?]

|:2x2M2 — —} e—”}, (D2)
F((I) / d [ d / d 2 —rA
(0 = 162 xixy/A TX
(D3)
F©0" = F<bafe><Q)16 . f ax [ ay
1 2 —t B
X dr|= =20 =x2M?|e ,
/A%y T
(D4)
Fyg(Q%) = F<"“°)(Q) / dx f dy
x[ dr (1 —x)*e "8, (D5)
1/A%y
where A = (1 —x)m2+x>M>+ {(x* —y*) Q% and B =

X m% + (1 —x)*M?* + % (x? — y?) Q2. The above expressions
are used in Eq. (45) when including pion-cloud contributions
to the pion and kaon form factors.

The contribution of the loop calculation for the term
proportional to y*, in Eq. (45), to the pion form factor is simply
proportional to the pion form factor with bare quark-photon
coupling [see Eq. (28)]. Similarly, the contribution to the kaon
form factor is proportional to the sum of the first term and third
term of Egs. (29).

When using the quark-photon vertex of Eq. (45) we need
to evaluate the diagrams in Fig. 5 with an operator insertion
given by io""q,/2M, which only acts on the u and d quarks.
For the kaon the result is

D Setp + k) ysds S, (k)}

1) R = A e
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Setting M; = M in Eq. (D6) gives the pion result:

PHYSICAL REVIEW C 91, 025202 (2015)

AL (' op) = —(p' + ) 6i 6% Q2 / dx/ fd4" (D7)
T p.p p p grr (27.[)4 k2 A2]3
Therefore, the complete result for the pion form factor, including pion-cloud effects, is given by
B . . x d*k 1
Fr(Q%) = [Zg + (@) + Fig (@] FP(Q%) — 6i g7 0° [F5(Q%) + Fy5(0)] / dx/ dy-/(zn)4 e
(D8)
The final result for the kaon form factor including the pion-cloud effects is
d*k (! —2x x 2N
F 2 —24i 2 7 F(q) 2 F(Tf) / d - / d —1
k(0% =i gk[Zo + G0+ Fg(@] [ 75 |4 |5 a0 T | 5@ — oy
61 gK Q? @ ) / / / dk 1 —x)M;+xM
F, F, d
L@+ Q@] | dx | ay | G
d4k ! —X N2
2igr | — [ dx| ——""-— dy ————— |, D9
" ’gK/(2n>4/o "[3(k2—A3)2+/x y3<k2—As>3] 2

where Ay, ...,As have been defined in Egs. (30)—(34).
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