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SPACS: A semi-empirical parameterization for isotopic spallation cross sections
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A new semi-empirical parameterization for residue cross sections in spallation reactions is presented. The
prescription named SPACS, for spallation cross sections, permits calculating the fragment production in proton-
and neutron-induced collisions with light up to heavy non-fissile partners from the Fermi regime to ultra-
relativistic energies. The model is fully analytical, based on a new parameterization of the mass yields, accounting
for the dependence on bombarding energy. The formalism for the isobaric distribution consists of a commonly
used functional form, borrowed from the empirical parameterization of fragmentation cross sections EPAX,
with the observed suited adjustments for spallation, and extended to the charge-pickup channel. Structural and
even-odd staggering related to the last stage of the primary-residue deexcitation process is additionally explicitly
introduced with a new prescription. Calculations are benchmarked with recent data collected at GSI, Darmstadt
as well as with previous measurements employing various techniques. The dependences observed experimentally
on collision energy, reaction-partner mass, and proton-neutron asymmetry are well described. A fast analytical
parameterization, such as SPACS, can be relevant to be implemented in complex simulations as used for practical
issues at nuclear facilities and plants. Its predictive power also makes it useful for cross-section estimates in
astrophysics and biophysics.
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I. INTRODUCTION

Fragmentation and spallation reactions
1

are customarily
used to produce exotic nuclei for studying their properties
and possibly exploit them as secondary projectiles. Today,
there is growing interest in the specificities of the spallation
process. A large part of existing and future radioactive-beam
facilities (see, e.g., Refs. [1–3]) is based on proton beams
impinging on a heavy target material. Spallation reactions,
induced by either protons or neutrons, are also the cornerstone
in accelerator-driven subcritical reactors [4,5]. They play a key
role in astrophysics along the propagation of cosmic-ray nuclei
in the interstellar medium (consisting of 93% of hydrogen) and,
in turn, in explosive nucleosynthesis processes [6]. Finally, the
relevance of spallation in biophysics [7], namely, for medical
purposes, is established.

For optimizing the parameters of a physics experiment,
controlling a nuclear-energy installation, computing stellar
abundances, or adapting a nuclear-therapy treatment to specific
organs, a solid knowledge of the fragment production by either
proton- or neutron-induced spallation is necessary. Elaborate
simulations performed with programs, such as, e.g., MARS15

based on former LAHET [8], MCNP6 [9], or FLUKA [10], are used
to predict the physics of primary and secondary processes
by means of coupling an intranuclear cascade code and a
deexcitation model [11,12] as well as they do follow the
transport of the final products, including light particles and
photons, in the complex experimental environment (see, e.g.,
Ref. [13] in astrophysics). As the complete simulation can

1In the present paper, fragmentation refers to the interaction be-
tween two heavy ions (nucleus-nucleus collision), whereas spallation
is used for the interaction between a light particle and a heavy nucleus
(nucleon-nucleus collision, presently).

be rather time consuming, the availability of fast and reliable
analytical prescriptions for modeling one or the other part of
the full calculation is very welcome. This is most feasible
for the computation of reaction and interaction cross sections.
The semi-empirical parameterization by Silberberg and Tsao
[14], based on the pioneering paper of Rudstam [15], is often
used in this context. This prescription, more than 30 years
old, was revised over the years as new measurements became
available. Based on their data on spallation of iron, Webber
et al. [16] developed another parametric formulation, which
was estimated to be valid for up to medium-mass reaction
partners. The recent prescription by Waddington et al. [17]
consists of formulas for charge-changing cross sections, but
no prediction is made for the product-residue mass.

Updates of former prescriptions and new developments
in spallation production cross-section calculations generally
depended on the particular application [18,19]. The influence
of the collision energy and of the mass of the nucleus
interacting with the light particle (hereafter referred to as the
reaction partner) have to be properly accounted for. Several
assumptions regarding these dependences were proposed. In
the framework of so-called “limiting fragmentation” [20], the
shape of the residue-mass distribution becomes independent
of bombarding energy beyond a given energy. Scaling and
factorization laws [20–22] were also proposed, relating the
production cross section in nucleon-induced spallation to that
measured in heavy-ion fragmentation by applying geometrical
factors. All these hypotheses could only be partly assessed
so far, and their validity was found to be system dependent.
A limiting-fragmentation-like regime in spallation was not
established yet [20,23], and doubts were placed on the
accuracy of simple scaling relationships as well [20,16,24]. An
attempt was recently [25] made to extend the well-known semi-
empirical parameterization of fragmentation cross sections
EPAX by Sümmerer and Blank [26] to spallation, motivated
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by the success of EPAX for heavy-ion fragmentation. Along
that work, it was remarked that the mass-yield curve of
the spallation residues substantially varies with energy. As
a nucleon deposits less energy than a heavy ion with the
same energy per nucleon does, faster nucleon projectiles are
required to reach a potentially universal mass-yield profile in
spallation as compared to fragmentation. Since EPAX is an
energy-independent prescription, well suited in the limiting-
fragmentation regime accessible with heavy-ion beams at
current facilities, the attempt of extending it to spallation
was not developed further in Ref. [25]. Rather, it was chosen
to concentrate on improving upon the version 2 of the
EPAX prescription (hereafter EPAX2) for fragmentation with
the updated version 3 [27] (hereafter EPAX3). Recently, a
modified parameterization of EPAX2 was proposed by Zhang
[28] with the inclusion of an energy dependence, improving
the predictions at intermediate energies outside the limiting-
fragmentation regime. This development, based on a local fit
of specific fragmentation data, does unfortunately not make
EPAX more suitable for spallation reactions.

As obvious from above, a global parameterization for spal-
lation is lacking, and different formulas are used, depending
on reaction-partner mass and proton-neutron asymmetry (N/Z
hereafter), bombarding energy, and product size [14]. The
capability of existing prescriptions to predict cross sections
with high accuracy and over a wide range remains limited,
see, e.g., discussion in Refs. [29,30]. At the same time,
the magnitude of current uncertainties needs to be reduced
for a number of applications, see, e.g., Refs. [4,25,7,31]. In
astrophysics, for example, none of the existing prescriptions
meets the 10% accuracy that is desired in propagation
calculations. Using the available parameterizations outside of
their range of adjustment is therefore hazardous, and there is
a need for a new, possibly more universal, prescription.

It is the aim of the present paper to take a step in this direc-
tion and propose a realistic parameterization of the residue iso-
topic production cross section in proton- and neutron-induced
spallation over a large domain of reaction-partner mass, N/Z,
and bombarding energy. As originally proposed by Rudstam
[15], the formalism consists of two main parts, viz. the mass
and the isobaric distribution, respectively. A new prescription
of the mass yields, well suited for spallation, and explicitly
accounting for the dependence on bombarding energy, is
developed. The parameterization of the isobaric distribution
is, on the contrary, inspired from the analytical expressions
derived for the description of fragmentation reactions in EPAX

[26,27]: Starting from the updated EPAX3 [27], modifications
are introduced to adapt the isobaric functional prescription
suited for fragmentation to the specificities of spallation. The
modeling is further developed to account analytically for
shell effects and even-odd staggering in the product yield
as originating from the last deexcitation step of the primary
fragments. The progressive washing of structural staggering
caused by the competition with γ -ray emission in the decay
cascade [32,33] on one side and by angular momentum effects
[34] on the other side is parameterized as well. Since this
structural staggering and fading out with γ -decay competition
and angular momentum are independent of the reaction
mechanism, the proposed formalism can be implemented in

fragmentation models, too. Finally, the description of the
products formed in charge-pickup processes is included also.
The new parameterization is named SPACS for spallation cross
sections. According to the charge independence of the reaction
mechanism in the energy domain considered in this paper,
it is usable for neutron- and proton-induced spallation. This
paper focuses on proton-induced reactions as systematic data
on isotopic yield for reactions with neutrons are scarce. Like
EPAX for fragmentation, SPACS restricts to the description
of the production cross section of residues down to about
half of the reaction-partner mass for heavy systems and
somehow below for lighter ones. This restriction is imposed
by the possible contribution of fission, binary decay with
intermediate-mass-fragment emission, multifragmentation, or
vaporization, which populate the lower masses. Work aiming
to account for the latter channels is in progress.

The paper is organized as follows. Section II is dedicated to
the description of the SPACS formalism: After a short reminder
on the basic features, which are identical to those used in
previous parameterizations, the ideas specifically developed
in this paper for the case of nucleon-induced spallation and
the corresponding equations are detailed. Special attention is
paid to the dependence on collision energy and to the analytical
modeling of shell structure and even-odd staggering. Section
III demonstrates the achievement of the new parameterization
based on extensive comparison with experimental data accu-
mulated over the last three decades from a broad variety of
reactions and techniques [35]. Conclusions and perspectives
are given in Sec. IV.

II. THE SPALLATION CROSS-SECTION FORMALISM

Reactions between a high-energy nucleon and a heavy
nucleus can be very schematically viewed as a two-step process
[36]. In the first (sometimes referred to as fast) stage, the
incident particle penetrates the heavy nucleus and initiates a
cascade of nucleon-nucleon collisions [11]. Some of the struck
nucleons can escape. The avalanche of collisions in the bulk
volume heats the system, and an excited thermalized nucleus,
often referred to as the prefragment, is formed. In the second
(sometimes referred to as slow) stage, the excited primary
product cools down by particle evaporation, emission of
clusters, binary decay of various types (including fission), mul-
tifragmentation, or even vaporization, depending on its initial
excitation energy, angular momentum, and fissility. Emission
of γ rays usually takes place at the very end of the deexcitation
cascade. It has been realized long ago now that preequilibrium
phenomena can take place before the evaporation-fission
competition [37]. These may be handled within the modeling
of the intranuclear cascade. Nonetheless, in many cases,
the latter is stopped before equilibrium is reached, and a
specific model for preequilibrium emission is introduced
between the intranuclear cascade and the evaporation-fission
competition. At present, most of the available models assume
such a sequence of processes for describing the outcome of a
spallation reaction (see, e.g., Refs. [38,39]). For energies well
above the Coulomb barrier as considered here, capture of the
incident nucleon is a weak channel. In addition, the first stage
does not depend on whether the incident nucleon is a proton or
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a neutron due to charge independence of nuclear forces. The
subsequent stages, i.e., preequilibrium and evaporation-fission
competition, are obviously independent of the charge of the
incoming particle. Hence, for energies above the Fermi regime
(∼50MeV/nucleon), the same formulas apply for the proton
and the neutron probes [36,40].

The approach adopted in the present paper for constructing
an analytical prescription of the residue production by spalla-
tion is semi-empirical, guided by the shape of measured mass
and isobaric distributions, combined wherever possible, with
physics arguments. Phenomenology and experimental obser-
vations are further used to adjust the parameters of the model.
It may be worth noting here that, by construction, there is no
explicit sequencing of the reaction into stages; the outcome
of the collision is parameterized as a whole. The SPACS pa-
rameterization may be considered in the domain of spallation
as the counterpart of EPAX for fragmentation. It is nonetheless
emphasized that, as compared to EPAX, an additional account
is made in SPACS for the dependence on collision energy as
well as for shell-structure and even-odd effects.

A. Basic ideas

The gross features of spallation and fragmentation yields
in the product mass and nuclear charge (A,Z) plane are quali-
tatively similar [25]. The integral mass distribution resembles
two joined hyperbolas with the falling off occurring on the
smallest mass side and an uprising tail in the opposite region
close to the mass of the reaction partner. Isotopic distributions
exhibit bell-like shapes, except in the region close to the
reaction partner. According to these similarities, the seminal
paper of Rudstam [15] established that the cross section of
a final product with mass number A and nuclear charge Z for
both spallation and fragmentation can be factorized as follows:

σ (A,Z) = σRY (A)Y (Zprob − Z)|A. (1)

The term Y(A) in Eq. (1) corresponds to the mass yield
(summed over all Z’s), and Y (Zprob − Z)|A describes the
isobaric element yield for a given A. The most probable charge
for this particular mass is denoted by Zprob. Normalization is
performed on the total reaction cross section σR . Equation
(1) was successfully applied for spallation first by Silberberg
and Tsao [14] and for fragmentation by Sümmerer et al. [41]
and Sümmerer and Blank [26]. We follow the same overall
architecture in SPACS with the main features as follows.

Despite the aforementioned qualitative similarities, a de-
tailed survey reveals that the product mass distributions
Y(A) in fragmentation and spallation cannot be described
with the same mathematical expression [25]. Contrary to
fragmentation [26,27], the energy dependence of Y(A) cannot
be overlooked in spallation. As mentioned previously, to
make the spallation-residue distribution extending down to
the lightest masses and reach a universal (energy-independent)
profile, the bombarding energy has to be particularly high in
light-particle-induced reactions. No evidence for a limiting-
fragmentation-like regime was established so far. Furthermore,
spallation is not a process of such “clean geometrical”
character: Unlike in the abrasion picture of fragmentation,
in spallation there is a less well-defined region of the heavy

reaction partner that is affected by the cascade shower initiated
by the incident particle. That will make the dependence of the
(A,Z) production on the bombarding energy rather complex.
Since a global formalism is still missing for Y(A) in spallation, a
new parameterization is derived in the present paper, including
the dependence on bombarding energy.

The deexcitation of the excited prefragment is governed by
statistical processes [42], and similar analytical expressions
can be adopted for the charge-dispersion curve Y (Zprob − Z)|A
in fragmentation and spallation. The formulation of the charge
dispersion retained for SPACS is thus based on the prescription
successfully used in EPAX [26,27] with suited modifications
specific to the case of spallation.

Structural effects are further introduced. The influence
of closed shells and the even-odd staggering which were
evidenced experimentally to modulate the yield of the residues
(see Ref. [43] and references therein) is parameterized in a new
way. Its fading out due to competition of particle evaporation
with emission of γ rays as well as due to the influence of
angular momentum is included also. These aspects go beyond
most previous empirical analytical models. It is emphasized
that they are independent of the reaction mechanism. The
way in which they are parameterized in SPACS is rather
general, and it can be implemented for other mechanisms in
the corresponding analytical codes, too.

For the parameterization of the total spallation reaction
cross section σR , we adopt the energy-dependent prescription
developed by Tripathi and co-workers [44,45] for neutrons and
protons, respectively. Some modifications were introduced as
we have found it necessary to better account for the influence
of the nuclear composition of the heavier reaction partner.

The above-itemized contributions to σ (A,Z) appearing in
Eq. (1) are discussed separately in the next section. Since most
of the data we will consider have been collected in inverse
kinematics, we identify all along this paper the heavier reaction
partner with the projectile. Reference to the latter will therefore
be replaced by reference to the target for analysis of direct
kinematics experiments. In this context, the subscript proj (for
projectile) in the following equations has to be substituted with
tar (for target) in direct kinematics. We remind that the mass of
the target (respectively, the projectile) is equal to 1 in inverse
(direct) kinematics in the spallation reaction considered here.

B. The semi-empirical parameterization

1. Mass yield Y(A)

To derive the prescription for the mass yield, we start with a
phenomenological analysis. Measured spallation-residue mass
distributions suggest that Y(A) can be decomposed into two
contributions: A rather flat distribution with a gentle cutoff to
the lower mass side and a rapid increase towards the projectile
(viz. reaction partner) mass. We relate this observation to the
interaction mechanism. The former contribution corresponds
to a wide range of impact parameters where the incoming
particle interacts with the nucleons of the reaction partner,
whereas the latter component is due to most peripheral
collisions, accounting for the density distribution and for which
the number of interactions between the incoming particle and
the nucleons of the reaction partner is small. It is further
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assumed that the excitation energy of the prefragment mostly
depends on the number of primary interactions of the incoming
particle in the reaction partner so that the mass yield curve
directly reflects the distribution of excitation energies in the
prefragments [32]. This phenomenological analysis suggests
that, for all but the largest impact parameters, the residue-mass
distribution can be described with a Fermi-like function
Y (A)cent, whereas peripheral collisions may be accounted for
by an additional exponential-like contribution Y (A)periph . The
proposed parameterization of the mass yield therefore reads

Y (A) = Y (A)cent + Y (A)periph, (2)

where the central and peripheral contributions are given,
respectively, by

Y (A)cent = [Alength/(1 + exp{[(Aproj − Acent) − A]

/Afluct})]/Acent, (3)

and

Y (A)periph = Aperiph exp{[A − (Aproj − Adiff)]/Adiff}
× (Eproj/1000)Bperiph/Acent, (4)

with Aproj as the mass of the projectile and Eproj as its
energy in MeV/nucleon. Alength, Acent, Afluct, Aperiph, Adiff , and
Bperiph are variables which are discussed below. Note that the
mass yield is chosen to be normalized to the quantity Acent. An

illustrative view of the mass yield described by Eqs. (2)–(4)
is displayed in Fig. 1 for a projectile with mass 100. The
profile of the curve compares well with typical experimental
spallation-residue mass distributions (see Sec. III).

The precise shape of the mass-yield curve is determined by
the variables entering into Eqs. (3) to (4) and their dependence
on system mass and bombarding energy.

The quantity Acent is connected to the mass removed in
most central collisions according to

Acent = αcent/ exp(Aproj/βcent). (5)

It increases linearly with bombarding energy as the mass
removed is small compared to Aproj. Since Acent cannot exceed
Aproj, a saturation-like behavior with increasing bombarding
energy is introduced with the ansatz,

Acent = Aproj{1 − exp[− ln(Acent)/ln(Aproj)

× (Eproj/1000)εcent ]}. (6)

The term Alength is related to the nearly constant yield
between Acent and Aproj. It depends on Acent, and it is affected
by fluctuations Acent fluct in the amount of removed mass. The
following prescription is proposed:

for A > (Aproj − Acent + αlengthAcent fluct)

Alength =
√

[(Acent + αlengthAcent fluct)2 − (Aproj + αlengthAcent fluct − Acent − A)2]/(Acent + αlengthAcent fluct),

for A � (Aproj − Acent + αlengthAcent fluct), Alength = 1. (7)

The second ansatz in Eq. (7) ensures that, for a given
spallation-residue mass A, the maximum possible mass re-
moved does not exceed (Aproj − A).

The quantity Acent fluct describes the smooth fall off of the
distribution due to fluctuations in the number of removed
nucleons. It is parameterized as follows:

Acent fluct = afluct(Acent)
δfluct (Eproj/1000)εfluct , (8a)

where

afluct = αfluct + βfluctAproj. (8b)

The variables Aperiph, Adiff , and Bperiph, respectively, de-
termine the magnitude, uprising slope, and height of the
contribution by peripheral collisions. They are parameterized
according to

Aperiph = αperiph + βperiphAproj, (9a)

Adiff = αdiff + βdiffAproj, (9b)

Bperiph = γperiph[1 + exp ( − {[ln(1000)/ ln(Eproj)]
6

+ εperiph}/δperiph)]. (9c)

The parameters (αcent, εcent, αlength, αfluct, βfluct, δfluct, εfluct,
αperiph, βperiph, αdiff , βdiff , γperiph, εperiph, δperiph) appearing in

Eqs. (4)–(9) are constants (see Table I in Appendix), which
were adjusted along comparison with experiment.

2. Isobaric distribution

Contrary to the mass yield, the isobaric (equivalently,
isotopic) distributions are rather insensitive to the interaction
mechanism and are primarily governed by level-density
considerations [32]. The bell-shaped function reflects the
profile of the so-called evaporation corridor [32,33,46,47]. As
mentioned above, the prescription for the element distribution
at fixed mass Y (Zprob − Z)|A is here borrowed from the EPAX

parameterization [26] for fragmentation, including its most
recent developments [27]. Accordingly, the charge dispersion
in SPACS is assumed to take the form

Y (Zprob − Z)|A = nfn,p exp(−R|Zprob − Z|Un,p ). (10)

It is characterized by three leading terms which are
discussed in this section: the most probable charge Zprob for
a given mass A, and the quantities R and Un,p which describe
the width and the shape, respectively, of the fall off of the
Z distribution for a given A. The slope parameter Un,p takes
a different value on the neutron- (Un) and proton- (Up) rich
sides [26,27], i.e., the isobaric distribution centered around
Zprob and with a width R, is not symmetrically parameterized
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FIG. 1. (Color online) Schematic behind the functional form
used to parameterize the mass yield Y(A) in SPACS. See the text
for the signification of the indicated quantities.

in accordance with experimental observation. The factor n =√
(R/π ) normalizes the integral of the charge dispersion curve

to unity, whereas fn,p is a correction factor specific to neutron-
and proton-rich products, respectively. We found it necessary
to adjust some formulas of EPAX3 [27] to match the specificities
of spallation. These modifications, detailed below, were guided
by experimental observation.

The most probable charge Zprob for a given mass (maximum
of the isobaric distribution) is parameterized relative to the
valley of β stability as in Refs. [26,27],

Zprob = Zβ + 	 + 	n,p
m + 0.002A. (11)

For projectiles not too far from stability, Zprob deviates
from Zβ by the quantity 	 so that Zβ + 	 defines the
attractive evaporation corridor. The quantity 	

n,p
m accounts

for the “memory effect” of the neutron or proton excess of the
projectile, whereas the last term in Eq. (11) is a small empirical
offset introduced in Ref. [27].

In Ref. [25] the value of 	 for the deviation of Zprob from
stability was examined using experimental data on spallation
of iron and lead over a wide range of product mass A. From the
compilation reported in Fig. 1 of Ref. [25] (top right panel), the
dependence of the parameter 	 on A is observed to be slightly
different in spallation and in heavy-ion fragmentation. The
centroid of the isobaric distribution is located more towards the
neutron-deficient side in spallation. This indicates that more
excitation energy has to be deposited in the prefragment to
reach a certain product mass as compared to fragmentation
[48]. On the basis of this observation, we keep the main
functional form, but we add higher-order terms and change
the value of some of the parameters entering the definition of
	 as compared to EPAX. This yields

for A � 	6, 	 = 	1 + 	2A + 	3A
2 + 	4A

3,

for A < 	6, 	 = 	5A
2. (12)

To improve further the description of spallation data,
additional corrections have been brought to Eq. (12) depending

on the distance of the product from the projectile, according to

for A/Aproj > d2 and A/Aproj � d3,
(13)

	 = 	[1 + d1(A/Aproj − d2)2],

for A/Aproj > d2,
(14)

	 = 	[1 + d1(A/Aproj − d3)3].

Since spallation implies higher prefragment excitation energy
for a given product mass than fragmentation does, we need to
readjust the parameter 	m too. Starting from the prescription
derived in Refs. [26,27], best agreement with experiment
is obtained for spallation after slight modification of the
functional form for neutron-rich projectiles and introducing
additional terms for proton-rich ones:

for (Zproj − Zbp) � 0 (neutron-rich projectile),

	n
m = {n1(A/Aproj)

6 + n2[(Aproj − A)/Aproj]
2}

× (Zproj − Zβp), (15a)

for (Zproj − Zbp) > 0 (proton-rich projectile),

	p
m = [exp(p1 + p2 A/Aproj)](Zproj − Zβp), (15b)

supplemented with

	p
m = 	m + p3[(Aproj − A)/Aproj]

2

× (Zproj − Zβp) for A/Aproj < 0.5, (15c)

	p
m = 	m + {exp[−(d3 − A/Aproj)

2/0.005]}
× (Zproj − Zβp) for A � 	6. (15d)

The width parameter
2
R of EPAX [26,27] depends at first

order on the product mass,

R = r0 exp(R1A + R2A
2). (16)

According to Eq. (16), far enough from the projectile, the
width of the isobaric distribution decreases with decreasing A.
It remains finite at A = 0 for which it is equal to the constant
r0. We propose reexamining the derivation of the R parameter
in this paper, based on a few more physics ideas.

At first approximation, due to the symmetry energy pro-
portional to (N − Z) in a liquid-drop picture, the nuclide
distribution is compressed towards the evaporation corridor
[47,49]. The width of the distribution should therefore go to
zero for A → 0 (equivalently, R should tend to infinity). Nev-
ertheless, despite this strong “restoring force,” the distribution
keeps a minimum width in (N − Z) at fixed mass due to the
fluctuations induced by evaporation [32]: Evaporation of one
proton or one neutron inevitably changes the (N − Z) of the
product by a finite amount, causing a statistical fluctuation
and hence a minimum width in (N − Z), even for the lightest
residues. We revisit Eq. (16) based on these two ideas.

2The parameter R is related to the variance σ 2 of the isobaric
distribution according to R = 1/(2σ 2).
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C. SCHMITT, K.-H. SCHMIDT, AND A. KELIĆ-HEIL PHYSICAL REVIEW C 90, 064605 (2014)

To obey the restoring force, we start with the following
prescription Rphy within which the isobaric distribution width
tends to zero for A → 0:

for A < t1, Rphy = R
n,p
0 exp{−ln[R1(A/t2)]}, (17a)

for A � t1, Rphy = R
n,p
0 exp(R2 + R3A + R4A

2), (17b)

where t1 and t2 are constant parameters.
As proposed in EPAX3 [27], we adopt a dependence of the

variable R
n,p
0 on the projectile. This was motivated by the

observation that experimental isobaric distributions are a bit
wider for neutron-rich projectiles. We adapted the formulas of
Ref. [27] to spallation and obtained

for (Zproj − Zβp) � 0 (neutron-rich projectile),

Rn
0 = r0 exp[r3(Zproj − Zβp)], (18a)

for (Zproj − Zβp) > 0 (proton-rich projectile),

R
p
0 = r0 exp[r4(Zproj − Zβp)]. (18b)

Contrary to the prescription for fragmentation [26,27]
where the Ri’s (i = 2–4) Eq. (17) are assumed constant, in
SPACS these variables are chosen to depend explicitly on the
distance of the projectile from β stability according to

Ri = ri,0 + ri,1|Zproj − Zβp|. (19)

Fluctuations caused by evaporation are additionally intro-
duced as follows: Although a minimum width in (N − Z) has
been quantified in Ref. [32], we treat the fluctuation σfluct in the
isobaric width as a free parameter. Adding the contributions
to the variance quadratically yields a new parameter R to be
inserted in Eq. (10) in replacement of Eq. (16) for light products
and not too close from the projectile,

R = 1/
{
2
[
1/(2Rphy) + σ 2

fluct

]}
for A < t1 and A/Aproj < r2,

R = Rphy, otherwise. (20)

The additional correction introduced in Ref. [27] close to the projectile is adopted after slight adjustment to spallation for
which we observed a stiffer slope of the isotopic distribution close to the projectile as compared to fragmentation,

R′ = R exp[r1

√
Aproj(A/Aproj − r2)5] for A/Aproj � r2. (21)

We emphasize that the ideas behind the new prescription for the width parameter R Eqs. (17) and (20) hold for spallation
and fragmentation. That is, these equations may be useful to be implemented in analytical models of fragmentation, such as
EPAX. The modification affects the description of the lighter-mass products, leading to narrower isobaric distributions than Eq.
(16) would do, and in better agreement with experiment. For systems of astrophysical and medical interests, a reduction in the
isobaric width of up to (20–30)% is estimated when replacing Eq. (16) with Eqs. (17) and (20). That can impact substantially
predictions for most exotic isotopes.

The experimentally observed non-Gaussian fall off of the isobaric distribution is modeled with the exponents Un and Up,
which expressions we found necessary to slightly modify for spallation as compared to Refs. [26,27], according to

Un = un1 + un2A/Aproj, (22)

Up = up1 + up2Aproj. (23)

Normalization of the charge-dispersion curve is further refined as proposed in EPAX3 [27] by additional correction factors
fn,p for neutron- and proton-rich products, respectively. A so-called “brute-force factor” fn [27] was found necessary for very
neutron-rich fragments where

fn = 10[−b1|Zproj−Zβp |(Zβ−Z+Zproj−Zβp+b2)3] for (Zβ − Z) > (Zproj − Zβp + b2),

fn = 1, otherwise. (24)

For very proton-rich fragments, the mandatory correction factor was parameterized [26,27] with

fp = 1/[10(dF/dZ)(Z−Zexp)] for Z > Zexp, (25)

where dF/dZ = 1.2 + 0.647(A/2)0.3 and Zexp = Zprob + dF/dZ ln(10)/(2R).
Finally, the SPACS formalism is extended to the description of charge-exchange channels (Z > Zproj). This channel is not

considered in EPAX. Modeling of charge pickup is achieved by applying to the charge-dispersion curve formula for Z > Zproj a
factor fpu which reads

fpu = apu + bpu exp[−(Eproj/1000)/cpu] for Eproj < 1000 MeV/nucleon,

fpu = 1 for Eproj � 1000 MeV/nucleon. (26)

The energy dependence of charge exchange was parameterized using the experimental data measured in Ref. [50] and
normalized to its value at 1000 MeV/nucleon in Eq. (26).
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3. Structural and even-odd staggering, competition by
γ -ray emission and angular-momentum effects

a. Influence of nuclear shells, and pairing correlations.
The pattern of the production cross sections of the light
residues has been observed in several kinds of reactions
to be characterized by a strong staggering, reflecting the
influence of both shell effects and pairing correlations (see
Refs. [43,49,51–57] and references therein). Although of
weaker magnitude, a similar staggering was observed in
heavy products close to the projectile [58,59]. In the SPACS
parameterization, we follow the suggestion of Ref. [49] where
staggering in the production cross section is explained by the
influence of nuclear separation energies on the evaporation
process. This explanation is based on an idea originally
formulated by Hüfner et al. [60], and according to which
the cross section of a specific residue is proportional to its
lowest particle threshold. The latter is directly related to shell
structure and pairing correlation in nuclei [61]. The idea of
Ref. [60] can be understood in the following way: We may
assume that the primary production of the nuclear reaction,
before the evaporation cascade, is structureless in Z, A,
and excitation energy. Most part of the excitation energy is
located above the corresponding lowest particle threshold.
This three-dimensional cloud is transported by evaporation
of neutrons, protons, and other light-charged particles to
the respective daughter nuclei with excitation energies that
are essentially reduced by the corresponding “effective”
particle thresholds.3 At this stage, it should be mentioned that
Monte Carlo event generators, as they explicitly compute the
evaporation sequence, automatically take the influence of shell
structure and pairing in binding energies into account. Hence,
they are naturally suited to address the observed even-odd
staggering, and they perform well (see, e.g., Refs. [38,43,62]).
To account for it in a phenomenological parameterization of
the entire history of the reaction, an analytical formulation has
to be derived. To do so in SPACS, we start from the idea of Ref.
[60]. According to this picture, the contribution of a specific
primary fragment to the cross section of a specific final product
by neutron evaporation is given by the primary production in
an energy range between E∗

primary = 0 + Sn(Afinal + 1,Z) +
Sn(Afinal + 2,Z) + · · · + Sn(Aprimary − 1,Z) + Sn(Aprimary,Z)
and E∗

primary = Slpet(Afinal,Z) + Sn(Afinal + 1,Z) + · · · +
Sn(Aprimary − 1,Z) + Sn(Aprimary,Z), where Sn(A,Z) is the
effective neutron separation energy of a nucleus of mass A
and atomic charge Z and Slpet(A,Z) is the lowest particle
energy threshold of that nucleus. Similar equations are valid
for any evaporation path consisting of the mixed evaporation
of protons, α and other charged particles (Z will be changed
accordingly in the brackets). In all these equations, the width
of the energy range that ends up in a specific final fragment
is given by Slpet(Afinal,Zfinal). Since the lowest particle energy
threshold is affected by structural effects due to nuclear shells
and pairing, one expects that the same structure is found in
the production cross sections.

3The effective particle threshold is the sum of the particle threshold
and the average kinetic energy of the evaporated particle. Fluctuation
in the particle kinetic energy is neglected because it is small compared
to the separation energy.

To account for these ideas, we modulate the (smooth)
distribution derived in Sec. II B 2 by a staggering caused by
shell and even-odd effects. Technically, this is performed by
correcting the isotopic yield Y (A, Z) of Eq. (10) with the
so-called structure factor Fe-o(A, Z). For a given (A, Z) final
product, this factor is determined by the ratio,

Fe-o(A,Z) = Slpet(A,Z)EMP/Slpet(A,Z)MAC, (27)

where Slpet(A,Z)EMP and Slpet(A,Z)MAC, respectively, are the
empirical and macroscopic lowest particle energy thresholds
of the product (A, Z). Since the latter threshold, as computed
with a macroscopic model, does not account for microscopic
effects, the ratio Eq. (27) is a measure of the shape and
magnitude of the modulation by structural effects of the
smooth (macroscopic) trend.

The empirical lowest particle energy threshold is deter-
mined from most recent experimental separation energies [63].
In case of unavailable experimental masses, the Thomas-Fermi
predictions of Myers and Swiatecki [64] are used for determin-
ing Slpet(A, Z)EMP. The macroscopic lowest particle energy
thresholds Slpet(A, Z)MAC are obtained from the Thomas-Fermi
masses [64] without shell effects and pairing correlations.
Empirical and macroscopic separation energies are beforehand
corrected by the Coulomb barrier B wherever suited. In the
present model, Slpet(A, Z) is computed from the comparison
of one neutron, proton, and α-particle separation energies.
Restriction to those particles is reasonable for the present
purpose related to the last steps of the heavy-spallation product
decay. In the rare cases where experiment and theory yield a
different type of particle having the lowest binding energy,
the experimental (or empirical) result ultimately defines the
less bound particle to be used in Eq. (27). We restrict to
ground-state-to-ground-state decays and neglect the influence
of possible isomers. The effect of this restriction is negligible
for the present purpose. Yet, for specific interest, the influence
of isomers has to be checked, and pertinent isomeric state
have to be accounted for in the computation of the separation
energies [65]. To avoid numerical problems near the drip lines
where Fe-o(A, Z) can become very large, the magnitude of the
structure factor is limited to Fe-o(A,Z) � 2.

The above-outlined simple model must be refined to
account for the reduction of staggering due to two effects
[43], which are as follows: (i) the competition between particle
evaporation and γ -ray emission and (ii) the influence of angu-
lar momentum. The prescriptions used to parameterize these
two aspects are presented separately below. The attenuation is
assumed to be of the same form for shell and pairing effects.

b. Competition by γ -ray emission. In general, above the
particle threshold, the emission of γ rays is much less probable
than decay by particle evaporation. According to the increase
of the level density with mass, the width for decay between
the ground state and the particle threshold of a given heavy
nucleus can nonetheless be comparable to the decay width to
the daughter residue after particle evaporation at energies close
to the particle threshold. Cooling by emission of a γ ray or by
a light particle thus become competitive channels. The former
decay implies the survival of the initial nucleus. As discussed
in detail in Refs. [43,49], competition with emission of a γ
ray leads to fading out of structural effects. The magnitude
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of the attenuation depends on the probability of γ decay near
the particle threshold. Restricting to evaporation of neutrons,
protons, and α particles in competition with γ rays, this
probability reads

Pγ = 
γ /(
n + 
p + 
α + 
γ ), (28)

where 
n,p,α,γ are the decay widths of the corresponding
channel. The radiative decay width (in MeV) around the
particle separation energy is calculated following Ignatyuk
[66]:


γ = 0.624 × 10−9A1.6T 5, (29)

where the temperature of the nucleus with mass A at
low excitation energy is reasonably approximated with T =
A−2/3/(0.057 + 0.00193 δU ) [67] with δU being the ground-
state shell effects from Ref. [64]. Neutron 
n, proton 
p,
and α particle 
α decay widths are parameterized reckoning
the geometrical cross section and level density of the emitter
according to


n = Cn(A − 1)2/3T/[1/T exp(Sn/T )], (30a)


p,α = Cp(A − 1,4)2/3 [2T 2/(2T + Bp,α)]/

× [1/T exp(Sp,α + Bp,α)/T ], (30b)

where Cn,p ,α are numerical factors which were adjusted by
considering the magnitude of even-odd effects in low-energy
fission and by model calculations, respectively. Bp ,α is the
proton and α-particle Coulomb barrier.

The reduction in shell structure and even-odd staggering
caused by competition of γ -ray emission is finally introduced
in SPACS by convoluting the structural factor of Eq. (27) with
a smoothly increasing function of the spallation-product mass
number as follows:

Fγ
e-o(A,Z) = exp{ln[Fe-o(A,Z)](1 − Cγ Pγ )}, (31)

with Cγ as a parameter determining the strength of γ -ray
competition and which was adjusted in comparison with
experiment.

c. Influence of angular momentum. As the demonstration
by Moretto [34] shows, the magnitude of pairing correlations
is weakened by nuclear rotation. To estimate the angular
momentum imparted to a given fragment (A, Z) in the
spallation process, we use the analytical formalism derived in
Ref. [68] based on shell-model considerations. The spin-cutoff
parameter is expressed as a function of the difference in mass
between the projectile and the final fragment only,

σ 2 = 0.16A2/3(Aproj − A) (2Aproj + A)/[9(Aproj + 1)]. (32)

The average angular momentum of the fragment follows
from J = (

√
σ 2 − 0.5).

Fading out of shell effects and even-odd staggering caused
by rotation is introduced in SPACS, similar to γ competition.
The structural factor of Eq. (31) is further attenuated with a
smoothly increasing function of the spallation-product average
angular momentum according to

Fγ,L
e-o (A,Z) = Fγ

e-o (A,Z)/[1 + (J − Jcr )/D], (33)

where Jcr and D are parameters that were adjusted along
comparison with experiment.

As will be observed in Sec. III, shell and even-odd effects
are most visible in spallation of rather light nuclei (iron and
below). For spallation of medium-mass systems (e.g., xenon), a
staggering is observed close to the projectile, although weaker
in magnitude due to the onset of competition by γ decay. When
going away from the projectile, this staggering progressively
vanishes due to the additional influence of the angular
momentum which increases with mass loss. For spallation of
heavy nuclei (e.g., lead), apart from a weak effect close to the
projectile, even-odd staggering is hardly discernible, according
to the strong γ -decay probability and angular momentum
effects. The selective dependence of structural staggering and
its fading out on the projectile mass on one side and the
product mass on the other side combined with the availability
of a widespread set of experimental data, permits adjusting
separately the parameters entering Eqs. (27)–(33).

We emphasize that, according to the independence of struc-
tural and even-odd effects on the reaction mechanism (see liter-
ature quoted above and in Ref. [43]), the formalism developed
in this paper can be applied to other processes and, namely, to
fragmentation. Equations (27)–(33) can be transported to the
corresponding analytical models without change, apart from
a possible re-adjustment of specific parameters. In particular,
the values of Jcr and D have to be checked due to the expected
difference in the angular momentum induced in heavy-ion
fragmentation and nucleon-induced spallation [11,69].

4. Total reaction cross section

The mass yield folded by the charge distribution of Eq. (1) is
finally normalized to the total reaction cross section. In SPACS
the normalization is based on the prescription developed by
Tripathi et al. for reactions induced by protons [45] and
neutrons [44], respectively. In both cases, the total reaction

FIG. 2. (Color online) Mass distributions of the residues pro-
duced in the reactions induced by 208Pb projectiles on a hydrogen
target at 500-MeV/nucleon [74] (circles and stars) and 1000-MeV/

nucleon [70] (squares) beam energy. The 500-MeV/nucleon data
with A < 176 (stars) are incomplete and represent lower limits only.
The measurements are compared to the predictions by the SPACS
code (dashed blue and full red lines at 500 and 1000 MeV/nucleon,
respectively). Not to overload the figure, experimental error bars
(below 10% in most cases) are not shown.
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FIG. 3. (Color online) Sample of experimental isotopic distributions of the residues produced in the reactions induced by 208Pb projectiles on
a hydrogen target at 500-MeV/nucleon [74] (circles) and 1000-MeV/nucleon [50,70] (squares) beam energy. For clarity, the data at 1000 MeV/

nucleon have been scaled by a factor of 10. The isotopic distributions of elements below Z = 69 and in the charge-pickup channel (Z =
83) are not available yet for the 500-MeV/nucleon run. Wherever not visible, experimental error bars are smaller than the symbols. The
measurements are compared to the predictions by SPACS (dashed blue and full red lines at 500 and 1000 MeV/nucleon, respectively).

cross section is parameterized as follows:

σR (mbarn) = 10πr2
0

(
A

1/3
proj + A

1/3
tar + δE

)2
(1 − B/ECM )χm,

(34)

where r0 = 1.1 fm, ECM is the energy of the colliding system
in the center of mass, and B is the Coulomb barrier. The term
B/ECM in Eq. (34) is, of course, absent for neutron-induced
spallation. The quantity δE is an energy-dependent function

FIG. 4. (Color online) Sample of experimental isotopic distributions of the residues produced in the reactions induced by 197Au projectiles
on a hydrogen target at 800-MeV/nucleon beam energy [48] (circles). The measurement is compared to the predictions by SPACS (full red
lines). Wherever not visible, experimental error bars are smaller than the symbols.
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FIG. 5. (Color online) Sample of experimental isotopic distributions of the residues produced in the reactions induced by 136Xe projectiles
on a hydrogen target at 200-MeV/nucleon [76] (circles), 500-MeV/nucleon [60] (triangles), and 1000-MeV/nucleon [77] (squares) beam
energy. Experimental error bars are, in general, smaller than the symbols and are not shown. For clarity, the data at 200 and 1000 MeV/nucleon
have been scaled by factors of 10−2 and 102, respectively. The measurements are compared to the predictions by SPACS (dashed blue,
dashed-dotted green, and full red lines at 200, 500, and 1000 MeV/nucleon, respectively). Experimental distributions are not available yet
below Z = 51 for the 200-MeV/nucleon run.

accounting for effects of transparency and Pauli blocking,
whereas χm corrects for the strength of the optical model
interaction at low energies. The functional forms used in this
paper for B, δE , and χm are borrowed from Refs. [44,45]
with some modifications for δE and χm based on a better
description of recent experimental data. The complete set of
formulas entering Eq. (34) is given in the Appendix.

C. Summary of the SPACS package and parameters

Summing up, the SPACS parameterization comprises two
classes of variables and parameters: those quantities which
are specific to spallation, dealing with the modeling of the
mass yield [Eqs. (1)–(9)] and the total reaction cross section
[Eq. (34)] and those quantities required for modeling the
charge-dispersion curve [Eqs. (10)–(26)] and the structural
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staggering [Eqs. (27)–(33)] which are essentially common to
spallation and fragmentation.

As detailed above, the charge-dispersion formalism is
largely inspired from EPAX [26,27], whereas the total reaction
cross section relies on the formulas derived by Tripathi and
co-workers [44,45]. In both cases, suited modifications and
adjustment of variables and parameters were introduced for
either matching the specificities of spallation or improving
upon the existing prescriptions. New parameterizations were
developed in this paper for the spallation mass yield, for the
width of the isobaric distribution, for the staggering caused by
shell-structure and pairing correlations, and its fading out due
to γ competition and angular momentum. We emphasize again
that the development made along this work for the charge-
dispersion curve on one side and the inclusion of structural
effects on the other side is independent of the reaction
mechanism. Corresponding equations can be implemented in
other empirical models, such as, e.g., EPAX for fragmentation.

A self-sufficient summary of the SPACS formalism and the
complete list of numerical values of the parameters are reported
in the Appendix. Given the wide range of validity in Aproj

and Eproj (from C to Bi, above about 50 MeV/nucleon), the
limited number of parameters is noteworthy. Existing models
make use of expressions using numerous functional forms
and adjustable parameters, which both vary with system and
product size (see. e.g., Refs. [14,16]). In this respect, SPACS
offers a rather universal formulation.

III. RESULTS

The reliability of the predictions by the new parame-
terization of isotopic spallation production cross sections
SPACS is studied in detail in this section. Calculations are
first compared to the data collected at GSI (Sec. III A)
where complete measurements have been made available
recently for various systems, including light, medium-mass,
and heavy nuclei over a wide energy range.4 We further
consider experiments performed at Lawrence Berkley National
Laboratory (LBL), Berkeley, involving lighter systems over
a comparable energy domain (Sec. III B). Both at GSI
and LBL, inverse kinematics was used, and the spallation
products were isotopically identified in a spectrometer. The
model is next compared to excitation functions of selected
residues identified by γ -ray spectrometry in direct kinematics
experiments (Sec. III C). Finally, the parameterization is
confronted to element yields collected at ultra-relativistic
energy (Sec. III D). All these measurements permit probing in
detail, over a wide range, and down to the presence of structural
effects, the system-size, system-energy, and system-(N/Z)
dependences as implemented in SPACS. The predictions
by the code are also compared to that of other models,
including intranuclear cascade simulations and commonly
used empirical parameterizations (Sec. III E). As already
noted, due to the paucity of corresponding data, the comparison

4The comprehensive GSI data set on spallation of iron, xenon, and
lead with bombarding energies from 200 to 1500 MeV/nucleon was
in particular used to adjust the model parameters.

is restricted in this paper to proton-induced reactions, but
SPACS is applicable also to neutron-induced spallation.

We remind that, similar to EPAX for fragmentation, the
semi-empirical parameterization for spallation SPACS is not
meant to describe fission, binary decays with intermediate-
mass-fragment emission, or multifragmentation and breakup
processes. Its use is thus restricted to low-fissility systems, and
product residues for which the contribution of the aforemen-
tioned channels is weak. For the heaviest nuclei considered
in this paper, 208Pb and 209Bi, the fission cross section has
been measured [70–72]; it is sufficiently small and far in mass
for not sizably affecting the spallation-residue distribution.
Binary decays with emission of intermediate-mass fragments
and multi-fragmentation-like phenomena contribute for not
more than a few percents at ∼1000 MeV/nucleon [73]. To limit
the influence of the latter at higher energy, the parameterization
is recommended to be used for the description of products
corresponding to a mass loss smaller than about 50% of the
reaction-partner mass for heavy systems and about more for
lighter systems.

FIG. 6. (Color online) Experimental element distributions of the
residues produced in the reactions induced by 56Fe projectiles
on a hydrogen target at 300-MeV/nucleon (downwards triangles),
500-MeV/nucleon (diamonds), 750-MeV/nucleon (upwards tri-
angles), 1000-MeV/nucleon (circles), and 1500-MeV/nucleon
(squares) beam energy [29,78]. Error bars are smaller than the
symbols. For clarity, the data have been scaled by factors of 102, 104,
105, and 106 at 500, 750, 1000, and 1500 MeV/nucleon, respectively.
Lines correspond to model predictions with SPACS.
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A. Comparison with GSI data: from Fe to Pb from
200 to 1500 MeV/nucleon

Experimental and calculated mass distributions are com-
pared in Fig. 2 for the spallation residues produced in the bom-
bardment of an hydrogen target by a 208Pb beam at 500 [74] and
1000 [70] MeV/nucleon. The SPACS parameterization is ob-
served to well reproduce the measurement. The main features
of the curve (fall off close to the projectile, plateau region,
and exponential decrease towards lower mass) are properly
described. Also, the strong dependence on bombarding energy
is reproduced. The apparent discrepancy observed for the data
at 500 MeV/nucleon for A below 176 is due to the analysis of
the measurement which is incomplete in this region (elements
with Z < 69 were not analyzed). The experimental values,
corresponding to lower limits, have been represented by stars
in the figure. The discrepancy between the measured and the
calculated slope below A ∼ 185 for the 500 MeV/nucleon
run may be ascribed to the difficult correction for secondary
reactions [74]. Figure 3 further shows that SPACS describes
well the residue isotopic distributions. Also, the charge-
pickup channel [50] is well accounted for. The evolution of
the distributions, i.e., location of the maximum, width, and
skewness, when progressively going away from the projectile
is properly described over the wide mass-loss range measured
with cross sections spanning up to four orders of magnitude.
Good agreement is obtained also (not shown) between the
model calculations and the data measured by Gloris et al.
[75] for 208Pb + p between 70 and 2600 MeV/nucleon.

A nearby heavy system is considered in Fig. 4 with
the reaction 197Au (800 MeV/nucleon) + p [48] from the
GSI campaign. As for the lead projectile, the measured
isotopic distributions are well reproduced by the analytical
prescription. Again, the change in shape of the isotopic

distribution from close to the projectile to lighter elements
is properly described.

Going down in projectile mass, we consider in Fig. 5 the
system 136Xe + p which was investigated at various energies
[60,76,77] at GSI. For the 500 and 1000 MeV/nucleon runs,
the figure illustrates the good description by the code, down
to far away from the projectile. A proper description is also
observed at 200 MeV/nucleon close to the projectile. The
analysis of the latter data is still in progress [76] to account for
the increasing influence of secondary reactions in the lighter
products at this energy so that no more elements are shown.
Figure 5 demonstrates the quality of the energy dependence
as implemented in SPACS in describing the evolution of the
shape of the isotopic distribution with bombarding energy.

The predictions by SPACS and comparison with experiment
for the lightest system measured at GSI are presented in
Figs. 6 and 7 with the reaction 56Fe + p at 300, 500, 750,
1000, and 1500 MeV/nucleon bombarding energy [29,78].
Integral element distributions are shown for all energies in
Fig. 6, whereas isotopic distributions, from very close (Z =
26) to quite far (Z = 12) from the projectile, are considered
in Fig. 7 at 300, 500, and 1000 (similar patterns were
obtained at 750 and 1500 MeV/nucleon). A good achievement
by the model and in particular the proper account of the
dependence on bombarding energy, both for integral and
isotopic distributions, is observed, both for the magnitude and
position of the peak in the Z distribution. We note (not shown)
that the modification proposed in this paper for the width
parameter R in Eqs. (17)–(20) permits to notably improve
on the description of the isotopic distribution for the lightest
systems where the width as given by Eqs. (17)–(20) is about
25% smaller than the prescription of Ref. [27]. It would
therefore be worth implementing the new width parameter R in

FIG. 7. (Color online) Sample of experimental isotopic distributions of the residues produced in the reactions induced by 56Fe projectiles
on a hydrogen target at 300-MeV/nucleon (circles), 500-MeV/nucleon (triangles), and 1000-MeV/nucleon (squares) beam energy [29,78].
Error bars are smaller than the symbols. For clarity, the data at 300 MeV/nucleon have been scaled by a factor of 10−2, and those at 1000 MeV/

nucleon have been scaled by a factor of 102. The measurements are compared to the predictions by SPACS (dashed blue, dashed-dotted green,
and full red lines at 300, 500, and 1000 MeV/nucleon, respectively).
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FIG. 8. (Color online) Experimental and calculated Z distributions of the residues produced in the reaction 56Fe (1000 MeV/nucleon) + p

for various selections in (N − Z) from (a) (N − Z) = −1 to (g) (N − Z) = +5. The data are shown with black dots joined by full lines, whereas
SPACS calculations are represented by red open circles joined by dashed lines. Model calculations without shell-structure and even-odd effects
are also shown for comparison (thin blue lines). For clarity, experimental error bars are omitted.

other existing analytical parameterizations, independent on the
entrance-channel reaction mechanism, and see whether it can
help in improving the accuracy of the prediction there also.

The scale used in Figs. 6 and 7 provides a convenient
overview of many systems and products simultaneously. Yet,
structural effects and even-odd staggering if any are hardly
visible. To best evidence such features, it was shown judicious
to sort the data according to (N − Z) [43]. For the reaction
56Fe (1000 MeV/nucleon) + p, this idea is exploited in Fig. 8
where the production cross section is displayed as a function of
the product atomic number Z for selections in (N − Z) ranging
from −2 to 5. The representation permits probing efficiently
the achievement by the SPACS parameterization regarding the
modeling of shell-structure and even-odd effects. It is observed
that the prescription based on Eq. (27) is able to reproduce
the magnitude of the staggering as well as its dependence on
(N − Z) rather well. The discrepancies which start to appear
on the neutron-deficient wings of the lightest products are
due to the contribution of other reaction mechanisms. The
smooth thin blue lines in the figure correspond to calculations
neglecting shell and even-odd effects [Fe-o(A, Z) = 1].
It serves as a reference and demonstrates the necessity of
including staggering phenomena for a description in fine detail.
Figure 8 shows that the analytical prescription developed in
this paper is rather successful in this respect. According to the
independence of the presently discussed shell-structure and
pairing effects on the reaction mechanism [43,49,51–57], the
modeling by means of Eqs. (27)–(33) may be useful for other
analytical codes, too.

Fading out of shell-structure effects and pairing correlations
due to the competition between particle evaporation and γ -ray
emission and due to the influence of angular momentum is
best illustrated with a heavy system. As a typical example,

the isotopic distribution of Z = 74 products measured for
the 208Pb (1000 MeV/nucleon) + p already introduced above
is considered in Fig. 9. Superimposed to the experimental
data (black dots), three variants of the model calculations
are shown: a calculation neglecting both γ -decay competition
and angular momentum effects (blue squares), a calculation
accounting for γ decay while neglecting angular momentum

FIG. 9. (Color online) Isotopic distribution of element Z = 74
for the system 208Pb (1000 MeV/nucleon) + p. The data are shown
with black dots joined by a full line, together with three calculations:
accounting for both γ -decay competition and angular momentum
effects (red open circles joined by a dashed line), accounting for
γ -decay competition but neglecting angular momentum effects (green
open triangles joined by a dotted line), neglecting both γ -decay
competition and angular momentum effects (blue open squares joined
by a dashed-dotted line).
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FIG. 10. (Color online) Sample of experimental isotopic distributions of the residues produced in the reactions induced by 40Ca projectiles
on a hydrogen target at 763 MeV/nucleon [80] (black dots joined by full lines). The measurement is compared to the predictions by SPACS
(red open circles joined by dashed lines).

(green triangles), and a calculation accounting for both features
(red circles). While the latter—most complete—calculation
properly describes the structureless experimental distribution,
the former two display a more or less strong staggering,
inconsistent with the measurement. The figure illustrates how
the reduction of staggering due to γ -ray emission and angular
momentum, respectively, is implemented in SPACS.

Compiling the calculations performed along this section,
one concludes to a good description by SPACS for spallation
of iron to lead from 200 to 1500 MeV/nucleon bombarding

energy. Among existing analytical parameterizations of the
same kind, this is rather unique since SPACS involves a single
set of equations, valid for any kind of reaction partner and
product. On a more quantitative level, the precision of the
calculation for the cross section of a given residue is, in general,
below 15%. Larger discrepancies can nevertheless be reached
in specific cases at the edges of the distribution. After having
benchmarked the SPACS parameterization with the GSI data,
we assess in the following sections its accuracy over a wider
range in reaction-partner mass and bombarding energy.
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B. Comparison with LBL data: from Ne to Ni from
350 to 900 MeV/nucleon

Spallation-residue (A, Z) production cross sections were
measured in inverse kinematics at LBL Bevalac [31,79,80],
where light and medium-mass systems (Ne, Ar, Ca, Cr, and
Ni) were measured at various bombarding energies between
350 and 900 MeV/nucleon. A sample of these measurements
is presented and compared with model predictions in Figs. 10
and 11.

Figure 10 focuses on the bombardment of hydrogen by a
40Ca projectile at 763 MeV/nucleon. The isotopic distribution
is displayed for a series of product elements. The experimental
distribution is rather well reproduced by the calculation,
including the manifestation of even-odd staggering. The
production of a couple of elements is nonetheless clearly
overestimated. For some isotopes, a discrepancy—amounting
to a factor of 1.5 at most—is thus observed. A similar
reasonable agreement was found for spallation involving
36,40Ar projectiles, demonstrating the proper description of
the dependence of the isotopic production on the N/Z of the
projectile as implemented in SPACS.

Figure 11 considers the lightest projectile available in the
LBL campaign with the reaction 22Ne (894 MeV/nucleon) +
p. This system permits assessing the precision of the analytical
parameterization developed in this paper towards a domain of
interest in astro- and biophysics. Although the experimental
points are few, the achievement by the calculation is quite good.
The slope of the Z distribution is quantitatively described, and
the magnitude of structural and even-odd effects is reasonably
well reproduced too. Also shown in Fig. 11 is a calculation
without structural and even-odd staggering, demonstrating the
crucial account of the latter for a description in finer detail.
Remaining discrepancies are of the same magnitude as for the
Ca, Ar + p reactions. We remind that such systems are out
of the range of reactions used for adjusting the equations and
parameters of the model.

FIG. 11. (Color online) Experimental Z distribution of the
residues produced in the reaction induced by 22Ne projectiles on
a hydrogen target at 894 MeV/nucleon [31]. The data (black dots
joined by a full line) are compared to the predictions by SPACS
with (red open circles joined by a dashed line) and without structural
staggering (blue open squares joined by a dashed-dotted line).

The lack of complete data on the isotopic production
for spallation of even lighter systems makes it difficult to
firmly quantify the predictive power of SPACS in this region,
and importantly, to establish the lower limit of applicability
of the model in terms of reaction-partner mass. The above
results are encouraging, and it would be interesting to test
the parameterization towards lower masses and energies.
Calculations on spallation of carbon, nitrogen, and oxygen,
down to a few tens of MeV/nucleon bombarding energy,
have been compared to the few available experimental points
[81–83]. According to the scattered character of these points,
we estimate the uncertainty of the prediction to lie within
a factor of 2 to 3. Comparison of the calculation with recent
measurements on spallation of 12C at 95 MeV/nucleon [84,85]
yields a slightly better achievement with a factor between
calculation and experiment of around 1.5 on average.

C. Comparison with excitation functions measured
in direct kinematics

To further probe the validity range and precision of SPACS,
we compare the model predictions with experiments dedicated
to excitation functions of individual residues. We consider in
this paper the representative work by Kaufman et al. [86],
Titarenko et al. [87–89], Leya et al. [90], and Belyaev et al.
[91]. Measurements were performed in direct kinematics, and
isotopic identification was achieved by off-line γ spectrometry
in most cases. Contrary to the inverse-kinematics experiments
considered in the previous sections, this technique is restricted
to selected nuclides. Yet, it permitted so far to scan a larger va-
riety of reaction-partner masses and bombarding energies. As a
typical example, in Ref. [86] the excitation function of specific
products was established in spallation of 197Au from 200 to
6000 MeV/nucleon, and in Refs. [87–89] excitation functions
were extended down to 40 MeV/nucleon for spallation of Fe,
Ni, Nb, W, Ta, Pb, and Bi. The direct- and inverse-kinematics
methods thus constitute fully complementary approaches.

A set of excitation functions from the above-quoted refer-
ences is compared to SPACS predictions in Fig. 12. We restrict
to product nuclides for which independent yields are available,
allowing most direct comparison to the model calculation.5

Although we observed that some discrepancy can appear below
a few tens of MeV/nucleon, the description of the shape of
the experimental excitation function by the analytical model
is rather good for Bi down to Si from energies down to 50
MeV/nucleon. A more quantitative investigation shows that,
depending on the reaction and nuclide product, the agreement
goes from within a few percents to a factor of up to 2 to
5 [see panels (c), (d), (f), and (i)]. The discrepancy appears
sometimes at the edge of the isotopic (isobaric) distribution,
which may be the consequence of a shift by 0.5 to 1 unit in
mass (charge) of the calculated distribution as compared to the
experimental one. Nevertheless, this is not systematic, and as

5Cumulative yields are affected by the production rate of precursor
nuclei in the radioactive decay chain. Comparison with calculations
thus requires an involved unfolding procedure, which is out of scope
of this paper.
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FIG. 12. (Color online) Excitation function of 206Bi, 196Au, 188Pt, 183Re, 181Re, 175Hf, 167Tm, and 149Tm produced in direct-kinematics
experiments with the indicated reactions. The experimental data [87–91] are shown by black dots; error bars are smaller than the symbols
wherever not visible. The predictions by SPACS are displayed by open red squares.

FIG. 13. (Color online) Element distributions of the residues produced in reactions induced by 197Au at 10.6 GeV/nucleon (left panel) and
208Pb at 158 GeV/nucleon on hydrogen. Experimental cross sections [23,92] (black dots) are compared to predictions by SPACS (red circles
joined by lines). Error bars are not shown for clarity; they are smaller than the symbols in most cases.
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FIG. 14. (Color online) First row: Chart of the nuclides produced in the interaction of 56Fe on hydrogen at 300 MeV/nucleon: Experimental
data from Ref. [29] (left), predictions by SPACS (middle) and predictions by the parameterization of Silberberg and Tsao [14] and Barghouty
[93] (right). Second row: Identical to the first row for 136Xe on hydrogen at 1000 MeV/nucleon. The data are from Ref. [77]. Third row:
Identical to the first row for 208Pb on hydrogen at 1000 MeV/nucleon. The data are from Ref. [70]. Fourth row: Isotopic distributions of element
Z = 61 (left), Z = 72 (middle), and Z = 80 (right) produced in 208Pb (1000 MeV/nucleon) + p. The data (open squares) are compared to
predictions by SPACS (full red line) and predictions by Silberberg and Tsao (dashed-dotted blue line).

will be seen in Sec. III E below, the wings of the distributions
can be remarkably well described in many cases. Hence, part
of the discrepancy observed in Fig. 12 remains unexplained,
and further investigations are required to enlighten the point.

D. Behavior at very high up to ultra-relativistic energies

For astrophysical issues involving ultraheavy cosmic-ray
nuclei (Z > 30), the energy domain of interest largely exceeds

1000 MeV/nucleon. In the likely absence of a limiting-
fragmentation-like regime for spallation in the energy range of
current facilities, it is of importance to provide predictions that
properly account for the energy dependence up to high values.
Calculations of cosmic-ray propagation in the interstellar
medium will be very sensitive to this aspect [6]. Figure 13
compares the predictions of SPACS with data collected for the
systems 197Au + p [23] (left) and 208Pb + p [92] (right) at 10.6
and 158 GeV/nucleon, respectively. The agreement between
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FIG. 15. (Color online) Sample of experimental isotopic distributions of the residues produced in the reactions induced by 197Au projectiles
on a hydrogen target at 800-MeV/nucleon beam energy [48] (circles). The measurement is compared to the predictions by INCL4.6-ABLA07
(dotted blue lines) [97] and to those by SPACS (full red lines). Wherever not visible, the experimental error bars are smaller than the symbols.
The error bars of the Monte Carlo simulation are of statistical nature.

calculation and experiment is observed to be satisfactory: The
discrepancy amounts to a factor of 3, at most, for the integral
Z (equivalently, A) distribution. This result, together with the
comparisons performed in the previous sections, gives further
confidence into the reasonable form of the energy dependence
as implemented in SPACS.

E. Comparison with other models

In this section, we compare the new parameterization to an
existing analytical prescription as well as to a Monte Carlo
calculation.

The utility of SPACS is first illustrated in Fig. 14. In the three
upper rows, the production of heavy residues by spallation of
a light [panels (a)–(c)], a medium [panels (d)–(f)], and a heavy
[panels (g)–(i)] system is represented on the top of the (N ,
Z) chart of nuclides. A more quantitative comparison is made
in the last row [panels (j)–(l)] where projections on the N
axis for selected elements are shown for the heavy system.
The experimental data are compared with the predictions by
an updated version of the Silberberg and Tsao prescription
[93] and the predictions by SPACS. The parameterization
of Silberberg and Tsao is the most widespread analytical
model in the field, and it is used for many applications [94].
However, due to limited accuracy, some authors (see, e.g.,
Refs. [95,96]) preferred to abandon analytical solutions and
go for Monte Carlo models at the price of larger computing
time. Figure 14 shows that, although both calculations describe
the data reasonably well for 56Fe (300 MeV/nucleon) + p,
SPACS is observed to perform better as the size of the system

gets larger. As mentioned in the Introduction, the deficiency of
previous parameterizations may for a large part be attributed
to the limited amount and accuracy of the data available at
the time they were developed. Their reliability outside of the
range of the fit is thus even the more hazardous. According
to the set of comparisons made in this paper, the SPACS
parameterization is expected to provide more realistic results
for heavy systems and as reliable predictions for light ones as
compared to the Silberberg and Tsao formalism.

The interest in the availability of the semi-empirical pa-
rameterization developed in this paper is additionally assessed
by comparing its achievement with an elaborate Monte Carlo
model of the kind available today in the field [62,30]. In
Fig. 15 a sample of experimental spallation-residue isotopic
distributions from 197Au (800 MeV/nucleon) + p [48] (see
also Fig. 4) is superimposed to the predictions by the latest
version of the INCL4.6-ABLA07 code [97] and those by SPACS.
The analytical prescription follows quite well the INCL4.6-
ABLA07 distributions. For several elements, SPACS even better
describes the experiment down to the edge of the distributions.
Thus, the analytical model developed in this paper can be
used as a fast mean for predicting cross sections of weakly
populated exotic isotopes for which Monte Carlo physical
methods require high statistics.

IV. SUMMARY AND CONCLUSIONS

A new semi-empirical parameterization named SPACS for
the calculation of residue-production cross sections in proton-
and neutron- induced spallation reactions from the Fermi
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regime to ultra-relativistic energies for light up to heavy sys-
tems is presented. The basic ideas are similar to those of exist-
ing parameterizations, whereas a new prescription is developed
for modeling the mass yield and which explicitly accounts for
the dependence of the product yield on the bombarding energy.
The description of the isobaric distribution profits from the
formalism used in the well-known parameterization for frag-
mentation EPAX. Suitable modifications were nonetheless in-
troduced for matching the specificities of the spallation mech-
anism on one side and improving upon some aspects of EPAX

on the other side. A dedicated analytical modeling of shell-
structure and pairing correlation effects, based on the lowest
particle energy threshold at the late stage of the deexcitation
process, is developed and implemented in such a code for the
first time. The influence of γ -ray emission along the cascade
as well as of the angular momentum of the product fragment,
which both attenuate structural staggering, are also parameter-
ized. Finally, the nucleon-nucleus total reaction cross section,
required to normalize the product yields, is borrowed from a
recently developed prescription after suited modifications.

The comprehensive data set collected over the past decades
at GSI, Darmstadt, including a wide domain in system
size and bombarding energy, is used to adjust the model
parameters. The parameterization is further benchmarked with
independent experimental results involving a larger palette of
systems and energies, measured at various facilities, and with
diverse techniques. Along this comparison, the semi-empirical
parameterization SPACS is shown to properly describe the
dependence of the production cross sections on the system size,
neutron-proton asymmetry N/Z, and energy. The modeling of
shell-structure- and pairing-driven staggerings, as analytically
implemented in SPACS, permits describing the experimental
data in further richness and detail. The prescription of the
structural effects developed in this paper is independent
of the entrance channel and can thus be implemented in
existing parameterizations of mechanisms as various as binary-
decay processes, intermediate-fragment emission, heavy-ion
fragmentation, and multi-fragmentation-like phenomena.

The development of the semi-empirical parameterization
for spallation cross sections makes available a global prescrip-
tion for neutron- and proton-induced spallation with a limited
number of parameters valid for ions with A ∼ (12 − 200) and
energies above ∼50 MeV/nucleon. Most successful existing
empirical parameterizations and parametric fits involve a huge

amount of formulas and parameters with uncertain predictive
power outside the range of their adjustment. The comparison
to experiment conducted in this paper supports the quite robust
achievement by SPACS over a wide domain with a universal set
of parameters. The accuracy of the predictions is below 20% (in
most cases, much better) for spallation of ions above iron and
energies above about 300 MeV/nucleon. The uncertainty can
reach a factor of (1.5–5) for lighter systems or ultra-relativistic
energies, not too far down in the wings of the distributions. Its
features make SPACS a relevant fast and reliable tool for use
in simulations in nuclear-, astro-, and biophysics.
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APPENDIX

For the practitioner user, a self-sufficient summary of the
SPACS formalism, equations, and numerical values of the pa-
rameters is proposed in this Appendix. Also, an executable ver-
sion as well as the software are made free available on request
by the authors. We remind that SPACS is intended to describe
spallation-residue isotopic production cross sections. It applies
to proton- and neutron-induced spallation on light (around C)
up to heavy (Pb, Bi) nuclei, over an energy range from around
50 MeV/nucleon to a few hundred GeV/nucleon. Hereafter,
we adopt the convention of inverse kinematics. Application
to direct kinematics straightforwardly requires interchanging
the terms Aproj and Atar in the formulas. Considering such
a convention, (Atar = 1, Ztar = 0) and (Atar = 1, Ztar =
1) for neutron- and proton-induced reactions, respectively.

The production cross section of a nuclide of mass A and
charge Z for nucleon-induced spallation of a nucleus of mass
Aproj, nuclear charge Zproj, and at incident energy Eproj (in
MeV/nucleon), is computed as follows:

σ (A,Z) = σRY (A)Y (Zprob − Z)|A. (A1)

1. Mass yield

Y (A) = Y (A)cent + Y (A)periph, (A2)

with

Y (A)cent = [Alength/(1 + exp{[(Aproj − Acent) − A]})]/Acent, (A3a)

Y (A)periph = Aperiph exp{[A − (Aproj − Adiff)]/Adiff}(Eproj/1000)Bperiph/Acent. (A3b)

a. Central collision contribution

Acent = αcent/ exp(Aproj/βcent), (A4)
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supplemented with

Acent = Aproj{1 − exp[−ln(Acent)/ln(Aproj)(Eproj/1000)εcent ]}. (A5)

for A > (Aproj − Acent + αlengthAcent fluct)

Alength =
√

[(Acent + αlengthAcent fluct)2 − (Aproj + αlengthAcent fluct − Acent − A)2]/(Acent + αlengthAcent fluct),

for A � (Aproj − Acent + αlengthAcent fluct), Alength = 1. (A6)

Acent fluct = afluctAcent
δfluct (Eproj/1000)εfluct , (A7)

with
afluct = αfluct + βfluctAproj. (A8)

Numerical overflow exception for (Acent + αlengthAcent fluct) > 19: (Acent + αlengthAcent fluct) = 19 in Eq. (A6).

b. Peripheral collision contribution

Aperiph = αperiph + βperiphAproj, (A9)

with

Adiff = αdiff + βdiffAproj, (A10)

Bperiph = γperiph[1 + exp ( − {[ln(1000)/ln(Eproj)]
6

+ εperiph}/δperiph)]. (A11)

Numerical underflow exception for [A − (Aproj − Adiff)]/
Adiff < −50: [A − (Aproj − Adiff)]/Adiff = −50 in Eq. (A3b).

2. Charge dispersion

Y (Zprob − Z)|A = n exp(−R|Zprob − Z|Un)

for (Zprob − Z) > 0. (A12a)

Y (Zprob − Z)|A = n exp(−R|Zprob − Z|Up )

for (Zprob − Z) � 0, (A12b)

with

n =
√

(R/π ), (A13)

Zprob = Zβ + 	 + 	m
n,p + 0.002A, (A14)

Zβ = A/(1.98 + 0.0155A2/3), (A15)

Zβp = A/
(
1.98 + 0.0155A

2/3
proj

)
. (A16)

Numerical underflow exception for (−R|Zprob − Z|Up

) >

−70: (−R|Zprob − Z|Up

) = −70 in Eq. (A12b).

a. Most probable nuclear charge

for A � 	6, 	 = 	1 + 	2A + 	3A
2 + 	4A

3,

for A < 	6, 	 = 	5A
2. (A17)

for A/Aproj > d2 and A/Aproj � d3,

	 = 	[1 + d1(A/Aproj − d2)2],

for A/Aproj > d2, 	 = 	[1 + d1(A/Aproj − d2)2

+ d4(A/Aproj − d3)3]. (A18)

for (Zproj − Zbp) � 0 (neutron-rich projectile),

	n
m = {n1(A/Aproj)

6 + n2[(Aproj − A)/Aproj]
2}

× (Zproj − Zβp), (A19)

for (Zproj − Zbp) > 0 (proton-rich projectile),

	p
m = [exp(p1 + p2 A/Aproj)](Zproj − Zβp),

supplemented with

	p
m = 	m + p3[(Aproj − A)/Aproj]

2(Zproj − Zβp)

for A/Aproj < 0.5, (A20a)

	p
m = 	m + {exp[−(d3 − A/Aproj)

2/0.005]}
× (Zproj − Zβp) for A � 	6. (A20b)

b. Charge-distribution width

For A < t1,

Rphy = R0
n,p exp{− ln[R1(A/t2)]}, (A21)

for A � t1,

Rphy = R0
n,pexp(R2 + R3A + R4A

2).

For (Zproj − Zβp) � 0 (neutron-rich projectile),

R0
n = r0 exp[r3(Zproj − Zβp)], (A22)

for (Zproj − Zβp) > 0 (proton-rich projectile),

R
p
0 = r0 exp[r4(Zproj − Zβp)], (A23)

for i = 2 − 4 : Ri = ri,0 + ri,1|Zproj − Zβp|, (A24)

for A < t1 and A/Aproj < r2 :

R = 1/[2(1/(2Rphy) + σ 2
fluct)], (A25)

R = Rphy otherwise

for A/Aproj � r2,
(A26)

R′ = R exp[r1 −
√

Aproj(A/Aproj − r2)5].

Numerical limit for exp[r1

√
Aproj(A/Aproj − r2)5] > 1 :

R′ = R in Eq. (A26).
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c. Charge-distribution fall off

Un = un1 + un2 A/Aproj, (A27)

Up = up1 + up2Aproj. (A28)

d. Additional correction factors

Y (Zprob − Z)|A = Y (Zprob − Z)|Afn,p, (A29)

for (Zβ − Z) > (Zproj − Zβp + b2),

fn = 10[−b1|Zproj−Zβp|(Zβ−Z+Zproj −Zβp+b2)3]
, (A30)

fn = 1 otherwise

for Z > Zexp, fp = 1/[10(dF/dZ)(Z−Zexp)], (A31)

with

dF/dZ = 1.2 + 0.647(A/2)0.3 and

Zexp = Zprob + dF/dZ ln (10)/(2R). (A32)

e. Charge-exchange channel

Y (Zprob − Z)|A = Y (Zprob − Z)|Afpu, (A33)

for Eproj < 1000 MeV/nucleon,

fpu = apu + bpuexp[−(Eproj/1000)/cpu], (A34)

fpu = 1 otherwise.

3. Modulation by structural effects and even-odd staggering

σ (A,Z) = σ (A,Z)Fe-o(A,Z), (A35)

Fe-o(A,Z) = Slpet(A,Z)EMP/Slpet(A,Z)MAC, (A36)

with Slpet(A,Z)EXP and Slpet(A,Z)CALC as the empirical and
macroscopic lowest particle energy thresholds, respectively,
of the product (A, Z).

The empirical lowest particle energy threshold is deter-
mined from experimental separation energies of Ref. [63].
The macroscopic lowest particle energy thresholds Slpet(A,
Z)MAC are obtained from the Thomas-Fermi masses [64]
without shell-effect and pairing correlations. For unavailable
experimental masses, Thomas-Fermi predictions [64] are used
for Slpet(A, Z)EMP. In the rare cases where experiment and
theory yield a different type of particle having the lowest
binding energy, the experimental result defines the less bound
particle to be used in Eq. (A35). Neutrons, protons, and α
particles are considered only, and we restrict to ground-state-
to-ground-state decays. Empirical and macroscopic separation
energies are beforehand corrected by the Coulomb barrier B,

for protons : Bp = 1.44(Z − 1)/{1.87[(A − 1)1/3 + 1]},
(A37a)

for α particles : Bα = 1.44(Z−2)/{1.87[(A−4)1/3+ 41/3]}.
(A37b)

Numerical limit, if Fe-o(A,Z) > 2 : Fe-o(A,Z) = 2 in
Eq. (A35).

a. Attenuation by γ -ray emission

Fγ
e-o(A,Z) = exp {ln[Fe-o(A,Z)](1 − Cγ Pγ )}, (A38)

Pγ = 
γ /
(
n + 
p + 
α + 
γ ), (A39)

with


γ = 0.62410−9A1.6T 5, (A40a)


n = Cn (A − 1)2/3T/[1/T exp(Sn/T )], (A40b)


p,α = Cp,α(A − 1,4)2/3[2T 2/(2T + Bp,α)]

/{1/T exp[(Sp,α + Bp,α)/T ]}, (A40c)

T = A−2/3/(0.057 + 0.00193δU ), (A41)

Cp = 938.3/939.6Cn, (A42a)

Cα = 3727.4/939.6Cn, (A42b)

where Sn,p ,α are the separation energies from Ref. [63] and
δU are the shell corrections from Ref. [64].
Numerical limits:
if T � 0 or Sn � 50 or A � 1 : 
n = 0 in Eq. (A40b),
if T � 0 or Sp � 50 or A � 1 : 
p = 0 in Eq. (A40c),
if T � 0 or Sn � 50 or A � 4 : 
α = 0 in Eq. (A40c).

b. Attenuation caused by angular-momentum effects

Fγ,L
e-o (A,Z) = Fγ

e-o(A,Z)/[1 + (J − Jcr )/DJ ], (A43)

J = (
√

σ 2 − 0.5), (A44)

TABLE I. Constants used in SPACS for the parameterization of
the mass yield.

Parameter Constant Value

Mass loss in central collisions αcent 1.39
βcent 1560
εcent 0.75
αlength 0.7

Fluctuations in mass loss αfluct 7.876
αfluct −0.0066
δfluct 0
εfluct 0.5

Peripheral collisions γperiph 0.9
αperiph 0.905
βperiph −9.868 × 10−4

εperiph −0.05
δperiph 0.065
αdiff 1.572
βdiff −0.00132
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with

σ 2 = 0.16A2/3(Aproj − A)(2Aproj + A)/[9(Aproj + 1)].

(A45)

Applicability range

for A = Aproj and Z = Zproj : σ (A,Z) = 0,

for Z > Zproj + 2 : σ (A,Z) = 0,

for A > Aproj : σ (A,Z) = 0.

TABLE II. Constants used in SPACS for the description of the
charge-dispersion curve.

Parameter Constant Value

Zprob shift 	1 −1.3327
	2 0.05368
	3 −2.058 × 10−4

	4 4.9639 × 10−7

	5 1.9 × 10−4

	6 131
d1 −25
d2 0.8
d3 0.9
d4 −95

n-rich memory effect n1 1.2
n2 0.4

p-rich memory effect p1 −11.25
p2 11.0
p3 −0.75

Width R t1 98
t2 112
R1 3.65
r0 2.78
r1 2800
r2 0.86
r3 0.0212
r4 0.178
r2,0 1.8122
r2,1 −4.4807
r3,0 0.01638
r3,1 −0.07932
r4,0 −1.0624 × 10−4

r4,1 3.41181 × 10−4

σfluct 0.35

n-rich slope Un un1 0.934
un2 0.9984

p-rich slope Up up1 2.1
up2 0.0013

n-richness correction b1 0.0023
b2 2.4

Charge exchange apu 0.34508
bpu 4.27305
cpu 0.53384

4. Normalization

σR (mbarns) = π10r2
0

(
A

1/3
proj + A

1/3
tar + δE

)2

× (1 − B/ECM )χm for ECM � B (A46)

with r0 = 1.1 fm.
Sub-barrier interactions being not treated, σR = 0 for

ECM < B,

B = 144ZtarZproj/R, (A47)

ECM = EprojAproj/(Aproj + Atar) with

Eproj in MeV/nucleon, (A48)

R = rtar + rproj + 1.2
(
A

1/3
proj + A

1/3
tar

)
/E1/3

cm . (A49)

with

rtar = 1.29r rms
tar (A50a)

where

r rms
tar = 0.85 for Z > 0 and r rms

tar = 0.34 for Z < 1,

rproj = 1.29r rms
proj (A50b)

where

r rms
proj = 0.891A

1/3
proj(1 + 1.565A

−2/3
proj − 1.04A

−4/3
proj

)
,

δE = 1.85S + (
0.16S/E

1/3
CM

) − CE

+ 0.91(Aproj − 2Zproj)Ztar/(AprojAtar), (A51)

S = A
1/3.
tar A

1/3
proj/

(
A

1/3
tar + A

1/3
proj

)
, (A52)

CE = D[1 − exp(−Eproj/Tl)]

− 0.292 exp (−Eproj/792) cos
(
0.229E0.453

proj

)
,

(A53)

where D = 2.05, and

for proton-induced reactions,

Tl = 40 for Aproj < 120,

Tl = 80 for Aproj � 120,

for neutron-induced reactions,

Tl = 30 for 11 � Aproj � 40,

Tl = 40 for Aproj < 11 and Aproj > 40.

For Aproj < 200

χm = 1 − χl exp [−Eproj/(χlSl)], (A54)

with

χl = 2.83 − 3.1 × 10−2Aproj + 1.7 × 10−4.A2
proj, (A55)
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TABLE III. Constants used in SPACS for the parameterization of
structural effects.

Parameter Constant Value

Neutron width strength Cn 0.0055
γ -ray competition strength Cγ 0.6
Influence of L Jcr 5

DJ 1

and

Sl = 0.6 for Aproj < 12,
Sl = 1.6 for Aproj = 12,
Sl = 1.0 for Aproj > 12.

For Aproj � 200,

χm = {1 − 0.3 exp[−(Eproj − 1)/15]}
× [1 − exp(0.9 − Eproj)]. (A56)

5. Numerical values of the parameters

The constants entering into the SPACS parameterization
were adjusted empirically along the comparison with exper-
imental data, mostly based on the GSI measurements due to
their completeness. The parameters required to compute the
spallation-residue mass yield are gathered in Table I, those
of the charge-dispersion curve are summarized in Table II,
whereas Table III concerns the modeling of structural effects.

For the formalism of charge dispersion, wherever additional
terms have been introduced to the fragmentation parameteri-
zation EPAX, for the sake of spallation, the numerical values
of the EPAX3 parameters have been re-adjusted. The value
of some specific parameters in II can thus differ from what
reported in Table 1 of Ref. [27].

As noted previously, the prescriptions developed along this
work for the width parameter R in Eqs. (A21)–(A26) and for
the modeling of structural effects in Eqs. (A35)–(A45) are
rather general, independent of the reaction mechanism. It may
thus be worth implementing them in other empirical analytical
models and, namely, in EPAX for fragmentation.
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