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Role of asymmetry parameter and dissipation coefficient of K coordinate in angular
distribution of fission fragments
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Using multidimensional Langevin equations, we have calculated the angular distribution of fission fragments
with nonconstant values for the dissipation coefficient of the K coordinate (the projection of the total angular
momentum I onto the symmetry axis of the fissioning nuclear system) for symmetry and asymmetry fission. We
investigated the relaxation time of the K coordinate, τK , as a function of scission criteria and the asymmetry
parameter. Calculations are done for 16O + 232Th −→ 248Cf, 16O + 238U −→ 254Fm, and 16O + 248Cm −→ 264Rf
reactions and obtained results are compared with available experimental data. Our calculations with nonconstant
values of the K coordinate show that the agreement between theoretical calculations and experimental data for
asymmetry fission is better than that for symmetry fission.
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I. INTRODUCTION

One of the interesting problems in the theory of nuclear
fission is nuclear dissipation and its effect on different aspects
of fission [1–4]. A momentous factor determining the duration
of nuclear fission is the dissipation of the kinetic energy of
collective nuclear motion [5,6]. Therefore, theoretical analysis
of different experimental data related to nuclear dissipation
becomes of extreme importance. An observable of fission
reaction such as the angular distribution of fission fragments
also depends on the durations of the different stages of the
evolution of a fissioning system and its analysis makes it
possible to obtain information about the mechanism of nuclear
dissipation [7].

The transition-state model is usually used in theoretical
analysis of the data on the angular distribution of fission
fragments [8–10]. The principle of this model consists of
the assumption that there is a certain chosen (transition)
configuration of a fissioning system that determines the
angular distribution of fission fragments. Thus, there are
two limiting assumptions on the position of the transition
state and, correspondingly, two variants of the transition-state
model: the saddle-point transition-state model [8–10] and the
scission-point transition-state model [11–13].

The saddle-point transition-state model provides a sensibly
exact reproduction of the experimental data on the anisotropy
of the fission fragment angular distributions for reactions
in which neutrons, 3He ions, and α particles were used
as projectiles [8,14]. The compound nuclei formed in such
reactions have a temperature of about 1 MeV and low angular
momenta. It has been found that the standard saddle-point
transition-state model frequently predicted low values of
the angular distribution anisotropy for reactions with more
massive ions of carbon, oxygen, and heavier ions [14,15],
and the experimental data are closer to the values obtained
according to the scission-point transition-state model.

It has been shown that experimental values of the anisotropy
of angular distributions cannot be described by either the
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saddle-point or the scission-point transition-state model [16].
In view of this, it was assumed that, in general, an effective
transition state that determines the angular distribution of
fission fragments lies somewhere between the saddle point
and the scission point.

Eremenko and his colleagues [17,18] proposed a fun-
damentally new dynamical approach to calculating angular
distributions without recourse to the concept of a transition
state. In this approach, it is proposed to combine a dynamical
description of the shape parameters of a fissile nucleus on the
basis of Langevins equations with an analysis of the dynamical
evolution of the K mode, where K is the projection of the total
angular momentum onto the fission axis, with allowance for
thermodynamic fluctuations of K in the evolution process. In
those studies, the fission process was simulated on the basis of
Langevin dynamics, where the distance between the centers of
mass of nascent fragments was used as a collective coordinate
(no account was taken of a coordinate associated with the
neck thickness, and only symmetric fission was considered).
Within this approach, experimental data on the anisotropy
of angular distributions and on the average multiplicity of
prescission neutrons were successfully described for a number
of fusion-fission heavy-ion reactions[19].

In this paper we study the angular distribution of fission
fragments using four-dimensional Langevin equations with a
nonconstant dissipation coefficient of the K coordinate for
symmetry and asymmetry fission. The paper is organized as
follows. In Sec. II we explain the Langevin equations and theo-
retical calculations of the angular distribution of fisssion frag-
ments. The obtained results are given in Sec. III. Finally, a sum-
mary and a conclusion of our results are presented in Sec. IV.

II. MODEL

In our dynamical calculations we used a well-known
(c,h,α) parametrization. In cylindrical coordinates the surface
of the nucleus is given by [20,21]

ρ2
s (z) = (c2 − z2)(As/c

2 + Bshz
2/c2 + αz/c), (1)
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where ρs and z are radial and parallel coordinates relative
to the symmetry axis, respectively. c denotes the elongation
parameter. As and Bsh are defined in Ref. [20]. The neck
thickness parameter in a scission point can be defined by

h = −1.047c3 + 4.297c2 − 6.309c + 4.073. (2)

Also, the asymmetry parameter is defined as

α = 0.11937α2
as + 0.24720αas, (3)

where

αas = A1 − A2

A
. (4)

In this relation A1 and A2 are the mass numbers of two
fission fragments and A is the mass number of the compound
nucleus. In the stochastic approach, evaluation of the collective
coordinates is considered as motion of Brownian particles
which interact stochastically with a large number of internal
degrees of freedom, constituting the surrounding heat bath.

A. Langevin equations

The variation of the orientation degree of freedom (K
coordinate) is calculated using the following equation [22,23]:

dK = −γ 2
KI 2

2

∂V

∂K
dt + γKI

√
T dt

2
ξ (t), (5)

where T is the temperature of the heat bath. In these
calculations, we neglected the spins of projectile and target
nuclei and I = l. ξ (t) is a random variable satisfying the
relations

〈ξi〉 = 0,
(6)

〈ξi(t1)ξj (t2)〉 = 2δij δ(t1 − t2).

γK is a parameter that controls the coupling between the
orientation degree of freedom and the heat bath. This parameter
can be calculated as [23,24]

γK = 1

RNRc.m.

√
2π3n0

√
J‖|Jeff|JR

J 3
⊥

, (7)

where RN , Rc.m., and n0 are the neck radius, the distance
between the centers of mass of nascent fragments, and the
bulk flux in standard nuclear matter (0.0263 MeV zs fm−4),
respectively. JR = MR2

c.m./4, where M is the compound
nucleus mass. Also, the effective moment of inertia has the
form

1

Jeff
= 1

J‖
− 1

J⊥
, (8)

here J‖ and J⊥ are the rigid body moments of inertia of
the nucleus with respect to the symmetry axis and an axis
orthogonal to it, respectively.

The potential energy of the rotating nuclear system depends
on K because we have [25]

V (q,I,K) = E0
s (Z,A)(Bs(q) − 1) + E0

c (Z,A)(Bc(q) − 1)

+
[
I (I + 1) − K2

]
�

2

2J⊥
+ K2

�
2

2J‖
, (9)

where Z is the charge of the fissioning nucleus. E0
s and E0

c

are the surface and the Coulomb energy of a spherical nucleus
within the liquid drop model with a sharp edge, respectively.
Also, Bc(q) and Bs(q) are the dimensionless Coulomb energies
of the spherical system and the surface energies, respectively
[25].

We employed the Langevin equations to calculate variations
of elongation, neck thickness, and asymmetry parameters with
time as [26]

p
(n+1)
i = p

(n)
i − τ

[
1

2
p

(n)
j p

(n)
k

(
∂mjk(q)

∂qi

)(n)

− Q
(n)
i (q)

− γ
(n)
ij (q)m(n)

jk (q)p(n)
k

]
+ θ

(n)
ij ξ

(n)
j

√
τ , (10)

q
(n+1)
i = q

(n)
i + 1

2
m

(n)
ij (q)

(
p

(n)
j + p

(n+1)
j

)
τ.

Here, qi and pi are collective coordinates and momenta
conjugate to them, respectively. mij is the tensor of inertia.
γij is the friction tensor. θij ξj is a random force because θij

is the random force amplitude. The upper index n shows that
the corresponding quantity is calculated at the instant tn = nτ ,
where τ is the time step in the integration of the Langevin
equations. Qi is a conservative force and is given by

Qi(q,I,K) = −
(

∂F

∂qi

)
T

. (11)

Based on the Fermi gas model, the free energy is given by

F (q,I,K,T ) = V (q,I,K) − a(q)T 2. (12)

a(q) is the level density and can be represented in the form

a(q) = a1A + a2A
2/3Bs(q). (13)

Here, we use the coefficients a1 = 0.073 MeV−1 and a2 =
0.095 MeV−1 [27].

Using one-body dissipation we can calculate wall friction
by [28]

γwallij (c < cwin) = π ρm

2
υ

∫ zmax

zmin

(
∂ρ2

s

∂qi

)

×
(

∂ρ2
s

∂qj

)[
ρ2

s +
(

1

2

∂ρ2
s

∂z

)2
]−1/2

dz,

(14)

and for an elongation greater than the point at which a neck
is formed in the nuclear system (c � cwin), the corresponding
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friction tensors can be written as

γwallij (c � cwin) = π ρm

2
υ

{∫ zneck

zmin

(
∂ρ2

s

∂qi

+ ∂ρ2
s

∂z

∂D1

∂qi

)(
∂ρ2

s

∂qj

+ ∂ρ2
s

∂z

∂D1

∂qj

) [
ρ2

s +
(

1

2

∂ρ2
s

∂z

)2
]−1/2

dz

+
∫ zmax

zneck

(
∂ρ2

s

∂qi

+ ∂ρ2
s

∂z

∂D2

∂qi

) (
∂ρ2

s

∂qj

+ ∂ρ2
s

∂z

∂D2

∂qj

) [
ρ2

s +
(

1

2

∂ρ2
s

∂z

)2
]−1/2

dz

}
, (15)

γwinij
(c � cwin) = π ρm

2
υ

(
∂R

∂qi

∂R

∂qj

)
�σ,

where ρm is the mass density of the nucleus, ῡ is the average
nucleon speed inside the nucleus, and D1 and D2 are the
positions of the centers of two parts of the fissioning system
relative to the center of mass of the whole system. zmin and
zmax are the positions of the left and right ends of the nuclear
shape. zneck is the position of the neck plane that divides the
nucleus into two parts. 
σ is the area of the window between
two parts of the system and R is the distance between the
centers of mass of future fragments.

The chaoticity factor (μ) gives the average fraction of
trajectories that are chaotic when sampling is done uniformly
over the surface. In other words, the chaoticity is used to
express the degree of irregularity in the dynamics of the system.
Each such trajectory is identified as a regular or as a chaotic
one by considering the magnitude of its Lyapunov exponent
over a long time interval [29]. By introducing the chaos into
the classical linear response theory for one-body dissipation,
the scaled versions of wall friction and window friction are
obtained as

γij (c < cwin) = μ(c)γ wall
ij (c < cwin),

(16)
γij (c � cwin) = μ(c)γ wall

ij (c � cwin) + γ win
ij (c � cwin),

where the value of μ changes from 0 to 1 as the nucleus evolves
from spherical to a deformed shape. Also, the finite difference
form of the Langevin equation for the orientational degree of
freedom K is

K (n+1) = K (n) − γ 2
KI 2

2

∂V

∂K
τ + �

(n)
K γKI

√
T τ, (17)

where �K is a normally distributed random number that has
zero mean value and a variance equal to unity. By averaging
Eq. (5) one can conclude an equation that has the form

〈K(t)〉K0 = K0 exp

[−γ 2
KI 2

�
2

2Jeff
(t − t0)

]
, (18)

which gives the following expression for the relaxation time:

τK = 2Jeff

γ 2
KI 2�2

. (19)

Each Langevin trajectory can lead to fission if it overcomes
the fission barrier and reaches the scission point. The scission
criteria can be determined using the following relation [30]:

csci = −2.0α2 + 0.032α + 2.0917. (20)

The initial K value was generated using the Monte Carlo
method from uniform distribution in the interval (−L,L). Also,

for initial values of dynamical parameters we used c = 1, h =
1.01, and α = 0. It should be noted that Eqs. (10) and (17) are
numerically solved simultaneously.

B. Formalism for angular distribution of fission fragments

The angular distribution of fission fragments at the transi-
tion state configuration is given by [8,31]

W (θ,I,K) = (I + 1/2)
∣∣DI

M,K (θ )
∣∣2

, (21)

where quantum number M is the projection of the total spin I
on the space fixed axis and DI

M,K is the symmetric top wave
function. θ is the angle with respect to the space fixed axis.
Also, in case of zero spin target and projectile nuclei, M is
zero.

The angular distribution of fission fragments observed in
experiment can be obtained by averaging Eq. (21) over the
quantum numbers I and K:

W (θ ) =
∞∑

I=0

σ (I )
I∑

K=I

PI (K)W (θ,I,K), (22)

where σ (I ) is the spin distribution function:

σ (I ) = 2π

k2

2I + 1

1 + exp[(I − Ic)/δI ]
. (23)

Here k, Ic, and δI are the wave number, the critical spin for
fusion, and the diffuseness, respectively. The K equilibrium
distribution is

P
eq
I (K) = exp

[−K2
/(

2K2
0

)]
∑I

K=−I exp
[−K2

/(
2K2

0

)] . (24)

The parameter K0 determines the width of this distribution

K2
0 = JeffT/�

2, (25)

We can use Eq. (22) for four-dimensional dynamical calcula-
tions as

W (θ ) =
∞∑

I=0

σ (I )
I∑

K=I

PI (K,tsc)W (θ,I,K), (26)

where PI (K,tsc) is the dynamical distribution calculated from
the four-dimensional model at the scission surface for spin I .
The anisotropy of the fission fragment angular distribution is
given by

A = W (0◦)

W (90◦)
. (27)
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FIG. 1. The relaxation time of the K coordinate, τK , as a
function of the asymmetry parameter for I = 80 at the scission point.
Solid, dashed, and dotted lines are the results for 16O + 248Cm −→
264Rf, 16O + 238U −→ 254Fm, and 16O + 232Th −→ 248Cf reactions,
respectively.

It should be noted that in the symmetry fission, the asymmetry
degree was frozen at α = 0 but for the asymmetry fission
we evaluated all Langevin trajectories with α �= 0. In other
words, the angular distribution in symmetry and asymmetry
fission is calculated, respectively, based on three (c,h,k)- and
four (c,h,α,k)-dimensional calculations.

III. RESULTS

To examine the dynamical calculations, we calculated the
angular distribution of fission fragments for typical reactions
such as 16O + 248Cm −→ 264Rf (at Elab = 110, 130, and
148 MeV), 16O + 238U −→ 254Fm (at Elab = 90, 130, and
148 MeV), and 16O + 232Th −→ 248Cf (at Elab = 120, 140,
and 160 MeV). The four-dimensional Langevin equations
are applied to calculate the variations of elongation, neck
thickness, asymmetry, and K coordinates. The dynamical K
distribution has been calculated at the scission point. We used
the dissipation coefficient for K as a nonconstant parameter
and calculated it as a function of the dynamical parameters.
Also, the relaxation time of the Kcoordinate, τK , has been
calculated as a function of the dynamical parameters.

Figure 1 shows the variation of relaxation time of the K
coordinate, τK , as a function of the asymmetry parameter for
I = 80 at the scission point. One can conclude that with the
increasing of the asymmetry parameter, the relaxation time
of the K coordinate increases. Also, for heavier systems, the
relaxation time is higher. The relaxation time of the K coordi-
nate as a function of scission criteria for I = 80 at the scission
point is shown in Fig. 2. Here, the scission point changes
by changing the asymmetry in Eq. (20). With increasing the
elongation parameter, the relaxation time decreases. It can be
noted that, for a given value of I , the relaxation time of the
tilting mode, τK , has a strong dependence on the deformation,
the asymmetry parameter, and the dissipation coefficient of the
K coordinate. Figure 3 demonstrates the dissipation coefficient
for the K coordinate as a function of the asymmetry parameter
at the scission point for three reactions. We can conclude
for symmetry fission (α = 0) that the dissipation coefficient

FIG. 2. The relaxation time of the K coordinate, τK , as a function
of scission criteria for I = 80 at the scission point. Solid, dashed,
and dotted lines are the results for 16O + 248Cm −→ 264Rf, 16O +
238U −→ 254Fm, and 16O + 232Th −→ 248Cf reactions, respectively.

has the maximum value, whereas for asymmetry fission with
increasing asymmetry parameter, γK decreases. The values of
the dissipation coefficients for three reactions are similar but
with increasing the mass number of the compound nucleus γK

decreases.
The variation of the anisotropy of the fission fragment

angular distribution as a function of energy for three reactions
is shown in Fig. 4. We can see for asymmetry fission that the
obtained results are in better agrement with experimental data
in comparison with the results of symmetry fission. Also, Fig.
4 shows that the values of anisotropy related to asymmetry
fission are lower than the obtained results with symmetry
fission. Figure 5 displays the angular distribution of fission
fragments for the 16O + 248Cm −→ 264Rf reaction at Elab =
110 MeV (a), Elab = 130 MeV (b), and Elab = 148 MeV (c),
respectively. We can see that in lower angles the difference

FIG. 3. The dissipation coefficient for K as a function of the
asymmetry parameter at the scission point for the 16O + 248Cm −→
264Rf (a), 16O + 238U −→ 254Fm (b), and 16O + 232Th −→ 248Cf (c)
reactions, respectively.
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FIG. 4. The anisotropy of the angular distribution of fission
fragments as a function of energy for the 16O + 248Cm −→ 264Rf (a),
16O + 238U −→ 254Fm (b), and 16O + 232Th −→ 248Cf (c) reactions,
respectively. The open squares are the experimental data [32].
Open and solid circles represent the results based on a nonconstant
dissipation coefficient for asymmetry (α �= 0) and symmetry (α = 0)
fission, respectively.

between the results of symmetry and asymmetry fission is
high, whereas in higher angles the difference is low.

The obtained results of angular distribution for the 16O +
232Th −→ 248Cf and 16O + 238U −→ 254Fm reactions are
presented in Figs. 6 and 7, respectively. These figures show
same results as Fig. 5. The obtained results from theoretical
calculations based on asymmetry fission with a nonconstant
dissipation coefficient for K are in better agreement with
experimental data in comparison with the obtained results
based on symmetry fission.

Using Langevin equations we study the relaxation process
of the K coordinate and take into account the effect of
evaluation of the K value on the dynamics of fission. The
distribution PI (K,tsc) at the scission surface is calculated
dynamically using Langevin equations. This quantity depends
on the dissipation coefficients of the K coordinate and the
dynamical parameters. The obtained distribution for PI (K,tsc)
in symmetry (α = 0) and asymmetry (α �= 0) fission are
different from each other. Thus, the angular distribution and
consequently the anisotropy in symmetry and asymmetry
fission are not equal.

It should be noted that we used the heavy systems in which
the mean descent time between the saddle and scission points

FIG. 5. The angular distribution of fission fragments for the
16O + 248Cm −→ 264Rf reaction at Elab = 110 MeV (a), Elab =
130 MeV (b), and Elab = 148 MeV (c), respectively. The open squares
are the experimental data [32]. Open and solid circles represent results
with a nonconstant dissipation coefficient for asymmetry (α �= 0) and
symmetry (α = 0) fission, respectively.

is higher than it is for light systems. Also, for these systems τK

is comparable with the time between the saddle and scission
points and, consequently, the memory of distribution of the

FIG. 6. The angular distribution of fission fragments for 16O +
232Th −→ 248Cf reaction at Elab = 120 MeV (a), Elab = 140 MeV
(b), and Elab = 160 MeV (c), respectively. The open squares are
the experimental data [32]. Open and solid circles represent results
with a nonconstant dissipation coefficient for asymmetry (α �= 0) and
symmetry (α = 0) fission, respectively.

024614-5



D. NADERI PHYSICAL REVIEW C 90, 024614 (2014)

FIG. 7. The angular distribution of fission fragments for 16O +
238U −→ 254Fm reaction at Elab = 90 MeV (a), Elab = 130 MeV
(b), and Elab = 148 MeV (c), respectively. The open squares are the
experimental data [32]. Open and solid circles represent results with
non constant dissipation coefficient based on asymmetry (α �= 0) and
symmetry (α = 0) fission, respectively.

tilting mode can affect the angular distribution of fission
fragments at the scission point.

IV. SUMMARY AND CONCLUSION

In this paper, we calculated the angular distribution of fis-
sion fragments dynamically using four-dimensional Langevin
equations with a nonconstant dissipation coefficient for the
K coordinate. The influence of the asymmetry parameter was
investigated by comparison of the dynamical calculation of
the angular distribution of fission fragments for symmetry and
asymmetry fission. One can conclude that the relaxation time
of the tilting mode is dependent on the asymmetry parameter
and this quantity in symmetry and asymmetry fission is
different. Consequently, by introducing the dependence of the
dissipation coefficient for the K coordinate and the relaxation
time of the tilting mode on the asymmetry parameter, one
can obtain good agreement between theoretical calculations
and experimental data for the angular distribution of fission
fragments.

In summary, it is necessary to stress that the clarification
of the role of the dynamical factors influenced the formation
of the angular distribution of fission fragments. The present
dynamical approach allowed us to obtain sensible agreement
of the results of calculations with experimental angular
distributions.
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