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Parity reversal of 12
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We study the spectrum of 12
� Be by using an extended version of antisymmetrized molecular dynamics for

hypernuclei. Our result indicates that the �-particle impurity effect causes the positive-parity ground state of
12
� Be to revert to the normal state, i.e., negative parity. This parity reversion is attributed to the difference in the
� binding energy between the positive- and negative-parity states, which in turn originates in the difference in α

clustering and deformation.
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I. INTRODUCTION

Despite their short lifetime, hypernuclei have been a subject
of particular interest in nuclear physics because they provide
an almost unique opportunity to investigate underlying baryon-
baryon interactions. In particular, knowledge of the interaction
between a � hyperon and nucleons has greatly increased in
recent decades [1–7], which strongly promotes the physics of
hypernuclear many-body problems. A particularly interesting
problem in hypernuclear many-body physics concerns the
dynamical features of � hypernuclei manifested by adding
a � particle to, for example, stabilize the system [8,9],
modify the sizes [10–12], or deform and cluster [13–20].
Thus, hypernuclear many-body physics can be regarded as
impurity physics because it offers a means to investigate
nuclear dynamical responses to the addition of hyperons
or nuclear structure by using hyperons as probes. We can
expect forthcoming experiments to expand the domain of
hypernuclear physics toward neutron-rich or heavier systems
and thereby uncover many exotic phenomena caused by the
�-impurity effect.

One such system of interest to be experimentally accessible
is single-� hypernuclei of neutron-rich Be isotopes. More
specifically, 12

� Be, which is accessible via the 12C(π−,K+)
reaction, is particular interesting because the core nucleus 11Be
is known to have a quite exotic structure. It has two bound
states—one with positive parity and the other with negative
parity. The ground state has positive parity, and the negative-
parity state is 320 keV above the ground state [21–23]. Because
the order of these two states contradicts the ordinary nuclear-
shell ordering and the neutron-shell gap N = 8 is collapsed,
this peculiar order of states is referred to as “parity inversion”
or “breakdown of the N = 8 magic number.” The question we
address herein is how the �-impurity effect will modify the
“parity reversion” in 12

� Be.
In this article, we predict that adding a � particle will

cause the parity inversion in 11Be to revert to “normal” (i.e.,
negative) parity in 12

� Be. This study is based on the theoretical
framework of antisymmetrized molecular dynamics (AMD).
AMD has been applied to investigate exotic phenomena
in neutron-rich nuclei and has successfully described them
such as the breakdown of the N = 8 and N = 20 magic
numbers [24–29]. In the present study, we use an extended

version of AMD for hypernuclei (HyperAMD) to investigate
12
� Be. HyperAMD has already been applied to p-sd-shell
hypernuclei [19,20], and its detailed formulation is given there.

II. FORMALISM

The Hamiltonian used in this study is

H = HN + H� − Tg, (1)

HN = TN + VNN + VC, H� = T� + V�N, (2)

where TN,T�, and Tg are the kinetic energies of the nucleons,
� particle, and center-of-mass motion, respectively. We use
the Gogny D1S interaction [30] as effective nucleon-nucleon
interaction VNN , and the Coulomb interaction VC is approxi-
mated by the sum of seven Gaussians. To see the interaction
dependence of the result, we tested various �N interactions
for the central part of V�N [31–33], and in this paper we
present the results obtained by the YN G-matrix interactions
derived from the Nijmegen potentials named model D [7,34],
NSC97f [35], and ESC08c [36], which we denote ND, NSC97f
and ESC08c, respectively. Their strengths depend on the
nuclear Fermi momentum kF , and we adopt the value of
kF = 1.06 fm−1, which is obtained by applying averaged
density approximation [37]. As the spin-orbit interaction part
of V�N , we always used that of the ESC08c.

The variational HyperAMD wave function is a parity
eigenstate. The intrinsic wave function �int is represented by
the direct product of the � single-particle wave function ϕ�

and the wave function �N of A nucleons, which is a Slater
determinant of the nucleon wave packets ψi ,

�± = P ±�int, �int = �N ⊗ ϕY , (3)

�N = 1√
A!

det{ψi(rj )}, (4)

where P ± is the parity projector. The nucleon single-particle
wave packets φi are represented by a Gaussian:

ψi(r) = φi(r)χiτi, (5)

φi(r) =
∏

σ=x,y,z

(
2νσ

π

)1/4

exp
{ − νσ (r − Zi)

2
σ

}
, (6)

χi = aiχ↑ + biχ↓, τi = p or n. (7)
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The � single-particle wave function is represented by a sum
of Gaussians,

ϕ�(r) =
M∑

m=1

cmϕm(r), ϕm(r) = φm(r)χm, (8)

φm(r) =
∏

σ=x,y,z

(
2νσ

π

)1/4

exp
{−νσ (r − ζm)2

σ

}
, (9)

χm = αmχ↑ + βmχ↓, (10)

where the number of superposed Gaussians is chosen to
be sufficiently large to achieve energy convergence. The
variational parameters are centroids of the Gaussian wave
packets Zi and ζm, the Gaussian width νσ , the coefficients
cm, and spin directions ai,bi,αm, and βm. These parameters
are set to minimize the total energy under the constraint on the
matter quadrupole deformation parameter β [24]. The value
of β is constrained to range from 0 to 1.2 in intervals of 0.025.

After the variation, we project out the eigenstate of the total
angular momentum J for each value of β,

�J±
MK (β) = 2J + 1

8π2

∫
d�DJ∗

MK (�)R(�)�±(β). (11)

The integrals over the three Euler angles � are performed nu-
merically. Then we perform the generator coordinate method
(GCM) [38]. The wave functions with differing values of K
and β are superposed:

�J±
n =

∑
p

J∑
K=−J

cnpK�J±
MK (βp). (12)

The coefficients cnpK are determined by solving the Griffin-
Hill-Wheeler equation.

III. RESULTS AND DISCUSSIONS

Before discussing 12
� Be, it is helpful to review the structure

of 11Be. Figure 1(a) shows the observed spectra of the N = 7
isotones, 13C and 11Be. The large gap between the p1/2

FIG. 2. (Color online) Matter (ρm) and proton (ρp) density dis-
tributions for the bandhead states of 11Be and 12

� Be. Color plots show
the density distribution of the � particle.

and sd shells in 13C collapses in 11Be. The 11Be ground
state has positive parity, and the order of the p1/2 and sd
shells looks inverted, which is called parity inversion [21,22].
Using the original Gogny D1S parameter set, our calculation
reproduces the spin-parity of the ground state and gives a
binding energy of 65.32 MeV; the first excited state 1/2−

1 is
at 540 keV (the observed values are 65.48 MeV and 320 keV,
respectively [23]). For more quantitative discussion of 12

� Be,
we weakened the spin-orbit interaction of Gogny D1S by 5%
to exactly reproduce the observed 1/2−

1 excitation energy.
With this modification, we calculate the binding energy of
11Be to be 64.77 MeV, and the resulting spectrum is shown
in Fig. 1(b). Here the excited unbound states are calculated
within the bound-state approximation.

The low-lying states of Be isotopes are known to have a
2α cluster core and valence neutrons occupying the molecular
orbits around the core, which are called π and σ orbits [26].
The formation of the 2α cluster core in each state is confirmed
by the proton density shown in Fig. 2. The ground state is a
member of the Kπ = 1/2+ band in which two of the three
valence neutrons occupy the π orbit, and the third valence

FIG. 1. (Color online) (a) Observed spectra of 13C and 11Be. (b) Spectrum of 11Be calculated by AMD. (c) Spectra of 12
� Be calculated by

HyperAMD with the four different �N interactions given in the figure.
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TABLE I. Calculated binding (B) and excitation Ex energies
(MeV), matter quadrupole deformation β, and root-mean-square radii
rrms (fm) of the bandhead states of 11Be and 12

� Be. The results of
12
� Be are obtained by using ESC08c. The kinetic (T�) and potential
(V�N ) energies of � particle are also shown for 12

� Be. Numbers in
parentheses are the observed data [39].

J π B Ex β rrms B� T� V�N

11Be 1/2−
1 64.45 0.32 0.52 2.53

(65.16) (0.32)
1/2+

1 64.77 0 0.72 2.69
(65.48) (0) (2.73)

3/2−
1 62.72 2.05 0.90 2.98

12
� Be 0−

1 75.29 0.00 0.47 2.51 10.84 7.01 −17.87
0+

1 75.11 0.18 0.70 2.67 10.34 6.98 −17.43
1−

3 71.62 3.67 0.87 2.94 8.90 6.58 −15.62

neutron occupies the σ orbit. In terms of the spherical shell
model, a neutron is promoted to sd shell across the N = 8 shell
gap (breakdown of magic number N = 8). The first excited
state has negative parity and belongs to the Kπ = 1/2− band.
All valence neutrons occupy the π orbit or p shell, which
corresponds to the normal shell order. As we can see from
Fig. 2 and Table I, the ground state has a more pronounced
2α clustering and a larger quadrupole deformation β than
the first excited state. Here the quadrupole deformation β of
each state is defined as the deformation of the basis wave
function �J±

MK (β) that has maximum overlap with the GCM
wave function [Eq. (12)]. Among the bandhead states, the 3/2−

1
state (bandhead of Kπ = 3/2−) with two valence neutrons
in a σ orbit is the most deformed. The assignment of the
unbound excited states, including the 3/2−

1 state, is still under
discussion, so we devolve further discussions to Refs. [40–42].
Here we simply note that the positive-parity ground state
is more deformed than the first excited state with negative
parity. This point makes a difference when a � particle is
injected.

We found that all of the �N interactions tested in the present
study yield the same qualitative result for 12

� Be and predict
the negative-parity ground state of 12

� Be. In other words, the
inverted ground-state parity of 11Be will be reverted in 12

� Be by
injecting a � particle. The spectra of 12

� Be obtained by using
ESC08c, ND, and NSC97f are shown in Fig. 1(c). Among
the tested �N interactions, the ND gives the largest energy
gap between the negative-parity ground state and the positive-
parity excited state, while the NSC97f gives the smallest. For
the moment, we focus on the result obtained by using the
ESC08c, and later we discuss the quantitative difference and
�N interaction dependence of the results.

All states shown in Fig. 1(c) have a � in an s orbit and are
classified into three bands. They are generated by the coupling
of the Kπ = 1/2+,1/2−, and 3/2− bands of 11Be with a �
particle in an s orbit; thus, there are always doublet states
of 12

� Be for each corresponding state of 11Be. These bands
are denoted as Kπ = 1/2+ ⊗ �s,1/2− ⊗ �s , and 3/2− ⊗ �s ,
respectively. In the case of the ESC08c, the ground doublet has
a 11Be(1/2−

1 ) ⊗ �s configuration and consists of the 0−
1 and

1−
1 states with binding energies of 75.29 and 75.27 MeV, while

FIG. 3. (Color online) The � binding energy of the 0−
1 and 0+

1

states as function of proton quadrupole deformation parameterβ.
Lines in the figure denote the deformation parameter of 0±

1 states
given in Table I.

the first excited doublet with a 11Be(1/2+
1 ) ⊗ �s configuration

consists of the 0+
1 state at 180 keV and the 1+

1 state at 220 keV.
Thus, the ground-state parity has reverted to negative parity in
12
� Be, as if adding a � particle has restored the N = 8 shell gap.
This parity reversion of 12

� Be is due to the difference in the �
particle binding energy B� for the ground and first excited
doublets. Here B� is defined as the difference in binding
energies between a given 12

� Be and the corresponding 11Be
state,

B� = B(12
� Be(Jπ )) − B(11Be(J ′π )), (13)

and as shown in Table I, B� of the 0−
1 state is 500 keV

larger than that of the 0+
1 state. The change of the core

nucleus energy HN caused by injection of a � particle is
rather small; therefore, the difference in B� overwhelms the
energy difference between the 1/2±

1 states of 11Be, leading
to the parity reversion in 12

� Be. This difference in B� mainly
arises from the �N potential V�N as shown in Table I. In
turn, the difference in the �N potential V�N originates in
the difference in quadrupole deformation. Figure 3 shows
the � particle binding energies for the 0±

1 states as a
function of quadrupole deformation, which is defined as the
expectation value of H� by the angular-momentum-projected
wave functions for each deformation parameter β,

b±
�(β) = −〈�0±(β)|H�|�0±(β)〉. (14)

The b� of the 0+
1 and 0−

1 states rapidly decrease as the defor-
mation becomes larger, which is mostly due to the reduction
of V�N caused by the decrease of the overlap between the �
particle and the nucleons wave functions, as discussed in the
case of p-sd-pf shell nuclei [19,20,43]. The results shown
in Fig. 3 allow us to confirm that the 500-keV difference
in B� originates from the different deformation of the 0±

1
states. Because the 3/2−

1 state is the most deformed among
the bandhead states of 11Be, the 1−

3 state (11Be(3/2−
1 ) ⊗ �s)

has the smallest B� and its excitation energy is considerably
shifted up.

Adding a � particle slightly modifies the structure of the
11Be core nucleus. The attraction of the � particle sitting at the
center of the system causes the intercluster distance between
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the 2α clusters to decrease (Fig. 2), and it also leads to the a
decrease in the deformation and radius (Table I). In spite of the
neutron-halo structure of 11Be, this reduction is rather small
compared with what is observed for 7

�Li [12] and cannot be
clearly seen in the density distribution (Fig. 2). We attribute
this to the presence of valence neutrons occupying molecular
orbits in 12

� Be. A decrease in the distance between the 2α
clusters would result in the valence neutrons in π or σ orbits
loosing their binding energy [26]. Consequently, the valence
neutrons effectively serve to prevent a drastic reduction of the
2α distance. Note that this also explains why the change in the
expectation value of the nuclear part is not large compared to
the difference in B�.

Finally, we examine how the properties and uncertainties
of the �N interactions affect the quantitative results and the
parity reversion in 12

� Be. The first point we focus on is the
spin-independent odd-parity part of the �N central force
that acts between the � particle in s orbit and nucleons in
p orbits. Recall that the 1/2−

1 state of 11Be has 7 nucleons
in the p orbits, whereas the 1/2+

1 state has 6 nucleons.
Therefore, roughly speaking, the 0−

1 -1−
1 doublet has greater

number of spin-independent odd-parity interactions between
the � particle and nucleons (7 interactions) than the 0+

1 -1+
1

doublet (6 interactions). Consequently, we can imagine if
the spin-independent odd-parity interaction is too strongly
repulsive, the centroid energy of the 0−

1 -1−
1 doublet will be

pushed up relative to the 0+
1 -1+

1 doublet and the parity reversion
will not occur. It is known that this interaction is more repulsive
in NSC97f than in ESC08c, while it is attractive in ND.
This difference can be seen in Fig. 1 (c), i.e., NSC97f gives
smaller centroid energy difference (0.14 MeV) than ESC08c
(0.19 MeV), while ND gives the largest difference (0.34 MeV).

The second point is the σ� · σN dependent part of the
central force and the spin-orbit force, which apparently affects
the energy splitting within a doublet. It is also known that
NSC97f has stronger σ� · σN -dependent term than ESC08c
and ND and reproduces the observed doublet splitting in 4

�H
and 7

�Li [44]. This characteristic is also confirmed in Fig. 1, in
which NSC97f gives the largest doublet splitting. As a result of
the spin-independent odd-parity and σ� · σN -dependent parts,
the energy gap between the 1−

1 and 0+
1 is only 40 keV in

NSC97f result. It is noted that the sign of the positive- and
odd-parity σ� · σN -dependent part of ND is opposite to those
of NSC97f and ESC08c. In Fig. 1(c), this difference leads
to the opposite level ordering of the the 0−

1 -1−
1 and 0+

1 -1+
1

doublets between the ND and NSC97f results, while these
doublets are almost degenerated in the ESC08c result. It is
found that the contribution from the spin-orbit interaction
of ESC08c is less than 100 keV for 0±

1 and 1±
1 doublets,

which is consistent with the observations in 9
�Be [45,46] and

13
� C [47,48]. Therefore, we consider that the uncertainty of
the spin-orbit interaction has minor influence to the parity
reversion compared to other uncertainties discussed above.
Although all the �N interactions tested in this study suggest
that the reversion will occur, several properties of the �N
interactions have influence to the parity reversion in 12

� Be, and
more detailed knowledge on �N interaction such as tensor
term will be needed for further quantitative studies.

IV. CONCLUSION

In summary, we have investigated the low-lying states of
12
� Be by using the HyperAMD. We predict a parity reversion
of 12

� Be; that is the inverted ground-state parity of 11Be reverts
to “normal” (i.e., negative) parity in 12

� Be. The parity reversion
is caused by the different deformations of the ground and
first excited states of 11Be, which lead to a difference in
the � particle binding energy B�. In addition, the parity
reversion suggests that it may be possible to probe the
different deformations of the ground and first excited states
of 11Be by adding a �-particle impurity. Therefore, it is quite
interesting and important to investigate the excitation spec-
trum of 12

� Be by the 12C(π−,K+) reaction with high-energy
resolution.
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