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The purpose of this paper is to develop an alternative theory of deuteron stripping to resonance states based
on the surface-integral formalism of Kadyrov et al. [Ann. Phys. 324, 1516 (2009)] and continuum-discretized
coupled channels (CDCC). First we demonstrate how the surface-integral formalism works in the three-body
model and then we consider a more realistic problem in which a composite structure of target nuclei is taken via
optical potentials. We explore different choices of channel wave functions and transition operators and show that
a conventional CDCC volume matrix element can be written in terms of a surface-integral matrix element, which
is peripheral, and an auxiliary matrix element, which determines the contribution of the nuclear interior over the
variable r, 4. This auxiliary matrix element appears because of the inconsistency in treating of the n-A potential:
This potential should be real in the final state to support bound states or resonance scattering and complex in
the initial state to describe n-A scattering. Our main result is formulation of the theory of the stripping to
resonance states using the prior form of the surface-integral formalism and CDCC method. It is demonstrated that
the conventional CDCC volume matrix element coincides with the surface matrix element, which converges for
the stripping to the resonance state. Also the surface representation (over the variable r, 4) of the stripping matrix
element enhances the peripheral part of the amplitude although the internal contribution does not disappear and
increases with an increase of the deuteron energy. We present calculations corroborating our findings for both

stripping to the bound state and the resonance.

DOI: 10.1103/PhysRevC.90.034604

I. INTRODUCTION

Theory of the nucleon transfer reaction formulated in
terms of the matrix element containing the potential transition
operator is based on the perturbation approach over the
potential transition operator. It can be formulated in two forms:
post or prior. In the post (prior) form the initial (final) scattering
wave function is approximated by a simpler channel wave
function. The distorted-wave Born approximation (DWBA),
which is the simplest approach, is the first-order perturbation
theory over the potential transition operator (which is different
in the post and prior forms) sandwiched by the initial and
final-channel wave functions. These channel wave functions
are given by a product of the bound-state wave function of
the the initial (final nuclei) multiplied by a corresponding
distorted wave. The DWBA is based on the assumption that
the probability of direct reactions is so small that they can
be treated as direct transitions from the initial to the final
channel without any coupling to the other channels, which is
not always true. A definite improvement is the continuum-
discretized coupled channels (CDCC) method applied for the
analysis of the deuteron stripping. In the CDCC method, in
addition to d + A channel, the three-body breakup channel
p +n+ A is included. However, the CDCC method has its
own limitations. The main one is related with the contribution
of the rearrangement channels. For example, for deuteron
stripping these rearrangement channels are the proton or
neutron bound to the target. Because rearrangement channels
are not orthogonal to the initial d + A channel and to the
breakup p 4+ n + A channel, their accurate inclusion makes
the problem very complicated and the only legitimate solution
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is the Faddeev formalism [1], which allows one to treat
consistently nonorthogonal channels without double counting.
However, it is quite difficult to use the Faddeev formalism
on a routine basis and its application, owing to the technical
problems with the Coulomb interaction, is limited only to light
nuclei. Hence, the CDCC method is still useful, but one needs
to clearly understand the shortcomings of the CDCC method
and one of them is the absence of the rearrangement channels
in the asymptotic regions.

In practical calculations it is assumed that in a limited
region near the target the CDCC wave function reproduces
the three-body wave function reasonably well. To calculate
the stripping matrix element the standard iteration procedure
isused: The CDCC wave function does not have rearrangement
channels in the asymptotic region but can be used to calculate
the reaction matrix element contributed by the final volume
around the target. Here the question of the uniqueness appears:
How would the solution of the CDCC equation change if
we add the rearrangement channel wave function to the
original CDCC wave function. For example, if we consider

the deuteron-stripping reaction d + A — p + F, where F =
CDCC(+) (+) as the

(n A), what would happen if we use W, +@r X,F
initial wave function rather than just the CDCC wave function
\in DCC(H, where @y is the (n A) bound-state wave function and
X pr is the p-F distorted wave. It was shown in Ref. [2] that the
presence of two optical potentials U, 4 and U, 4 suppresses the
contribution from two rearrangement channels, p + (nA) and
n + (pA), resolving the uniqueness problem. However, if only
one optical potential is present, then the issue of uniqueness
should be checked. To suppress the rearrangement channels,

©2014 American Physical Society


http://dx.doi.org/10.1016/j.aop.2009.02.003
http://dx.doi.org/10.1016/j.aop.2009.02.003
http://dx.doi.org/10.1016/j.aop.2009.02.003
http://dx.doi.org/10.1016/j.aop.2009.02.003
http://dx.doi.org/10.1103/PhysRevC.90.034604

MUKHAMEDZHANOV, PANG, BERTULANI, AND KADYROV

truncation over angular momentum is being used. Then a
sensitivity to the maximal orbital angular momentum [}
of the relative motion of p and n should be checked.

Despite the shortcomings of the CDCC approach, it remains
the best option unless the Faddeev equations are solved. In this
work we use the CDCC approach to develop the theory of the
deuteron stripping to resonance states. However, instead of the
standard formulation of the theory with the matrix element
expressed in terms of the volume integral, we develop here the
theory of the deuteron stripping based on the surface-integral
formalism [3,4] and the CDCC approach. The first such
attempt was done in a recent work [5], where both DWBA and
CDCC methods were used to derive the deuteron-stripping
reaction amplitude populating bound states and resonances.
However, the CDCC part was not complete because the surface
integral was extended to the region where the CDCC method
fails. Here we present another formulation of the theory of
the stripping to resonance states using the surface-integral
formulation based on the CDCC approach in a finite region
around the target, that is, in the region where the CDCC method
should work. In Ref. [5] the surface integral in the post form
for stripping to bound states was taken over variable r, 4 while
the volume integral over the second Jacobian variable p , » was
taken over the whole space. Now in our new formulation the
matrix element is expressed in terms of the surface integral over
P, at some finite p,r determined by the transition operator,
while the volume integral over the second Jacobian variable
r,4 is taken over the limited volume space because of the
presence of the bound-state wave function ¢r. We also use
the prior form for the analysis of the stripping to resonance
states. In this case the matrix element can be expressed in
terms of surface integral over p,, taken at some finite radius
determined by the transition operator and the bound-state wave
function ¢, and the volume integral over the second Jacobian
variable r,,, which is taken over the limited volume because
of the presence of ¢,,. Thus, even for stripping to resonance
the matrix element is taken over the limited space where the
CDCC method works.

We explore different choices of the channel wave functions
and, correspondingly, different transition operators. One of
the main unsolved problems in the conventional theory
for the deuteron-stripping reaction d + A — p + F is the
inconsistency in the treatment of the n-A potential, which
should be real to support the final bound or resonance state
(n A) but complex to describe the initial n-A scattering.
We show how this inconsistency leads to the appearance of
the auxiliary term when connecting the conventional volume
matrix element with the surface-integral form. We also present
calculations using the FRESCO code [6] for stripping to bound
states and resonances. The main goal of this work is to present
an advanced theory of the deuteron stripping to a resonance,
which further leads to the three-body continuum in the final
state. Such reactions can occur in broad interval of the deuteron
incident energies. Note that the deuteron stripping to resonance
requires 2.224 MeV, the deuteron binding energy, to break the
deuteron and additional energy to excite a resonance state.
Hence, the Q value of the reaction is negative. That is why
we do not consider here deuteron stripping at sub-Coulomb
energies with new interesting physics [7]. Such reactions can
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be studied using the Faddeev formalism. The theory, which
we present here, is aimed to analyze the deuteron-stripping
reactions from low energies near the Coulomb barrier up to
the deuteron incident energies E; ~ 100 MeV.

II. THREE-BODY THEORY OF DEUTERON STRIPPING
POPULATING BOUND STATES IN THE
SURFACE-INTEGRAL FORMALISM

Let us consider the deuteron stripping to bound states,
d+A— p+F, (D

where I = (A n) is the bound state.

The reaction amplitude can be calculated exactly in the
three-body model using the Faddeev integral equations in the
Alt-Grassberger-Sandhas (AGS) form [8—13], but it neglects
internal degrees of freedom of the target or can only account
for a few [14,15]. Moreover, the formalism is limited to targets
with not-too-large charges. Nowadays, deuteron stripping
on heavy nuclei with atomic number A ~ 100 is the most
important and urgent because it can provide missing vital
information about (n, y) s or r processes in stellar evolution.
The generalized Faddeev approach, which explicitly includes
target excitations and the Coulomb interaction for arbitrary
charges, was developed [16] but no computer codes based
on the formalism are yet available. Besides, the Faddeev
formalism is too complicated for use on an everyday basis,
especially by experimental groups.

In the traditional approach the reaction amplitude is
calculated using the iteration procedure, in which the volume
matrix element containing the exact scattering wave function
(in the initial state-post form or in the final state-prior form)
is approximated by the one in which the exact scattering
wave function is replaced with some model wave function.
This approximation is used because nowadays there are no
tools to calculate the many-body scattering wave function
accurately, especially in the asymptotic regions with many
open channels. Moreover, should this asymptotic behavior be
available, there is no need to calculate the matrix elements
because the amplitude of the asymptotic outgoing wave in the
corresponding channel is the reaction amplitude for transition
to this channel. The idea of the iteration procedure is that the
matrix element containing the scattering wave function, which
is not accurate asymptotically, is still suited to calculate the
reaction amplitude, because this matrix element is contributed
by a limited volume around the target where the model
scattering wave function may be accurate enough.

First we consider the surface-integral formalism in a three-
body model, in which all three particles are structureless and all
the interaction potentials between them are real. After that, we
specifically consider deuteron-stripping reactions extending
the three-body model, which requires using optical potentials.
Different options and ways in which they affect the reaction
amplitude are discussed.

We start from the consideration of reaction (1) in the
three-body model p +n + A. We introduce the Jacobian
variables r, and p, commonly used to describe three-body
systems, where r,, is the radius vector connecting the center
of masses of particles B and y, while p, is the radius-vector

034604-2



SURFACE-INTEGRAL FORMALISM OF DEUTERON STRIPPING

connecting the center of mass of particle o and the center of
mass of the system 8 + y [17]. We also need a hyperradius
in the six-dimensional configuration space defined according
to Xy = (Ue r2/m + My p2/m)"/2, where m is the nucleon
mass and p, is the reduced mass of particles g and y, M, =
mq mpg,, /M is the reduced mass of particle o and the bound
system (8 y), and M is the total mass of the three-body system.
Let us introduce the asymptotic region €2, corresponding to
the case when two particles 8 and y are close to each other
while the third particle « is far away. In this region o /py, — 0
at p, — oo [17]. Also, we denote by 2 the asymptotic
region where all three particles are far away (breakup channel),
that is ry, py — 00 and r,/py — const # 0. The asymptotic
behavior of the three-body wave function of three charged
particles in different asymptotic regions was discussed in
[3,4,17-20]. For the asymptotic behavior of the three-body
wave function we have

M
\Ijé-H — \I’;O) _ Z ﬁ Mf}a;) u(+)(pv)¢v + \yé-&-). )

Here W(" is the scattering wave function with the incident
wave in the initial channel «. The two-cluster channel o
is defined as the channel « 4 (B y), where the free particle
carries the name of the channel. For reaction (1) the incident
channel « is d + A, that is « = A and ¥{P = \IJ]((:: is the
d + A scattering wave function calculated in the three-body
model p + n + A. K;; is the relative momentum of particles i
and j; W is the incident wave in the entry channel «. The
sum over the final two-body channels v contains the elastic
and rearrangement channels, M®) is the reaction amplitude
leading to the final two-body channel v, ¢, = g, is the
bound-state wave function of the pair (8 y) in the channel «;
for example, for the channel A + d, ¢, = ¢, and for the chan-
nel B = p+ (nA), ¢g = @ua. Also, u™(p,) is the outgoing
wave in the two-fragment channel v. It should be understood
that each vth asymptotic term dominates in its asymptotic
region €2,. In the case of reaction (1) under consideration,
a=A,B=p,y=n \IJ(()H is the asymptotic component of
W(H in the asymptotic region €. We remind the reader again
that in the three-body model p +n + A the nucleus A is
a structureless constituent particle; that is, all the channels
related to the target excitation and target breakup are neglected.

Equation (2) is of fundamental importance because it
provides a model-independent definition of the reaction
amplitude M®) as the amplitude of the outgoing spherical
wave in the final channel v formed from the initial channel
« for an arbitrary collision of composite nuclei. However, its
practical implementation in the many-body case, except for
three- and four-body systems, is hardly yet possible, because
contemporary microscopic methods fail to provide the correct
asymptotic behavior. That is why, if we are not going to use
the Faddeev or Faddeev-Yakubovski [21] coupled equations,
the conventional methods for the determination of reaction
amplitudes is to calculate the volume matrix elements in the
post or prior forms.

Below we remind the reader how to derive these matrix
elements in the three-body model, which can be extended to
a many-body system. Let us consider the three-body wave
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function W containing the incident wave in the channel
o + (B y). It satisfies the Schrodinger equation

(E—Hy — Koy — Vo)W =0. 3)

Here H, = K, + V,, is the Hamiltonian describing the relative
motion of the system 8 + y, K|, is the kinetic-energy operator
of the relative motion of 8 and y, K ,, is the kinetic-energy oper-
ator of the relative motion of « and the center of mass of 8 + y,
Vo=V -V, V=V, + Vg + V, is the total interaction po-
tential in the three-body system, V,, is the interaction potential
between 8 and y, E = E, — &, is the total energy of three-
body system, E, is the relative kinetic energy of the particle o
and the pair (B y), &, = mg + m,, — mg, is the binding energy
of the bound state (8 y), and m,, is the mass of particle «.
Equation (3) can be rewritten in the channel B # «

representation as
(E—Hg—Kg—Vpwi =0. 4)

Note that, according to Eq. (2), W™ has the incident wave only
in the channel «. Now neglecting the Coulomb interaction for
a while (this does not affect the final result), we introduce the

channel wave function in the channel g,
0 .
q,(ﬂ):ez%pﬁ(bﬁ’ 5)

where qg is the relative momentum of particle 8 and the bound
state (« y), that is, the momentum conjugated to the Jacobian
coordinate p 4. Multiplying Eq. (4) from the left by the channel

wave function CI>530) we get

0 = 2 01—
(@F'(E — Hy — K p)lw”) = @[V 9). ©
Taking into account that

(E—Hy — Kp)®§ =0, (7

we can rewrite

O %, _ T O | ¢
(@ (K s — K pIW) = (0, |V| W) = Mpa.  (8)
Here we took into account that the right-hand side is the con-
ventional reaction amplitude Mg, = ((ID(ﬂO)|V,3| Wiy, The

=2 =
operator K g (K g) acts to the right (left). When deriving this
equation we took into account that Hg is Hermitian if (ay) is
a bound state, that is,

(@P|(H s — H WD) = (0 [(H s — H )W) = 0.
)

It follows from the fact that Vg is a Hermitian operator. Because

<I>530) contains the bound state (o y) we can take the integral

<~ —
over rg by parts twice transforming K g into K g. Hence,
Hg = Kg + Vg is also the Hermitian operator. This validates
Eq. (9).

Now using the Green’s theorem

< =
L= (f(r)|K — K|g(r))
1 9 F* 3
=g [ w0 5 0]

10)
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we can transform the volume integral on the left-hand side of
Eq. (8) into a surface one in the subspace over pg:

©) ~ - )

(@5[(K g — K p)|WSP)
1 : 2 * A
:‘z—wpili“oopﬂ/“”’ﬂf"”ﬁ

—iqgp +)
x |:\p;+) aea# — e P Balll_a ] . 3an
Pp Pp

Taking into account that the leading asymptotic term of W
in Qg is [see Eq. (2)]

Qﬂ M as
Wi X _ﬁ MG uD(pp) s (12)

and using the asymptotic equation [22]

PR m ;[eiqﬁpﬁa(qﬂ — f’ﬁ)
21 qppp
— e 8(@p + Py, (13)
and the normalization integral
we get
O %, _ T u® (as)
(@} |(Kp— K p)IW§ ) = M. (15)
Hence,
M) = Mga. (16)

Thus, we have proven that the conventional reaction amplitude
Mg, given by the volume matrix element coincides with
the amplitude Mf;;) of the outgoing scattered wave in the
channel B with the incident wave in the channel «. In the
standard applications to decrease the transition operator, one
can subtract the final-channel potential Ug in the matrix
element on the right-hand side of Eq. (8), which leads to the
final-channel wave function 4359_) = X(_) ¢g, where X;_) is
the distorted wave generated by the channel potential Ug and
describing the scattering of particle 8 and the bound state (« y).
The channel potential is arbitrary and can be real or complex.
From the derivation it is clear that the matrix element does not
depend on the choice of Upg if WP is the exact three-body
wave function. Then we have

My, = (CI)(_)|(% _ ? )|‘I’(+)> — (q)(—)lv U |\IJ(+)>
Ba — B B B o - B B B o /°
a7

After introducing the distorted wave in the channel 8, we
can turn on the Coulomb interaction.

Now let us discuss the lessons which we can learn from
derivation of Eq. (17).

(i) This equation proves that, indeed, the volume matrix
element, which is used in standard calculations of the
reaction amplitude Mg, is, in fact, the amplitude

Mfsaz) of the leading asymptotic term of the exact
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three-body scattering wave function in the asymptotic
domain 2.

(i) Equation (4) is important for deriving Eq. (17). The
former shows that the exact scattering wave function
W, also satisfies the Schrodinger equation in the chan-
nel B representation; that is, it has correct asymptotic
behavior in the channel B # «. The corresponding
integral equation for W, will be homogeneous in the
B # o channel.

(iii) There is a clear advantage of using the volume
matrix element rather than to calculate the amplitude
of the asymptotic scattering wave function in the
corresponding asymptotic domain. Because ¢ = ¢4,
is the bound-state wave function of the pair (« y), the
integration over the Jacobian coordinate rg is limited.
The transition operator Vﬂ — Ug, where Vﬁ =V, +
V,, Vo = Vg,, and V, = V4, cuts the integration
over the second Jacobian variable pg at some finite
value. Hence, it is sufficient to know the scattering
wave function W(P, developing from the initial state
WO only in the constrained domain in the coordinate
space {rg,p4} around target nucleus .

Let us introduce Rg as a quantity larger than the nuclear
interaction radius R;}’ in the two-body subsystem («y) and Eﬂ
to be a quantity larger than nuclear interaction radius in the
two-cluster channel 8. These are the values which should be
taken into account in the volume matrix element to achieve the
required accuracy, which is typically ~1% or better.

It is worth mentioning that Rg may be taken significantly
larger than the nuclear interaction radius R;,V of particles
a and y. Clearly, Rg should be larger than 1/kg, where
Kg = Ky, is the bound-state wave number of the bound state
(ay). We define a hyperradius corresponding to {Rjg, Eﬁ} as

Xo = (up R?,/m + Mg Elzg/m)l/z. With this we can rewrite
Eq. (17) as

Mgo % (D5 V — Upl W) x,<x,

— (@K — K plwh))

- B B B a Xp<Xo
dr,gqb;/deﬁ

rﬁéRﬂ

(-
o g % Mo A

(18)

ps=Rg

Equation (18) is our first main result in this section. It shows
that in the three-body method the volume matrix element can
be transformed into the peripheral matrix element. The surface
integral over €2, in Eq. (18) is taken along the sphere with

the radius pg = Ry encircling the finite volume inside of this
sphere, while the integral over rg is taken over the volume
confined by the sphere with the radius rg = Rg. If we take the
limit ﬁﬁ — 00, we get identity, Mg, = /\/l(;;) However, in
practical calculations we can constrain the integration region
by a finite R; that is, we need to know the wave function W
only in a limited volume around the target. The value of Eﬂ
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can be determined by checking the convergence of the matrix
element as function of E,g. If Eﬁ is not too large, then we do
not need to know the asymptotic behavior of W{". Although
Eq. (18) has been derived in a three-body model, the derivation
is valid also for a many-body case assuming that W(") is the
exact many-body scattering wave function with the incident
wave in the channel o + (8y).

Note that in the prior formalism the stripping reaction
matrix element is given by

Mpo = (U |V — Ua| D5P) |y, <x,

) = =
= (W (K o — Ko)IPS)|x,<x,

—2
R

= -2 / dra¢afd9p
2My Jr <R, ‘

(-
| P 0 o dxa”
¢ 3pa P dpy

. (19)

Pa=Rqy

where ¢, = ¢g,. Though the post and prior forms are
identical, there are computational advantages in using specific
form depending on the reaction under consideration. We
address it below.

The fact that the integration volume is constrained is
quite important because it justifies the usage of the different
approximations for the exact scattering wave function, which
are valid in the limited space around nucleus even if these
approximations do not provide wave functions with correct
asymptotic behavior in the rearrangement channels. Such
approximations are well known: DWBA, CDCC [2,23-25],
and adiabatic method (ADWA) [26]. In the DWBA the initial
scattering wave function contains only the contribution from
the incident channel « 4 (8 y). In the CDCC method the initial
wave function is contributed by the channel « 4 (8 y), in
which the pair (8 y) is taken in the bound state plus discretized
states describing the three-body system « + 8 + y in the con-
tinuum. The adiabatic approach, as does the CDCC method,
also takes into account the continuum states of the (8 y) system
but in a more simplified way. All three methods fail to provide
correct asymptotic behavior in the rearrangement channels.
Nevertheless, all three methods, being not perfect, still give
reasonable transfer reaction cross sections. The accuracy of
the each method depends on the kinematics, energy, inter-
acting nuclei, and purposes. When the energy increases, the
contribution of the deuteron breakup channel also increases,
making the ADWA and CDCC more adequate than the DWBA.
In addition, this creates another problem to be dealt with: the
increase of the contribution from the nuclear interior. In the
internal region a strong coupling of different channels occurs
and antisymmetrization effects are important. Meanwhile, the
existing approaches, DWBA, ADWA, and CDCC, are based on
the three-body model extended by adopting optical potentials
and they are designed to treat mostly peripheral reactions. The
surface-integral formalism developed here in the combination
with the R-matrix method can provide a solution.

Finally, one important feature of Eq. (18) remains to be
discussed. Assume that we use the CDCC wave function to
calculate W{". In the CDCC method particles B and y are kept
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close to each other by using the projection operator, which
truncates the number of the allowed B-y partial waves. At
the same time the surface integral over 2, is calculated at

pg = Rg. As Ry can be significantly larger than the nucleus
radius, the dominant contribution to the volume integral over
rg should come from Rév < rg < Rg. Hence, the reaction
amplitude given by Eq. (18) is entirely peripheral in the
subspace over rg and pg4 and can be rewritten as

/ dl‘lg(ﬁ;/dﬂpﬁ
R} <rg<Rg

(=)* cDec
« | wepceen 2] ®
¢ 8,05 b 8,0’3

—
R

Mgy = __ B

p 2 M,

’

op=Rp

(20)

where ¢g(rg) ~ Cg W_y, 1,41/2(2kpg rg)/rp is the radial part
of the bound-state wave function, Cg is the asymptotic
normalization coefficient (ANC) of the bound state (ay),
W 1541722 kg rg) is the Whittaker function, ng is the
Coulomb parameter, and lg =/,, is the orbital angular
momentum of the bound state («y). In the many-body case
¢ should be replaced by the corresponding overlap function.
Transition from the three-body model to the CDCC method
requires using of the optical potentials, which effectively take
into account the internal structure of the target.

III. DEUTERON STRIPPING TO A BOUND STATE:
FROM MANY-BODY TO THREE-BODY MODEL

Post form

In the previous section we considered the deuteron-
stripping reaction in the three-body problem; that is, all three
particles, p, n, and A are structureless constituents. Hence, all
the interaction potentials are real. Definitely internal degrees of
freedom of the target should be taken into account. However,
a rigorous practical many-body theory of transfer reactions
is not yet available and contemporary nuclear reaction theory
uses the three-body model in which the internal structure of
the target is taken into account effectively by replacing N-A
optical potentials.

Here we consider this reduction of the many-body problem
to the three-body one and apply the surface-integral formalism
developed in the previous section specifically for the deuteron-
stripping reaction. We neglect the antisymmetrization between
the existing proton and the rest of the nucleons in the target A.
To derive an equation for the reaction amplitude, we start from
the Schrodinger equation for the total scattering wave function
\IJi(Jr) developing from the initial channel,

(E - KpF - KnA - VnA - VpA - Vpn — HA) q’§+) = 0,
(21)
where V4 (V4) is the n-A (p-A) interaction potential given
by the sum of NN potentials (three-body forces can also be
included), Hy4 is the internal Hamiltonian of nucleus A. \-Ifi(ﬂ

has the incident wave in the initial channel d 4+ A and outgoing
waves in both direct and rearrangement channels.
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Standard choice of the exit-channel wave function

To proceed further, we need to adopt a suitable form of the
final-channel wave function. Here we show how to derive and
transform the stripping reaction amplitude in the case when
the exit-channel wave function is taken in the standard form

o7 = x, 7 or. (22)

where X,(,}) is the distorted wave of particles p and F in the final
channel and ¢ is the bound-state wave function of nucleus F
in the final channel. The wave function q>(f‘) is a solution of
the Schrodinger equation

(E = Kpp = Upr = Kua = Vaa — H) ) = 0. (23)

Multiplying Eq. (21) from the left by Cb(f_)* and taking into
account Eq. (23), we get

=) —> — —>
(@, |E— Kpr— Kna—Vaa— Hy

—[Vpa + Vo = Uprl = Upp| W)

= (@K —Kpr+ Kua— K
= f pF pF nA nA
<« —
YHy—Hy—[Vys+ Vo — Uprl WD)
()% — (+)
:<(Df |KPF_KPF_[VPA+VP”_ pF]'lIli ):0
24)

When deriving this equation we took into account that the
operators H4 and K, 4 are Hermitian because the final-channel
wave function contains the bound state F = (nA). Hence,

% b3 = o w®y :
(CDf |Kya+ Hy— K,a— Hx|V;™) =0. We can rewrite
Eq. (24) as

N —
M® = (@K ,p — K ,r| W) (25)
= (@ Voa + Viu — Upr| W) = M. (26)

. . %
We can verify that the matrix element (CD(f )|K pF —

Fd ppl\IJiH)) is equal to the amplitude M@ of the leading
asymptotic term of the exact d + A scattering wave function
\IJi(H in the channel p + F. It can be proved by converting
matrix element (25) into a surface integral in the subspace
over p,r. After taking the limit of the radius of the surface
ppr —> 00 we get that the matrix element is nothing but the
reaction amplitude M@ [3,4]. This amplitude is the model-
independent definition of the reaction amplitude. Thus, it
follows from Eq. (26) that the conventional reaction amplitude
given by the volume matrix element MP*t is equal to M@,
In Eq. (26) the internal degrees of freedom of the target A are
taken into account properly. However, the exact many-body
scattering wave function is not yet available and at this stage
approximations are supposed to be used.

First we use the fact that, owing to the presence of the
factor @p [Vpa + Vpn — Uprl, the integration can be carried
over a finite volume in the six-dimensional configuration space
{p pFsTn 4}, where we do not need to know the asymptotic

behavior of the scattering wave function \IliH). The presence
of the factor ¢r [Vpa + V, — Upr] in the matrix element
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constrains the integration over the Jacobian variables by a
finite volume around the target nucleus. Clearly ¢F cuts the
integration over the internal nucleon coordinates including
the coordinates of the transferred neutron. We introduce R, 4
as the maximal r,4, which is required to achieve a desired
accuracy for the integral over r,4. We also introduce R ,r
as the maximal p,r, which is required to achieve a desired
accuracy for the integral over p, . If R, 4 is the channel radius
for which we can use the radius of the strong n-A interaction,
then R,4 > R,4 and may be significantly larger for loosely
bound states. At some large-enough p,r and finite 7,4 < R4
the nuclear part VY, + V,,, — U} of the transition operator
becomes negligible.

Now we consider the matrix element ( X}f) <pF|VpCA -
U §F|\Ili(+)) from the Coulomb part of the transition operator.
At r,s > Ry, where Ry is the radius of nucleus A, we can
approximate in the leading order VPCA(rpA) ~ UlfA(rpA) =
Zpe*[rpa, while US(0,r) = Za€*/ppr, Where Zy is the
charge of nucleus A. Taking into account that

1

— ——— T, 27
A+1rA 27

ppF = rpA
we get for rpa > rya

TpA>Tna ZA 62 1

f A-Tha
UpCF(ppF) - UpA(rpA) ~ u -

rpA A+1 rpA

. (28)

where ¥ =r/r and A also represents the total number of
nucleons in nucleus A. Hence, at large-enough r,, the dif-
ference in the Coulomb potential becomes negligible; that is,

the integration volume in the matrix element ( x(f_) or|U 1? 4 —
U[fp |lIJi(+)) is also limited. Then we can rewrite

MY = (V4 + Vyy = Upr W) x<x,  (29)
% 5 -0
= (@, | K pr — K pr|W; ) Ix<xos (30)
where the hyperradius is defined as
_ HKnA 5 MUpF 5
X—\/m rnA+7'0pF 31
and
MnA MUpF
Xo = \/ — R2, + % Rops (32)

where m is the nucleon mass and p;; is the reduced mass of
particles i and j.

Transforming now the matrix element containing the
kinetic-energy operators into a surface integral in the subspace
over ppr, wWe get

2

R
Moy — __PE /d;F 0r(Cr) /de,,F

2PLpF

|:\.IJ(+) 8 Xl(r})* (ppF)
' 0 PpF

9 \Iji(+)i|
0 PpF

- X;;;?)*(ppF)

(33)

PpE=RpF;rna<Raa
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Here the surface integral is taken over the sphere with the
radius p,r = R,r, while the volume integral is taken over
the set ¢ of the internal coordinates of nucleus F subject
to a condition that the coordinate r,4 is constrained by
na < Rua. Thus, the stripping matrix element is contributed
by the finite volume in the space {p,, r.a}. This important
fact paves the way for different approximations used in the
contemporary nuclear reaction theory, because within this
finite volume the exact initial scattering wave function ‘lli(“
can be approximated by wave functions, which do not have
correct asymptotic behavior in the rearrangement channel
p + F. Nevertheless, they approximate this wave function
in the finite volume fairly enough, at least in the three-body
approach. Such approximations are well known: the initial
channel wave function Xf,j) ©pn @4 used in the DWBA, the

CDCC wave function \Ill.c DCCtH) @4, or the adiabatic model

wave function \IJAD(+) @4. Note that all the three approaches

are based on the three-body model, in which the target A
is treated as structureless constituent particle. That is why
in each approach the scattering wave function contains the
target bound-state wave function ¢, in a factorized form.
The composite structure of the target is taken into account
effectively via the optical potentials.

Equation (29) is exact if the antisymmetrization effects are
neglected. Assume now that in the integration region the wave
function \I/i(” can be approximated by the wave functions
used in the DWBA, CDCC [2], or ADWA [26] methods.
Usually such an approximation is done in the volume matrix
element (29). Here we apply it after transforming the volume
matrix element into the surface integral over p,r, keeping
the volume integral over {r. This is the main difference
between the standard approach and the one we use here. The
replacement of \l-’i(+) by the CDCC wave function, which is the
most advanced among the three above-mentioned methods,
leads to the following CDCC reaction amplitude in the surface
approximation:

CDCC(post) __
M surf

RZ
F
—m/dl’,m[ *(rnA)/depF

—)*
« | wepcee) 9 XpF (P,F)
l 0 PpF

9 lILCDCCH—)
0 PpF :|

Here 1 /f (rya) = (@aler) is the overlap function of the bound-
state wave functions of nuclei F and A. We remind the reader
that here we neglected antisymmetrization effects. Thus,
starting from the exact volume matrix element, we transformed
itinto the surface integral over p, r leaving the volume integral
over the second Jacobian variable r, 4. After that, the exact
scattering wave function was replaced by the CDCC one
reducing the exact amplitude MP®Y in the surface-integral
representation to the CDCC amplitude MS]?fC P 4150 in the
surface-integral form.

- X;F)*(ppf‘)

PpF=Rpr;ma<Rna

(34)
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Now the question is how this Mﬁl‘ffc C®o amplitude in

the surface-integral form is related to the conventional CDCC
amplitude given by the volume matrix element? Note that the
conventional CDCC amplitude

CDCCi (=) yF
Mconv post) — < pF IA |U]7A
CDCC(+
+Von — UPF|\I/i ( )>|x<x0 (35)

is also obtained from the exact matrix element (26) by
approximating \I-fl.(“ — lIJ[C PP and vpy — U pa- Toanswer
this question, we transform Eq. (34) back to the volume
integral. To do it we replace the surface integral by the
volume integral in which the transition operator is given by

<~ -
the difference of the kinetic-energy operators K — K :

MEECP = (51 K = B e[ WD)y, 36)
= (i K =R WD)y 6D
(XPF IF}UpA + UnA
+ Vin — ng UﬂF’wiCDCCH)ngxO' (38)

Here, to get Eq. (37) from Eq. (36), we took into account that
<~ —

the matrix element K ,4 — K ,4 vanishes because, after two

integrations by parts over r, 4, the surface integral atr,, 4 — 00

disappears owing to the presence of the overlap function 77,
<

%
and K ,4 can be converted into K , 4. Note that although the

integration over r, 4 is restricted by r,4 < R, 4, we can extend
it to infinity to make the matrix element from K ,4 — K 4

vanish. To get Eq. (38) we took into account that the CDCC
wave function is the solution of the Schrodinger equation

(E—T —

L)W =0, (39)

UpA - UnA -V
Note that often the truncation of the relative orbital angular
momentum [, is used in the CDCC approach [2], which works
as an additional suppression of the rearrangement channels
[23] to the optical potentials U, and U, 4. This truncation is
achieved by using the projector

Jmax
pn pn

=2 2

Lon=0 My, =—Lp

/ er]m Y[,m M, (rpn) Y (iypn)

Lpn My,

(40)

Suppression of the rearrangement channels is required to
provide a unique solution of the CDCC Schrodinger equation
(39). It has been shown in Ref. [23] that the suppression of the
rearrangement channels by the optical potentials is stronger
than by the projection operator f’pn and, a priori, there is no
need to introduce the projector f’pn if two optical potentials
U,4 and U, 4 are being used. However, the constraint over /,,,,
can always be added if needed.
We have assumed also that the overlap function 7}

proportional to the single-particle bound-state wave func-
tion at all r,4. Then X( ) I, F satisfies the Schrodinger
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equation
(E—K-Vih-uUp) a1 =0, @D

where V% = (@4|Vaalpa) is the single-particle n-A potential
supporting the bound state.

There is an important point to be discussed here. The
integration in Eq. (38) is taken at fixed p,r = R,r and
"na < Rua, meaning that the integration over 7,4 is also
constrained. These constraints follow from the ones in the
original matrix element (33). Replacing the exact scattering
wave function \IJ[(H by \IJiC beee @4 in Eq. (33) we still keep
the constraints of the integration region as in the original
matrix element. This is because the CDCC method is valid
only in the limited hypervolume with X < X, where the
asymptotic regime of \IJZ.(’L) has not yet been reached. Within
this volume, the CDCC wave function is supposed to be a
reasonable approximation to the exact one.

Note that the transition operator in Eq. (38) differs from
the one in the conventional CDCC amplitude (35) and the
difference is attributable to the additional transition operator
Uja — Vns 5. The appearance of this additional transition opera-
tor is the price we pay for using energy-independent potentials.
Because of the importance of this issue we would like to trace
the appearance of this additional transition operator. First we
should look back at the derivation of the exact matrix element
(26). In this equation the potential describing n-A scattering
in the initial state is real and coincides with the potential
supporting (n A) bound state. Hence, these potentials cancel
each other out. However, after we replace the exact scattering
wave function with the wave function \IJiC DECEH @4, the initial
n-A potential becomes complex while the final-state n-A
potential is the real mean-field neutron potential supporting
the bound state. Replacing the n-A potential in the initial state
with the energy-dependent one makes the problem of solving
the CDCC equations difficult and impractical. That is why
in practical applications the adopted initial n-A potential is
a complex local energy-independent one. The conventional
CDCC amplitude (35) can be derived from Eq. (26) by
using the substitution \I/i(” — \-IJI.CD CC+) @4, where the CDCC
wave function satisfies Eq. (39), and V4 + V,, — Upr by
Upa + Vpu — Upr. However, a different expression for the
CDCC amplitude can be obtained if we start its derivation
from the equation

M(pOS[):<¢)Ff"_)|VpA + Vpn+VnA - VnA - U])Flllli(+)>|X<Xov
(42)

which is identical to Eq. (26) but in which we have not
yet canceled out V, 4 potentials. The potential (4V,,4) in the
transition operator comes from the Schrodinger equation for

\IJI.(+) and (—V),4) from the Schrodinger equation for CD(f_). If

we use the substitutions \Ill.(H — \Ill.c PECE®H 0y, Voa = Upa

and (+V,4) = (+U,4) in Eq. (42), we get Eq. (38), which
can be transformed to the surface integral over p ,  rather than
the conventional one given by Eq. (35).

Now we can rewrite

CDCC(post)
MCOHV

— MCDCC(POST) _ M'CDCC(pOSl)’ (43)

surf aux
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where MCC(EISC(pOSt) is the conventional CDCC stripping ampli-

tude given by Eq. (35) and

MCDCC(post) — (X,(g;‘) I§|UnA

aux
= Vo) “4)

PpFS<Rpr;ma<Rpa

= i(x\P 1} |Im Uy | W PC0P)

PpF<Rpr;r<Rpa

(45)

is the auxiliary amplitude. Equation (45) follows from Eq. (44)
assuming that ReU,4 = Vnsz. Thus, there is an ambiguity
in the definition of the CDCC amplitude. If we replace
the exact scattering wave function with the CDCC one in
the volume matrix element (29) we obtain the conventional
CDCC reaction amplitude (35). However, if we approximate
the exact scattering wave function by the CDCC one in the
surface-integral matrix element (34), we obtain the amplitude
in the surface-integral formalism MCDCC(pOSt), which differs

surf
from the conventional reaction amplitude Mcc(gsapost) by the

auxiliary matrix element Mo~ "*; see Eq. (43).

The ambiguity in the definition of the CDCC amplitude
is related with the matrix element taken from the transition
operator U,4 — V.. The source of this ambiguity is the
inconsistency in the treatment of the n-A potentials when
the many-body problem is reduced to the three-body one: To
describe the n-A interaction in the initial state, the optical U, 4
is used while the real potential V,,4 is adopted for describing
the bound state (n A) (see the Appendix, where we discuss how
the inconsistency in the treatment of the n-A potential affects
even the DWBA, which is more simpler than the CDCC). This
inconsistency remains an open question in the contemporary
nuclear reaction theory if we use energy-independent n-A
potentials when reducing the many-body problem to the three-
body one. A similar problem appears in the treatment of the
deuteron-stripping reactions using the Faddeev formalism in
the momentum space, in which the integration over the energy
requires energy-dependent nucleon-target optical potentials.
These potentials should provide scattering phase shifts at
positive n-A relative energies and possible bound states at
negative relative energies.

The replacement of the exact scattering wave function
by the CDCC one is more accurate when it is done in the
volume matrix element rather then in the surface one. The
volume matrix element is contributed by the internal and
peripheral (over the variable r, 4) parts. While at low energy
the external part dominates, with energy increase the role
of the internal part also increases. Meanwhile, the surface
matrix element is mostly peripheral. It is evident from the
following consideration. For large p,r ~ 30 fm and small
nonlocality |R,r — Raal| of the post form (see calculations
in Sec. V) pu4 is also large. Even if the initial CDCC wave
function contains the p-n pair in the continuum, the constraint
over I,, constrains also the distance r,,. Hence, large r,4
becomes dominant in the surface matrix element. Meanwhile,
the auxiliary matrix element is entirely contributed by the
internal region because of the presence of ImU, 4. Thus, the
conventional amplitude is contributed by the internal auxiliary
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amplitude and mostly peripheral surface matrix element. Thus,
we suggest to use Eq. (43) as the post CDCC amplitude, which
can be expressed in terms of the predominantly peripheral
surface matrix element and the auxiliary amplitude.

As we have underscored, the constraint X < X in the
integration in the matrix elements in Eq. (43) comes from
the constraint in the exact matrix element (42). The integrand

acu[,)(cc(pm), which contains the transition operator Im U, 4,
does not restrict the integration over p,r, and the constraint
X < Xy comes only from the original matrix element (42).
That is why the amplitude Mo "> may depend on the
choice of Xy. For peripheral reactions the internal contribution
in the post form is small and MEDECPY e also small
compared to MCC(ESC(PO“) because the depth of ImU,, is
significantly smaller than the depth of the real part of the

.. . CDCC(post Lo
transition operator in Mcony (pog), which is ~V,,. Then
CDCC(post
oY 55 close to the

the conventional CDCC amplitude M cony
surface CDCC amplitude M DCCPO,

surf

Note that if we use the CDCC wave function satisfying the
Schrodinger equation [27]

(E=T=Upa—Vya = Vpn) WP =0,

; (46)
where the real V| is being used rather than the optical potential
U, 4, then

MCDCC(post)

CDCC(post) __
surf M

conv

( ;}) IﬂUpA + Vpn - UpF
< WPy (“47)

that is, the CDCC surface-integral form and the conventional
CDCC amplitudes coincide. However, in this case the rear-
rangement channel p + (n A) is not suppressed and, hence,
the solution of Eq. (47) is not unique. For example, one can
consider \IICDCC(-H + Qna )ZI(, 7> where ¥ ~(+) is the p-F distorted
wave. To decrease the contribution of the rearrangement
channel the cutoff over /,, was introduced in Ref. [27];
however, the suppression of the rearrangement channels by
the angular momentum cutoff is weaker than by the optical
potentials [23]. To achieve convergence, the integration radius
over p,r was extended up to 40 fm. In Ref. [27] it was also
demonstrated that using of the CDCC wave function satisfying
the Schrédinger equation with the U, 4 optical potential rather
than with V% gives the angular distribution better agreeing
with the experimental one.

We have expressed the conventional post CDCC amplitude
MEDECPSY oiven by the volume integral in terms of the

conv
. . CDCC(post
surface-integral matrix element M . (poso

nal auxiliary amplitude MEEEP  There is no specific
advantage in invoking the surface formalism when we use
the final-channel wave function X( )I I and the main goal
here was to discuss the surface formahsm just for better
understanding of it. However, below we show another choice
of the channel wave function, which clearly demonstrates the

advantage of the surface formalism.

and the inter-
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Greider-Goldberger-Watson-Johnson choice of the final-channel
wave function

Here we consider a different choice of the exit-channel
wave function. We choose it to be a solution of the Schrodinger
equation

(E=K = Vpa— Vi) ®7 =0. (48)

By comparing Egs. (23) and (48) we can easily see the
difference between the standard final-channel wave function
@' and the newly defined ®';. Multiplying Eq. (21) from the

left by " and following a procedure similar to the one used
for derivation of the exact reaction amplitude in the previous
part, we get

M(post) = <&>;7)|va + VnA + Vpn - VpA - VnA|\Ij,‘(+))
= (D 1Vul ¥ )]s, <r,, (49)
RN
= (1K — KU ), <k, (50)

The advantage of the new choice of the final-channel wave
function is that the transition operator is just V,,, and this keeps
the nucleons of the deuteron within the range of their nuclear
interaction. It allows us to simplify the initial scattering wave
function. However, the new final-channel wave function, a
priori, cannot be factorized into a product of the p-A distorted
wave and the n-A bound-state wave function because now,
owing to the presence of the V)4, the recoil of the target can
excite the system (nA) into any bound or continuum states.
As a result, the final-channel wave function is contributed by
the continuum component p 4+ n + A and integration over ry4
is not constrained. The asymptotic behavior of CTD(jT)* at large
ppr 18 given by the sum of the incident wave in the channel
p + F plus outgoing waves in all open two-body channels p +
F,, where n denotes bound or excited states of F plus three-
body outgoing wave in the channel p + n + A. Convertlng the

matrix element in Eq. (50) containing K K where K =
K,r + K,4 + K4, into surface integrals we find that only
the integral over p,r survives giving the amplitude of the
leading asymptotic term of the initial wave function in the
rearrangement channel p + F. Thus, using the surface-integral
formalism, it can be easily shown that the matrix element (49)
coincides with the reaction amplitude for the stripping reaction
d + A — p+ F. The first proof of Eq. (49) was provided by
Greider [28]. Although the final result was correct, the proof
contained an error. The first correct proof of Eq. (49) was
presented by Goldberger and Watson [29] and extensively used
by Johnson and co-workers in the formulation of the ADWA
and its applications [26,30-33].

For practical application we consider the limit A — oo, in
which the final-channel wave function can be factorized as

7 = x) or. (51)
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In this limit we can chooser, 4 and r,, 4 as two new independent
Jacobian variables. Owing to the presence of the bound-state
wave function ¢r and the potential V,, as the transition
operator, the integration over both Jacobian variables is
constrained. The reaction amplitude is reduced to

- +
MP0 = (6 G Vo W) s <Rt <R (52)
_ <~ =
= (pr 951K = K1) s <Ronirn <y
(PR~ z H
= (Xpr PFIK pa = K palY; Mra<Rosirpn<Ryn- (33)

Here we took into account that K,4 and K4 are Hermitian
operators because of the presence of the bound-state wave
function ¢r; that is, integrating twice by parts we can trans-
form (I?,,A + (I?A to 7(),“; + K 4. Because r 4 =4 + Ipp,
the limitation of the integration over r,4 is 7,4 < Rpa =
RnA + R pn-

Now, as in the previous section, we approximate the exact
scattering wave function \Ili(” by the CDCC one lI![C DeCEH) ©A
and replace the potential V,, 4 in Eq. (48) by the optical potential
Upa. As discussed previously, it can be done in the volume

J

Now we approximate \Ili(+) by the CDCC wave function W
amplitude in the surface-integral formalism:

i

CDCC(+)

PHYSICAL REVIEW C 90, 034604 (2014)

matrix element (52) containing the transition operator V,,, or

in the matrix element containing <I? PA — Tg pa- The obtained
amplitudes differ by the term containing the transition operator
Uya — V5. Actually, if we do the approximation directly in
the matrix element (52) we get the conventional post CDCC
amplitude

MCDCC(post) — <X1(;;“) IF|Vpn ’\inDCC(+))|

conv

(54)

Tna<Rua:Tpn<Rpn”

Owing to the presence of the short-range potential V,,, we
do not need to introduce an additional projector into the
Schrodinger equation for the CDCC wave function, which
constrains the distance between the proton and the neutron
(see Eq. (40) and Ref. [2,27]). Another advantage of the
presence of V,,, is a possibility to approximate the CDCC wave
function by the first term of the Weinberg states expansion
[33]. The Weinberg states cpl.W are solutions of the equation
with eigenvalues A;:

( - SZH - KP" — A Vpn)@iw(rpn) =0, i=12,.... (55

This expansion significantly simplifies the calculation of the
initial-state scattering wave function.

@4 in the matrix element (53) to obtain the deuteron-stripping

CDCC(post) __ ,_(—) < -2 CDCC(+)

Mt = (Xpr IF| K pa — KPA|wi >|r,lA<'RnA;rpn<R1m (56)

R2,
=2 [ dnailm [as,
2:l’LpA
3 xpa" (€p) dWPC x4 r,y)
CDCC(+ A p — dA>
x| WP g q,mp) T — ) (rp0) — o (57)
0 'pA ad 'pA
rpA=Rpasrpn <Rpn

In this representation the matrix element is actually the surface integral in the subspace over r, 4 and the volume integral overr, 4.
The main advantage of the surface-integral form is that it is completely peripheral over r,4 and r,, 4. We take into account that in
the volume matrix element (52) the integration over r,4 is limited by r,4 < R4, where R4 = R,4 + R),. Actually we can
take the surface integral at any r,4 > R, 4 but we do not want to do it because with the increasing of the integration radius in the
surface integral we risk being in the region where the CDCC wave function is not applicable. So it is better to use the minimally
required integration radius, which is R ,4. Atr,4 = R,4 we make the integration over r, 4 peripheral. From r,4 =r,4 — T,
it follows that R ,4 — R, < rya < Rpa + R,. Taking into account that R 4 ~ 25-30 fm and that R, is small, we conclude
that R,4 < 74,4 < Rya, where R4 = Rpa — Ry and R, 4 is the n-A nuclear interaction radius.

At r,a > R4 the radial overlap function can be replaced by its asymptotic term. We remind the reader that the overlap
function can be written as

I = )

JnA My pmy

'n jnA
(JAMA]AmJ JFMF>

X (Jn Mn lnA my,,

Jna mj,lA>Yl,,A my, (f'nA) I,fjnA[nA(rnA)- (58)

Here [, 4 (m;,,) is the relative orbital angular momentum (its projection) of n-A in the bound state F' = (n A), j,a (m},,) is the
total angular momentum (its projection) of the neutron in the bound state, J; (M;) is the spin (its projection) of nucleus i. The
radial overlap function at r,,4 > R, 4 takes the form

e fnaTna

F iiatl e A J% AF
Coduatnn 7 Kna Py knaTan) =~ Cl gy ——— &
n

>R
F rnAiJ nA
Ly oty (Tna) %

where h;lj (i kua na) 1s the spherical Hankel function of the first order, C g ntlon is the ANC of the overlap function, k,4 =

N2 pna ef, is the bound-state wave number, and ¢f, is the binding energy of the ground state of F for the virtual decay
F — n + A. Taking into account Eqs (58) and (59), we get the final expression for the post-form CDCC deuteron-stripping
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amplitude in the surface-integral formalism:

2.

JnA M pmy

CDCC(post) __
Msurf -

(JaMa juam;,,

R2
—lia—1~F PA
~—lc A
2/JLpA

X1 A jualua

Kn

CDCC
« / A9, [ PO ey )
8}"1,/;

Thus, the original volume matrix element can be con-
verted into the surface integral over r,4, which, owing to
the constraint on the variable r,,, leads to the dominant
contributions for r,4 > R,4. It allows us to parametrize the
reaction amplitude in terms of the ANC. This peripheral
character of the reaction amplitude is obtained because we
used the modified final-channel wave function.

We can relate now the MS&CC(PGSO and the conventional

CDCC amplitude MEDECEY T4 this end, we rewrite (54) as

CDCC(post) __
M conv -

Xpr IelUpa + Una + Vo — Upa — V.

sp CDCC(+)
+ [V”A o U"A]|\I]i ) A< RuasTpn <Rpn
CDCC(post) CDCC(pos
= Msurf ? - Maux (pOSl)' (61)

Thus, as before we can rewrite the conventional post CDCC
volume matrix element in terms of two amplitudes: the entirely
peripheral surface-integral matrix element and the internal
auxiliary one. The matrix element in the surface-integral form
is expressed in terms of the potential transition operator

CDCC(post) __
M surf -

(X[(;;“) IF|UpA + UnA + Vpn

—Upa = Vo |97

(62)

TaASRuasTpn<Rpn

- < =
(xS7 Irl K — K [wPeC)

TnASRua; rpn<SRpn
(63)

When deriving (63) we took into account that \I/lc DECEH)

satisfies the Schrodinger equation with the potential U, +
Uy + Vp, and the final-channel wave function is the solution
of the Schrodinger equation with the potential U,4 + V5. It
allows us to replace Upp + Upa + Vo — Upa — V:Ei in the

< =
matrix element (62) with K — K, which leads to the surface
matrix element (60). The auxiliary matrix element, which is
entirely contributed by the nuclear interior, is written as

CDCC(post)
Maux

= (7 I [Una — V][ wEPCC)

FnAS RuA; Tpn <Rpn

(64)

(e TFIM U [ U775

Tna<Rua;Tpn<Rpyn’

In Eq. (64) we adopted Re U4 = V:ﬁ. We remind the reader

that the auxiliary matrix element Mo <P appears because

of the inconsistency in treating the n- A potential. The auxiliary
matrix element is contributed by the range of the imaginary

3 x52 (rpa)
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Jr Mp) (3 My Liamy,, | juam;,,)

* ~ (D,
f drnA Y[MmlA(rnA)h]nA (l KnA rnA)
Rua<raa<Rua "

(=)
— XpA

(60)

1) 0 WMy, rpn):|
PA

ar,,A

rpA=Rpasrpn <Rpn

(

part of the U, 4 potential; that is, r,4 < R,4. The depth of the
imaginary part of U, 4 is significantly smaller than that of V,,.

Also, the constraintr,, < R, keeps protons in the region with

the strongest absorption. Hence, we expect that |M§£CC(P"“’|

can be significantly smaller than |MCC£$C(POSO| at low energies
and good matching of the initial and final momenta. In this

case,

CDCC(post) ~. CDCC(post)
Mconv ~ Msurf .

(65)

Once again we repeat that adoption of the Greider-
Goldberger-Watson-Johnson final-channel wave function al-
lowed us to constrain the integration over 7, by the range of
the transition operator V,,,, despite the fact that the CDCC wave
function contains the components describing the p-n pair in the
continuum. As we mentioned, it allows one to approximate the
CDCC wave function by the first term of the Weinberg states
expansion [33] and this significantly simplifies the calculation
of the initial-state scattering wave function.

The presence of the overlap function /f constrains the
integration over r,4. As the result of these two constraints
the surface matrix element taken at r,4 = R4 leads to the
dominant contribution at r,4 > R,4. In other words, the
surface matrix element is peripheral, allowing us to
parametrize it in terms of the ANC for the bound state F' =
(n A), which is the only model-independent spectroscopic
information extractable from experiment [34]. The auxiliary
term determines the contribution from the nuclear interior.
Although here equations were obtained assuming an infinitely
heavy target A, they should work also for a heavy target with
a finite mass. Necessary corrections may be introduced using
expansion over a small parameter 1/A.

IV. DEUTERON STRIPPING TO A RESONANCE STATE

Now we proceed to the main goal of the present paper and
apply the surface formalism used in the previous sections for
stripping to bound states to describe the deuteron stripping
populating resonance states.

Prior form

To treat the stripping to resonance states we use the prior
formalism, in which the exact scattering wave function \If;_)
is taken in the final state. We consider the deuteron-stripping
reaction

d+A—>p+n+A, (66)
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proceeding through the resonant subreactionn + A — F* —
n + A. The results can easily be extended for the deuteron-
stripping reaction

d+A— p+b+B, (67)

which proceeds through the resonant subreaction n + A —
F* — b + B, where the channel b + B differs from n + A.

The wave function \I/‘(f*) satisfies the Schrodinger equation

WOHE - K - (68)

VpA_VnA_Vpn —Hy) =0

and has the p+n+ A incident three-body wave in the
continuum with the outgoing waves in all the open channels.
Let CDEH = Qpn X4 A) be the wave function of the entry channel

and xf, A) be the d + A distorted wave. We adopt the initial-
channel wave function as the solution of the Schrodinger
equation

(E—K = Vpy — Uga — Hy) @7 =0, (69)

with the d + A incident wave. Because we do not consider
excitation of the target nucleus A, in what follows we disregard
the Hamiltonian H 4.

J

2
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Multiplying Eq. (68) from the right by CDEH and taking into
account Eq. (69), we get

M® = WK - K o) (70)
= (lp;i)“/pA + VnA + Vpn - Vpn - UdA|CDl('+)>
= (W |Vpa + Vaa = Uaal @) = MP0 (71

Equation (71) is the standard prior form of the volume matrix
element, while Eq. (70) is the matrix element, which can be
written in a surface-integral form. This matrix element can
be easily reduced to the amplitude of the leading asymptotic
term of the \Il;_)* in the channel d 4+ A. This amplitude, by
definition, is the deuteron-stripping amplitude M®9. To show
it we rewrite

<¢>M' Klo") = (WK g4 — K aal @)

+ (\yj:)| K o — K @), (72)
<« —
The matrix element containing K ,, — K ,, vanishes
because it contains the deuteron bound-state wave function
@ pn- Taking the limit R, — oo we get

% Z 1o
("ij |Kpn - Kpnqui > = Rplulgoo 2//Lpn dpdA XdA (pdA) rP”
(—)*
0@pn(7pn) ow (gAY pn)
X \IJ( )*(pdA’ pn)# (ppn(rpn)fa—
pn T'pn Fon=Rom
=0. (73)
Hence,
R T —
M = (WOIK = K[0) = (W[ Kaa = K aa|0)
2
=— 1 Q
(=)*
. ax e, OV " (PgaTpn)
« \y(f ) (PdA,rpn)LdA (+)( dA)#
0044 0044 —
ZMprior‘ (74)

To prove that this equation reduces to M@, we have taken
into account that at py4 — 0o only the leading asymptotic
term

_ Haa

\p.(f_)*(pdA» Tpn) ~ M(as) " (Paa) Ppn, (75)

where u™(ps4) is outgoing scattered wave in the d + A
two-body channel, will give nonvanishing contribution to the
integral over py4. Thus, in the prior form the conventional
CDCC amplitude given by the volume matrix element is equal
to the amplitude in the surface-integral formalism. It is because
only one potential, V., is used in the prior formalism.

After proving that the volume matrix element (71) is equal
to the amplitude of the total scattering wave function in the

(

asymptotic final d + A channel M@, we consider now the
constraints on the integration volume in the matrix element
(71). Owing to the presence of the deuteron bound-state wave
function in the initial channel, the integration over r,, is
limited. At large rpa, Vpa — UPCA, where UPCA =7\ ez/r,,A
is the Coulomb potential between the proton and the center
of mass of nucleus A; also at large 7,4, Ugs — UdCA because
at large 7,4 also ry4 is large because of the constrain of r,,.
For the same reason, when r,4 increases, also r,4 increases.
Then V, 4 vanishes when r,4 increases. As r;4 increases, the
matrix element from the difference U<, — Ug, goes to zero
asdy Z 4 € /(2 r§ 41)» where dj is the deuteron size [35]. Hence,
the integration over ry4 is also constrained. Thus, the volume
integral in Eq. (71) can be taken over the constrained volume
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in the six-dimensional space {p,,, r,,} with the hyperradius
Y <Yy, where Yo = (Upn Rfm/m + Haa R§A/m)1/2. Also
‘R pn is the maximal 7 ,,,, which is required to achieve a desired
accuracy for the integral over 7, and R ;4 is the maximal p44,
which is required to achieve a desired accuracy for the integral
OVer P4A-

Hence, we can rewrite (71) in form of the conventional
volume and the surface-integral forms:

i - +
MO = (W V4 + Vis = Uaal @)y <Rosirp<r,

(76)
RiA /
=5 drn n(rn)‘/dS2 A
2 ttan pn Ppn{Tp P4
x 2 (Par)
[qﬂ *(0gar ,m>—‘“‘ Xah (Pan)
8qj§f_)*(pdAarpn)
T &
Paa PaA=Raa;rpn<Rpn
ZM(as)' (78)

Thus, the integration in both forms, volume and surface, is
constrained.

As in the previous sections, now we can get the prior form
of the CDCC amplitude for the stripping to the resonance
state in the conventional volume integral form and the surface
formalism. To this end we replace \Il;_) with the CDCC wave

function WP If we do it in the matrix element (76)
containing the volume integral we get the conventional CDCC
prior form amplitude:

CDCC(prior)
M ony

(+
—Uja |(pl7n XdA)) |ﬂdA<RdA§f,m<an .
(79

= (WU, + VR

To obtain the prior form of the CDCC matrix element we
replaced V4 by the optical potential U, 4. Correspondingly,
from Eq. (78) we get the CDCC prior form amplitude in the
surface-integral representation:

CDCC(prior)
M surf

__Ria /drnwn(rn)/dﬂ
2“/ P P P Paa

xR (pan)

CDCC(—)*
x (W (Pga-Tpn)
[ f dA>*p anA

- XdA)(pdA)

alp;;DCC(f)*(pdA )
0044

Paa=Ran;Tpn<Rpn

(80)

Because the potential V' is real, both conventional and
surface-integral forms coincide. It is straightforward to see,
but before showing it we discuss the CDCC wave function
\IJ}CCDCC(f). We consider the deuteron-stripping reaction popu-
lating a resonance state, which decays into the channel n + A.
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Thus, we have the three-body system p +n + A in the final
state, in which we need to take into account explicitly the
n + A rescattering in the final state to describe the resonance
in the n-A system. To this end in the finite volume around
the target A we approximate the exact final-state scattering
wave function by the CDCC wave function \IJ]C(DCCH, which
satisfies the three-body Schrodinger equation

CDCC(—)x* <
v (E- K

The CDCC method simplifies the problem by considering
only one equation (81) with the incident wave describing the
three-body system p 4 n + A in the continuum. The simplest
mechanism of the deuteron stripping populating a resonance
state can be described as a virtual breakup of the deuteron with
subsequent n 4+ A resonance scattering, in which the proton is
a spectator. An effective way to describe the three-body system
in the continuum, which takes into account the resonance
scattering in the subsystem n + A, is to use the CDCC wave
function which is expressed in terms of the product of the n-A
scattering wave function times the scattering wave function of
the proton off the center of mass of the system n + A. Then
the only channel coupled to the three-body continuum that can
be included in the CDCC method is the two-fragment channel
p + F,where F = (n A)is the bound state. A few bound states
of the system (n A) can be taken into account. Then we can
write the CDCC wave function in the form

—Upa— V.5 = V) =0. (8D

imax
CDCC(— _
WP, n) = Y oA an) X0,
i=0

Jmax

—()(=) —(j)(
+ Z Ui ) X (0,

(82)

Here goffi(rn 4) is the ith bound-state wave function of the
system F = (nA) withi = 0 corresponding to the ground state
and qu)( )(p pr) are the functions, which describe the relative
motion of the center of mass of p and the (n A) pair in the ith

bound state. 1//(])( )(rn 4) is the n-A scattering wave function

obtained by averaging continuous breakup states in the jth bin

and Xilj)i (k) (P, F) s the wave function describing the relative

motion of the proton and the center of mass of the system
n + A in the continuum in the jth bin. In Eq. (82) the relative
momentum q, (K, 4) of the particles p and F is related to the
n-A relative momentum k, 4 via the energy conservation law:

2 2

qF kA
=E,p—¢ef, = 2L 4 1A
P " 2:l‘LpF

E =Eg — ¢},
2/*LnA

(83)

The n-A interaction is taken as a real single-particle potential
V%, which can support the resonance in the n-A system. The
corresponding scattering wave function is orthogonal to the
bound states generated by this potential.

To be sure that Eq. (82) provides a unique solution of
Eqg. (81) we need to suppress the two-fragment rearrangement
channels, n + (pA) and d + A. Unfortunately, there is only
one optical potential, U,4, in Eq. (81). This potential to
some extent suppresses the rearrangement channel n 4 (p A)
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because it generates a substantial positive imaginary part
to the potential n 4 (p A) damping the outgoing neutron
wave. However, the other rearrangement channel d + A is
not suppressed because the potential V), is real. To provide
a unique solution of Eq. (81) a model space is introduced in
which the CDCC solution becomes unique. This model space
is achieved by cutting the n-A relative orbital angular momenta
by some finite [;* [36]. Although the solution is unique in such
a model space because the rearrangement channels are absent
in the asymptotic regions, the nonuniqueness is disguised in the
dependence of the CDCC solution on the adopted model space
[36]. Fortunately, in the case of the stripping to resonance the
number of the resonant partial waves [,,4 is limited by one or
a few at most. To ensure the uniqueness of the CDCC solution
only the number of the nonresonant partial waves (nonresonant
background) in the subsystem n-A requires a cutoff that can
create a model dependence on [;'i*. Note that a constraint on
l,4 keeps n close to A, suppressing the contribution of the
rearrangement channel d + A.

We write now the n-A scattering wave function taking into
account the spins in the representation with given channel spin
and its projections:

DOy 2n
Kops mgm/ \tnA) =
s knA rnA P
Jr Mp s my,,my
X (sms lnA mp,, ]F MF)

” ” c—lA Yk
x(sms lnAmlnA|JFMF)l " YlnAm[,,A

i A ((+)x
X (knA)Yl,,A my (rnA)‘pnAsml’y’uk{mslnA Jr (rna)-

(84)

Here s is the channel spin (m, and m] are its projections
before and after scattering) and [,,4 is the n-A orbital angular
momentum (m,,, and m; are its projections before and after
scattering), Jr (MF) is the spin (its projection) of nucleus
F, and ¢uasny is the spin function of the system n + A
with the channel spin s. We presented here only the diagonal
components (over the channel spin and the orbital angular
momenta) of the scattering wave function. General cases of
the scattering wave function with different channel spins in
the initial and final states and even including reaction channels
are given in Ref. [5].

Note that in practical application we need to use
E:(j ):;,)n* mr(Fna), which is expressed in terms of the binned

=)

radial wave function u Koa sl Iy (rna) given by [37]

—()H) _ 2
kna s lna Jr (rna) = )]
Slia Jr

k)
! () +
X / dkya glenA jF(knA) U i sia jF(rnA)v
k

(=1
nA

(85)

PHYSICAL REVIEW C 90, 034604 (2014)

)
where gsjlnA Ir

constant is

(ky4) is the weight function. The normalization

()

) " ) 2
N, = /k ks k@6
nA

The adopted normalization constant N s(]Z)A j, makes an or-
thonormal set ﬁ,(f l(jl)*,; s, (raa) when all the intervals (k;, Xl , k,SJA))

are nonoverlapping.
The next important step is adoption of the weight function
gﬁf,f A (kn4). InRef. [37] two different prescriptions were used
for the weight function for resonant and nonresonant bins. We

use for the nonresonant bins

g‘gjl:A Jp(knA) = ™' ha ¢ (kn) (87)
and for the resonance bin
8oty sy (k) = %0 r O sin[5gy (k)] (88)

where &, , j,(kna) is the n-A scattering phase shift.

The radial scattering wave function ué’ f;??m r (r,4) should
describe the resonance scattering in the bin covering the
resonant region. In the R-matrix approach the coordinate space
over r,4 is divided into the internal, r,4 < R, 4, and external,
rna > Rya, regions. In the internal region in the one-level

approximation

(int) . [ kna

knashade — 1

MnA

1/2

« [FnAsl,,f\ JF(EnA)] ij. (89)
ER - EnA —1 FnAsl,m J,.-(EnA)/2

Here I'y454,, 7,(Ena) is the partial resonance width in the

channel n 4 A, S?i is the hard-sphere scattering phase shift,

and Xj, is an eigenfunction of the Hamiltonian describing

the compound system F =n 4+ A. At the channel radius

'na = RnAs

—isp
nA

X 1

mnt RnA
where y;,,, s, 1s the reduced width amplitude in the channel
with quantum numbers s, /,,4, and J 7 In the external region
(rna > R,4) in the representation with a given channel
spin s and orbital angular momentum /,4 wave function,

,(f] l(:l:A 7, (rna) takes the standard form

(ext)(+)  __ J
uknA slaadr — [IlnA (k”A’ r”A) - nZSl,lA;nAsl,,A OlnA (knA’ rnA)]’

oD

where 1;,,(kna,r44) and Oy, (kna,rna) are incoming and
outgoing spherical waves, respectively. By equating the in-
ternal ugm) .. ;. and external u,(fm)(f) ;. wave functions at
nAStna JE nA S nA JF A
the channel radius r,4 = R,4, we get an expression for the

. . . JIr
resonant § matrix elastic scattering element S, ;. 4

which at energies near the resonances takes the form

2 MnA RnA VYsiloa Jp» (90)

Jr
nAslyainAsl,,

i shs
=e 2" [1 +i

1—‘nAsl,,,\ JF(EnA) j|
EgR — Ena — i Uuasiyy 0, (Enn)/2]"
(92)
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where Eg is the real part of the resonance energy. SlhsA is
the hard-sphere scattering phase shift in the channel n 4+ A
determined by equation
208 1, (kna, Rua)
e n

b= i A 93)
OInA(knAa RnA)

. . t .
Thus, in the external region u\""")  can be expressed in
nA S tnA JF

terms of the observable partial resonance widths and resonance
energies.
Another possible approach is the potential one. In the poten-

tial approach first we introduce the overlap function I[fl(:)* =
nA
( }]()HAKDA), where ¢, is the bound-state wave function of

nucleus A and 1//1({) is the eigenfunction of the continuum
spectrum of the Hamiltonian H = K,;4 + V4 + Hy of the
system F' =n + A. This overlap function is approximated
as [35]

F(—)x ( )*
IAk,,A = SA )

(94)

where S is the spectroscopic factor of the configurationn + A

in F and u;(_j* is a solution of the Schrodinger equation

(Ena — Kua — V,R) uy " (x40) = 0. (95)

The external part of the single-particle wave function
,(f’:)ffi s, (we recovered here the spins) is given by Eq. (91)
where the elastic scattering S matrix is generated by the
potential V;}Z. This S matrix element in the single-particle
model is given by
S(Sp) Jr

nAsla;nAsl,

_2i6:?nA UV B
Er — E

=e

sp
FnA Yl,,A Jp
nA — nAsl AJF/Z

(96)

where 8 is the potential nonresonance scattering phase
slia Jr

shift and FZZSIM s 1s the single-particle neutron resonance
width. Then the observable resonance width is written as

Coudstyydr = SA nArl,,A Jp o7

Now we return to the prior form of the stripping amplitude.
After defining the CDCC wave function in the final state it is
clear from Egs. (81) and

(E=K = Vo —Us) o x5 =0 (98)

that amplitudes (79) and (80) coincide. The main advantage
of the surface amplitude (80) is that the convergence problem

J

CDCC(prior) __
Mconv

(Pua)

CDCC(-) sp (+)
<\Ij |UpA + V”A - UdA|(ppn Xaa >|PJA<RJA§V,;;1<RM'
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for the stripping to resonance is solved because the integration
over pqy is taken at the finite pgj4 = R4 and the integration
over 7, is constrained owing to the presence of ¢,,. Because
of these two integrations the contribution of the peripheral
region over r, 4 in the surface matrix element is enhanced com-
pared to the conventional volume matrix element. However, the
surface matrix element is not fully peripheral over r,, 4 because
of the large nonlocality of the prior amplitude (typically
20-25 fm). It means that small p,r, and, correspondingly,
small 7,4 can contribute making nonperipheral contribution
also possible, especially when the energy increases. Equation
(80) is the main result of our paper.

There is one more point about CDCC to discuss. We have
assumed that the CDCC wave function given by Eq. (82) is a
solution of Eq. (81). As we have discussed, the constraint
imposed on [%* allows us to diminish the role of the
rearrangement channels. However, it may not be enough and a
more sophisticated truncation procedure is achieved by using
the projector

Jmax Ioa

ISI‘[A = Z Z / ernA Yl A, , (rnA) YI,,A my A(rnA)

1na=0 my, ,=—lya

99)

Applying the projector P,4 to Eq. (81) from the right we
get the Schrodinger equation for the CDCC wave function in
the final state in the projected model space,

CDCC(-) (E K

nA
(Pua) f U

— Vit —Vux) =0, (100)
where WO = WP P UM = PiaUps Paa,
and VP " = Pya Vpn Pya. Note that the projector P, 4 acts on
) hence it modifies U, 4 and V,,,, which can be expressed
in terms of the radii r,4 and p PF- The potential V,,4 remains
intact to the action of P, 4 because it depends only on r,, 4 rather
thanonr,4.

In the projected model space the rearrangement channels
are suppressed. For example, if we add to the CDCC
wave function the component of the rearrangement channel
©Opn X;?, application of the projector P,4 at pga >> rp, brings
an additional suppression factor PJZ [2]. In the projected model
space the conventional volume matrix element and the matrix
element in the surface-integral formalism do not coincide. To
show it we go back to the conventional volume matrix element
(79), in which we replace \I/CDCC( ) with \I'(P Of without
changing potentials. Then we get

(101)

To transform this matrix element to the surface-integral form, we rewrite

Upa + Vir wa — Uaa = (U[’A - Up:‘l‘xA)

+ U+ VI + VR -

[Von + Uaal + (Von — V). (102)
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CDCC(—)*

Taking into account the Schrodinger equations for W, "7

PHYSICAL REVIEW C 90, 034604 (2014)

Pua

and @p;, th-,:), we can replace the bracketed operator [U,}" +

Vi + V] with E — X and [Vpn + Uga] with E — XK . Then Eq. (101) can be reduced to

CDCC(prior) __ CDCC(—) sp +)
M“’n" ’ <\p(PnA)f |UPA + VnA - UdA|(pp" Xaa ) PaaSRan;rpn<Rpn (103)
_ MCDCC(Prior) + MCDCC(prlOr) (104)
- surf
Here the matrix element in the surface-integral representation is
CDCC(prior) __ /,7,CDCC(—) | & +)
Msurf - (lIJ(PnA)f | K —K |(pp” Xdaa )|pdA<RdAH‘,m<an
_ [\q,CDCC(—) | v )
- (W(Pn/l)f | Kaa— KdAl(p[m Xaa >|PdA<RdA;V,m<R,m
R: 0 Xn (Pas)
dA CDCC(—)* dA \PdA
= ——= dr r a2 v ) ————
z,udA / pn wpn( pn) / Paa |: (Pua)f (pdA pn) a 0dA
CDCC(—)x
(Par) f (pdA’rpn)
- XdA)(pdA) - P ) (105)
Pd A )
PaA=Ran;Tpn <Rpn

. . <
where we took into account that the matrix element from K ,,

CDCC(prior) __ CDCC(-)
Maux P - (\I'[(P,,A)f' |UPA -

iy CDCC(—)
AT (P f

To obtain Eq. (106) we took into account that P,4 + Q,4 =

CDCC(—)x P, Py _

ICJI))Iéé( )PHA’\IJ(P v (UPA Uit Y Vc;c)(:(_)
* Pﬂ

‘I’(Pm‘ PaaWpa = Ui+ Vou = Vi) = W'y

nA (UpA + Vpn) QnA The POtentlal PnA (UpA + Vpn) QnA
couples low orbital angular momenta /,,4 with the large /,,4
from the subspace Q, 4. Thus, the auxiliary term adds a model
dependence because by taking into account this term we
go beyond the limits of the model space constrained by the
projector Py 4.

V. NUMERICAL RESULTS

In this section we present some calculations corroborating
our theoretical findings, although the code for the surface
integral formalism in the CDCC approach is not yet available
and the work on it is in progress.

A. Stripping to bound state: Reaction
14C(d, p)lSC(Zsl/z, Ex =0.0 MEV)

First we present the effect of the auxiliary matrix element
(45). To this end we performed calculations using the prior
DWBA amplitude,

MDW(prlOr) (107)

(XpF ‘pnA|UpA + UnA UdA|§01m X(E’-,:)>’

and the prior CDCC amplitude,

i CDCC(—
MCDCC(PHOI‘) — (‘ij ( )’UpA + UnA _ UdAl(ppn X;:)>

(108)

In both amplitudes, to calculate the initial distorted wave XH)
we use the optical potential U4 prescribed by the ADWA us-
ing the zero-range Johnson-Sopper prescription [26] in which

P,
UPAA + Vo —

|PnA(U,;A + Vo) Qnal®pn Xt(ijx)>|

— K, vanishes. The auxiliary matrix element is given by

VI g x50

PaASRan:pn<Rpn

(106)

PaASRan; rpn<Rpn”

(

the d-A optical potential Uy, is given by the sum Upa + U4
taken at rp, = 0 and at half of the deuteron incident energy.
In all the calculations we use Koning-Delaroche potential [38]
for the N-A optical potentials. We use the spectroscopic factor
ST =1 for n + 'C configuration in the ground state of '3C.
By comparing the differential cross sections obtained using
the complex U, 4 and the real U,, = V. we can estimate the
effect of the auxiliary terms

MEN®D = (3O g alImUnalepn xy)  (109)
and
MERECEion = (g PO U, Al x5 (110)

Clearly, our calculations give a rather qualitative estimation
of the auxiliary term effect because when we change the
U, 4 in the transition operator we simultaneously change the
distorted wave X;:) in the initial state, while in the auxiliary
amplitudes (109) and (110), as U, 4 changes only the transition
operator should change. Hence, our calculations overestimate
the effect of the auxiliary term. The calculations are done for
the 14C(d,p)15C(2s1/2,Ex = 0.0 MeV) at the deuteron energy
of E; = 23.4 MeV. The results are shown in Figs. 1 and 2.

The replacement in Uys of the real potential V' by the
complex optical potential U, 4 changes the differential cross
section at forward angles by 10% for the DWBA and by 11%
for the CDCC.

As we can see in Figs. 1 and 2 the replacement of U,,4 with
V% makes very little effect on the differential cross section in
the region of the first stripping peak, confirming that at low
energies the contribution from the nuclear interior is small at
forward angles but increases with angle increasing Hence, at
low energies the replacement of U, 4 with V. does not affect
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FIG. 1. (Color online) Prior DWBA differential cross sections for
the *C(d, p)®C(2s1,2, Ex = 0.0 MeV) at E; = 23.4 MeV. The solid
red line is obtained using the optical potential U,, when calculating

Uga; the blue dotted line is obtained with U,4 = V.3 in Uya.

the spectroscopic information, like ANCs or spectroscopic
factors, which is extracted from the normalization of the
calculated differential cross section to the experimental one
in the first stripping peak.

Similar calculations for 60-MeV deuterons give quite
different results. In Fig. 3 we present the prior DWBA
differential cross sections for two different choices of the n-A
potential used to calculate Uy4. As we see, the difference is
quite significant but it comes mainly owing to the different
initial distorted waves x (f,:) generated by different Uyy4. If for
E; = 23.4 MeV this difference was not important because
the reaction was peripheral, it is not the case for 60 MeV,
when the deuteron-stripping reaction is contributed also by
the nuclear interior [39]. Unfortunately, we are not able to
calculate the matrix element from ImU, 4 without changing
the initial distorted wave.

In the second type of calculations we compared the post
and prior CDCC amplitudes for the *C(d, p)">C(2sy /2, E, =
0.0MeV) reaction at the deuteron energy of E; = 23.4 MeV.

%’:\.a.....l PERETTIT SRR ETT SRR

—

40 60 20

0c.m. (deg)

80 100

FIG. 2. (Color online) Prior CDCC differential cross sections for
the *C(d, p)lSC(Zsl/z,Ex = 0.0 MeV)at E; = 23.4 MeV. Notations
are the same as in Fig. 1.
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FIG. 3. (Color online) Prior DWBA differential cross sections for

the '*C(d, p)*C(2s1,2,E, = 0.0 MeV) at E; = 60 MeV. Notations
are the same as in Fig. 1.
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Oc.m. (deg)

FIG. 4. (Color online) Post (a) and prior (b) CDCC differential
cross sections for the “C(d, p)!3C(2s1)2,E, = 0.0 MeV) at E; =
23.4 MeV. In the post form (a) the cutoff is introduced over the
p-n partial waves in the continuum component of the initial CDCC
scattering wave function: /" = 0, red solid line; [} =2, black
dashed line; l;}}f" = 4, blue short dashed line; /,, = 6, dots. In the
prior form (b) the cutoff is introduced over the n-A partial waves in the
continuum component of the final CDCC scattering wave function:
[P =1, red solid line; [Ji* = 2, black dashed line; [;{* = 3, blue
short dashed line; [,, = 4, dots.
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FIG. 5. (Color online) Convergence of the post (a) and prior (b)
CDCC differential cross sections for the *C(d, p)>C(2s, 2, Ex
0.0 MeV) at E; = 23.4 MeV. Ryaeh = 20 fm, red solid line; Ryaeh =
30 fm, black dashed line; Ry cn = 40 fm, blue short dashed line.

In Fig. 4 we compare the dependence of the CDCC amplitudes
on the maximum [, of the continuum p-n states in the post
form and maximum /,, of the continuum n-A states in the
prior form. For both post and prior forms /,, = 4 and [,4 = 4,
correspondingly, are enough to achieve convergence.

Now in Fig. 5 we demonstrate the convergence of the
post and prior CDCC differential cross sections for the
4C@, p)lSC(Zsl/z,Ex =0.0MeV) at E; =23.4 MeV as
functions of Rg4 and R,r. In the FRESCO code this cor-
responds to parameter Rpch. The post form converges at
Rinaen = 40 fm, while the prior form converges at Rpacn =
30 fm, although the post form has nonlocality range in the
matrix element 9 fm versus 24 fm in the prior form. These
calculations demonstrate that the integration volumes over p ;4
and p,r in the CDCC matrix elements are constrained.

In Fig. 6 we show the convergence of the post and prior
CDCC differential cross sections as functions of r,4 for the
1CW, p)'°C(2s1/2,Ex = 0.0 MeV) at E; =23.4 MeV. To
this end we calculated the post and prior CDCC differential
cross sections in which the integration over r,4 was cut at
the upper limit r)2*. By increasing r,»* we can determine
the convergence of the CDCC differential cross sections as
functions of r;2*. The convergence over r,4 is important
because depending on r,, the overlap function 71 is the
only source of the spectroscopic information, which can be
extracted from the deuteron-stripping reactions. In the case
under consideration, owing to the small neutron binding energy

PHYSICAL REVIEW C 90, 034604 (2014)

X (fm)

FIG. 6. (Color online) Dependence of the normalized post
CDCC differential cross sections R, on r,3* for the 4Cw, p)
5C(2s1)2,E, = 0.0 MeV) at E; = 23.4 MeV. R, is the ratio of the
peak CDCC differential cross section, in which the integral over r,4
is calculated up to r;%*, to the full peak CDCC differential cross
section calculated at r,’i* — 00. The solid red line is the normalized
post CDCC form; the blue dotted line is the normalized prior CDCC
fiorm.

'Ce = 1.218 MeV in '°C, we expect a very slow convergence

of the CDCC matrix elements. Nevertheless, our calculations
demonstrate that the prior form converges atr, 4 ~ 9 fm, while
the convergence of the post form is achieved at r,,4 > 20 fm.
This advantage of the prior form may be not decisive for the
stripping to bound states but could be important for stripping
to resonance states.

B. Stripping to resonance state: Reaction 1°0(d, p)'’O(1ds,2)

Now we proceed to the calculation of the stripping to a
resonance state. We select the reaction '°0(d, p)'’0(1d;2)
at E; =36 MeV populating a resonance state of energy
E, =5.085 MeV, which corresponds to the resonance level
at 0.94 MeV. In all the calculations shown below we use the
single-particle approach for the n-A resonant scattering wave
function calculated in the Woods-Saxon potential with the
radial parameter rop = 1.25 fm and diffuseness @ = 0.65 fm.

In the first calculation we compare the post and prior
calculations following the procedure developed in Ref. [5]. The
post and prior ADWA and prior CCBA (coupled-channel Born
approximation) are used for comparison. The prior ADWA
is the standard prior DWBA in which the initial deuteron
potential is given by the sum of the optical Ups and U, 4
potentials calculated at half of the deuteron energy using
the zero-range Johnson-Sopper prescription [26]. In the prior
CCBA the final-state wave function can be derived from
Eq. (82). To do it we use the partial wave expansion of the
binned n-A continuum scattering wave function leaving only
the resonance partial wave /,,4 = 2. The adopted bin covers
the resonance region and Xér::zf;z)(p »F) corresponding to the
resonance bin has asymptotically both incident and outgoing
waves. The continuum resonance wave function component is
coupled with two bound states in '’O: the ground state 1ds /2
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FIG. 7. (Color online) Dependence of the normalized ADWA
and CCBA differential cross sections R, on r,4 for the deuteron
stripping to resonance '°0(d, p)'"O(1d;,,) at E; = 36 MeV. Blue
short and long dash-dotted lines, the ratios Ry of the peak prior
ADWA and CCBA differential cross sections, correspondingly, in
which the radial integral over r,, is calculated for r,4, > r,‘,‘}{“, to
the full differential cross section. Similarly, magenta dotted and
green dashed lines are the ratios Ry of the peak prior ADWA and
CCBA differential cross sections, correspondingly, in which the radial
integral over r,, 4 is calculated in the interval 0 < r,,4 < 1%, to the full
differential cross section. The red solid line is the Ry dependence on
ri* calculated for the post ADWA form. Hence, 7,4 on the abscissa
is M for the blue short and long dashed lines and ™ for the dotted
magenta, dashed green, and solid red lines.

and the first excited state 2s;,. These terms are given by the
sumoveri = 0,1 in Eq. (82). Thus, schematically we can write
the final-state wave function in CCBA as

CDCC(— 0 _
WP 0,5 Taa) = 0320 X0 )

1 _
+ o @) X0, p)

——(res)(—) (res)(—)
TV ks 1a=3Tn4) Xq, (1,0 (P pF)-

(111)

Here, for simplicity, we omitted spins. The radial and mo-

mentum spherical harmonics are absorbed into Eges)(ﬂ(rn A)-
(p,r) have only

The distorted waves X((,(,),)F(_)(p pr) and X((IL)F(_)
outgoing waves.

The results of the calculations are shown in Fig. 7.
Dependence of the peak value of the normalized differential
cross section Ry on the r,'l“/i“ [blue short (ADWA) and
long dashed-dotted (CCBA) lines] shows that the prior form
converges pretty fast, being dominantly contributed by the
region 7,4 <5 fm with following up small oscillations at
larger r™". These small oscillations are better exposed on
the ADWA and CCBA lines, which show the dependence of
the corresponding normalized cross section on rys*. These
oscillations practically disappear for ri* > 10 fm; that is,
the prior form converges at r,2* = R,4 = 10 fm. Because in
both ADWA and CCBA calculations the ADWA prescriptions
were used, the difference between both methods determines

the effect of the coupling of the continuum resonant wave

PHYSICAL REVIEW C 90, 034604 (2014)
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FIG. 8. (Color online) Solid red line, dependence on r;%* of
the normalized post ADWA differential cross section R, for the
stripping to resonance '0(d, p)'’0(1d;,) at E; = 36 MeV. Ry is
calculated as the ratio of the ADWA differential cross section, in
which the radial integral over r,, is calculated for 0 < r,4 < 145,
to the full differential cross section. At each r;}* the peak value of
the differential cross section is used. Blue dotted line, dependence

on r,4 of the binned radial resonant scattering wave function
—(res)
1/’/(",\s=1/2[,lA=2JF=3/2(rnA)-

function in the final state with two bound states. As we see,
this effect is not significant.

Meanwhile, the post form (solid red line) does not converge
at much larger r,;»* sustaining significant oscillations even at
ri* > 20 fm. To demonstrate a poor convergence of the post
form in Fig. 8, we show the oscillation of the post ADWA
normalized differential cross section Ry as a function of r;\*
(red solid line). For comparison we show also the oscillation
of the binned (the bin size is 1 MeV) resonant scattering waver
function. As we see, the oscillation of Ry is caused by the
oscillation of the resonant scattering wave function. Hence,
the prior form has an evident advantage over the post one
when dealing with the stripping to resonance.

In Fig. 9 the angular distributions for the reaction
10(d, p)'"0(1d5),) at E; = 36 using prior DWBA, ADWA,
and CCBA are shown. The CCBA, as explained above, takes
into account the coupling of the final resonant scattering wave
function with the ground and first excited states in '7O. As
we can see the effect of coupling with the bound states has
little effect on the angular distributions. In the single-particle
potential approach for the resonant scattering wave function
the normalization of the theoretical cross section to the exper-
imental one determines the spectroscopic factor; see Eq. (94).
From the normalization of the calculated differential cross
sections we determined the spectroscopic factors: SF = 0.89
for the DWBA, SF = 0.66 for the ADWA, and SF = 0.73 for
the CCBA. Using the single-particle neutron partial resonance
width 'y, = 128 keV, we get for the observable neutron
widths I',, = 113.9 keV for the DWBA, I',, = 84.5 keV for
the ADWA, and I',, = 93.4 keV for the CCBA. The observed
experimental value is I';, = 96 & 5 keV. Thus, the prior CCBA
and ADWA can be used to determine the observable partial
resonance widths.
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FIG. 9. (Color online) Angular distributions for the deuteron
stripping to resonance '°0(d, p)'’O(1d;/,) at E; = 36 MeV. The
red solid line is the DWBA, the blue short dashed line is the ADWA,
and the green dashed line is the CCBA. All the angular distributions
are normalized in the region of the forward peak to the experimental
one, red dots [40].

o

Until now we have not discussed the impact of the resonant
bin width. In all the calculations shown above we used the
bin width of 1 MeV. To check the impact of the bin width,
we performed prior CCBA calculations with three different
bin widths. The results are shown in Fig. 10. The difference
in the normalization of the CCBA calculated differential cross
sections at 1 and 0.8 MeV is only 3.7%.

In our final calculations presented in Fig. 11 we check
the dependence of the extracted neutron resonance width
on the radius ry of the n-A Woods-Saxon potential, which
supports the resonance state 1dz;,. This test is important
for corroboration of our theoretical findings and shows how
peripheral the deuteron stripping to resonance is. Ateach 1.0 <
ro < 1.7 we calculated the CCBA differential cross section,
normalized it to the experimental one in the stripping peak
in the angular distribution and determined the spectroscopic

35 -l|||Il||||||||I||||I||||I||||'__

== AE=1.0 MeV —

30 £ AE=0.8 MeV ---

5 b AE=0.6 MeV ---
Qo F ]
E 20F E
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FIG. 10. (Color online) Angular distributions for the deuteron
stripping to resonance '°0(d, p)!’0(1ds.) at E; = 36 MeV cal-
culated using prior CCBA for three different bins: 1 MeV, red solid
line; 0.8 MeV, dashed black line; 0.6 MeV, short dashed blue line.
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FIG. 11. (Color online) Solid red line- dependence on r( of the
neutron resonance width extracted from the CCBA calculations
of the '®O(d, p)'"O(1ds,) reaction at E; = 36 MeV. The blue
dashed line is the experimental neutron resonance width of the
1ds;, resonance in 170 and the blue strip is the resonance width’s
experimental uncertainty.

factor, which is the normalization factor. For each ry from
the derivative of the calculated scattering phase shift we
determine the single-particle neutron resonance width and,
multiplying it by the determined spectroscopic factor, we find
the observable resonance width shown in Fig. 11. As we can
see the determined neutron resonance width I',, varies with
variation of ry in the realistic interval 1.0-1.6 fm by +7%
from the experimental value of 96 keV.

The reaction is not peripheral and this is clearly demon-
strated by the ry dependence of I',. In the case of the
completely peripheral reaction the extracted I',, should show
none or a very little dependence on ry. From Fig. 11 we can
determine the radial parameter ro = 1.35 fm at which the
extracted width coincides with the experimental one. In Fig. 12
we show the ry dependence of the spectroscopic factor. Clearly,
the dependence on ry of the spectroscopic factor is much
stronger than for I';,. Taking into account that at 7y = 1.35 fm

09 .

0.8 - N

SF

0.7 - .

0.6 - .

101112 13 14 15 16 1.7
ro (fm)
FIG. 12. (Color online) Solid red line- dependence on r( of the

spectroscopic factor extracted from the CCBA calculations of the
10(d, p)'70(1d;,,) reaction at E; = 36 MeV.
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the calculated I',, coincides with the experimental one we can

determine the spectroscopic factor to be S§ = 0.661’8:%5 .

VI. SUMMARY

The goal of this paper was to develop a theory of the
deuteron stripping to resonances based on the surface-integral
formalism. First we demonstrated how the surface-integral
formalism worked for the deuteron stripping to bound states in
the three-body model and then we considered a more realistic
problem in which a composite structure of target nuclei is
taken into account via optical potentials. We explored different
choices of channel wave functions and transition operators and
showed that the conventional CDCC volume matrix element
can be written in terms of the surface-integral matrix element,
which is peripheral, and the auxiliary matrix element, which
determines the contribution of the nuclear interior over the
variable r,4. This auxiliary matrix element appears owing
to the inconsistency in treating of the n-A potential: This
potential should be real in the final state to support bound
states or resonance scattering and complex in the initial state
to describe n-A scattering.

Our main result is a formulation of the theory of the
stripping to resonance states using the prior form of the
surface-integral formalism and the CDCC method. It is
demonstrated that the conventional CDCC volume matrix
element coincides with the surface matrix element, which
converges for the stripping to the resonance state. Also the
surface representation (over the variable r,4) of the stripping
matrix element enhances the peripheral part of the amplitude
although the internal contribution does not disappear and
increases with increasing deuteron energy.

Although the code for the surface-integral formalism in
the CDCC approach is not yet available, we presented many
calculations corroborating our findings both for the stripping
to the bound state and the resonance. For the stripping to the
bound state we use '“C(d, p)'>C at 23.4 and 60 MeV of the
deuteron incident energy. It is shown how the contribution of
the auxiliary term changes with energy. For the stripping to

PHYSICAL REVIEW C 90, 034604 (2014)

width can be extracted from the analysis of the deuteron
stripping to the resonance state.
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APPENDIX: POST-PRIOR DWBA DISCREPANCY OWING
TO THE n-A POTENTIAL INCONSISTENCY

Here we show how the inconsistency in the treatment of
the n-A potential leads to the post-prior discrepancy of the
DWBA amplitude. To this end we start from the post DWBA
amplitude,

MOV = (O G A A Vor o x 58, (AD)
and derive from it the prior DWBA form. Here
AVpp =Ups + Vp —Upr (A2)

is the potential transition operator in the post form. Let us
take into account Schrodinger equations for the initial- and
final-channel wave functions,

. E-K-V,, —U =0 A3
resonance state we explore the '°0(d, p)!7O(1ds,) reaction ( P a4) @pn Xaa (A3)
at E; = 36 MeV. Because the CDCC code for stripping to res- and
onance is not yet available we use the CCBA and demonstrate T ()% _
that the prior form converges, while the post form oscillates (E =K = V.3 = Upr) ¢na Xpr =0 (A%
even at large distances. We demonstrate how the resonance Then Eq. (A1) can be transformed into

|
MOVES) = (2 TE|A Vel @pn x4 ))
= <X1(7_F)* IAF|U1>A + V:/I; —Uaa — [V:Z + UI’F] + [Vpn + Uaall@pn Xﬂ))
— < — S
= (" 12 [Upa + Vi = Usa + [E =K = V.5 = Uprlopn x43)
- S & S
= <X;F)* IﬂUpA + Vz:f; —Uaa + [E - K- V;fx - UpF]|‘/’pn Xﬁw
= <X1(7_F)* IAF|U1>A + Vor = Udalgpn X;':)>
— MDW(prior)' (AS)
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Here we took into account that the bracketed operators are
the potentials in Eqgs. (A3) and (A4). Also because the matrix
—_

element contains ¢,, and ¢, the kinetic-energy operator K

can be transformed into K. Thus, if we use the real V.
potential, which generates the final bound state (n A), as the
n-A potential in the transition operator in the prior DWBA
amplitude, the post and prior DWBA amplitudes coincide. We
note that in the proof of the equality of the post and prior
forms we used the same V,; potential both in the Schrodinger
equation for the final-state bound-state wave function and in
the transition operator of the prior form. However, the often-
used global optical potential U,y is contributed by both U4
and U, 4 optical potentials. Similarly, in the ADWA Uy, is
given by the sum of U4 + U, with the n-A optical potentials
taken at half deuteron energy. If we adopt U, 4 in the prior form
transition operator rather than V%, then the post and prior form
DWBA amplitudes differ by the auxiliary amplitude
MDW(posl) — M/DW(PTiOF) MDW

aux ’

(A6)
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where the prior DWBA amplitude is given now by

MOVERD = (3 O IR Up s + Una — Uanlopn x58) (A7)

and

M DW(prior) __

DD = (57 X [Una = ViRl opn x5 (A8)
In a modified prior DWBA amplitude the transition operator
contains the optical potential U, 4 rather than the real potential
Vnsi in the conventional prior form (AS5). Thus, the post and
prior DWBA amplitudes differ if we replace V. with U,4
in the transition operator of the prior form, meaning that the
inconsistency in the treatment of the n-A potential leads to the

post-prior discrepancy. If we adopt Re U4 = Vn ", then

Mz[i)u\)?:/(pnor) (X(F) IA ’Im UnA |‘ppn XdA > (A9)
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