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The Brussels-Montreal Skyrme functionals have been successful in describing properties of both finite nuclei
and infinite homogeneous nuclear matter. In their latest version, these functionals have been equipped with two
extra density-dependent terms in order to reproduce simultaneously ground state properties of nuclei and infinite
nuclear matter properties while avoiding at the same time the arising of ferromagnetic instabilities. In the present
article, we extend our previous results of the linear response theory to include such extra terms at both zero and
finite temperature in pure neutron matter. The resulting formalism is then applied to derive the neutrino mean
free path. The predictions from the Brussels-Montreal Skyrme functionals are compared with ab initio methods.
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I. INTRODUCTION

The nuclear energy density functional (NEDF) derived
from Skyrme effective interactions has been very successful
in describing the structure and the dynamics of medium-mass
and heavy nuclei [1]. Thanks to its universal character, the
NEDF has also been widely used to study the properties of
neutron stars [2]. In particular, the construction of a universal
Skyrme functional which could be applied for the description
of various nuclear systems, from finite nuclei to neutron stars,
has been the motivation at the basis of the Brussels-Montreal,
BSk, forces [3]. These functionals [4–6] have not only been
fitted to ground-state properties of ≈2000 measured nuclei
(masses and radii) [7], but have also been constrained to
reproduce properties of infinite nuclear matter, as obtained
from realistic many-body calculations. The properties of
Skyrme functionals in infinite matter have been investigated,
showing the appearence of a ferromagnetic instability [8–10].
It is nowadays agreed that this ferromagnetic instability is
a general pathology of the Skyrme functional which is not
found in ab initio calculations [11,12]. To better satisfy all
these constraints and to avoid this spurious phase transition,
the BSk family has been recently equipped with some
extra density-dependent terms [5,6]. The resulting functionals
have been employed to compute the composition and the
equation of state of dense matter in all regions of a neutron
star [13].

An interesting application of the NEDF theory is the calcu-
lation of transport properties of neutrinos in both supernovae
and neutron stars [14]. In a recent article, we have studied
the properties of the neutrino mean free path (NMFP) in
cold neutron matter [15] using the TIJ-Skyrme family [16].
The neutrino cross sections in nuclear matter play a central
role in determining neutrino transport properties. During the
gravitational collapse of a massive star, energy accumulates
in the core. A very efficient process to evacuate this energy
and reach a thermal equilibrium is constituted by the emission
of neutrinos. Recall that these neutrinos have to cross several

layers of nuclear matter, where a neutrino ν is scattered by a
nucleon n as

n + ν → n′ + ν ′, (1)

and thus loses energy. As a consequence, this process reduces
the efficiency of energy dissipation through neutrino emission.
The determination of this scattering cross section is important
for astrophysical models [17] and has been calculated using
different nuclear models, such as Skyrme [15,17–19] or
ab initio methods [20–23] among others, but also relativistic
calculations [17,24–26].

In the present article, we study the properties of hot
neutron matter when excited by an external probe, by means
of the linear response (LR) formalism with the recent BSk
functionals. The explicit calculation of the response function
of the system will allow us to determine the mean free path of
low energetic neutrinos crossing a layer of pure neutron matter
(PNM).

The article is organized as follows: in Sec.II we discuss
the extra terms introduced into the Skyrme functional and the
main ground state properties of the infinite medium calculated
with some selected Skyrme functionals. In Sec. III, we briefly
present the formalism of the LR theory and the modifications
introduced by the extra terms present in the BSk family; we
also discuss the stability properties of the infinite medium
in the Landau limit and using the complete LR formalism.
In Sec. IV, we apply the LR formalism to calculate the
NMFP at zero temperature. Finally, we present our conclusions
in Sec. V.

II. SKYRME FUNCTIONAL

In its original article [29], Skyrme proposed an effective
pseudopotential constructed as an expansion of the nuclear
interaction in relative momenta, thus simulating finite-range
effects in a zero-range interaction. In its standard form [30], the
Skyrme pseudo-potential is composed by a two-body central
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and a spin-orbit term plus a density-dependent term to take into
account three-body terms [31]. The possibility of extending
this standard form has been recently investigated along two
different ways: one following the spirit of the self-consistent
mean field theory, where the major ingredient is an effective
pseudopotential and the beyond-mean-field correlations are
added afterwards [1], and one following the spirit of the
density functional theory (DFT), where the building block
is the functional which includes all correlations.

The first approach has been followed by several groups
who have studied the standard pseudopotential by adding
to it the explicit tensor terms [16], higher order derivative
terms [32,33], or central three-body terms [34]. The DFT
approach has been the guideline for the development of the
BSk family. Higher order correlations are explicitly taken into
account by the inclusion of a cranking approximation of the
quadrupole correlations and a phenomenological corrections
for the Wigner energy. Despite the remarkable good perfor-
mances of the standard BSk functionals [4], it has been found
necessary to explore possible extensions of the functionals to
satisfy astrophysical constraints, especially the existence of
two-solar-mass neutron stars.

Starting from model BSk18 [5], two extra density-
dependent terms have been added on top of a standard
Skyrme interaction. The addition of these extra terms provides
flexibility to fulfill all available constraints coming from both
finite nuclei and infinite matter. In Appendix A, we give the
explicit expression of the functional used in the present article.

Starting from model BSk19 [6], the terms proportional
to the square of the tensor current J 2 (we refer to [10,16]
for a more detailed discussion) have been omitted; this
means that all the coupling constants CT

t are set equal to
zero. Doing this we loose the relation between coupling
constants and coefficients of the pseudopotential [35] for such
a reason we will use in the following only the functional
formalism.

In the present article, we limit ourself to the the Brussels-
Montreal functionals BSk17 [4], BSk18 [5], and BSk19-21 [6].
All these models have been built to reproduce with high
accuracy all experimentally known masses of atomic nuclei [7]
with a root-mean-square deviation of σ = 0.58 MeV. The
main differences arise from the properties of infinite nuclear
matter, and most particularly the equation of state (EoS) of
PNM and the effective mass. For the sake of comparison,
we also consider two functionals that do not belong to the
BSk family: SLy4 [30] and LNS1 [36]. The first has been
fitted considering both ground-state properties of some few
selected even-even nuclei and infinite matter properties; the
latter has been constructed to reproduce Brueckner-Hartree-
Fock (BHF) predictions in infinite matter [37]. In Fig. 1, we
show the EoS for PNM for the different functionals. All the
functionals give a very similar result up to ρ ≈ 0.16 fm−3,
where properties of nuclei still constrain the construction of
the functionals. Beyond this value, the different EoS show a
different behavior, in particular BSk21 gives the stiffest EoS,
while the softest is found for BSk18; the other functionals
are more or less in between these two extreme cases. In the
same figure, we also report the results for the correlated basis
function (CBF) formalism [28] obtained with the Argonne v′
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FIG. 1. (Color online) EoS in PNM for the the different function-
als adopted in the text. The grey area represents the constraint obtained
from Ref. [27]. The triangles correspond to the CBF calculations taken
from Ref. [28].

two-body interaction plus the Urbana IX three-body term [38],
as discussed in Ref. [23]. The shadow area represents the
constraints obtained in Ref. [27] and it gives an estimate of the
uncertainties of these calculations, in particular concerning
the choice of the three-body terms. It is important to recall
that the functionals BSk17-19 have been fitted to reproduce
the EoS in PNM of Friedman-Pandharipande [39], while was
BSk20 fitted to the EoS of Akmal and collaborators given in
Ref. [40] and based on the calculations done with the Argonne
interaction v18+UIX+δv, where δv is a relativistic boost.
Finally, BSk21 has been fitted to the results of Li and Schulze
of Ref. [41]. The SLy4 functional has been constrained to the
EoS of Wiringa et al. [42], and LNS1 has been fitted to the
BHF results of Li et al. [37].

Another important quantity used to characterize the ground
state properties of PNM is the neutron effective mass. In
Fig. 2, we show the density dependence of the neutron
effective mass in PNM as obtained from different functionals.
The additional density- and momentum-dependent terms in
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FIG. 2. (Color online) Neutron effective mass in PNM as a
function of the density, for the different functionals. The triangles
are obtained from Ref. [28] using the CBF method.
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BSk19-21 modify the expression of the effective mass m∗
n/m

in PNM. In particular we notice that for the functional BSk21
the effective mass increases as a function of the density up
to m∗

n/m = 1.1 at ρn ≈ 0.05 fm−3 and then it decreases to
m∗

n/m = 0.9 at ρn ≈ 0.16 fm−3. Such a behavior can be better
appreciated for finite nuclei, as shown for example in Fig. 6
of Ref. [6]. This cannot be reproduced by using a single
density-dependent term. In the same figure we also present the
results obtained using the CBF method [23]. The effective mass
obtained with this method is always lower than 1. This result
is compatible with the neutron effective masses obtained with
LNS1 and BSk17-18 functionals, while SLy4 gives relatively
lower values.

III. LINEAR RESPONSE THEORY

A. Zero temperature

In Sec. II, we have characterized the infinite medium by
defining some important quantities related to its ground state
properties. In this section, we study the properties of its
excited states. The random phase approximation (RPA) is a
well suited tool for this analysis [43,44]. The method for
calculating RPA response functions has been already presented
in Refs. [19,45,46] for symmetric nuclear matter (SNM) in
the case of a Skyrme pseudopotential and then generalized to
the case of an extended Skyrme functional in Ref. [47] for
SNM and PNM [15]. All the physical informations can be
found in the dressed RPA propagator G

(α)
RPA(k1,q,ω), where

(α) stands for the quantum numbers of the system, i.e, in
this case α = (S,M), where S is the total spin and M its
projection, k1(2) is the momentum of the incoming (outgoing)
particle, and q,ω are the transferred momentum and energy,
respectively. In the following, we will consider a system of
natural units � = c = 1. We refer to Refs. [48,49] for a more
detailed discussion of the method. The residual interaction
between particles and holes (ph) for the functionals used in
the present article, V

(α;α′)
ph , takes the form

V
(α;α′)
ph = 1

2δα,α′
{
W̄

(0)
1 + W̄

(1)
1 σ a · σ b

+ [
W̄

(0)
2 + W̄

(1)
2 σ a · σ b

]
(k1 − k2)2

+ [
W̄

(0)
3 + W̄

(1)
3 σ a · σ b

]
[k1(q + k2) + k2(q + k1)]

}
− iC∇J (σ a + σ b) · [q×k1 − q × k2]. (2)

Compared to the residual interaction presented in Ref. [15],
we note the absence of the tensor terms (CF ) and an additional
W̄

(S)
3 term. The latter has been already discussed in Ref. [45]

in the case of a zero-range Skyrme-like interaction for liquid
3He [50]. It is interesting to stress that the residual interaction
calculated for a Skyrme functional derived including a three-
body central zero-range pseudopotential [34] gives rise to a
similar structure, although the explicit value of the W̄

(S)
3 can

be very different.
Despite the absence of a tensor term, it is important to note

that there is still a coupling between the S = 0 and S = 1
channels and the removal of the M degeneracy, due to the spin
orbit term [15]. Such a term enters in the final expression of

the response function with a q4 dependence, hence its effect
on the response function is negligible only at very low values
of the transferred momentum. From the solution of the Bethe-
Salpeter equations we obtain the dressed RPA propagator and
the response function of the system as

χ (α)(q,ω) = g

∫
d3k

(2π )3
G

(α)
RPA(k,q,ω). (3)

Here g = 2 is the degeneracy of the system. Since we
consider temperature effects, it is more relevant to define the
strength function as

S(α)(q,ω) = − 1

π
Imχ (α)(q,ω), (4)

which actually embeds all physical properties. The modifi-
cation of these expressions for nonzero temperature has been
discussed in Ref. [49]. In Fig. 3, we show the strength function
at zero temperature and ρ = 0.16 fm−3 for the different
functionals and for the transferred momentum q = 0.1 fm−1.
On the same figure we also present the Hartree-Fock (HF)
strength function, i.e., obtained by putting to zero the residual
interaction. Note that each response function is characterized
by a maximum value of the energy transferred. This upper
limit is directly related to the effective mass. We observe that
the two S(1,M) strength functions are almost degenerate in the
spin projections M = 0,1; indeed, at this value of transferred
momentum the spin-orbit term gives negligible contributions
due to its q4 dependence. Apart from BSk17, all the other
functionals are repulsive in the spin channel S = 1, and many
of them manifest the appearance of a zero-sound mode [43].
In this case the continuum part of the response function is
suppressed in favor of this collective excitation. To study
the effect of the J 2 terms, we also consider the functional
SLy5 [30]. The latter predicts essentially the same properties
for the ground-state of PNM as compared to SLy4, but it has
nonzero contributions coming from the J 2 terms. Comparing
the two panels of Fig. 3, we observe that the response function
in the spin channel S = 0 is not affected, while in the S = 1
channel the response function is modified, SLy4 being more
repulsive. In Fig. 4, we show the response function at a higher
transferred momentum q = 0.5 fm−1, but always at the same
density. We observe that the zero sound mode is completely
re-absorbed by the continuum part of the response function.
The effect of the spin-orbit term starts to be visible for the
BSk17-18 functionals where the two spin projections are no
longer degenerate, although the differences remain small at
this value of the transferred momentum. The BSk17 functional
presents a strong accumulation of strength in the region of zero
energy. This is the clear signal of the presence of an instability,
as discussed in Sec. III D.

B. Thermal effects

We now discuss how the temperature modifies the response
function and eventually the NMFP. The formalism of the LR
theory at finite temperature has been already discussed in
Refs. [49,51–53], and we refer to these articles for a more
detailed discussion.
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FIG. 3. (Color online) Strength function S(S,M)(q,ω) calculated at ρ = 0.16 fm−3 and transferred momentum q = 0.1 fm−1 for the different
functionals used in the present study. The strength functions in the channels (1,0) and (1,1) are degenerate.

In Fig. 5, we show the response function at T = 2 MeV for
some selected functionals using the same values of the density
and momentum as in Fig. 3. It should be noticed that at zero
temperature, the excitation energy is strictly positive, while at
nonzero temperatures, negative energy excitations are allowed.
Comparing with the results of Fig. 3, it can be seen that due
to thermal fluctuations the zero sound mode is completely
absorbed in the ph continuum. A small peak appears at the
negative energy region, mirroring the zero sound mode.

C. Landau parameters

Since we consider excited states at a low exchanged
momentum, it can be useful to briefly introduce the Landau
theory of Fermi liquids [54] in PNM. Within this model, we
consider only quasiparticles around the Fermi sphere which
interact via a simple residual interaction of the form

Vph =
∑

l

{
f n

l + gn
l σ̂1 · σ̂2

}
Pl(k̂1 · k̂2), (5)

where f n
l ,gn

l are the Landau parameters. The Landau param-
eters can be related to the coupling constant of the Skyrme

functional as

f n
0 = N−1

0 Fn
0 = 1

2W̄
(0)
1L + k2

F W̄
(0)
2L (6)

f n
1 = N−1

0 Fn
1 = −k2

F W̄
(0)
2L + k2

F W̄
(0)
3L (7)

and similarly for the gn
l = N−1

0 Gn
l . Here N−1

0 = �
2π2

2m∗kF
is the

inverse of the density of states at the Fermi surface [54]. The
coefficients W̄

(S)
i=1,2,3;L are obtained from the corresponding

W̄
(S)
i=1,2,3 by substituting q = 0 and are given in Appendix B.

In the case of standard Skyrme functionals that contain only
second order derivatives, the only nonzero Landau parameters
correspond to l = 0,1 (S and P partial waves). Including
higher order derivatives, as for example the D-wave term,
other nonzero terms would be possible, namely the l = 2
term [33,55].

To guarantee the stability of the system the Landau
parameters should fulfill some inequalities [54], namely

Fl > −(2l + 1) (8)

and similarly for Gl . Including tensor terms in the residual
interaction requires additional conditions [56]. Otherwise,
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FIG. 4. (Color online) Same as Fig. 3, but for q = 0.5 fm−1.
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FIG. 5. (Color online) Response function for four selected func-
tionals at T = 2 MeV and ρ = 0.16 fm−3 and transferred momentum
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macroscopic quantities such as the compressibility and the
static spin susceptibility becomes unphysical. Calculations
based on standard Skyrme interactions have shown the pres-
ence of ferromagnetic instabilities [8–10,57–59]. However,
calculations of the static spin susceptibility based on ab initio
methods [11,12,60] satisfy these inequalities at least up to
several times the saturation density. Landau inequalities can
be used as a constraint to impose the absence of instabilities
in this density regime. This is the case of the latest BSk
models starting from BSk18. In Fig. 6, we show the behavior
of the Landau parameters in PNM as a function of the neutron
density. The functional BSk17 violates the inequality Gn

0 >
−1 at ρn ≈ 0.16 fm−3 leading to a ground state of polarized
neutron matter, as already pointed out in Ref. [5]. The SLy5
functional also violates such an inequality at ρn ≈ 0.6 fm−3,
but this value is sufficiently high not to affect the calculations
of NMFP presented in the following sections.

Landau parameters are also related to specific properties of
infinite nuclear matter, such as the EoS, the effective mass,
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FIG. 6. (Color online) Landau parameters in PNM as a function
of the neutron density. The triangles represent the results of CBF
taken from Ref. [61].

and the incompressibility [47]. Starting from BSk19, the BSk
functionals have no J 2 terms, thus the corresponding Landau
parameter Gn

1 is identically zero, similarly to LNS1 and SLy4.
As seen in Fig. 6, the Landau parameters obtained with LNS1
gives results rather similar to those obtained with CBF [61].
This is not surprising, since LNS1 has been explicitly fitted
to reproduce some infinite matter properties obtained with
ab initio methods. A complete discussion of Landau param-
eters goes beyond the scope of this study, but it is important
to remark that there is no general consensus regarding the
magnitude or even the sign of some Landau parameters
(see for example the discussion in Ref. [48]).

D. Instabilities in PNM

The instabilities discussed in the previous section refer to
the so-called long-wavelength limit. Other instabilities could
also appear, in connection to the properties of the ph interaction
away from the Fermi surface. Such an instability consists of
a phase transition of finite-size domain of length λ ≈ 2π/q
where q is the momentum exchanged with an external probe.
Within the RPA formalism, such an instability manifests
through the appearance of a mode at zero energy and infinite
strength. An example of such an instability can be seen in
Fig. 4 for the BSk17 functional.

To detect these poles we solve the equation

1/χ (α)(ω = 0,q) = 0, (9)

for different values of the density of the system ρ and the
transfer momentum q. In Fig. 7, we show the position of the
instabilities for the different functionals adopted in the article.
The functional BSk17 presents an instability at q = 0 in the
spin channel which is related to the violation of the Landau
inequality as shown in Fig. 6. All the functionals present finite-
size instabilities in the spin channel; this means that PNM
could develop domains polarized in spin.

As previously discussed, realistic calculations predicts
PNM free from instabilities in the low momentum regime
up to very high density regions. These results have been
used as constraints during the construction of some Skyrme
functionals [5,9]. Only recently, finite size instabilities,
though in symmetric nuclear matter, have been investigated
and in particular their relations with instabilities in finite
nuclei [62,63]. The nature of these instabilities can vary
according to the channel in which they manifest [64–66].
Concerning PNM, a possible constraint could come from some
ab initio calculations of neutron droplets [67]. In Ref. [68],
calculations of neutron droplets with Skyrme functionals have
been presented. It has been shown that instabilities detected in
PNM can also manifest in such calculations. A more systematic
investigation is required, but this method could be useful at
least to determine if the presence of finite-size instabilities
in PNM in low density regions is a pathology or not of the
Skyrme functional.

IV. NEUTRINO MEAN FREE PATH

Among the different processes involving neutrinos during
the evolution of a neutron star, the scattering of thermal
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FIG. 7. (Color online) Critical densities in PNM for different
Skyrme functionals as a function of the transferred momentum q.
The horizontal dashed-dotted line represents ρ = 0.16 fm−3.

neutrinos over layers of nuclear matter plays an important
role. We refer to Ref. [69] for a more detailed discussion. In
the present section we adopt the formalism of the LR theory
at finite temperature to study the sensitivity to the nuclear
interaction.

The neutrino mean free path due to scattering inside neutron
matter in the case of nondegenerate neutrinos can be written as
λ = (σρ)−1, where σ is the total cross section for the neutral
current reaction ν + n → ν ′ + n′. The general formula of the
double differential cross section reads

d2σ (Eν)

d�k′dω
= G2

F E2
ν

16ρπ2

{
(1 + cos θ )S(0,0)(q,ω,T )

+ g2
A

[
2(Eν ′ cos θ − Eν)(Eν ′ − Eν cos θ )

q2

+ 1 − cos θ

]
S(1,0)(q,ω,T )

+ 2g2
A

[
EνEν ′

q2
sin2 θ + 1 − cos θ

]
S(1,1)(q,ω,T )

}
,

(10)
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FIG. 8. (Color online) NMFP λRPA at ρ = 0.16 fm−3 and zero
temperature for different BSk functionals. The triangles represent the
result obtained in Refs. [23,61] using the CBF method.

where GF is the weak coupling constant and gA is the axial
charge of the nucleon. Eν(ν ′) is the energy of the incoming
(outcoming) neutrino, while θ is the scattering angle between
them. The quantities ω = Eν − Eν ′ and q = k − k′ are the
energy and momentum transfer in the reaction. As already
discussed in Refs. [15,70,71], the cross section is dominated
by the spin transverse response (S = 1,M = 1).

In Fig. 8, we show the NMFP λRPA at three different
densities and at zero temperature for the different BSk
functionals. On the same figure, we report the results of
Refs. [23,61] using the CBF method. The NMFP decreases
quickly for increasing values of incoming neutrino energy
Eν . The functional BSk17 gives a small mean free path at
Eν ≈ 40 MeV and ρ = 0.16 fm−3, compared to the other
functionals the reduction is much more pronounced. This is
due to the presence of finite-size instabilities in this density
region (cf. Fig. 7). A similar behavior is shown by BSk18, but
at density ρ = 0.24 fm−3. The available results with CBF at
ρ = 0.16 fm−3 are compatible with the results of the BSk19-21
functionals. This can be understood by looking at the properties
of the Landau parameters shown in Fig. 6. In this case the
Landau parameters Gn

0,1 obtained with CBF are very close to
those of the BSk19-21 functionals for this given value of the
density. Although we recall that for CBF we have an infinite
series of Landau parameters, in Ref. [48] it has been shown
that the response function S(α)(q,ω) converges quickly as a
function of l and the inclusion of the first partial waves up to
l = 2 is sufficient to obtain a well converged response function.
In Fig. 9, we show the equivalent results at a temperature
T = 2 MeV. The temperature affects directly the response
function as already shown in Fig. 5, by allowing also for
negative energy excitations and changing the widths of the
peaks. It also modifies the integration limits imposed in the
calculation of λ as discussed in Ref. [14]. Again we observe
that the CBF are in reasonable agreement with the results
obtained using the BSk19-21 functionals.

To better separate the effects of neutrino kinematics from
the effects of the interaction we present, in Fig. 10, the ratio
of the NMFP calculated using the LR theory and the complete
interaction λRPA to the results for the Fermi gas (FG) λFG.
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FIG. 9. (Color online) Same as Fig. 8, but for T = 2 MeV.

As previously discussed, we have removed the BSk17-18
functionals since they present some instabilities in the low
momentum region.

In the low-density regime, the BSk19-21 functionals clearly
predict similar results, i.e., the presence of the residual
interaction leads to a small increase by typically ≈15% of the
NMFP compared to the FG case. The functionals SLy5 and
LNS1 on the contrary predicts a higher ratio close to 1.4. At
higher density, major differences are found with ratios ranging
between 1.5 for BSk19 and 4 for BSk21. These variations can
be related to the different EoS which differ significantly at
high densities, as illustrated in Fig. 1. Finally, we note that the
BSk20 results are quite similar to those obtained with SLy5 in
all the three density regimes. Despite their differences in the
effective mass and Landau parameters prediction, the NMFP
turns out to be rather similar. In Fig. 11, we show the evolution
of the NMFP as a function of the temperature for a fixed
value of the incoming neutrino energy, Eν = 60 MeV, and for
different values of the densities as indicated in the different
panels. A weak dependence on the temperature is found for
the BSk19-20 functionals, in contrast to BSk21 which shows a
quite remarkable temperature dependence in the high density

1

2

3

λ R
PA

/λ
FG

ρ=0.08 fm-3

BSk19
BSk20
BSk21
LNS1
SLy5

10 20 30 40 50
Eν[MeV]

ρ=0.16 fm-3

10 20 30 40 50
Eν [MeV]

0

1

2

3

4

ρ=0.24 fm-3

FIG. 10. (Color online) Ratio of the NMFP obtained with the full
calculation λRPA to the one based on the simple Fermi gas λFG as a
function of the neutrino energy at T = 2 MeV.

1
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3
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T [MeV]

ρ=0.16 fm-3
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T [MeV]

0
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3

4

ρ=0.24 fm-3

FIG. 11. (Color online) Ratio of the RPA to the FG NMFP as a
function of the temperature of the system at different densities, as
indicated in the panels, and for a fixed value of incoming neutrino
energy Eν = 60 MeV.

region. At T = 30 MeV the NMFP predicted by BSk21 at
ρ = 0.24 fm−3 is still a factor of 2 larger than the one for the
non-interacting FG. In this respect, a non-negligible effect in
the thermal evolution of massive stars could be expected at the
end of their thermonuclear burning.

In Fig. 12, we show the evolution of the T = 0 NMFP as
a function of the density of the system for a fixed neutrino
energy of Eν = 60 MeV. We clearly observe that for all the
functionals the ratio of NMFP increases with the density, apart
from SLy5 which shows a different behavior. The presence
of an explicit tensor terms can strongly affect the mean free
path; its evolution as a function of the density can be more
complex than the one shown here, see for example Fig. 11
of Ref. [15]. In the present calculation, the main difference
between the functionals SLy5 and SLy4 is the contribution
(or not) of the tensor term to the central part of the residual
interaction. These functionals have been obtained using the
same fitting protocol [30], and they have essentially the same
effective mass and EoS. The absence of the so-called J 2 terms

0 0.05 0.1 0.15 0.2 0.25
ρ [fm-3]

0

1

2

3

4

λ R
PA

/λ
FG

BSk19
BSk20
BSk21
LNS1
SLy5
SLy4

FIG. 12. (Color online) Ratio of the T = 0 NMFP λRPA/λFG for
a fixed neutrino energy Eν = 60 MeV.
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in SLy4 makes the NMFP larger compared to the one of SLy5,
moreover the evolution as a function of the density of the
system is opposite: SLy4 rapidly increases while SLy5 gives a
flatter behavior.

V. CONCLUSIONS

In this article we have derived the formalism of the LR
theory for the BSk family of Skyrme functionals. These
functionals present a nonstandard density dependence, so that
we have generalized the results already presented in Ref. [15]
to take into account such extra terms. The interest of these
functionals is that they have been built using constraints on
both finite nuclei and infinite matter properties and are thus
well suited for calculations of astrophysical interest. The LR
theory is an important tool since it allows us to test through
simple and rapid calculations the residual interaction in the
different spin channels and eventually to detect finite size
instabilities. The latter have been recently investigated in a
systematic way [63], providing a simple criterion based on the
position of poles in the infinite medium to avoid them.

In the present article, we have also presented a direct
astrophysical application of the calculations of the nuclear
response function, namely the calculations of the NMFP at
different densities and temperature of the system. Although
such calculations can be considered still schematic since they
do not take into account properly the stellar medium (i.e., the
eventual proton/electron fraction), we can clearly observe a
variety of trends and behaviors of the different functionals.
The vector part of the residual interaction is quite difficult to
constrain by looking at properties of finite nuclei, while in these
calculations it plays a major role. A systematic comparison
with results obtained with other models could help shedding
light on this part of the residual interaction.

The calculations of neutrino mean free path based on
Skyrme functionals are particularly fast since the response
function is known analytically, thus they could be implemented

in astrophysical codes which requires the calculations of
NMFP. In particular, it is found that the BSk21 functional is
able to reproduce the main features of the rather complicated
calculations based on CBF, this being a remarkable advantage
in terms of computational time.
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APPENDIX A: SKYRME FUNCTIONAL

The Skyrme functional adopted in the present article can
be written as the sum of two terms ESkyrme = Estd + Eextra.
The first term, Estd, corresponds to the functional derived
from the standard Skyrme effective interaction as discussed in
Refs. [16,72], and it reads

Estd =
∫

d3r
∑
t=0,1

{
C

ρ
t [ρ0]ρ2

t + Cs
t [ρ0]s2

t + C

ρ
t ρt
ρt

+ C
s
t st
st + Cτ

t

(
ρtτt − j2

t

)+ C∇J
t (ρt∇Jt + st∇×jt )

+ CT
t

(
stTt −

z∑
μ,ν=x

Jt,μνJt,μν

)}
. (A1)

The coupling constants are related to the coefficient of the
Skyrme pseudopotential as discussed in Ref. [72]. The second
term, Eextra, corresponds to the contribution of the two extra
density dependent terms [5], which have been added on top of
the standard Skyrme interaction. It reads

Eextra =
∫

d3r
∑
t=0,1

C

ρ,β
t ρ(r)βρt (r)
ρt (r) + C

τ,β
t ρ(r)β

[
ρt (r)τt (r) − j2

t (r)
] + C

τ,γ
t ρ(r)γ

[
ρt (r)τt (r) − j2

t (r)
]

+C
∇ρ,β
t ρ(r)β∇2ρt (r) + C

∇ρ,γ
t ρ(r)γ ∇2ρt (r) + C


s,β
t ρ(r)βst (r)
st (r) + C

T,β
t ρ(r)β

[
st (r)Tt (r) − J 2

t (r)
]

+C
T,γ
t ρ(r)γ

[
st (r)Tt (r) − J 2

t (r)
] + C

∇s,β
t ρ(r)β∇2st (r) + C

∇s,γ
t ρ(r)γ ∇2st (r). (A2)

Note that we have introduced an unusual gradient term ∇2ρt to take advantage in the calculations of the residual interaction.
Such a term can be eventually rewritten as ρ
ρ by a simple integration by parts. The coupling constants of the extra part of the
functional Eextra are related to the Skyrme coefficients as

C

ρ,β
0 ρ(r)β = −3t4

32
ρ(r)β, C


ρ,β
1 ρ(r)β = t4

16

(
1

2
+ x4

)
ρ(r)β,

C
τ,β
0 ρ(r)β + C

τ,γ
0 ρ(r)γ = 3

t4

16
ρ(r)β + t5

4
ρ(r)γ

[
5

4
+ x5

]
,

C
τ,β
1 ρ(r)β + C

τ,γ
1 ρ(r)γ = − t4

8

(
1

2
+ x4

)
ρ(r)β + t5

8
ρ(r)γ

[
1

2
+ x5

]
,

C
∇ρ,β
0 ρ(r)β + C

∇ρ,γ
0 ρ(r)γ = 3

t4

64
ρ(r)β − t5

16
ρ(r)γ

[
5

4
+ x5

]
,
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C
∇ρ,β
1 ρ(r)β + C

∇ρ,γ
1 ρ(r)γ = − t4

32

(
1

2
+ x4

)
ρ(r)β − t5

32
ρ(r)γ

[
1

2
+ x5

]

C

s,β
0 ρ(r)β = t4

16

(
1

2
− x4

)
ρ(r)β, C


s,β
1 ρ(r)β = t4

32
ρ(r)β,

C
T,β
0 ρ(r)β + C

T,γ
0 ρ(r)γ = t4

8

(
x4 − 1

2

)
ρ(r)β + t5

8

(
x5 + 1

2

)
ρ(r)γ ,

C
T,β
1 ρ(r)β + C

T,γ
1 ρ(r)γ = − t4

16
ρ(r)β + t5

16
ρ(r)γ ,

C
∇s,β
0 ρ(r)β + C

∇s,γ
0 ρ(r)γ = t4

32

(
x4 − 1

2

)
ρ(r)β − t5

32

(
x5 + 1

2

)
ρ(r)γ ,

C
∇s,β
1 ρ(r)β + C

∇s,γ
1 ρ(r)γ = − t4

64
ρ(r)β − t5

64
ρ(r)γ .

APPENDIX B: COEFFICIENTS W (S)
i

Here we give the contribution of the extra term to the coefficients W
(S)
i=1,2,3 for the PNM case. We recall that to obtain the

complete expression one should also include the terms related to the second functional derivative of Estd. They are given in
Appendix of Ref. [15], and are omitted here to have a lighter notation.

1
2W̄

(0)
1 = Cτ,β(β + 1)βρβ−1

n τn + Cτ,γ (γ + 1)γργ−1
n τn − 2q2

[
C
ρ,β(β + 1)ρn(r)β − C∇ρ,βρβ

n − C∇ρ,γ ργ
n

]
− 1

2 q2[Cτ,βρβ
n + Cτ,γ ργ

n

]
, (B1)

1
2W̄

(1)
1 = −2q2

[
C
s,βρβ

n − C∇s,βρβ
n − C∇s,γ ργ

n

] − 1
2 q2

[
CT,βρβ

n + CT,γ ργ
n

]
, (B2)

1
2W̄

(0)
2 = (1 + β)Cτ,βρβ

n + (1 + γ )Cτ,γ ργ
n , (B3)

1
2W̄

(1)
2 = CT,βρβ

n + CT,γ ργ
n , (B4)

1
2W̄

(0)
3 = Cτ,ββρβ

n + Cτ,γ γργ
n , (B5)

1
2W̄

(1)
3 = 0, (B6)

where we define the coupling constant CX = CX
0 + CX

1 and X = 
s,∇s,τ, . . . as done in Ref. [15].

APPENDIX C: RESPONSE FUNCTION χ
(S,M)
RPA (q,ω) FOR PNM

We write here the complete expressions for the response function in the different spin channels.

(i) For S = 0 we have

χHF

χ
(0)
RPA

= 1 − Ŵ
(0)
1 χ0 + 1

2
q2W̄

(0)
3 χ0 + W̄

(0)
2

(
q2

2
χ0 − 2k2

F χ2

)
+ [

W̄
(0)
2

]2
k4
F

[
χ2

2 − χ0χ4 +
(

m∗ω
k2
F

)2

χ2
0 − m∗

6π2kF

q2χ0

]

+ 2χ0

(
m∗ω
q

)2
W̄

(0)
2 − W̄

(0)
3

1 − m∗k3
F

3π2

(
W̄

(0)
2 − W̄

(0)
3

) . (C1)

(ii) For S = 1,M = ±1 we have

χHF

χ
(1,±1)
RPA

= 1 − Ŵ
(1,±1)
1 χ0 + 1

2
q2W̄

(1)
3 χ0 + W̄

(1)
2

{
q2

2
χ0 − 2k2

F χ2

}
+ [

W̄
(1)
2

]2
k4
F

{
χ2

2 − χ0χ4 +
(

m∗ω
k2
F

)2

χ2
0 − m∗

6π2kF

q2χ0

}

+ 2χ0

(
m∗ω
q

)2
W̄

(1)
2 − W̄

(1)
3

1 − m∗k3
F

3π2

[
W̄

(1)
2 − W̄

(1)
3

] . (C2)
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(iii) For S = 1,M = 0 we have

χHF

χ
(1,0)
RPA

= 1 − W
(1)
1 χ0 + 1

2
q2W̄

(1)
3 χ0 + W̄

(1)
2

[
q2

2
χ0 − 2k2

F χ2

]
+ [

W̄
(1)
2

]2
[
k4
F χ2

2 − k4
F χ0χ4 + m∗2ω2χ2

0 − k3
F m∗q2

6π2
χ0

]

+ 2χ0

(
m∗ω
q

)2
W̄

(1)
2 − W̄

(1)
3

1 − m∗k3
F

3π2

[
W̄

(1)
2 − W̄

(1)
3

] , (C3)

where we have also defined

Ŵ
(0)
1 = W̄

(0)
1 + 4q4[C∇J ]2(β2 − β3)

1 + q2(β2 − β3)
[
W̄

(1)
2 − W̄

(1)
3

] , (C4)

Ŵ
(1,±1)
1 = W̄

(1)
1 + 4q4[C∇J ]2(β2 − β3)

1 + q2(β2 − β3)
[
W̄

(0)
2 − W̄

(0)
3

] . (C5)

Note that the spin-orbit term does not act in the S = 1,M = 0 channel and thus the W̄
(1)
1 is not modified. The definitions of

the functions βi=2,3 and χi=0,2,4 can be found in Ref. [46].
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