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The presence of paired or unpaired protons and neutrons in the open-shell radioactive α emitter affects the
preformation probability of the α cluster inside it. The α-preformation probability inside the odd(Z)-even(N ),
even(Z)-odd(N ), and odd(Z)-odd(N ) α emitters is investigated. The study is restricted to those decays with no
angular momentum transfer to make a precise prediction about the mere pairing effect. The extended cluster model
of α decay and the WKB approximation are used by taking into account the deformation degrees of freedom to
carry out the calculations for 105 parent nuclei in the mass region of A = 175–289. The α + daughter interaction
potential is calculated by using the Hamiltonian energy-density approach in terms of the SLy4 Skyrme-like
interaction, then it is implemented to find the average decay width over the different orientations. The half-life
of the decay is then estimated and employed in turn to extract the α-preformation probability by taking account
of errors on both the released energy and the experimental half-life time. According to the present calculations,
it is found that the α cluster preformation probability inside the nuclei which have unpaired nucleons is less than
it would be in the neighboring nuclei of the same shell and subshell closures but have no unpaired nucleons. In
particular, the effect of the single unpaired neutron in the even(Z)-odd(N ) nuclei is slightly larger than that of the
single unpaired proton in the odd(Z)-even(N ) ones. The effect of the unpaired nucleons appears more clearly in
the odd(Z)-odd(N ) nuclei which have both an unpaired neutron and an unpaired proton. Based on the obtained
results, an empirical pairing term is added to the empirical formula [J. Phys. G 40, 105102 (2013)] that relates
the α cluster preformation probability to the proton and neutron numbers outside the closed shells of the parent
nucleus.
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I. INTRODUCTION

Towards the goal of investigating a new nuclear island of
stability, significant progress has been devoted during past
decades to study the synthesis and decays of superheavy nuclei
from both experimental and theoretical sides. The theoretical
prediction of an island of stability around the closed shells
of Z = 114 and N = 184 [1–3] came in the 1960s. Due to
the modern technical facilities, the strenuous experimental
and theoretical efforts led to produce successfully synthesized
superheavy elements with atomic numbers up to Z = 118 at
GSI [4–6], the Joint Institute for Nuclear Research-Flerov
Laboratory of Nuclear Reactions [7,8], Lawrence Berkeley
National Laboratory [9,10] and Rikagaku Kenkyusho [11]
in the past two decades. However, the lifetimes of heavy
and superheavy nuclei are mainly determined by their main
decay mode. The major decay channels of heavy nuclei are
the α, β (electron capture) and cluster decays as well as
the spontaneous fission. Although the spontaneous fission
obviously dominates in the region around Rf and Sg [12], the
α-decay mode dominates for the decays of most superheavy
nuclei [13]. The heavy-cluster decays, such as the 14C decay
of 233Ra [233Ra(14C)], 228Th(20O), 231Pa(23F), 236U(24,26Ne),
238Pu(28,30Mg), 238Pu(32Si), and 242Cm(34Si) compete with
the α-decay mode in the region of Z = 87–96 [13,14].
The half-life of the radioactive nucleus against a given
decay mode is completely determined by the corresponding
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decay width. In the cluster model, the decay width is well
described as a product of three model-dependent quantities,
namely, the preformation probability of the emitted clusters
inside the decaying nucleus, the assault frequency, and the
barrier penetration probability. Commonly, the preformation
probability is referred to in the literature as the spectroscopic
factor [15–17] or the amount of clustering.

The preformation probability can be calculated microscop-
ically in terms of the probability amplitude of the amount of
clustering of the α and daughter as two entities inside the bound
parent nucleus [18]. The formation amplitude of the α cluster
has been calculated in different studies based on R-matrix ap-
proaches [18,19]. By considering the surface nucleons and the
Bohr assumption of compound nucleus, the total and formation
energy obtained from the binding-energy differences are used
in Ref. [20] to find the α cluster preformation factor inside
212Po. Also, the multistep shell model has been employed
to improve the calculations of the formation amplitude [21].
In addition to its model dependence, the uncertainty in the
determined preformation probability is expected to increase
if the involved nuclei are deformed and have larger isospin
asymmetry [15,22]. The uncertainty may increase also if there
are involved odd nucleon numbers or angular momentum
transfer [23,24]. For example, the different predicted values
of the α-preformation probability inside 212Po from different
models are 0.994 [20], 0.74 [21], 0.54 [20], 0.37 [25],
0.3 [18], 0.22 [25], 0.061 [23], 0.042 [18], 0.035 ± 0.001 [26],
0.019 [16], and 0.000 13 [19]. To avoid possible problems
due to the explicit treatment of the detailed nuclear structure
in the microscopic calculations [18,27], it is advantageous
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to investigate the preformation probability through its direct
relation to the experimental half-life time [15,16,28]. Recently,
the α-preformation probability inside even(Z)-even(N) heavy
and superheavy nuclei has been studied in Ref. [26] by taking
account of the uncertainties in both the released energy and
the experimental half-lives as well as the deformations of the
daughters. A periodic behavior of the preformation probability
as a function of Z and N, characterized by several local
maxima and minima, has been observed. The observed minima
appeared at the proton-, neutron-shell, and subshell closures
of the considered parents. Based on its observed behavior
and results [26], an empirical formula has been suggested
to give the α-preformation probability in terms of the proton
and neutron numbers outside the closed shells of the parent
nucleus.

If the parent nucleus has odd nucleon numbers, two more
effects must be considered. First, we have to account for the
pairing effect. Second, the parent and daughter nuclei may have
different nonzero spins and/or a change in their parities. Hence,
a rather angular momentum transfer through the outgoing
α particle takes place. Like in most nuclear structures and
reactions, the nucleon pairing is expected to play a non-
negligible effect on the decay process. In the superasymmetric
fission model, the shell and pairing effects are included,
together, in the suggested values of the zero-point vibration
energy Eυ [29], that are obtained from the fit to experimental
data on α emitters [30] through its proportionality with the
Q value. The zero-point vibration energy is involved in the
calculations of the penetration probability via the total energy
and the lower and upper turning points included in the action
integral [31]. It is also used to find the assault frequency. The
influence of the nucleons pairing interaction on the rates of α
decay was studied early [32]. The pairing interaction among
protons and neutrons that eventually constitute the α particle
was found to increase the probability of the α clustering on the
nuclear surface [33,34] where the two-neutron and two-proton
wave functions interfere constructively [18]. Consequently,
this enhances the α-decay width [18] and the giant pairing
resonance [18,35]. However, the pairing influences appear also
in the pairing energy for the ground state of the nucleus, which
affects its binding energy and consequently its α-decay energy
Qα [36]. Recently, the contribution of the pairing correction to
the potential barriers and the half-lives for cluster radioactivity
has been studied [37] based on a generalized liquid-drop model
by adding a phenomenological pairing term. More recently,
the total energy among the nucleons inside the nucleus is
calculated by taking account of the pairing energy, which was
deduced from the separation energies of the nucleons [38].
The formation energy of the α cluster in the nucleus was
then deduced from the binding-energy differences. Also, the
Skyrme-Hartree-Fock-(HF-) Bogoliubov wave functions, with
pairing correlations included, are used to calculate the forma-
tion amplitudes and the α-decay probabilities by applying the
R-matrix formulation [39]. Too small formation amplitudes
have been obtained. It was concluded that, in addition to the
pairing correlations included in the Hartree-Fock-Bogoliubov
approach, more correlations are still missing, particularly in
the nuclear surface, to get improved α particle clustering
consistent with data [39]. Furthermore, the α particle formation

probabilities have been extracted within the universal decay
law approach based on the R matrix [40]. The explanation
of the results in terms of the pairing force between the
protons and the neutrons that belong to the α particle showed
a striking resemblance between the formation probabilities
and the pairing gaps, which was extracted from the binding
energies [40].

However, the aim of this study is to investigate the
influences of the unpaired nucleons on the α-preformation
probability inside open-shell nuclei. Towards this goal, the
method of deducing the preformation probability by using
a semimicroscopic approach based on the SLy4 Skyrme-
like interaction within the Wentzel-Kramers-Brillouin (WKB)
approximation of the penetration probability is summarized
in the next section. The numerical details and results for
odd(Z)-even(N ), even(Z)-odd(N ) and odd(Z)-odd(N ) nuclei
are given in Sec. III. Only decays with no angular momentum
carried by the α particle are considered to extract precise
information about the pure pairing effect. The paper ends with
the main results and conclusions given in Sec. IV.

II. THEORETICAL BACKGROUND

In the preformed cluster models [41,42], the emitted nu-
cleus and the daughter are supposed to be preborn individually
inside the parent nucleus with a definite preformation proba-
bility. Subsequently, the emitted particle tries to tunnel through
the confining Coulomb barrier between the two formed clusters
in the parent. Of course, the shape of the formed daughter
cluster and its deformations will affect strongly the tunneling
process. The relative orientation of the deformed daughter
with respect to the α cluster in the parent nucleus strongly
influences the decay width. For a certain orientation angle θ ,
with respect to the symmetry axis of the deformed daughter,
the orientation-dependent α-decay width is given by

�(θ ) = �Sαν(θ )P (θ ). (1)

Here, Sα is the preformation probability of the α cluster as a
recognizable entity in the parent nucleus. ν(θ ) is the frequency
of assaults of the tunneled α particle on the barrier per
second. P (θ ) is the barrier penetrability. The two-dimensional
penetrability based on the WKB approximation of the barrier
penetration probability is calculated as

P (θ ) = exp

[
−2

∫ R3(θ)

R2(θ)
k(r,θ)dr

]
, (2)

with the wave number k(r,θ) defined as

k(r,θ) =
√

2μ

�2
|VT (r,θ) − Qα|. (3)

Qα and μ = mαmD

mα+mD
represent the experimental released

energy in the decay process (in MeV) and the reduced mass
of the α + daughter system, respectively. Ri (i = 1–3), in
femtometers, are three classical turning points along the decay
path. They are obtained by the equation VT (r,θ)|r=Ri (θ) = Qα .
After oscillating between R1(θ ) and R2(θ ) with the assault
frequency ν, the α particle tunnels through the barrier at R2(θ )
and R3 [43]. R3 is rather orientation independent because it
always lies in the far tail region [44] of the α + daughter
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potential. The total α + daughter interaction energy VT (r,θ )
reads

VT (r,θ) = VN (r,θ) + VC(r,θ) + V�(r), (4)

where VN (r,θ ), VC(r,θ), and V�(r) are the nuclear, Coulomb,
and the centrifugal contributions, respectively. In terms of the
inverse of the time taken for an α particle to traverse the dis-
tance between R1 and R2, back and forth, we can write the
assault frequency as [45,46]

ν(θ ) = T −1(θ ) =
[∫ R2(θ)

R1(θ)

2μ

�k(r,θ)
dr

]−1

. (5)

Through this expression, we can easily check that the
bound- (quasi-bound-) state wave function of the α cluster
verifies the normalization condition in the region between
R1 and R2 [46]. Now, we can evaluate numerically the
angle-averaged decay width as [47]

� = 1

2

∫ π

0
�(θ ) sin θ dθ. (6)

Finally, the partial half-life (T1/2) for the α decay between
two definite states of parent and daughter nuclei can be
obtained in terms of the calculated decay width (�) as

T1/2 = � ln 2

�
. (7)

However, we can estimate the preformation probability
of the α cluster inside the parent nucleus by comparing
the calculated half-life, without Sα , with the experimental
one [28],

Sα = T cal
1/2(without Sα)

/
T

exp
1/2 . (8)

An empirical formula was suggested [26] to relate the
α-preformation probability to the numbers of protons and
neutrons outside the closed shells of the parent nucleus,

Sα = Ae−α(Z−Z0−Zc)2
e−β(N−N0−Nc)2

, (9)

where Z0 (N0) represents the shell and subshell closures of
protons (neutrons). Zc (Nc) defines the number of protons
(neutrons) outside the different closed shells at which the
preformation probability reaches a local maximum. The
dimensionless parameters A, α, and β vary with the shell
closures [26].

Returning to the total interaction energy, it is advantageous
to use the Hamiltonian energy-density formalism [48] based on
a Skyrme interaction. This is because the Skyrme interactions
allow the treatment of both the pairing and the shell effects
in the nucleus-nucleus interaction potential. Under the frozen
density approximation, the real part of the attractive nuclear
potential between an emitted α particle and a deformed
daughter nucleus reads [26,49,50,51]

VN (R,θ ) =
∫

H [ρpα(
⇀
r ) + ρpD(R,

⇀
r,θ ), ρnα(

⇀
r ) + ρnD(R,

⇀
r,θ )]

−Hα[ρpα(
⇀
r ), ρnα(

⇀
r )] − HD[ρpD(

⇀
r ), ρnD(

⇀
r )]d

⇀
r.

(10)

The separation R (fm) represents here the distance between
the centers of mass of the two interacting nuclei. θ is the
orientation angle between the symmetry axis direction of
the deformed daughter nucleus and the direction of

⇀

R. The
energy-density functionals of the composite system α and
the daughter are denoted, respectively, by H , Hα, and HD .
ρij (i = p,n and j = α,D) define the frozen density distribu-
tions of the protons (p) and neutrons (n) that belong to α and
daughter (D) nuclei. The Skyrme energy-density functional
H (ρ) is composed of three terms, namely, the kinetic, nuclear,
and Coulomb terms,

H (ρi,τi,
⇀

J i) = �
2

2m

∑
i=n,p

τi(ρi,
⇀∇ρi,∇2ρi) + HSky(ρi,τi,

⇀

J i)

+HCoul(ρp). (11)

Here, τi (i = p,n) and
⇀

J i are, respectively, the kinetic
energy and the spin-orbit densities of protons and neutrons.
Both quantities can be expressed [51] through the extended
Thomas-Fermi approximation [49,52] as functions of the local
densities and their gradients as well as the form factors of the
proton and neutron effective masses fi(

⇀
r ) = mi/meff

i (
⇀
r ). The

nuclear part of the energy density HSky(ρi,τi,
⇀

J i) in terms of the
Skyrme nucleon-nucleon interaction which includes zero- and
finite-range, density-dependent, effective-mass, and spin-orbit
terms as well as the tensor coupling with the spin and gradient
terms reads [53]

HSky(ρi,τi,
⇀

J i)

= t0

2

[(
1 + x0

2

)
ρ2 −

(
x0 + 1

2

) ∑
i=p,n

ρ2
i

]

+ t3ρ
γ

12

[(
1 + x3

2

)
ρ2 −

(
x3 + 1

2

) ∑
i=p,n

ρ2
i

]

+ 1

4

{[
t1

(
1 + x1

2

)
+ t2

(
1 + x2

2

)]
ρτ

+
[
t2

(
x2 + 1

2

)
− t1

(
x1 + 1

2

)] ∑
i=p,n

ρiτi

}

+ 1

16

{[
3t1

(
1 + x1

2

)
− t2

(
1 + x2

2

)]
(

⇀∇ρ)2

−
[

3t1

(
x1 + 1

2

)
+ t2

(
x2 + 1

2

)] ∑
i=p,n

(
⇀∇ρi)

2

}

+ W0

2

⎛
⎝⇀

J · ⇀∇ρ +
∑
i=p,n

⇀

J i · ⇀∇ρi

⎞
⎠

+ 1

16

⎡
⎣(t1 − t2)

∑
i=p,n

⇀

J
2

i − (t1x1 + t2x2)
⇀

J
2

⎤
⎦ . (12)

The SLy4 parametrization [γ , tm, and xm (m = 0–3)] of the
Skyrme nucleon-nucleon interaction and the strength of the
spin-orbit interaction (W0) are given in Ref. [53]. The neutron
and proton components of the matter (ρi), kinetic energy (τi),
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and spin-orbit (
⇀

J i) densities can be added simply to give the

total ones (ρ, τ, and
⇀

J ). The Coulomb energy term (HCoul) in
Eq. (11) consists of two parts, namely, the direct part (H dir

C )
and the exchange one (H exch

C ). We can express these two parts
as

HCoul(ρp) = H dir
C (ρp) + H exch

C (ρp)

= e2

2
ρp(

⇀
r )

∫
ρp(

⇀
r ′)

|⇀r − ⇀
r ′|

d
⇀
r ′ − 3e2

4

(
3

π

)1/3

× [ρp(
⇀
r )]4/3. (13)

The Slater approximation [54] has been used here to describe
the Coulomb exchange part. Also, we may use the multipole
expansion of the deformed density distribution of the daughter
nucleus to evaluate the Coulomb direct part [55,56] because of
the finite range of the proton-proton Coulomb interaction. The
centrifugal part in Eq. (4) V�(r) vanishes if the carried orbital
angular momentum (�) by the emitted α particle is zero. To
ensure a quasistationary state [57], a renormalization factor is
often introduced to the potentials, which are characterized
by no repulsive core by applying the Bohr-Sommerfeld
quantization [58] and the Wildermuth [59] conditions.

However, the self-consistent HF calculations [60] will be
performed by using the SLy4 Skyrme parametrization to get
the neutron and proton densities of the α and spherical daughter
nuclei. The pairing correlations can be included in these
calculations within the BCS approach by means of a constant
gap approximation [60]. We may also treat pairing by using
constant force or density-dependent zero-range force [53]
in the BCS approximation. The densities of the involved
deformed daughters will be expressed in the two-parameter
Fermi shape,

ρn(p)(r,θ ) = ρ0n(p)(1 + e[r−Rn(p)(θ)]/an(p) )−1, (14)

with the half-density radii (Rn(p)),

Rn(p)(θ ) = R0n(p)

[
1 +

∑
i=2,3,4,6

βiYi0(θ )

]
. (15)

The radii R0n(p) and the diffuseness a parameters of these
deformed distributions will be chosen for protons and neutrons
so as to reproduce their density distributions obtained from
the self-consistent HF + BCS calculations. βi (i = 2,3, 4,6)
represent the quadrupole, octupole, hexadecapole, and hexa-
contatetrapole deformations, respectively. The density param-
eter ρ0n(p) is obtained by normalizing the neutron (proton)
density distribution to the number of neutrons (protons) in the
nucleus.

III. NUMERICAL RESULTS AND DISCUSSION

The ground-state to ground-state α decays of 105 open-shell
odd-A and odd(Z)-odd(N ) radioactive nuclei with 80 � Z �
114 and 95 � N � 175 have been studied. For all considered
decays, the α emitters and their daughters have the same
ground-state spin and parity, and thus the emitted α particle
will carry no orbital angular momentum. The neutron and

proton density distributions of the involved nuclei are obtained
by the Skyrme HF + BCS spherical calculations. The pairing
correlations are treated in these calculations by using a constant
gap approximation. The densities of the involved deformed
daughters have been used in the two-parameter Fermi shape
with radius and diffuseness parameters adjusted to reproduce
the density distributions from the self-consistent Skyrme HF +
BCS calculations. The obtained densities are implemented in
turn in the Hamiltonian energy-density scheme Eqs. (10)–(13)
to find the total interaction potential of the α + daughter
system based on the SLy4 parametrization of the Skyrme
interaction. Only for some orientations in a few cases, the
lowest point of the pocket in the internal region of the α +
daughter potential is obtained above the Q value. In such
cases, a normalization factor (1.01 � λ � 1.04) is introduced
to account for some uncertainties in the computed nuclear
potential. Once the α + daughter interaction potential is
calculated at different orientations of the deformed daughter
nucleus, it is employed easily to get the barrier penetrability
[P (θ )] Eqs. (2) and (3) and the assault frequency [ν(θ )] Eq. (5).
Both P (θ ) and ν(θ ) are then used to obtain the decay width at a
given orientation Eq. (1) without introducing the preformation
probability Sα . After orientation averaging over θ [Eq. (6)], the
α-decay width is used to find the half-life time of the parent
nucleus against its α decay via Eq. (1) without preformation
probability. By taking account of the symmetry considerations,
the existence of only axial symmetric deformations (β2,β4,β6)
allows achieving the averaging process Eq. (6) only over the
angular range from zero to π/2 [26]. Finally, we can esti-
mate the preformation probability of the α-daughter clusters
inside the parent by comparing its calculated half-life time
relative to the corresponding experimental value Eq. (8). The
uncertainty range of the obtained preformation probability
due to the uncertainties related to the released energy and
the experimental half-life time is also estimated for each
decay.

Table I summarizes detailed information on the mentioned
α decays, the computed half-lives (without the preformation
probability), and the estimated preformation probabilities S

exp
α

[Eq. (8)]. In this table, the third (fourth) column identi-
fies the ground-state spin and parity Jπ

P (D) of the parents
(daughters) given in column 1 (2). Listed in the fifth and
sixth columns, respectively, are the energy released for each
decay [Qα (MeV)] [61] and the experimental partial half-
lives [T exp

1/2 (s)] [5,62–81]. In the last column of Table I, the
references to the experimental half-lives and to the Qα values
which are not taken from Ref. [61] are listed. The calculated
quantities given in columns 9 and 10 will be discussed
below. Table II shows the multipole ground-state deformations
(β2, β3, β4, and β6) considered in the deformed daughter
nuclei [82]. Table I shows that the maximum extracted value of
the α-preformation probability S

exp
α [Eq. (8)] for the mentioned

decays is 0.1294 ± 0.0539 (219Pa). Among the 105 studied
cases, 82% yield a preformation probability on the order of
10−2 whereas 12% yield smaller S

exp
α on the order of 10−3.

In a similar study performed on even-even nuclei [26], 72%
of the 179 studied nuclei yielded S

exp
α on the order of 10−2

whereas 25% yielded larger ones on the order of 10−1.
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TABLE II. The quadrupole (β2), octupole (β3), hexadecapole (β4), and hexacontatetrapole (β6) deformations of the deformed daughter
nuclei which were involved in the decays presented in Table I [82].

Nucleus β2 β3 β4 β6 Nucleus β2 β3 β4 β6 Nucleus β2 β3 β4 β6

171Pt 0.126 −0.003 −0.001 195At −0.215 −0.001 229Th 0.190 0.114 0.020
175Pt 0.180 0.004 −0.004 196At −0.207 0.001 −0.001 227U 0.182 0.121 0.031
179Pt 0.274 0.003 −0.009 197At −0.207 0.001 −0.001 231U 0.198 0.115 0.017
181Pt 0.265 −0.015 −0.009 198At −0.207 −0.007 −0.001 229Pu 0.190 0.114 0.024
173Au −0.105 −0.011 − 0.001 199At 0.080 0.002 −0.002 235Cm 0.215 0.102 0.001
175Au −0.122 −0.010 0.001 200At 0.089 −0.006 −0.001 241Cm 0.223 0.087 −0.022
187Hg −0.139 −0.024 201At 0.071 −0.007 −0.001 237Bk 0.215 0.093 −0.007
213Pb 0.009 −0.055 0.009 0.001 202At 0.062 −0.007 0.001 239Bk 0.215 0.093 −0.012
192Bi −0.052 0.009 204At −0.053 −0.007 0.002 247Bk 0.235 0.048 −0.034
193Bi −0.052 0.009 215At 0.018 0.016 −0.001 249Bk 0.235 0.040 −0.037
194Bi −0.052 0.009 199Rn −0.207 0.001 −0.001 247Fm 0.234 − 0.057 −0.038
195Bi −0.052 0.009 201Rn −0.199 −0.016 −0.001 249Md 0.235 0.040 −0.036
196Bi −0.052 0.009 −0.001 205Rn −0.079 0.002 0.003 259Rf 0.239 −0.025 −0.032
197Bi −0.052 0.009 0.001 207Rn −0.053 −0.007 −0.001 261Sg 0.238 −0.025 −0.031
198Bi −0.052 0.009 0.001 218Fr 0.050 0.154 0.029 0.008 265Sg 0.229 −0.053 −0.020
204Bi −0.044 0.009 0.001 223Fr 0.146 −0.135 0.109 0.008 277Hs 0.145 −0.049 −0.006
191Po 0.275 −0.031 −0.004 219Ac 0.020 −0.099 0.011 0.004 268Mt 0.221 −0.071 −0.014
193Po −0.215 0.009 0.002 223Ac 0.147 −0.151 0.110 0.010 285Cn 0.089 −0.037 0.003
195Po 0.071 0.002 −0.001 227Ac 0.172 −0.105 0.112 0.007
197Po 0.062 0.001 −0.002 225Th 0.165 −0.137 0.112 0.010

Figure 1 shows the variation in the estimated preformation
probability for the even(Z)-odd(N ) isotopes of Hg(Z = 80),
Po(Z = 84), U(Z = 92), Pu(Z = 94), and Hs(Z = 108) with
the neutron number (N ) of the decaying parents. For com-
parison, the results for the corresponding even-even isotopes
taken from Ref. [26] are added. The presented even-odd
results confirm the periodic behavior detected [26] for the
preformation probability as a function of the neutron and
charge numbers with consecutive local maxima and minima.

The results shown in Fig. 1 indicate the presence of local
minima at N = 104(102) and N = 126. These minima are
related to the neutron-shell and subshell closures. Local
maxima are indicated at N = 96, 112, and 134(136). It is
also interesting to note from Fig. 1 that, along the different
isotopic chains, the α-preformation probability inside the
even-odd nucleus is less than that of its even-even neighboring
isotopes. While the maximum preformation probability inside
an even-even nucleus displayed in Fig. 1 is 0.1900 ± 0.0800

FIG. 1. (Color online) The estimated α-preformation probability Eq. (8) inside even(Z)-odd(N ) and even(Z)-even(N ) nuclei belong to
several isotopic chains versus the neutron number of parent nuclei. The data for the even-even isotopes are taken from Ref. [26].
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FIG. 2. The same as Fig. 1 but for odd(Z)-even(N ) and odd(Z)-odd(N ) isotopes.

(228Pu) [26], the maximum ones for the even-odd isotopes in
the same figure are 0.0895 ± 0.0307 (179Hg) and 0.0527 ±
0.0018 (217Po). The range of the estimated α-preformation
probability inside all mentioned 44 even-odd nuclei lies be-
tween 0.0039 ± 0.0024 (269Hs) and 0.0979 ± 0.0889 (281Ds).
Figure 2 displays the deduced preformation probability for
the odd(Z)-even(N ) and odd(Z)-odd(N ) At(Z = 85), Fr(Z =
87), Ac(Z = 89), and Pa(Z = 91) isotopes as a function of
their neutron numbers. The obtained periodic behavior of the
presented Sα in Fig. 2 with N confirms the local minimum
associated with the shell closure at N = 126. A local maxi-
mum around N = 116 is indicated. The obtained preformation
probabilities of α in the odd-odd nuclei are always smaller than
those of the close odd-even neighbors that belong to the same

isotopic chain. The deduced α-preformation probabilities in
the studied 41 odd-even nuclei are ranged from 0.0005 to
0.1294 ± 0.0539. The obtained ones inside the mentioned 20
odd-odd nuclei are in the range between 0.0014 ± 0.0006
(272Rg) and 0.0692 ± 0.0421 (218Fr).

The deduced α-preformation probability in the
odd(Z)-even(N ) isotones of N = 112, 124, 126, 130, and 132
is plotted as a function of the parent charge number (Z)
in Fig. 3. In the same figure, the presented results for
the odd-even isotones are compared with those of the
associated even-even ones, which are taken from Ref. [26].
Like isotopes, the α-preformation probabilities in odd-even
isotones are less than the ones in their even-even neighbors
along the same isotonic chain. The maximum preformation

FIG. 3. The estimated α-preformation probability Eq. (8) inside odd(Z)-even(N ) and even(Z)-even(N ) nuclei belong to several isotonic
chains versus the charge number of parent nuclei. The data for the even-even isotopes are taken from Ref. [26].
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FIG. 4. The same as Fig. 3 but for even(Z)-odd(N ) and odd(Z)-odd(N ) isotones.

probability in an even-even isotone presented in Fig. 3
is 0.1400 ± 0.0270 [220Ra(N = 132)] [26], whereas
the maximum one in an odd-even isotone in the same
figure is 0.1256 ± 0.0147 [219Fr(N = 132)]. Figure 4
shows the estimated α-preformation probability inside
the N = 113, 115, 117, 129, and 131 even(Z)-odd(N ) and
odd(Z)-odd(N ) isotones versus the charge numbers of the
parent nuclei. Again, the deduced α-preformation probability
inside odd-odd isotones is lower than in the even-odd isotonic
neighbors. The maximum Sα inside an even-odd isotone
displayed in Fig. 4 is 0.0813 ±0.0087 [217Rn(N = 131)]. The
maximum presented one in the same figure for an odd-odd
isotone is 0.0692 ± 0.0421 [218Fr(N = 131)].

However, the pairing of the nucleons in the nucleus
influences the α-preformation probability inside it. This
would be clearly seen when we look at the nuclei of
closest neighbors. For instance, the estimated α-preformation
probabilities inside the 218

132Rn86(ee), 217
130Fr87(oe), 217

131Rn86(eo),
and 218

131Fr87(oo) neighbors, respectively, are Sα(α + 214Po) =
0.1380 [26], Sα(α + 213At) = 0.1052, Sα(α + 213Po) =
0.0813, and Sα(α + 214At) = 0.0692. Confirming the results
discussed above, the α preformation inside the even-even

218Rn nucleus has the highest probability among its neighbors.
The α-preformation probability decreases in 217Fr due to the
effect of the unpaired proton outside the proton closed shell
of Z = 82. The effect of the unpaired neutron outside the
neutron-shell closure of N = 126 in 217Rn, which decreases
the probability of the α preformation inside it, is greater
than the one of the unpaired proton in 217Fr. The 218Fr
nucleus has the smallest α-preformation probability, relative
to its neighbors, under the effect of two unpaired nucleons,
proton and neutron. Moreover, the detailed calculations show
a minor correlation between the preformation probability and
the difference between the position of the lowest point (rmin) of
the pocket in the internal region of the α + daughter interaction
potential and the first turning point (r1). The values of rmin − r1

for the mentioned 218Rn, 217Fr, 217Rn, and 218Fr nuclei,
respectively, are 1.05, 1.04, 1.04, and 1.02 fm. This means that
the preformation probability is directly proportional to the
quantity rmin − r1.

To place the present results in context, a relevant pairing
term (ap) is added to the empirical expression given by Eq. (9)
to account for the pairing influences on the α-preformation
probability in the open-shell nuclei,

Sα = Ae−α(Z−Z0−Zc)2
e−β(N−N0−Nc)2 − ap, ap =

⎧⎨
⎩

0.0041 (Z − Z0)1/3 for odd(Z)-even(N ) nuclei,
0.0051 (N − N0)1/3 for even(Z)-odd(N ) nuclei,
0.0082 (Z − Z0 + N − N0)1/3 for odd(Z)-odd(N ) nuclei.

(16)

The fitting parameters of Eq. (16) as obtained in
Ref. [26] are summarized in Table III. For the sets of the
proton-, neutron-shell, and subshell closures of (Z0,N0) =
(82,126), (82,152), and (102,126), improved values of A =
0.204, 0.223, and 0.180, respectively, are adopted instead of
the values given in Ref. [26]. These values are obtained
from the fit for the present results of the preformation
probability in addition to the results obtained in the mentioned
reference.

Returning to Table I, the obtained preformation probabili-
ties for the studied decays based on the modified empirical
formula Eq. (16) are presented in the ninth column. The
calculated half-lives upon these preformation probabilities
are listed in the tenth column of the same table. As seen in
Table I, for the mentioned 41 odd(Z)-even(N ) nuclei, the
estimated values of the preformation probability inside 34
nuclei (83%) by using Eq. (16) are fairly consistent with those
deduced from Eq. (8). The obtained preformation probability
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TABLE III. The fitting parameters of the empirical formula for
the α-preformation probability Eq. (16) taken from Ref. [26].

Z0 N0 Zc α Nc β A

50 82 10 0.0231 8 0.0126 0.341
70 82 6 0.0066 8 0.0126 0.092

102 10 0.0090 0.029
82 82 8 0.0126 8 0.0126 0.311

102 10 0.0090 0.105
126 12 0.0159 0.204a

152 16 0.0064 0.223a

102 126 10 0.0020 12 0.0159 0.180a

152 16 0.0064 0.041

aThe value given in Ref. [26] is changed upon considering the present
data in the fitting process.

for 9 nuclei out of these 34 ones are already within the
experimental values, taking into account the uncertainty range.
In addition, for nine cases the typical difference between the
estimated preformation probability based on Eq. (16) and the
one deduced from the experimental data Eq. (8) is less than
0.01. The obtained minimum percentage difference by taking
into account the uncertainty range between the two estimated
values for the other 16 nuclei is less than 75%. The percentage
difference between the two estimated values is greater than
75% for only seven nuclei. Upon the mentioned criteria,
the preformation probabilities estimated by using Eq. (9),
without the relevant pairing term, are consistent with the values
deduced by Eq. (8) for 32 nuclei (78%) out of the considered
41 odd-even ones. Actually, the obtained half-life based on the
preformation probability given by Eq. (16) is approximately
two orders of magnitude less than the experimental one
only for three nuclei (227Ac, 227Pa, and 231Pa). The standard

deviation σ =
√∑n

i=1 [log10(T cal
1/2/T

exp
1/2 )]

2
/(n − 1) of the cal-

culated half-lives of the mentioned odd-even nuclei based
on Sα [Eq. (16)] with respect to the experimental ones is
improved from 0.616 to 0.597 after adding the pairing term
to Eq. (9), taking account of the uncertainty range. If we
excluded the anomalous results of the mentioned three nuclei,
the calculated standard deviation improves from 0.282 to 0.249
upon adding the pairing term. On the other hand, among the 44
even(Z)-odd(N ) nuclei considered here, the obtained values
of the preformation probability from Eq. (16) for 36 nuclei
(82%) appear to be consistent with the values deduced by
using Eq. (8). For 9 nuclei out of these 36 ones, the deduced
preformation probability is indeed within the experimental
value. The obtained typical difference between the two values
is less than 0.01 for 14 cases whereas the percentage difference
between them is less than 75% for the remaining 13 cases.
Only for nine nuclei is the percentage difference between the
two obtained values greater than 75%. Without introducing the
pairing term, the deduced preformation probability that uses
Eq. (9) is consistent with the estimated values by Eq. (8) for
30 nuclei (68%). For 229U only, the calculated half-life time
based on the preformation probability deduced by Eq. (16) is
two orders of magnitude smaller than the experimental one.
Upon adding the pairing term to Eq. (9), the standard deviation

of the calculated half-lives based on Sα [Eq. (16)] improves
from σ = 0.446 to σ = 0.411. If we remove the calculated
half-life of 229U from computing the standard deviation, it
becomes σ = 0.347. Finally, for 20 studied odd(Z)-odd(N )
nuclei, the deduced preformation probabilities by Eq. (16) in
18 nuclei (90%) and those obtained from Eq. (8) are consistent
with each other. The obtained preformation probability for 4
nuclei out of these 18 are within the experimental range. While
the difference between the obtained preformation probability
using Eq. (16) and the one yielded from Eq. (8) is less
than 0.01 for five nuclei, the percentage difference between
the two values for the remaining nine nuclei is less than
75%. Only for 202Fr and 218At is the minimum percentage
difference between the two deduced values of the preformation
probability greater than 75%. By using Eq. (9), the obtained
preformation probabilities of only seven odd-odd nuclei (35%)
are consistent with the values deduced by Eq. (8). Adding the
pairing term to Eq. (9) improves the standard deviation of
the calculated half-life times based on Sα [Eq. (16)] from
σ = 0.482 to σ = 0.306.

IV. CONCLUSION

The α-preformation probability inside 105
odd(Z)-even(N ), even(Z)-odd(N ), and odd(Z)-odd(N )
open-shell nuclei in the region of 80 � Z � 114 and
95 � N � 175 is studied. The influence of contributing
unpaired pairs of protons and neutrons to the formed
α particle on its preformation probability inside parent
nuclei has been investigated. Only the ground-state to
ground-state decays in which the parents and daughters
have the same ground-state spin and parity are considered
to draw a conclusion on the pure pairing effect away from
any transferred angular momentum. The calculations are
performed by using a Hamiltonian energy-density scheme
based on the SLy4 Skyrme-like interaction and the WKB
approximation of the penetration probability. The pairing
correlations are taken into account in the self-consistent
Skyrme HF + BCS calculations of the density distributions
of the involved nuclei. The deformations in the daughter
nuclei as well as the uncertainty in both the released energy
and the experimental half-lives are also considered. It is
found that along the different isotopic (isotonic) chains, the
α-preformation probabilities inside the even-odd (odd-even)
nuclei are less than those in the even-even neighboring
isotopes (isotones). Also, the α-preformation probability
inside odd-odd nuclei is predicted to be less than in the
even-odd and even-odd close neighbors. The empirical
formula [26] that gives the α-preformation probability inside
even(Z)-even(N ) nuclei in terms of the numbers of protons
(Z − Z0) and neutrons (N − N0) outside their closed shells
Z0 and N0 has been improved by adding a relevant pairing
term. This pairing term is determined by fitting the extracted
α-preformation probabilities in the odd-A and odd(Z)-odd(N )
open-shell nuclei. Instead of 66% (without pairing), 84%
of the preformation probabilities obtained by the improved
formula, upon adding the pairing term, are fairly consistent
with the experimentally extracted ones.
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