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Relativistic description of nuclear matrix elements in neutrinoless double-f decay
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Background: Neutrinoless double-8 (OvBf) decay is related to many fundamental concepts in nuclear and
particle physics beyond the standard model. Currently there are many experiments searching for this weak
process. An accurate knowledge of the nuclear matrix element for the Ov88 decay is essential for determining
the effective neutrino mass once this process is eventually measured.

Purpose: We report the first full relativistic description of the Ov8f decay matrix element based on a state-of-
the-art nuclear structure model.

Methods: We adopt the full relativistic transition operators which are derived with the charge-changing nucleonic
currents composed of the vector coupling, axial-vector coupling, pseudoscalar coupling, and weak-magnetism
coupling terms. The wave functions for the initial and final nuclei are determined by the multireference covariant
density functional theory (MR-CDFT) based on the point-coupling functional PC-PK1. Correlations beyond the
mean field are introduced by configuration mixing of both angular momentum and particle number projected
quadrupole deformed mean-field wave functions.

Results: The low-energy spectra and electric quadrupole transitions in '*°Nd and its daughter nucleus '**Sm are
well reproduced by the MR-CDFT calculations. The Ov8f decay matrix elements for both the 0f — 0 and 0F —
05 decays of '%Nd are evaluated. The effects of particle number projection, static and dynamic deformations,
and the full relativistic structure of the transition operators on the matrix elements are studied in detail.
Conclusions: The resulting OvB8 decay matrix element for the 07 — 07 transition is 5.60, which gives the most

optimistic prediction for the next generation of experiments searching for the Ov88 decay in °Nd.
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I. INTRODUCTION

Double-8 (B8) decay is a second-order weak process in
which a nucleus decays to the neighboring nucleus by emitting
two electrons and, usually, other light particles [1],

(A,Z) - (A,Z +2) + 2¢” + light particles. €))]

Owing to the huge 8 decay background, events of this process
could, so far, only be recorded in some even-even nuclei,
where the B decay is energetically forbidden. There are several
BB decay modes including the two-neutrino double-8 (2v88)
decay mode,

PACS number(s): 21.60.Jz, 24.10.Jv, 23.40.Bw, 23.40.Hc

So far, half-lives of the 2v88 decay have been measured in
11 isotopes, which are of the order of 10'8~24 y [4,5]. However,
the OvBB event has never been seen. Only limits of the half-
lives can be drawn from current experiments, which are Tlo/”2 >

10?!=23 y. Searches for the OvAp signals in the 88 candidates
are ongoing or proposed in a number of laboratories around
the world (see Refs. [1,6,7] for comprehensive reviews).
Limits of the half-lives Tlo/"2 drawn from experiments
provide stringent limits on the parameters associated with
the assumed underlying mechanism. Assuming a long-range
interaction based on the exchange of a light Majorana neutrino
between two weak interaction vertices and restricting the

(4.2) > (A, Z+2)+2e” + 20, ) currents to the standard (V — A) form, the part that is
and the neutrinoless (OvB8) decay mode, proportional to the neutrino mass will be picked out from
(A,Z) = (A, Z +2) + 2¢". 3) the neutrino propagator by the same helicity of the coupled

The 2vBB mode is allowed in the standard model (SM),
while the existence of the Ov8f decay would require to go
beyond the SM. Evidence for the OvB8 decay would be a proof
that neutrinos with definite masses are Majorana particles
and that neutrino masses have an origin beyond the SM [2].
This conclusion is independent of the underlying mechanism
governing the weak process [3].
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leptonic currents [1,8]. Therefore, in this case the associated
parameter is the effective Majorana neutrino mass. This is
called the mass mechanism. Being regarded as the minimal
extension of the SM, the mass mechanism is the most popular
assumption in current existing theoretical calculations.

Using the mass mechanism, one expects that the OvSg8
observation, combined with the results of neutrino oscillation
experiments, will allow to obtain important information about
the character of the neutrino mass spectrum, about the minimal
neutrino mass m; and about the Majorana Charge-Parity
violating phase [2,9]. To extract the neutrino mass, the inverse
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half-life can be factorized as

2
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where the axial-vector coupling constant g 4 (0) and the electron
mass m, are constants, and the kinematic phase-space factor
Gy, can be determined precisely [10]. Therefore, the accurate
knowledge of the nuclear matrix element (NME) M® plays
a crucial role for extracting the effective neutrino mass (m,)
from the measurement of the decay rate.

The calculation of the NME requires two main ingredients.
One is the decay operator, which reflects the mechanism
governing the decay process. The other is the wave functions
of the initial and final states. They are provided by theoretical
nuclear models and carry the nuclear structural information.
Methods used in the literature to calculate the wave func-
tions include the quasiparticle random phase approximation
(QRPA) [11-17], the interacting shell model (ISM) [18-20],
the interacting boson model (IBM) [21,22], the projected
Hartree-Fock-Bogoliubov (PHFB) [23-25], and the nonrel-
ativistic energy density functional (NREDF) theories [26-29].
In the PHFB, the beyond-mean-field correlation connected
with the restoration of broken rotational symmetry is taken
into account. In the NREDF, additional correlations connected
with particle number projection, as well as fluctuations in
quadrupole shapes [26] and pairing gaps [29], are included.
Therefore, this method is also referred to as the multireference
density functional theory. All these methods used so far are
based on nonrelativistic quantum mechanics. The nonrelativis-
tic reduced transition operators are therefore adopted in the
calculations of the NMEs for the neutrinoless double-8 decay.

In the past decades, covariant density functional theory
(CDFT) has been proven to be a very powerful tool in nuclear
physics. On the mean-field level, the single-reference CDFT,
or the relativistic mean-field (RMF) theory, provides a good
description of the static ground-state properties for finite
nuclei [30-34]. The relativistic version of energy density func-
tional (REDF) takes into account Lorentz invariance, which
puts stringent restrictions on the number of parameters. The
spin-orbit potential is included naturally and uniquely, as well
as the time-odd components of the nuclear mean field. With
the merits inherited, this method has also been generalized
beyond the static mean-field level by the RPA [35,36] and
QRPA [37-40] or by the multireference CDFT (MR-CDFT)
method [41-47], so that it could be applied for the description
of the excited states, electromagnetic properties, and the weak
transitions including the single- and double-8 decay.

Relativistic QRPA calculations based on the CDFT have
been carried out for the NMEs of the 2v88 decay [48], where
the transition operator has the same form as that used in the
nonrelativistic studies. However, research in the Ov88 mode
has still to be done. The purpose of this work is to close this
gap and to give a relativistic description for the NMEs of
the OvBB decay within the framework of MR-CDFT. First,
MR-CDFT is able to give a unified description of all the OvBf8
candidates including heavy deformed nuclei. Furthermore,
reliable wave functions can be provided, with the restoration
of symmetries by angular momentum projection (AMP) and
particle number projection (PNP), as well as the inclusion
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of configuration mixing by the generator coordinate method
(GCM). In addition, because the wave functions are Dirac
spinors, the transition operator derived from the Feynman
diagram of weak interaction, which is a 4 x 4 matrix, can be
directly sandwiched between the initial and final states without
further reduction. Therefore, this investigation also provides a
way of testing the validity of the nonrelativistic reduction for
the decay operator adopted in the nonrelativistic studies.

As the first attempt we investigate the OvBg decay of '*°Nd,
which is one of the most promising candidates for the OvSg8
decay experiments. It has the second highest end-point energy
(Qpp =3.37 MeV) and the largest phase-space factor Gy,
for the decay [10]. It does not seem feasible that this heavy
deformed nucleus can be treated in the near future by a reliable
shell-model calculation. However, research has been done with
other methods so that comparisons can be made. In particular,
detailed discussion can be found for '*°Nd and the daughter
nucleus ’°Sm in Ref. [26], including the results for the spectra
of low-lying excited states, the E2 transition probabilities, the
collective wave functions, and the NMEs between them. We
investigate the same nuclei to have a direct comparison of
the results from two different state-of-the-art energy density
functional (EDF) methods, one of them nonrelativistic and
another relativistic. Previous research has shown that the
nuclear deformation is responsible for the suppression of
the transition matrix element for '"°Nd. Therefore, we pay
particular attention to the effects of deformation and the
corresponding shape fluctuations. Moreover, "°Nd is one of
the two isotopes where the transition to the first 0" excited
states of their daughter nuclei have been recorded in the 2v38
decay experiments [4]. Therefore, from the experimental point
of view, it is interesting to evaluate also the OT — O; transition
in addition to the ground-state to ground-state transition.

There have been numerous discussions about the un-
certainties in the calculated NMEs related to the closure
approximation, the inclusion of the high-order currents and the
tensorial part induced by the high-order currents, the treatment
of the finite nucleon size correction as well as the short-range
correlation, and the use of different renormalized values for
the axial-vector coupling constant g4(0), for instance, in
Refs. [11,13,24,25,49-51]. Because it is not our prior task in
this paper to estimate these uncertainties, we just clarify here
a few things about our calculations. (1) The matrix elements
are calculated in the closure approximation. (2) The high-order
currents are fully incorporated and the tensorial part is included
automatically in the relativistic formalism. (3) The finite
nucleon size correction is taken care of by the momentum-
transfer-dependent form factors. (4) According to a recent
study [52], realistic values of short-range correlation have
only a small effect (<7%) on the matrix elements; thus, we
omit the contribution of short-range correlation presently. (5)
Investigations [53,54] show that the chiral two-body hadronic
currents provide important contributions to the quenching of
Gamow-Teller transitions. A momentum-transfer dependence
for this quenching effect is predicted. Therefore, it is more
reasonable to include the contributions of two-body currents
approximately (on the one-body level) by introducing an
effective g¢T(g?) than introducing a renormalized constant
gf{f(O). Because the study on the effect of chiral two-body
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currents is far beyond the scope of this paper, the coupling
constant is set to g4(0) = 1.254 (not to some renormalized
values) in the following discussion.

This paper is organized in the following way. In Sec. II, the
derivation of the OvB8 decay operator in the mass mechanism,
the formalism of the MR-CDFT, and the expressions for
the OvBpB decay matrix elements in MR-CDFT are briefly
introduced. Section III is devoted to the numerical details.
In Sec. IV we present the results for the nuclear structure
properties and the NMEs of the OvB8S decay. Last, the
investigations are summarized in Sec. V.

II. THEORETICAL FRAMEWORK
A. Decay operator

Derivations of the OvB8 decay operator can be found in
many papers, such as Refs. [6,11,14]. However, the authors
end up with the nonrelativistic reduced operator. Therefore, to
have a consistent relativistic description, it becomes necessary
to repeat the crucial steps of the derivation and to show the
form of the relativistic operator involved in our calculations.

The starting point is the semileptonic charged-current weak
Hamiltonian [55],

Huveak (x) = %fﬂmﬂm +He, ()

where G is the Fermi constant, 6¢ is the Cabbibo angle, and
the standard leptonic current adopts (V — A) form:

JH0) = ey (1 — ys)ve(x). (6)

The hadronic current is expressed in terms of nucleon field v,

fron T 2 . 23 Oy
T (x) = ¥ (x) [gv(q Wi tigu(q) s —4q
mp

—ga(@)Vuys — gp<q2>quys}r_w<x>, 7

where m , is the nucleon mass, g* is the momentum transferred
from leptons to hadrons, 7_ is the isospin lowing operator, and
0w = [y v]. The form factors gyv(g%), ga(g?). gm(g?),
and g p(qz), in which the effects of the finite nucleon size are
incorporated, represent respectively, in the zero-momentum-
transfer limit, the vector, axial-vector, weak-magnetism, and
induced pseudoscalar coupling constants. We adopt here the
same expressions for the form factors as in Ref. [11].

By using the long-wave approximation for the outgoing
electrons and neglecting the small energy transfer between
nucleons, the NME M® of the OvBB decay can be obtained

after a few steps [9],
M*(0f — 0f) = (0510”0}), ®)

where |0,+/ ) 1s the wave function of the initial (/)/final (F)
state, and the decay operator reads
d3q eiq'(xl 7)62)

o _ 47 R f/ 3
d’x
INAO) @2r)} ¢

. i Dlm) (m| T (x2)
— q+ En —(E; + Ep)/2’

€))
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where R = roA'/3, with ry = 1.2 fm introduced to make
the NME dimensionless. The summation runs over all the
possible states |m) of the intermediate nucleus, and E,, is the
corresponding energy of each state.

Replacing the state-dependent energy with an average one:
E, — E,the intermediate states can be eliminated by making
use of therelation ), |m)(m| = 1. Then the operator becomes

4 R /‘/’ Prdx d3q e Jh(x )T (x2)
830) o

@Qr)y g q+Eq

where E; = E — (E; + Er)/2 is the average excitation en-
ergy. There are claims that this closure approximation is
reliable in the calculation of M°, because different values
of the energy parameter E; within a certain range will not lead
to dramatic changes of M 0v [25,49-51]. The sensitivity of the
matrix elements to the changes of E is discussed further later.

Considering the four terms in Eq. (7), the operator can
be decomposed into the vector coupling (VV), axial-vector
coupling (AA), axial-vector and pseudoscalar coupling (AP),
pseudoscalar coupling (PP), and weak-magnetism coupling
(MM) channels, as

OOv — Z @?u’
i
with each component being

o _ 47 R /'/‘ / g elrxi—x) —
- L8 (gl
< 2300 (2m)} 6](6]+Ed)[ wd

12)

(10)

(i = VV,AA,AP,PP,MM), (11)

and the “two-current” operators [} 7"1]; being

g @@yt ) @yt ), (13a)
@)@ yuysT— ) V@ y ysT_y)®@, (13b)
284(g)8p (@)W yysT- ) VW qyst_y)?, (13c)
gr(@HWqyst-) PV (Wqyst_y)?, (13d)
2 00y 7 Oni i W gh @

gM<q)(¢%qu¢> (w%quxb) . (13e)

B. Nuclear wave function

This work is based on the MR-CDFT, discussed in detail in
Ref. [45], taking into account the symmetry restoration by the
projection method and the configuration mixing by the GCM.
Therefore, the wave functions for the initial and final nuclei
in Eq. (8) are derived by the MR-CDFT calculations. The trial
projected GCM wave function |J M N Z; ) reads [47]

=Y fF@Pix PN PYg), (14
q.K

|[JMNZ; o)

where o = 1,2, ... distinguishes different eigenstates of the
collective Hamiltonian for given angular momentum J, and |g)
denotes a set of RMF + BCS states with different quadrupole
deformations ¢ = (8,). The particle number projectors PV
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have the form
2
L

- ioc(N;—Ny)
2

doe (t =n,p), (15)

and the operators 131\{1 x for three-dimensional AMP are

N 2J +1

/dswf (QR(Q), (16)

where Q2 represents the Euler angles (¢,0,%), and the
measure is d2 = d¢ sin0dodyr. D,{,IK(Q) is the Wigner D
function. The rotational operator is chosen in the notation of
Edmonds [56]: R(Q) = ei¢%: el ¢iVJ:

The weight functions f;/X(g) in the wave function of
Eq. (14) are determined by requiring that the expectation value
of the Hamiltonian is stationary with respect to an arbitrary
variation §f;%(g), which leads to the Hill-Wheeler-Griffin
equation [57],

. [Ha.q) — ELNe @) £1K @) =0, (1)

q'.K

where the kernel function contains a Hamiltonian kernel
H(q,q") and a norm kernel Ay (q,q") [45].

Solving the above equation as in Ref. [45], one can
determine both the energies E and the amplitudes f,/X(¢),

@ = fla) =3 Sl (), (18)

where the index i has a one-to-one correspondence with the
mesh point (K,g) in the K )¢ space and nk and u; (i)
are the eigenvalues and the corresponding eigenstates of the
norm A/(i,i"). E] and g/* are the eigenvalues and the
corresponding eigenvectors, respectively, of the Hamiltonian
constructed with the “natural states” [58] with n,{ #0:

NETEL
HJ — uk (1)%1( -/)ul (l ) (19)
kl :é;: \/;;;’ \/C;;;

The collective wave functions gO{ (i) are constructed as

gl = gl*u (), (20)
k

where g; J(i) are normalized as > &l *(i)g(f,(i) = Sqo and,
therefore, |g/(i)]* can be interpreted as a probability ampli-
tude. More details about the calculations of observables within
this framework can be found in Ref. [45].

C. Evaluation of NME

In the following investigation we concentrate on the wave
functions with axial symmetry, with one collective coordinate
q = B, and we restrict ourselves to states with the quantum
numbers J7 = 0F. With the GCM wave functions the NME
in Eq. (8) can be expressed as

= 3 £ B BOMY Brr). QD)
Br.BF
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with the projected NMEs at different deformations:
M (B1.Br) = (Br|O™ P/ PN P21 1)) (22)

In these matrix elements we keep explicitly the projection
operators on one side of the operator only (single projection),
because it is equivalent to the double projection on both
sides. To prove this we consider for the sake of simplicity
only the projection onto good proton number. In this case
the wave function PZ|f;) contains only components with
proton number Z. The operator O% creates two protons and
therefore the wave function O°” PZ|8;) has only components
with proton number Z + 2. Applying P%*2 onto this function
is equivalent with the unity, i.e.,

(Br|PZT2OY™ P2 |8y = (Br|O™ P#1B). (23)

The NME M® in Eq. (21) can be regarded as a weighted
summation over the matrix elements with different initial
and final deformations. This summation leads, therefore, to
configuration mixing in the nuclear wave functions.

The wave function P/=0PNPZ|B) in Eq. (22) is not
normalized. For later convenience and to compare with PHFB
calculations [24,25], we also introduce a single-configuration
transition matrix element A% (B1,PBr) between the normalized
initial and normalized final states with definite deformations

Br and BF,
M (B1,Br) = NeNp (Bp|O™ P/=0pNi pZijg,y, (24)

with N2 = (B,|P/=0 PN« PZ|B,) for a = I,F. Note that
this smgle configuration matrix element is normalized at each
configuration (8;,8r) with the norm of the two projected
states. This quantity gives the results of the PHFB method for
the NME. It shows the influence of the nuclear deformations on
the strength of the OvBB decay, but it does not take into account
fluctuations in deformation space, which are very important in
transitional nuclei.

Writing the projection operators explicitly and using the
second-quantized form of O, the matrix element in Eq. (22)
becomes

MO B1.Be) = 3 (ablOled) /
abed

X / n % e ionN1 [h dﬂ e Zi
0 2 0 21

ﬂF|c(n)T ZN)T (v) (-U)|E[>7 (25)

sinfd6o

(v) (ﬂ)T (JT)T
Cp

where ¢;”,c{") are neutron annihilation and c, are
proton creatlon operators. The indices ¢,d run over a complete
set of single neutron states and a,b over a complete set of
single proton states. The shorthand notation |4;) stands for

1Br) = ePheielein?|p). (26)

The crucial part that contains the nuclear structural in-
formation in Eq. (25) is the two-body transition density,
(BF |c(”)T (0 (”)c(")lgl).Provided that the states | 87) and | B;)
are not orthogonal one can use the extended Wick’s theorem
of Refs. [59,60] and express the two-body transition density
as a product of a norm overlap and two one-body transition
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pairing tensors as
(Brlc ey e 1)

= 1(0,00.0p: B Br Yoy 0.0, B1.BF)

X Koq (O3 B Br)- 27)
The norm overlap is given by
n(0, 9,03 B1.8r) = (Br|B1), (28)

and the transition pairing tensor matrices are

(Br eS| By

Kgb]*(ﬂ)(e,ﬁl’m B1,Br) = <ﬂF|E’>(][) ’ (29a)
) .3,y
k(0,003 Br.Br) = % oo

Details about the evaluation of the two-body matrix element
(TBME) (ab|O|cd) in Eq. (25) is given in the next section and
in the Appendix.

III. NUMERICAL DETAILS

In the present work we restrict ourselves to axial symmetry.
In this case the complicated GCM + PNP 4 3DAMP model
is reduced to a relatively simple GCM + PNP + 1DAMP
calculation.

On the mean-field level, to obtain the set of intrinsic
states |B) with different deformations B, constrained RMF
calculations are performed with the pair correlations treated
by the BCS method. To solve the Dirac equation, the single-
particle states are expanded in the three-dimensional harmonic
oscillator basis [61] with Ng, = 12 major shells. We use
the nonlinear point-coupling functional PC-PK1 [62] in the
particle-hole channel, and the density-independent & force
in the particle-particle channel. In particular, the pairing
strength constants V; for neutrons and protons are adjusted
by reproducing the average pairing gap,

sz = Zk fkv/%Ak

S fvi
provided by the separable finite-range pairing force [63,64],
where f; = f(er) is an energy-dependent cutoff func-
tion given in Ref. [65]. With the adopted values V, =
—314.55 MeV fm® and V, = —346.5 MeV fm?, the average
pairing gaps are reproduced very well at different deforma-
tions, as shown in Fig. 1.

In the PNP 4+ 1DAMP (PNAMP from now on) procedure,
a Gaussian-Legendre quadrature is used for the integrals over
the gauge angle ¢ and the Euler angle 6. Convergence of
the potential energy curves (PECs) can be reached when the
numbers of mesh points for ¢ and 6 in the interval [0,7] are
chosen to be n, = 7 and ng = 14.

In the GCM calculation, the generator coordinates are
chosen in the interval g € [—0.4,0.6] with a step size AB =
0.1. In the Hill-Wheeler-Griffin equation, eigenvectors of the
norm overlap kernel with very small eigenvalues n}/ /nl . < x
are removed from the GCM basis [45]. For the chosen
generator coordinates and the cutoff parameter x = 1 x 1073,

(30)
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FIG. 1. (Color online) Average pairing gap A" for (a) neutrons
and (b) protons in '°Nd as a function of deformation 8 obtained
by the RMF + BCS method, using the separable finite-range pairing
force (BCS-s) and the § pairing force with adjusted strength constants
V: (BCS-§), respectively.

fully converged results can be achieved for the low-lying states
with J < 6 in °Nd and °Sm. Finally ten natural states are
included for the J = O states.

From the last section we see that we obtain the transition
matrix element M (8;,Br) by evaluating expression (25). As
a basis we use for the large and small components of the
single-particle spinors |a), |b), |c), |d) the spherical harmonic
oscillator (SHO) states [for details, see Eq. (AS)]. In this case
the following expression has to be calculated at every mesh
point of the Euler angle 6, the gauge angles (¢,,¢,), and the
generator coordinates (8;,8F):

> 12/ 0023910 40.0p: B1.Br)
1234

Xk 0,0, B, Br)Ks 0.0 Br.Br). (31

The notation |1) refers to the SHO wave function |1) =
|n1ly jimy p1) with the radial quantum number 7, the angular
momentum quantum numbers j,m, and the quantum number
p = f,g characterizing large and small components of the
relativistic spinor. Because we express here the scalar product
of the initial and final spinors explicitly, the operator O,
depending on py, p2, p3, and py, is part of the full 4 x 4 matrix
O in Eq. (25). The summation > 1234 in Eq. (31) includes
a fourfold loop of the complete SHO basis. To reduce the
computational effort we introduce additional cutoff parameters
1 and &, to avoid in this loop the calculation of terms with
small contributions:

01x()
Kp

<o or kN < g (32)

In the case of spherical symmetry corresponding numerical
checks have been carried out. In Fig. 2 we study the influence
of the cutoff parameters on the single-configuration matrix
elements 1\710”(,31, Br) defined in Eq. (24). In the following
applications we used the values of ¢; = 10™* and ¢, = 1073
with resulting errors less than 1% for M 0”(/31, Br), and with a
considerable reduction of computer time.

At last, the reliability of the closure approximation has to
be tested in the relativistic scenario. To that end, we change the
values of E; in Eq. (10) from 0 to 20 MeV and compare the
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T 132
o hlE ]
m_ I
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= 1311 4+ .
= - =0 4° ¢, =10°
130 [TTREE TN TTITR iuu [ITTTE A (YT ||||.||

10* 10° 10° 107 10® 10* 10°

- Gy

FIG. 2. (Color online) Single-configuration matrix element
M®(B;,BF) defined in Eq. (24) between the spherical states of
10Nd and '°Sm, as a function of the cutoff parameters ¢, and
$», respectively. The horizontal dash-dotted line denotes the value
corresponding to ¢; = 0 and &, = 1073,

corresponding single-configuration matrix element M%(8; =
0,8r = 0). In Fig. 3 it is shown that the matrix element and
the contributions from different channels are insensitive to the
change of E,. In particular, the calculations with 8§ MeV <
E; <20 MeV lead to similar values for the matrix element
with derivations less than 10% from its central value. The
empirical value E; = 1.12A'/2 MeV =~ 13.72 MeV proposed
by Haxton et al. [66] is used in the present calculations. This
is very close to the central value we just mentioned.

IV. RESULTS AND DISCUSSION

A. Nuclear structure properties

The GCM + PNAMP calculations have been carried out
to obtain the wave functions for the initial and final states
used in the evaluation of the NMEs for the OvBg decay. In
Fig. 4 the intrinsic PECs are shown derived from constrained

20 1771 T T T 1
L i i
16 \QAMP i
— [ Total ]
o 12t ! AA ]
a 8T 11242 ]
o 4r i VW
n_ r % PP 1
= Or a MM ]
& -4t * -
= | i -

7 N PR P PR R I B |
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FIG. 3. (Color online) Single-configuration matrix element

M (B;,Br) between the spherical states of '*'Nd and "°Sm, as a
function of the energy denominator E, in Eq. (10). The empirical
value of E; = 1.12A'2 MeV is marked by a vertical dash-dotted
line.
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FIG. 4. (Color online) The intrinsic (RMF) and the PNAMP
(N&Z,J = 0,2,4,6) PECs, together with the energy and the average
axial deformation of the lowest GCM state for each angular
momentum in '*°Nd and '**Sm. The AMP PECs, which are provided
by calculations without exact number projection, are also presented
for J = 0.

RMF + BCS calculations for the nuclei *°Nd and *9Sm, as
well as the corresponding angular momentum and particle
number projected PECs with J =0,2,4,6. For 8 =0 the
AMP has no influence. The lowering in energy at this point is
therefore caused only by number projection. For both nuclei we
observe energy gains of 2—5 MeV by the number projection.
A prolate deformed minimum and an oblate deformed local
minimum are observed for each of the PECs. For "Nd the
unprojected prolate minimum is rather flat. In fact, as observed
in experiment [67] and also found in GCM calculations [68]
based on the PC-F1, this nucleus is very close to a quantum
phase transition from spherical to prolate with a spectrum
of X(5) character [69]. Therefore, it is essential to take into
account for this nucleus quantum fluctuations in deformation
space. For both nuclei rotational yrast bands are constructed
by AMP after the variation based on the wave functions around
the prolate minimum, with average axial deformations § ~ 0.3
for "ONd and B ~ 0.2 for °Sm.

In Fig. 4, the angular momentum projected energy curves
(without PNP) of J = 0 with the average particle numbers
constrained [45,46] are also included (dash-double-dotted
line). By comparison one can see that the exact PNP shifts
the position of the energy minimum for "°Nd to smaller
deformation. This could be possibly understood by the fact
that PNP increases slightly the pairing correlations driving to
smaller deformations.

In Fig. 5 we show the squares of collective wave functions
defined in Eq. (20) for the 0% states, which denote the proba-
bility distributions of the corresponding states in deformation
space. For the ground state of '"Nd, wave functions calculated
by both the GCM + PNAMP and the GCM + AMP methods
are peaked at § = 0.3, but the probability distribution shifts
from the right side of the peak with larger deformation to
the left side with weaker deformation after considering the
PNP. The change in collective wave functions of this nucleus
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FIG. 5. (Color online) Squares of collective wave functions
18/="(B)P* obtained by the GCM + PNAMP and GCM + AMP
methods for the ground states of "*Nd and '*°Sm, as well as for
the first excited 0* state of °°Sm.

is consistent with the change of shapes of the J = 0 energy
curve observed in Fig. 4(a) with and without PNP. Meanwhile,
the wave functions of the 0] and 05 states of '**Sm obtained
by the two methods are very similar. Consequently, the overlap
between °N d(OT) and 150Sm(Of) increases by PNP, while the
overlap between 15ONd(Of') and 15OSm(Og') decreases.

To prove the validity of our model for the description of
150Nd and '3°Sm, we show in Fig. 6 their low-lying excitation
properties obtained by the GCM + PNAMP and GCM + AMP
methods and compare them with available experimental data.
It turns out that the GCM + AMP calculation reveals similar
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FIG. 6. (Color online) Low-lying energy levels and E?2 transition
probabilities for the nuclei '"Nd and '*°Sm obtained by the
GCM + PNAMP and GCM + AMP methods in comparison with
experimental data.
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characteristics as the GCM 4+ PNAMP method. The level
schemes are in rather good agreement with the data, but in
both cases the calculated spectra are systematically stretched
as compared to the experimental bands. This is a well-known
fact observed also in other calculations of this type [47]:
Because AMP is performed only after variation, time-odd
components and alignment effects are neglected, leading to an
underestimated momentum of inertia. The agreement of the
calculated E2 transition probabilities with data is remarkable,
especially in the case of GCM + PNAMP. This indicates
that our GCM + PNAMP-wave functions have very good
deformation properties as compared to experiment.

B. Nuclear matrix elements
1. Effects of number projection

To check the numerical accuracy of our projection tech-
niques, we investigate the relation (23) numerically; i.e., we
show that single PNP is equivalent to double PNP in the
calculation of the matrix element for the Qv decay operator.

In Table I, ny, (n,,) denotes the number of mesh points
used in the integrals (25) over the gauge angle in the neutron
or proton number projection for the initial (final) state. The
calculation reduces to the pure AMP case when the number of
mesh points is set to 1. As shown in the table, for the matrix
elements of @0”, calculations with single PNP for the initial
state, with single PNP for the final state, and with double PNP
for both of the states lead, as expected, to identical results.
This shows clearly that number projection is carried out with
sufficient accuracy in our calculations. Therefore, in practice,
we only keep the projection operators on the side of the mother
nucleus.

To investigate the effect of number projection on the OvggS
decay matrix elements, we display in Fig. 7 the values of
single-configuration matrix elements M " (B;,BF) in Eq. (24)
obtained with and without PNP in the case of 8; = Br. As
we can see, for both the spherical and the deformed cases,
the values of the single-configuration matrix elements are not
significantly affected by PNP. Of course, this applies only for
the matrix elements with fixed deformation. However, as we
see in Fig. 5, the weights of the different deformations in the
GCM wave functions depend on PNP and therefore, when
using the full GCM matrix elements, one should include PNP.

TABLE I. Matrix elements of the OvBB decay operator
(Br| PNF PZr OO pI=0pN1 P71\, and contributions from the var-
ious coupling channels. The results without PNP (n,, = 1, n,, = 1),
with single PNP for the initial state (n,, =7, n,, = 1), with single
PNP for the final state (n,, = 1, n,, = 7), and the results with double
PNP (n,, =7, n,, = T) are compared.

ng, ng VV AA AP PP MM Total
1 1 2552 12.588 —4.025 1.698 0519 13.332
7 1 019 0982 —0309 0.130 0.040 1.039
1 7 0196 0982 —0.309 0.130 0.040  1.039
7 7 019 0982 —0.309 0.130 0.040  1.039
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FIG. 7. (Color online) Single-configuration matrix elements
M® (B;,BF) defined in Eq. (24) with 8; = B for transitions from
159Nd to '3°Sm, obtained by calculations with PNP (PNAMP) and
without (AMP).

2. Effects of deformation

The NME M® in Eq. (21) is a superposition of un-
normalized matrix elements MO”(,BI,ﬂp) with various de-
formations (B;,Br) multiplied with specific weights. From
Eq. (21) it is evident that configuration mixing occurs and that
the regions of maximal overlap between the three quantities
f(;k;(ﬂp), f0,+(,31), and M®(B;,Br) contribute mostly to the
total matrix element M. In Fig. 8, the distribution of
f(;";(ﬂp) fo;r(,B])MOU(,B[,ﬂF) is displayed for the transition

between 15ONd(OfL) and 150Sm(O;’) in panel (a). Therefore,
this figure shows which configurations contribute dominantly
in the B;-Br plane. As we can see in Fig. 8(a) the largest
contributions come from the region B; >~ Br ~ 0.2. Similar

(b
0.6 [--~--"""Nd(0;)
al- ‘5“Sm(0:) //
2

JUPEN

0 Lo N0 AN
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p B

FIG. 8. (Color online) (a) Distributions of the total transition
matrix element M® of Eq. (21) between the ground states of
10Nd and '°Sm in the various regions of the pB;-Br plane,
calculated with the GCM + PNAMP method and (c¢) normalized
matrix element M (8;,8r) of Eq. (24) obtained by the single-
configuration calculation with PNAMP. (b) Squares of ground-state
wave functions obtained with the GCM + PNAMP method and (d)
pairing energies (33) from the RMF + BCS calculation for initial and
final nuclei are shown for comparison.
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deformation of the initial and final states is favored by the
decay process. Therefore, a large overlap between the initial
and the final collective wave functions is important. In Fig. 8(b)
we show the collective wave functions for the ground states of
the two nuclei as a function of the deformation. It is clearly
seen, that these distributions are peaked at 8 ~ 0.3 for the
nucleus "°Nd and at 8 ~ 0.2 for the nucleus °Sm. However,
the distributions show a relatively large width and therefore
there is an overlapping region of considerable size in between.
It is evident that deformation fluctuation plays an essential role
in the description of the transition matrix element.

The situation is rather different when we consider the
normalized single-configuration matrix element M 0“(,31,/8 F)
defined in Eq. (24). This matrix element is shown in Fig. 8(c)
as a function of the initial and final deformations B; and
Br. It is no longer related to collective wave functions;
rather it is assumed that the initial nucleus has a fixed
intrinsic deformation g; and the final nucleus has another
intrinsic deformation Br. The value of the matrix element
is then taken from the corresponding point in Fig. 8(c).
Obviously, this method provides a reasonable approximation
only for transitions between nuclei with well-defined intrinsic
deformations, i.e., sharp minima in the PECs and narrow
collective wave functions.

Figure 8(c) shows that the single-configuration matrix
element is peaked at zero deformation. This fact is consistent
with the previous nonrelativistic GCM + PNAMP calculations
of Ref. [26]. It can be understood by the fact that the expression
given in Eq. (31) has in the diagonal case a structure similar
to that of the pairing energy,

1
Epir(B) = 5 D {121V 3)ko(B)eas(B),  (33)

1234

where VPP is the effective pairing interaction in the pp
channel. Therefore, a strong correlation can be found between
M (B;,Br) and the pairing correlations. It is well known
that minima in the PEC are strongly connected with low
level densities and weak pairing, whereas maxima in the PEC
are connected with high level densities and strong pairing
correlations. Therefore, we have at zero deformation enhanced
pairing energies and enhanced transition matrix elements
1\710”(;3,, Br). Similar effects have been observed in double
humped fission barriers [70]. Figure 8(d) shows the pairing
energy as a function of the deformation. We have to keep in
mind, however, that the strongly enhanced transition matrix
elements at small deformation have little to do with the Ov8g
decay matrix element between the ground states of the nuclei
150Nd and '3°Sm with strong intrinsic deformations.

In Table II we show the influence of correlations owing
to projections and of fluctuations treated in GCM on the
OvBB matrix elements. In the second column we show single-
configuration matrix elements with and without change of the
intrinsic deformation. These NMEs M (B1,Br) with Bp # By
are given at the deformations corresponding to the minima
on the J™ = 0% energy surfaces of ''Nd and '*°Sm. We
observe that AMP enhances the NMEs and additional number
projection reduces them. Also listed are NMEs neglecting
the change of deformation (87 = B;). They are considerably
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TABLE II. NMEs for the OvB8 decay between "°Nd and '*Sm,
with different correlations considered in the nuclear ground-state
wave functions. Single-configuration matrix elements in the second
column are compared with GCM results in the third column.

M By, Br) M (©0f — 07)
Br # Bi Br = Bi
BCS 3.56 6.38
AMP 3.88 6.79
PNAMP 3.27 6.02
GCM + AMP 4.68
GCM + PNAMP 5.60

larger, because it is well known that the many-body overlap
functions (8|O|B’) are sharply peaked at 8 = f’. In the third
column fluctuations are taken into account in the framework
of the GCM method. As discussed in the last paragraph this
enhances the transition matrix elements, compared to the
matrix element between energy minima (the By # B; case),
because of the enhanced overlap owing to the width in the
collective wave functions [see Fig. 8(b)]. In this case PNP
leads to an additional increase of the transition matrix element
M, because, as shown in Fig. 5, the changes in the collective
wave functions induced by PNP lead to an enhanced larger
overlap.

Summarizing this section, we see that in transitional nuclei
the OvBB decay matrix elements depend in a sensitive way on
the deformation and on the pairing properties of these nuclei,
which are taken into account with different accuracy in the
various methods. The details depend much on the nucleus
under consideration. GCM + PNAMP is, of course, the most
appropriate method. It could be possibly further improved in
specific nuclei with triaxial deformations by 3D AMP and
2D-GCM in the (B,y) plane. This, however, leads in medium-
heavy and heavy nuclei to considerable numerical efforts at the
limit of the present days’ computer facilities [47]. As shown in
Ref. [47], investigations of nuclear spectra calculations within
microscopic versions of the SD-collective Bohr Hamiltonian
provide a very successful alternative which can be applied
even in heavy nuclei [71]. It remains to be investigated in the
future whether these methods can be used also successfully
for studies of the OvBB decay matrix elements.

3. Validity of nonrelativistic reduced calculations
and the contribution of the tensor term

One advantage of our method is that it is fully relativistic
and therefore it allows us to investigate the nonrelativistic
approximation applied in most calculations. In this case,
the hadronic current jj(x) in Eq. (10) is expanded in
terms of |gq|/m,. If terms are kept up to the first order,
the fully relativistic operator of Eq. (10) is reduced to the
nonrelativistic operator used in previous studies [14,72]. The
resulting nonrelativistic “two-current” operator [jjj Y
can be decomposed, as in other nonrelativistic calculations,
into the Fermi, the Gamow-Teller, and the tensor parts,

[ = hr(g®) + har(@Don + hr(g)SL]tVr®,  (34)
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with the tensor operator Si’z =30W-§)o?®-§)— o, and
o1p =0 . 0@ Each channel (K : F,GT,T) of Eq. (34) can
be labeled by the terms of the hadronic current from which it
originates, as

hk(@®) =) hx-i(g>), (i =VV,AA,AP,PP,MM),

with
hrvw(g?) = —gv(g?), (35a)
heran(@®) = —g5(g?), (35b)
2 2 2 2 ‘12
hgr-ap(g@”) = ggA(lI )gr(q )2—, (35¢)
mp
herm@® = — g2 @)L (35d)
3P 4m%’
2 q>
2y _Z 2 2
horam(g®) = =3 83(g )—4m% : (35¢)
hr-ap(q®) = harar(g?), (350)
hrpp(g®) = harre(g?), (352)
1
hram(g?) = —EhGT.Msz). (35h)

In Fig. 9 we compare the results calculated with the
nonrelativistic reduced operator with those of the full operator,
for the NME in each coupling channel, and for both the
07 — 0] and 0] — 07 transitions. In all circumstances the
dominant contributions come from the AA coupling channel.
In the nonrelativistic approximation it represents the Gamow-
Teller channel if neglecting the high-order currents. In this
comparison, the relativistic effect Agel = (M — M3%)/ M
is roughly 5% in the 0] — O transition and 24% in the
07 — 05 transition.

We divide our GCM + PNAMP NME obtained with the
nonrelativistic operator into the Gamow-Teller, the Fermi,
and the tensor matrix elements, as Mpy = Mgr — M + Mr,

GCM+PNAMP'|

FIG. 9. (Color online) Contribution from each coupling channel
to the total NMEs of the OvBS decay from *°Nd to '**Sm for both
the (a) 0 — 0 and the (b) Of — 0F transitions. Values of the
matrix elements evaluated using the full relativistic operator M
(Rel.) are compared with those obtained with the nonrelativistic
reduced operator My (Non-rel.). The results are calculated with
the GCM + PNAMP method.
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TABLE III. NME:s for the Ovg8 decay between the ground states
of 'Nd and '*°Sm based on the nonrelativistic reduced operators,
including the contributions of the Gamow-Teller, Fermi, and tensor
terms. Our results with the GCM + PNAMP methods (REDF-I) are
compared to the NMEs given by the NREDF calculation [26] and the
IBM-2 model [22].

MY Mgr Mp My xr (%) xr (%)
REDF-I 5.32 4.22 —0.99 0.11 23.5 2.6
NREDF 1.71 1.28 —0.43 — 33.6 —
IBM-2 2.32 2.03 —0.18 0.11 8.9 5.4

and show for the 07 — O] transition in Table III. They
are compared with the NREDF results [26] and the IBM-2
calculations [22]. Note that the definition of the Fermi matrix
element My is different from Eq. (19) in Ref. [22] by a
factor of [gV(O)/gA(O)]z. Considering xr = —Mp /Mgt and
xr = M7 /Mgr, the ratios of the Fermi and tensor parts to
the dominant Gamow-Teller part, one clearly recognizes the
contributions of the these terms.

It is shown that the Fermi contribution (33.6%) in the
NREDF calculation is relatively large compared to our results,
while the IBM-2 model gives a much smaller value (8.9%).
As a matter of fact, the IBM-2 calculations provide very
small Fermi matrix elements for the nuclei in which protons
and neutrons occupy different major shells (for example,
15Nd-Sm) and very large values for those in which protons
and neutrons occupy the same major shell (for example,
76Ge-Se) [22]. A benchmark study is definitely required to
understand the discrepancy among different models in the
future. However, it has been pointed out in Ref. [73] that, with
partial isospin symmetry restoration by requiring M = 0,
the value of xp for the matrix elements of neutrinoless
double-B decay should be close to 1/ [Sgi(O)]. We find that
our result (23.5%) is in good agreement with the value of
1/[3g4(0)] = 21%.

In the literature one finds rarely discussions about the tensor
effect for the case of "°Nd. However, by analyzing the results
for other isotopes, two different conclusions can be drawn.
On the one hand, the tensor effect is considered as negligible
according to the calculations in the ISM [19] and PHFB [25],
and in the QRPA studies of the Jyvaskyla group [13],
and it is totally neglected in the NREDF calculations of
Refs. [26,29]. On the other hand, it is proven to be important
with considerable contributions in the QRPA calculations of
the Tiibingen group [11] and in the IBM calculations [22].
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Our result seems to agree with the later opinion. As we can see
from the table, while the absolute value for the tensor term in
our calculation is very close to that given by the IBM-2, x7 is
smaller owing to the larger Gamow-Teller contribution. This
implies that we predict a relatively small tensor effect, but in
the same order of magnitude as the IBM-2 calculations [22].

4. Comparison and discussion

In Table IV we show the presently calculated OvB8 decay
matrix elements M% from "ONd to °Sm. The calculations
are carried out in the MR-CDFT framework with the GCM +
(PN)AMP method based on the REDF PC-PK1. These results
are compared with existing results that take into account the
nuclear deformations explicitly.

By taking into account nuclear deformations and config-
uration mixing simultaneously, we find in our calculation
a suppression of approximately 60% with respect to the
spherical NME. The difference between the NMEs obtained
with and without PNP (columns 2 and 3) can be traced back to
differences in the distributions of the collective wave functions.
As we have mentioned, the overlap between 15ONd(Of) and
150Sm(O;’) is increased by PNP, resulting in a larger value of
the matrix element M between them. The opposite holds for
the matrix element M’ between '"*Nd(07) and 1°Sm(07).

NME:s obtained by the deformed QRPA calculations based
on a Woods-Saxon field with a realistic residual interaction (the
Brueckner G matrix derived from the Bonn-CD potential) [15]
can be found in column 5 of Table IV. These matrix
elements are suppressed by about 40% by including the
nuclear deformations as compared with the previous spherical
QRPA results in Refs. [49,50]. More recently, a self-consistent
Skyrme-HFB-QRPA calculation was carried out in Ref. [17].
It allows for an axially symmetric deformation and uses a
modern Skyrme functional for both the HFB mean field and
the QRPA. This investigation predicts a relatively small NME,
which is also listed in column 5.

Calculations within the IBM model in Ref. [21,22] provide
not only the NME for the transition to the ground state, but
also for the transition to the first 0" excited state. The IBM-2
interaction is used and the NME corresponding to the 0] — 0
decayis 2.321 (column 6). The inclusion of deformation causes
only a reduction of about 20% [21].

The recent result from the PHFB model [25] with a pairing
plus quadrupole-quadrupole (PQQ) interaction is presented in
column 7. Here the QQ term is responsible for the nuclear
deformation.

TABLE IV. NMEs for the OvB8 decay from '"°Nd to '°Sm evaluated with different models. Results of this work are obtained with the
GCM + PNAMP (REDF-I) and the GCM + AMP (REDF-II) methods. Also shown are the corresponding half-lives Tlo/"2 for an assumed

effective Majorana neutrino mass (m,) = 50 meV.

REDF-I REDF-II NREDF [26,29] QRPA [15,17] IBM-2 [22] PHFB [25]
MO — 07) 5.60 4.68 1.71, 2.19 3.16, 2.71 2.321 2.83
507 — 07) [10%y] 2.1 3.1 22.9, 14.0 6.7, 9.1 12.4 8.4
M (O0F — 09) 1.48 2.42 2.81[74],— — 0.395 —
507 — 05) [10%y] 70.7 26.4 19.6,— — 992.7 —
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A GCM calculation with projection has been recently
carried out in the framework of the NREDF of Gogny D1S
in Ref. [26]. The concept is similar to ours. By choosing
the deformation g8 as the generator coordinate in the GCM
method, the final NME includes the shape mixing effect and
the resulting NME is M% = 1.71 (column 4). Compared to
the spherical case, this value is highly suppressed by more than
85%. NME for the transition to the 0 state of °°Sm given by
the same approach is 2.81 [74]. Another dynamic fluctuation
effect, the pairing fluctuation, is included explicitly in a later
paper [29], where an increase of about 28% in the NME with
respect to the previous value 1.71 is found for '>°Nd.

Nevertheless, our REDF results for M?¥ are not consistent
with the NREDF calculations in Refs. [26,74]. Actually, for
the 07 — 0] decay mode, the values predicted by the two
EDF calculations set the upper and the lower boundaries for
the calculated results. The essential difference between these
two calculations is not the method, but the fact that the prolate
minimum in the PEC of the nucleus '"°Nd has a considerably
smaller deformation for the relativistic functional PC-PK1 (see
Fig. 4 of this investigation) than for the Gogny functional
(see Ref. [75]). This is the reason why the E2 transition
probabilities in the spectrum of Fig. 6 of this paper are in
much better agreement with experimental data than those
obtained with the Gogny functional (see Fig. 1 of Ref. [26]).
In fact, the change in deformation from the initial nucleus
150Nd to the final nucleus *°Sm is considerably smaller for
the functional PC-PK1 than in the Gogny case. In addition,
the collective wave functions in the GCM-calculations based
on the relativistic functional PC-PK1 have a considerably
larger width than those obtained from the Gogny functional
(see Fig. 5 of this paper and Fig. 1 of Ref. [26]). All these
lead to the fact that the transition matrix element M® for
neutrinoless double-8 decay is considerably larger in the
present investigation (M’ = 5.6) than that obtained with the
Gogny functional (M’ = 1.7) in Ref. [26].

Of course, so far, there is no experimental data on the value
of this matrix element. Considering, however, the fact that
the relativistic functional PC-PK1 reproduces the low-lying
experimental spectra of '*’Nd and '3°Sm in a better way than
the nonrelativistic functional Gogny D1S, we hope that our
calculated NMEs are more reliable. For the nucleus '"°Nd,
it is also a fact that the quantum phase transition with the
X(5) character observed in the experiment of Ref. [67] is well
reproduced by the relativistic functional PC-F1 [68].

The half-lives TIO/"2 predicted by different approaches are
listed in Table IV, assuming the Majorana neutrino mass
(m,) = 50 meV. The half-life Tlo/”z(O;r — OT) in the present
calculation turns out tobe 2.1 x 10?° y, which is the most opti-
mistic prediction so far for the next generation of experiments
searching for the OvBB decay in "ONd.

V. SUMMARY

The first relativistic description for the NME of the OvB8
decay has been given within the framework of the MR-CDFT
based on a point-coupling functional PC-PK1, where the
dynamic correlations related to the restoration of broken
symmetries and to the fluctuations of collective coordinates
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are incorporated in the nuclear wave functions. For the
decay candidate '°Nd and its daughter nucleus '°Sm, the
low-energy spectra and electric quadrupole transitions are
reproduced very well with our nuclear model.

Comparing to other approaches, our calculations for the
OvBpB decay matrix elements predict the most optimistic decay
rate for °Nd. Inclusion of the PNP has small impact on
the single-configuration matrix elements, while it affects the
total GCM matrix element M with configuration mixing
by changing the distributions of collective wave functions in
deformation space. Consideration of the nuclear static and
dynamic deformations leads to a dramatic suppression of
M with respect to the matrix element between spherical
configurations. The relativistic effects that are omitted in the
nonrelativistic reduced decay operator are about 5% for the
ground-state to ground-state transition and about 24% for the
transition from the ground state to the 0; state. Of course,
these conclusions require further systematic investigations to
confirm.

ACKNOWLEDGMENTS

The authors thank K. Hagino, N. Hinohara, J. N. Hu,
S. H. Shen, S. Q. Zhang, and P. W. Zhao and are grateful
for the discussions during YITP Workshop No.YITP-W-
99-99 on “International Molecule-type Workshop on New
correlations in Exotic Nuclei and Advances of Theoretical
Models.” This work was partially supported by the Major State
Basic Research Development Program of China (Grant No.
2013CB834400), the Tohoku University Focused Research
Project “Understanding the Origins for Matters in Universe,”
the National Natural Science Foundation of China (Grants No.
11105111, No. 11175002, No. 11305134, and No. 11335002),
the Research Fund for the Doctoral Program of Higher Educa-
tion (Grant No. 20110001110087), the Overseas Distinguished
Professor Project from Ministry of Education (Grant No.
MS2010BJDX001), the DFG cluster of excellence Origin
and Structure of the Universe (www.universecluster.de), and
the Fundamental Research Funds for the Central Universities
(Grants No. XDJK2010B007 and No. XDJK2013C028).

APPENDIX: EVALUATION OF TWO-BODY
MATRIX ELEMENTS

In this section we derive explicit expressions for the TBMEs
{ab|O|cd) defined in Egs. (10) and (25) within the closure
approximation. This matrix element contains a sum over
the various channels i = VV,AA,AP,PP,MM and in each
channel the matrix element can be expressed as an integral
in momentum space over a product of single-particle matrix
elements in the following form:

4R [ dq gi,(gH)gi(q?)
20 ) @r)» qqg+ Ea)
x(a|l;,e'" ) (b|T,e " |d).

(ab] O;lcd) =

(AL)

The functions g;(g?) depend on the coupling constants and
the vertices I'; are matrices in Dirac- and isospace given in
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Eq. (13). Fori = P they also depend on the g. Using qellt =
—iVe'?" this dependence is expressed by the gradient operator.
Using the multipole expansion for plane waves [76],

el = 4gr Z it (gY@ Yu (), (A2)
LM
and the orthonormality of spherical harmonics,
/qu Y @Yrm(§) =8 8mm, (A3)
we find
2 2y,,2
i i d
(ab|O;|cd) = /g,(q )8(q")q"dq
A(O) q(q + Eu)
x Z(G|Fi,jL(qV)YLM|C) (bIT3, jL(gr)Y [ yld).
LM
(A4)

So far, the indices a, b, ¢, and d characterize an arbitrary
spinor basis. In a spherical basis the single-particle spinors
have the form

_ . A IDY _ [ fu Il jimy)
(1) = |nily jimy) = (ili)) = <ign.(i’)|l~1j1m1))' (A5)

For clarity, here the two-dimensional spinors in spin space are
expressed by round brackets. Here the upper part | 1) represents
the large component with the radial wave function f,, (r) and
the angular momentum quantum numbers j;/;m . The lower
part |1) describes the small component with the radial wave
function g, (r) and the orbital angular momentum Lh=0L+1
for jy =0 £ %

Using angular momentum coupling techniques the spin
and angular parts of the matrix elements in the spherical
basis can be carried out analytically. The matrices I'; contain
the matrices ¥° and ys forming scalars in spin space. The
products y,(Vy#® are written as scalar products of operators
acting on the first and on the second particles. They have a
timelike part formed by scalars and a spacelike part formed by

vectors in spin space, y =y’ = y’ysZ, with T = (" ).
The TBMEs can be expressed in terms of scalar products of
the spin operators,

¥, %@ Z( )Mz(l)z(z})w’ (A6)
or/and the spherical harmonics,
v,y Z( b 457 4598 (A7)

acting on the first and on the second particles.
Recoupling the spherical operators ¥ (rank 1) and Y
(rank L) by the relation

(x0. 2(2))(Y£l) ) YZZ))

L+1

> O (2y) 2y P).

J=L-1

(A8)
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the corresponding operators become the scalar products of
single-particle operators [X Y ]; acting on the spin and angular
coordinates.

In general, the operators O; can be expressed by scalar
products of single-particle operators of rank J acting on
the spin and angular coordinates of the first and the second

particles:
Z( )MT(l) /(2)

Next we simplify the single-particle matrix element by
using the Wigner-Eckart theorem for spherical tensor operators
of rank J,

R (A9)

N ]_m
(m|Tymlj'm') = \(/Z)J——Jr (Jmj" = m' [IM)GIT; 1))

(A10)
therefore, the angular part of TBMEs can be written as

12 T(l)_ T/(z) 34) — _\3—m3(__\ja—m2

Q27" - T2134) = S ()P
x C(jimy js — m3| I M)(1||T;1|3)
x C(jamajo — my|J M)(2||T7]14).

(Al1)

So far we calculated only uncoupled matrix elements. Ow-
ing to the Wigner-Eckart theorem, their m dependence is given
by Clebsch-Gordan coefficients. Exploiting the orthogonality
of the Clebsch-Gordan coefficients,

Z C(jimy jama|J M)C (jimy joama|J'M') = 85 8mm,
miymy
(A12)
we can derive TBME coupled to good angular momentum J

(ph coupling):
(1210134)7, = Y (=) 7" C(jimy js — m3|J M)

myms

X Y ()T C(jamajy — ma|J M)

ngamy

x (jimy, jamz| O jsms, jamy). (A13)

We finally obtain for the spin and angular part of the different
TBMEs

(o) r

o345 = 57

(127" - T (LT 113) 11T 114).

(Al14)
The reduced matrix elements for the operators Y; and
[c Y. ], are given by

iYLl o)
= (=) 2Ll YLl 1)

_ 14 (=)tht fljzl:(_)L+,/2—;<jll L ]12)
2 Jax -3 0 3/

2

(A15)
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and
L jilllo YLy llz j2)
= (=) D plllo Yl
L ()R G LT

(_)lZ‘Fj] +j2+L+1

2 JAr
_l+j+l1 L J g L J2
e (R [ (A

A g ) A )] we
Here j=./2j+1. Note that an extra phase factor
(—)6+1/2=j0)+@R+1/2=2) is added to the reduced matrix ele-
ments given in Ref. [76], because orbit-spin (LS) coupling
instead of spin-orbit (S L) coupling for the single-particle states
is used throughout the calculation.

For the radial part, the radial integrals (nl|j;(qr)|n'l’) for
spherical oscillator wave functions are treated in Sec. 6 of this
Appendix. Of course, in Eq. (31) we need the pp-coupled
matrix elements. They are obtained from the ph-coupled
matrix elements by recoupling [76]

(1210134);, = 2(2] T D)= )it
J

2 A Aty d
x{j4 s J}<12|0|34>ph. (A17)

In the end, we return to the uncoupled matrix elements by

(12[0134) = > C(jimy jama|AM)
A(M)

x C(jsms jama| AM)(12|O|34)),,.

(A18)

In detail we obtain the following ph-coupled matrix
elements (A13) for the different channels of Eq. (13). For the
sake of simplicity, in the following coupled matrix elements a
common factor 8R/[g2(2J + 1)], as well as a common phase

(=)*~% are left out.

1. Vector coupling term Ovy

For VV we have in Eq. (13a) the vertex I'y = y%y,, (ne-
glecting the isospin operator) and therefore, using Eq. (A14)
we obtain the ph-coupled TBME,

2 2N\ 2

A gv(g)g-dq
12|Ovv|34)’ _—/—V
(12|Oyv(34), 4@+ ED

x [A{3A§4 - Z(—)'““B@”B;ﬂ} ,
L

(A19)
with the integrals
Afy = (11js(gr)Ys113)
= (11js13)ANY,113) + (A1, 13)A1Y,113), (A20)

By = (11j(gr)ys[ZYL15113)
= i(11j.13)AeoYL1:113) — i1 13 ANo YL1,113).
(A21)
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with the reduced matrix elements given in Eqgs. (AlS)
and (A16). Note that the phase (—)'*4*/ appearing before
BIL3’ ! BZL4’ ’ comes from the recoupling of the spherical operators

in Eq. (A8).

2. Axial-vector coupling term Oan

For AA coupling we have in Eq. (13b) the vertex I'y =
yoy/Ly5 and, therefore, using Eq. (A14) we obtain the ph-
coupled TBME

gi(g*g*dq

12|0an|34) =/
(12| Oaal34), 4@+ ED

J od 14+L+J pyL.J pyL.J
x |:C13C24_Z(_) DDy i|1
L

(A22)
with the integrals
Cly = (111js(gr)ysYs113)
= i(1js13)ANY113) = i(A1js13)A1Y,113),  (A23)

DL = (111j,(grI=YL1,113)
= (11713 Y 1,113) + (113 YL 1,113).
(A24)

3. Axial-vector and pseudoscalar coupling term Onp

For the TBME of the AP coupling term (12|0Ap|34) we
have in the ¢ integral the matrix elements [Eq. (13c)]:

(1Y yyse'|3) - 21y ysqe 17 |4).

Because ge'?" = —iVe'?", we obtain

> (1T - V)jsqr)Ys13) - Iy ysisgrYild). (A26)
J

(A25)

It can be proved that

. J+1
X-Vji@nrYu =,/ mq11+l(qr)[EYJ+I]JM
+ I j—1(gr)[ZY ;-] (A27)
_ r _ .
\/2J+1QJqu J—1lom

Therefore, in a spherical basis we find for the coupled matrix
element

(12| Oap34)7,
2 2 3d
_2/ 84(q°)gr(q9)q’°dq

q(q + Eq)
. J+1 5y J J=1,J
x(=) (V 27 +1 D+ 57 106 ) B
(A28)

with the integral D1L3’J in Eq. (A24) and the integral

Ely = (111js(qr)y ysYs113)

= i(11js13)ANY,13) + (A1 13)ANY113).  (A29)
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4. Pseudoscalar coupling term épp

For PP coupling we have in Eq. (13d) the vertex
I'p = qy°ys and, therefore, using Eq. (A14) we obtain the
ph-coupled TBME
8p(@*)q'dq

q(q + Eq)
with the integral E{; given in Eq. (A29).

(12| Opp|34)7, = / EE),, (A30)

5. Weak-magnetism coupling term Oy

For the TBME of the MM coupling term (12| Omm|34) we
have in the g-integral the matrix elements [Eq. (13e)]

(1youiq' e [3) 21y 0" g ™" |k). (A31)
Using the definition of the Dirac matrix
Ouy = %[Vu,)/u] or oy =ia;, 0jj = Eijkzka
we have
o0iq' =ia-q, ong =—[T x ql; -
Making use of
ED x ) (2 x q)
=V 2 -V E? -, (A32)

and replacing ¢ by the gradient we find three terms:

(1) i (e - q) leads to the vertex y0y5 (X-V),

2) ¢*(ZD . £?)is to be recoupled and leads to the vertex
qy°[Z Y], [for details, see Eq. (A8)];

(3) aterm with the vertex y°(Z - V).

Therefore, in a spherical basis we find for the coupled matrix
element

(12 Oniwi[34)7,

_ 1 / gu(a*)a'dq
4m3 ) q(g + Ea)

J+1 J _
.2 J+1,J J—1,J
FlAL Flh
X{’ <V2J+l N YL )
J+1 0 J =17
ST i+t b
><(V21+1 R YRR
S R
L
J+1 0 J J=1.J
N Gl 4 G/
+< 2J+1 8 + 2J+1 B
J+1 0 J J—1.J
G G (a33
X(\/21+1 R Y (A33)
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with the integrals

FE? = (11j0(qr)y ys[SYL1,113)

=i(11j.13) Ao YL1113) + i1 13)lllo YL1/113),
(A34)
Gyl = ljelgr)y 1ZYL15113)

= (11j.13)U[o Y. 1,113) — (A1 13) Ao YL14113).
(A35)

6. Slater integrals

From previous appendices, we have seen that the Slater
integrals in the TBMEs read

Sti = / dgD(@)(11j1,(qr)I3)2ljL,(qr)14). (A36)

Here |k) represent an arbitrary set radial wave functions (for the
large or small components). In the SHO basis these integrals
can be evaluated analytically (see Ref. [76]),

L\L,
n]l|n212n3l3n4l4

= / dqD(q)(nili|jr,(gr)nsls)(nalz| jr,(qr)inals)

Nui N

_T AMLL  pNoLs
- 8 n111n313 i1212n414
Ni=Nu1 N2=Np

b? b?
Xb3/qu(q)e_b2q2/4RN]Ll (761) R, 1, (7(1) ,
(A37)

where N, = (i +13— Ly)/2 and Ny =n; +nz + Ny
R,;(r/b) = (r|nl) represent spherical radial oscillator wave
functions, b is the oscillator length, D(g) indicates a function

of ¢, and the coefficients ANE  are given by

NL | 1 | 2l / / 1 [
Aoy = 0! n—l—l—{—z ! n' n—I—l—i—E !

1 n,n'
x \/N!(N—i—L—i-E)! Z

q.9'=0

80.g+q'— NN, (=)

gl — g+ 1+ g T )
(A38)
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