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Three-nucleon forces and spectroscopy of neutron-rich calcium isotopes
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We study excited-state properties of neutron-rich calcium isotopes based on chiral two- and three-nucleon
interactions. We first discuss the details of our many-body framework, investigate convergence properties, and
for two-nucleon interactions benchmark against coupled-cluster calculations. We then focus on the spectroscopy
of ¥-%Ca, finding that with both 3N forces and an extended pfgo/, valence space, we obtain a good level of
agreement with experiment. We also study electromagnetic transitions and find that experimental data are well
described by our calculations. In addition, we provide predictions for unexplored properties of neutron-rich

calcium isotopes.
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I. INTRODUCTION

Understanding the evolution of shell structure from the
valley of stability to neutron-rich extremes represents a key
challenge in nuclear structure [1,2]. With a closed proton shell,
the calcium isotopes provide an ideal region to investigate shell
formation and evolution in medium-mass nuclei from nuclear
forces. The rich shell structure beyond 48Ca, combined with
the capabilities of rare-isotope beam facilities, has lead to an
intensive focus on calcium isotopes, where new measurements
provide exciting tests and constraints for state-of-the-art many-
body methods and nuclear forces.

Recent experiments have established new shell closures in
exotic calcium isotopes. A possible N = 32 closure in *’Ca
was first recognized from a higher first-excited 2+ (2]) energy
[3,4], more than 1.5 MeV higher than the 2] energy in the
neighboring *°Ca. Moreover, signatures of a N = 32 magic
number were discovered in nearby titanium and chromium
isotopes [5—8]. These observations have been complemented
by high-precision mass measurements, which revealed a flat
behavior of the two-neutron separation energy S,,, leading
up to the shell closure at >Ca [9]. Groundbreaking mass
measurements out to >*Ca [10] discovered a steep decrease in
S5, from >2Ca to **Ca. Combined with the high two-neutron
shell gap $5,(Z,N) — $2,(Z,N + 2), this unambiguously es-
tablished N = 32 as a prominent shell closure [10]. Evidence
for a N =34 shell closure has proven more elusive, as
the 2 energy is not high in the neighboring titanium or
chromium isotopes [11-14]. Very recently, the 2] energy in
54Ca was found to be only ~500 keV below that in 2Ca[l5],
suggesting a new shell closure. Mass measurements through
3Ca will be essential to establish the closed-shell nature of
*Ca. In addition, the spectroscopy of neutron-rich calcium
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isotopes provides valuable information, with important tests
of theoretical calculations [16-18].

Previous work for the calcium isotopes includes phe-
nomenological valence-space [19-23] or beyond-mean-field
calculations [24]. While these approaches are generally suc-
cessful in reproducing experiment up to 3>Ca, disagreement
is significant in 33-3*Ca, which led to many experimental and
theoretical efforts aiming to clarify the nature of N = 34 in
calcium. The uncertainty in extrapolating phenomenological
models to exotic nuclei shows the importance of developing
systematic many-body approaches based on nuclear forces.
Such calculations were initially pursued based on two-nucleon
(NN) forces but failed to reproduce the standard N = 28 shell
closure and other key features in calcium for A 2 47 [19,25].
Neglected three-nucleon (3N) forces were suggested to be the
crucial missing ingredient [26].

The calcium region currently represents a frontier for ab
initio calculations based on NN and 3N forces [27]. The
first application of 3N forces in calcium was in the context
of valence-space Hamiltonians [28], which demonstrated the
important role of 3N forces in reproducing the dripline and
spectra in oxygen isotopes [29,30], as well as in proton-rich
nuclei [31]. In calcium isotopes, 3N forces provided the
first microscopic explanation for the N = 28 magic number
in ¥Ca, as well as for the ground-state energies [28].
The improved calculations of Refs. [9,10,32] successfully
predicted the additional binding found in °2Ca [9] as well as
the behavior of the two-neutron separation energy from *->*Ca
[10]. Coupled-cluster (CC) calculations, including continuum
degrees of freedom and phenomenological 3N forces, also
found a very good description of these signatures [33]. This
agreement extends to ab initio self-consistent Green’s function
(SCGF) calculations with chiral NN and 3N forces [34,35].
In addition, the CC calculations of Ref. [36] and the ab initio
in-medium similarity renormalization group (IMSRG) [37,38]
have been applied to the calcium isotopes.

In this paper, we present a comprehensive study of excited-
state properties of neutron-rich calcium isotopes based on our
valence-space approach of Refs. [9,10,28-32], focusing in
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particular on shell structure in the region around N =
28,32,34. In Sec. II, we discuss details of the calculation of
valence-space Hamiltonians perturbatively based on NN and
3N forces from chiral effective field theory (EFT) [39,40].
We investigate convergence both order by order in many-
body perturbation theory and in terms of intermediate-state
excitations, with NN interactions evolved to low momentum
viarenormalization-group (RG) methods. For NN interactions,
we benchmark against CC calculations and find reasonable
agreement. In Sec. III, we calculate spectra and electromag-
netic transitions in */-3°Ca, showing that, with 3N forces and
an extended valence space, good agreement with experiment
is obtained, in many cases comparable to phenomenological
interactions. Finally, we explore the role of residual 3N forces.
Similar to the oxygen isotopes [41], their impact on spectra
is minor, while for ground-state energies their contributions
increase with the number of valence nucleons.

II. MICROSCOPIC VALENCE-SPACE HAMILTONIANS
A. Many-body perturbation theory

For a given nucleus, the solution of the A-body Schrodinger
equation with the Hamiltonian H gives the eigenstates |v;,)
and energies E,,,

Hlyn) =

(Ho + V)[¥) = Eul¥n). ey

where Hj defines a single-particle basis |¢, ) with correspond-
ing eigenvalues ¢,,

Holon) = €,ldn), (2)

and V includes the interactions between nucleons. Solving
the A-body Schrodinger equation in a large single-particle
basis by diagonalization is challenging due to the large number
of configurations involved. Therefore, many-body methods
generally take one of two strategies to describe medium-mass
nuclei. In approaches such as CC theory [33,36,42], SCGF
theory [34,35], or the IMSRG [37,38], all nucleons are active,
but some truncations are necessary in practice. In valence-
space methods, the number of degrees of freedom is reduced
by treating the nucleus as a many-body system comprised of
a closed-shell core, with the additional nucleons occupying
a truncated single-particle (valence) space. After deriving an
effective valence-space Hamiltonian, this is then diagonalized
exactly in the valence space.

We first define operators P and Q, which project into and
out of the valence space, respectively:

d
210 3
Q=1- “
where d is the dimension of the valence space, P> = P, Q? =

0O, and PQ = 0. Then, the goal is to construct an effective
valence-space Hamiltonian Hcg,

PHei P|Ya) = Ea PlYa), &)
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with
d

Her =Yy &iala + Verr, (6)
i=1

which after diagonalization in the valence space reproduces a
subset E,, of eigenvalues of the full A-body Hamiltonian. Here,
&; are the single-particle energies (SPEs) of the d orbitals in
the valence space and Vi is the effective interaction between
valence nucleons.

Many-body perturbation theory (MBPT) provides a di-
agrammatic framework to calculate both the SPEs &; and
Vesr from nuclear forces [25,43—45]. This approach has been
pursued with NN interactions but, due to poor agreement with
experiment, all shell-model calculations in practice involve
adjustments of either the SPEs, Vg, or both. To calculate
Her we start from an energy-dependent effective interaction
between valence nucleons, the Q box, which takes into account
excitations outside the valence space,

Q(w)

= PVP + PVQ ovP, 7)

1
w — QHQ
and is evaluated at the unperturbed starting energy = P Hy P.
The diagrammatic expansion of Q consists of all irreducible,
valence-linked diagrams. To remove the energy dependence,
we include folded diagrams through a nonperturbative trans-
formation involving Q and its energy derivatives. This results
in an energy-independent, size-extensive effective interaction

W= (Gt

This integral equation is solved by iteration, which converges
when V(k) ~ Ve(f]; b, typically after ~15 iterations. We make
two approximations in our evaluation of @ First we truncate
Q at some finite order. In this work we include contributions
up to third order in MBPT, the current state of the art. Second,
excitations out of the valence space are allowed to some finite
energy Nhw, which is ultimately limited by the size of the
single-particle basis. Convergence with respect to these two
approximations is discussed in Sec. II C.

We then calculate the SPEs in *'Ca consistently from the
corresponding set of one-body diagrams, the S box, also taken
to third order in MBPT in the same harmonic-oscillator basis
as the Q box. To obtain the single-particle energies, we solve
the coupled Dyson equations,

e = (il Holi) + Si(e] "), ©)
by i . . 0 _ (k—l)

y iteration starting from ¢;” = w until ¢; g . Because
the ¢; depend on relative shifts in the unperturbed harmonic-
oscillator spectrum, we also update the unperturbed valence-
space energy to be the centroid of the converged SPEs and
iterate until the centroid of the final SPEs is equal to the un-
perturbed value. Convergence is reached after ~10 iterations.

k)

B. Nuclear interactions

Our results are based on nuclear forces derived in chiral
EFT, a systematic expansion for nuclear forces [39,40] in
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which 3N interactions arise naturally at next-to-next-to-
leading order (N’LO). At the NN level, we perform a RG
evolution [46,47] of the 500 MeV N°LO NN potential of
Ref. [48] by using a smooth regulator [49] with A = 2.0fm™!,
to obtain a low momentum interaction, Viowi. The RG
evolution decouples low from high momenta and improves the
convergence of the MBPT calculation [47]. At the 3N level,
we use the leading N2LO 3N forces [50,51], which include a
long-range two-pion-exchange part, a shorter-range one-pion
exchange, and a 3N contact interaction. The two undetermined
3N couplings are fit to the *H binding energy and the *He radius
at the same resolution scale as the Vq; interaction [52].

In the calculation of valence-space Hamiltonians, we
include normal-ordered one- and two-body parts of 3N forces,
which correspond to interactions among one valence and
two core nucleons, or two valence and one core nucleon,
respectively. These give rise to repulsive interactions among
valence neutrons and increase the spin-orbit splitting in the
SPEs [28,29]. They are expected to be dominant over residual
3N forces between three valence particles because of phase-
space considerations [53]. This has been confirmed in CC
calculations of light and medium-mass nuclei [36,54]. In
Sec. III D, we explore this by calculating the contributions from
residual 3N forces [10,41] for ground and first-excited states.

We work in a harmonic-oscillator basis with hAw =
11.48 MeV and include NN forces in 13 major shells and 3N
forces in 5 major shells. When 3N forces are included fully
to third order in MBPT, we find that the contribution to SPEs
range from ~1 to 6 MeV for different orbitals, approximately
an order of magnitude larger than the effects on valence-
space interactions, as expected from the hierarchy of normal-
ordered contributions [54]. Moreover, with 3N forces, the
calculated SPEs are comparable to the empirical values of the
phenomenological GXPF1A [22] and KB3G [20] interactions
for the pf-shell orbitals [28,32], as shown in Table I.

C. Convergence properties

Next, we discuss the convergence properties of MBPT when
using low-momentum NN interactions. For a fixed valence
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TABLE I. Phenomenological and calculated (MBPT) SPEs in
MeV. Details are given in the text.

Orbital Phenomenological MBPT

GXPF1A [22] KB3G [20] P&y
S —8.62 —8.60 —8.05
P32 —5.68 —6.60 —5.86
D12 —4.14 —4.60 —-3.22
S5 —1.38 -2.10 —1.33
8972 (=1.00) -1.23

space, the results must converge order by order in the @-
and S-box expansion as well as in the allowed intermediate-
state excitations. Because the RG evolution renders nuclear
interactions more perturbative and decouples low- from high-
oscillator states, improved convergence behavior is expected
in both respects [47].

Assessing order-by-order convergence beyond third order
is a challenge for MBPT, since complete fourth-order cal-
culations are beyond current computational capabilities and
have not been attempted. In Fig. 1, we show the order-by-
order convergence of the ground-state energies of ***8Ca
as a function of increasing intermediate-state excitations
N hw, within a harmonic-oscillator basis of 13 major shells.
Nho denotes the number of excitation quanta in a given
intermediate-state configuration (e.g., two neutrons excited
three shells above the valence space is a 6hw excitation). In
these studies, we use NN-only forces with empirical SPEs
and see promising order-by-order behavior: the change from
second to third order is ~15% of the change from first to
second order. While the calculations cannot be said to be
completely converged at third order, this trend suggests that
changes due to a complete fourth-order calculation would be
small. In particular, they will be less important than other
uncertainties in the calculation, such as the uncertainties in the
input Hamiltonian.

We also observe in Fig. 1 that in terms of intermediate-state
excitations, the convergence with Vioy is rapid, with third
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FIG. 1. (Color online) Convergence of the (a) “*Ca and (b) “Ca ground-state energies as a function of increasing intermediate-state
excitations N aw and perturbative order. Calculations are based on NN forces in 13 major harmonic-oscillator shells.
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FIG. 2. (Color online) Convergence of (a) neutron and (b) proton SPEs as a function of increasing intermediate-state excitation N hw.
Calculations are based on NN forces in 13 major harmonic-oscillator shells.

order converging faster than second order. For all orders, the
ground-state energies of both 4>*3Ca are well converged by
~12hw. Similarly, Fig. 2 shows the convergence of neutron
and proton SPEs in the pf-shell as a function of Nhw. While
convergence is slower compared to the ground-state energies,
all SPEs are converged by 144w, with neutron and proton
SPEs following a very similar convergence pattern. Finally,
all calculations with 3N forces seem to be converged when
included in five major shells. In two-body matrix elements and
SPEs, the change from four to five major shells is ~10 keV
and ~50 keV, respectively. Work to extend 3N forces beyond
five major shells is currently in progress.

D. Benchmark with coupled-cluster theory

We can also benchmark the MBPT energies with ab
initio methods by using identical starting interactions and
working in the same single-particle basis. Here, we perform
CC calculations for the ground-state energies of the calcium
isotopes by using the same V), interaction in a single-
particle basis of 13 major harmonic-oscillator shells with
hw = 12 MeV. The results are shown in Fig. 3 relative to the
ground-state energy of “°Ca. The closed j-subshell systems
40,48,52,54,60C3 are calculated at the A-CCSD(T) level [42,55].
The A £ 1 systems #7:49:31:53:53.59C4 are obtained with the CC
particle-attached-or-removed equations of motion method at
the singles and doubles level (PA-PR-EOM-CCSD) [42,55].

To compare with CC results, we perform the MBPT
calculations in the pf shell, where the SPEs are taken as the
PA-EOM-CCSD (f7/2, P32, P1/2, f5/2) energies in 41CH. The
particle-attached go/> is not of single-particle character, so
the MBPT pf-shell comparison provides the cleanest bench-
mark. This comparison probes the two-body part of the
valence-space Hamiltonian, assessing the reliability of the
convergence trend illustrated in Fig. 1.

In Fig. 3, we find that the MBPT ground-state energies
are within 5% (in most cases much better) of those of CC
theory. This shows that MBPT can be comparable to CC

theory for Vi, interactions, provided that consistent SPEs
are employed.

While the CC ground-state energies agree well with MBPT
to 3Ca, this agreement deteriorates for heavier isotopes.
The reason is that the CC calculations begin to fill the go/»
orbit, which is lower in energy than the calculated f5,,. This
makes a comparison of the CC and pf-shell valence-space
calculations unreliable for %°-%°Ca. Moreover, a benchmark in
the pfgo/2 space is not possible because, as mentioned, the CC
one-particle-attached gy, state in 4Ca is not of single-particle
character.

E. Valence-space calculations

For neutron-rich oxygen and calcium isotopes, we have
shown that it is necessary in MBPT calculations of valence-
space Hamiltonians to expand the valence space beyond
the standard one-major harmonic-oscillator shell [28,30-32].
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FIG. 3. (Color online) Comparison of MBPT and CC ground-
state energies of calcium isotopes relative to “°Ca based on the same
NN interaction (for details see text). The MBPT results use the SPEs
obtained in CC theory.
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FIG. 4. (Color online) Calculated ground-state energies of calcium isotopes in (a) pf shell and (b) pfgo,» shell compared with experimental
data (solid points) and AME2012 extrapolated values (open circles) [59]. Calculations are performed in the extended pfgy,» valence space and
based on NN forces only, NN + 3N forces with empirical SPEs, and NN + 3N forces with calculated (MBPT) SPEs.

This takes into account the effects of the additional orbitals
nonperturbatively, so that the general strategy is to make the
valence space for diagonalization as large as possible and
include the contributions beyond the valence space in MBPT,
which converges better for larger valence spaces.

In this work, we perform calculations in both the 0 f7/5,
1p3/2, 05,2, 1 p12 valence space (pf shell) and the extended
space including the 0go/» orbit (pfge,» valence space), in
both cases on top of a *°Ca core. We take two approaches
with respect to SPEs: in all pf-shell calculations we use the
empirical GXPF1A SPEs, while for the pf g9/, space we either
use the GXPF1A values (setting g9/» = —1.0 MeV), or the
MBPT SPEs calculated consistently, as shown in Table 1. The
shell model codes ANTOINE [19,56] and NATHAN [19] have
been used throughout this work.

The pfgo/» space consists of orbitals beyond one-major
harmonic-oscillator shell, which means that the center-of-mass
(c.m.) motion of the valence nucleons will not factorize
in general. Following Refs. [57,58], we have investigated
possible c.m. contamination in our calculations by adding
a c.m. Hamiltonian, BH.,, with 8 = 0.5, to our original
Hamiltonian. This has a modest impact on excitation spectra,
where states can be affected up to ~200 keV. This difference
can be understood because the nonzero c.m. two-body matrix
elements are also relevant matrix elements of the MBPT
calculation, and a clear separation between these two effects
is difficult. Similarly, we find non-negligible (H.,, ) values,
which point to possible c.m. admixture and/or non-negligible
occupancies of the go/» orbital.

There are several directions in progress to investigate
this further in both the pfgo,, and sdf7,2p3/2 [30] spaces.
We will carry out a nonperturbative Okubo-Lee—Suzuki—
Okamoto transformation [60,61] into the standard one-major-
shell space, which is free of c.m. spurious states. This will
keep the treatment of the orbitals within the extended space
nonperturbative, while treating the MBPT configurations
perturbatively. We will also apply the IMSRG [37] to extended

valence spaces, tailoring the evolution so that the cross-shell
matrix elements have small values: (H., ) — 0. Finally, we
will explore different valence spaces, choosing the core of
the calculations so that the c.m. factorizes. For instance, for
the neutron-rich calcium isotopes a “*Ca core can be used.
Here, we follow the calculations of ground-state energies of
Refs. [9,10,32] and present results for the spectra for the same
interactions.

III. RESULTS

A. Ground-state energies

The calculated ground-state energies for calcium isotopes
are shown for both the pf and pfgo, shells in Fig. 4.
These are the same as for the predictions of the neutron-rich
31-54Ca reported in Refs. [9,10]. They update the results of
Ref. [28], where 3N forces where included only to first order
in MBPT. The repulsive effect of normal-ordered 3N forces
[28,29] is evident in both valence spaces, and there is only a
small difference between the calculations with empirical and
calculated (MBPT) SPEs, which reflects the similar values
shown in Table 1.

While the pf and pfge,» spaces give similar absolute
ground-state energies, detailed comparisons to recent experi-
mental two-neutron separation energies [9,10] and three-point
mass differences [9,32] highlight the good agreement found
with the pfgo,»-shell results. Beyond ®°Ca, the ground-state
energies evolve very flatly with A, which makes a precise
prediction of the dripline difficult. Moreover, for masses
beyond 3*Ca, CC calculations indicate that continuum degrees
of freedom play an important role in lowering the 1ds;, and
251/, orbitals, which are not included in our calculations.
As a result these orbitals may become degenerate with Ogo/»
near ®Ca, and further lowering of the ground-state energies
beyond ®°Ca is expected [33]. Therefore, to explore reliably the
neutron-rich region towards the dripline, continuum degrees
of freedom and larger valence spaces are necessary.
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FIG. 5. (Color online) Evolution of SPEs as a function of mass
number. Calculations are based on NN + 3N forces in the extended
pfgo/2 space.

B. Spectra

We now calculate the spectra of neutron-rich calcium
isotopes, comparing our MBPT predictions to experiment
when available, as well as to shell-model results by using the
phenomenological interactions GXPF1A [22] and KB3G [20].
We discuss in detail the spectra of the neutron-rich isotopes
47-36Ca. For #/3Ca we present different calculations based on
chiral interactions and compare to experiment, emphasizing
the importance of extended valence spaces and 3N forces. To
quantify these effects in excitation spectra, we show results
with NN forces only and NN + 3N forces, in the pf-shell and
in the extended pfgo,> space. For °'=*°Ca, where there is no or
limited experimental information on excited states, we focus
on the predictions of our best calculations (NN + 3N forces in
the pfgo2 space). The spectra for the lighter ***°Ca, which
mostly probe the f7,, orbital, are given in Appendix.

To understand these results, we refer to the effective
single-particle energies (ESPEs), given in Fig. 5, for NN + 3N
forces in the pfgo,» space, which describe the evolution of
the spherical mean field of the calculation. While correlations
are important in the final results and are included via exact
diagonalization, ESPEs provide a guide to the position of
different orbitals for a given neutron number within our
valence-space framework. The important role of the extended
valence spaces is manifested in the occupancies of the g9/,
orbital. For ground states, these become significant in 41(Ca,
with the gq/> occupation number 1.2 increasing to 2.1 in *°Ca.
They are accompanied by a depletion of the f7,, occupations.

1. ¥Ca

In Fig. 6 we show the calculated spectra for /Ca in the
pf and pfgo s spaces using NN-only and NN + 3N forces. In
the pf-shell calculations, the spectra are too compressed. The
two lowest-lying states differ by only 200 keV, and there is
otherwise very poor agreement with experiment. Furthermore,
the effects of 3N forces in the pf shell are relatively small.
Extending the calculation to the pfgg/» space with NN forces
only partially improves the spectrum, but it remains too
compressed. Our final results with NN + 3N forces in the
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FIG. 6. (Color online) Excitation energies of bound excited states
in “’Ca compared with experiment [62] and phenomenological
GXPF1A [22] and KB3G [20] interactions. The NN-only results
are calculated in the pf and pfgo,» spaces with empirical SPEs.
The NN + 3N results are obtained in the same spaces. In the pf
shell, empirical SPEs are used, while the pfgq,,-space results use the
consistently calculated MBPT SPEs.

extended space improve the spectrum, leading to the best
agreement with experiment.

Nevertheless, we still observe deficiencies in our MBPT
spectrum. The major disagreement is in the lowest 3 /27 state,
which is approximately 1 MeV below experiment, reflecting
the small f7/,-p3»> gap around **Ca, as seen in Fig. 5. This
state is well reproduced by the phenomenological interactions.
Similarly, the 1/27 state is also low, due to the small f7/2-p1,2
gap in our calculations.

2. BCa

Figure 7 shows the calculated **Ca spectra compared with
experiment. As with 4’Ca we note that the pf space generally
gives overly compressed spectra, and 3N forces give only
minor improvements. In the extended pfgo/» space, while NN
forces also give a poor experimental description, significant
improvement is obtained when 3N forces are included.

The gap between the ground state and the 2;“ state, a
measure of the shell closure at N = 28, is well reproduced,
although somewhat overpredicted by 500 keV. As we have a
relatively small f7,,-p3/2 gap in the ESPEs in Fig. 5, the high
2;“ state is a result of correlations involving go/», in particular
f71/2-89/2. On the other hand, we find a 0% as the first-excited
state, contrary to experiment, in all calculations. Since this
state is dominated by the 2p-2h configuration with respect
to the ground state of the form ( f7/2)’2(p3 /2)2, this may be
related to an overly strong f7/2-p32 pairing interaction. Other
excited states are in good agreement with experiment and are
comparable to the results of GXPF1A and KB3G.

3. ¥Ca

As in lighter isotopes, our calculations of *’Ca in Fig. 8
show that, with either NN forces only or in the pf shell, the
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FIG. 7. (Color online) Excitation energies of bound excited states
in ¥Ca compared with experiment [62] and phenomenological
interactions (labels are as in Fig. 6).

physics necessary to reproduce the spectrum is not adequately
captured; the excited states are too compressed and with
incorrect ordering. It is only in the NN 4 3N calculations
in the extended pfgo/,» space that we observe a reasonable
description of the “’Ca spectrum.

The ground state in **Ca is dominated by the single-particle
configuration of a p3/, particle on top of **Ca. Therefore, the
first excited 1/27 state, predicted in very good agreement with
experiment, reflects the effective p3,-p1,2 gap for this nucleus.
Also the location of the lowest 7/2] state is in reasonable
agreement with the tentatively assigned experimental level
(@it lies some 500 keV lower), and with predictions from
the phenomenological interactions. This state is dominated
by a Zp-lh(f7/2)’1(p3/2)2 configuration on top of “*Ca and
therefore reflects the effective f7,2-p3/» gap plus correlations
discussed for the closure of *3Ca.
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FIG. 8. (Color online) Excitation energies of bound excited states
in ¥Ca compared with experiment [18,62] and phenomenological
interactions (labels are as in Fig. 6).
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FIG. 9. (Color online) Excitation energies of bound excited states
in 3°Ca compared with experiment [18,62] and phenomenological
interactions (labels are as in Fig. 6).

However, in our calculations we observe that the 5/2|" state
is quite low compared with experiment and the phenomenolog-
ical interactions. This is indicative of a small effective p32- f5/2
gap in this region. We also note that the spin of the fourth
excited state has not been experimentally identified, but that
our calculations, as in phenomenology, predict it as a 7/2~
state.

4. 3¥Ca

In Fig. 9 we see that, for °Ca, the location of the first
excited 2T state is overpredicted in all MBPT calculations by
~500 keV. The 0 ground state and the ZT state are dominated
by (p3/2)* configurations. Therefore, the increased 2| energy
is related to the low excited OF state found in *3Ca.

Although most of the experimental spin and parity as-
signments are tentative, in our calculations with NN + 3N
forces in the pfgo,> space, the remaining states are compatible
with experiment and comparable to the results with the
phenomenological interactions. In particular, the large 2 MeV
gap between the 2 and 2 states is not reproduced in our
other MBPT calculations. The location of the lowest 1T
state differs significantly in the three calculations, which are
otherwise consistent with the data, with the MBPT prediction
being 1 MeV and 500 keV above the GXPF1A and KB3G
predictions, respectively. A reliable assignment of the spin of
the third excited state in **Ca at 3.53 MeV is needed to identify
this state and test the theoretical calculations.

5. SiCa

In >!Ca there is no definite experimental information on the
spins of the excited states, only tentative assignments based
largely on inferences from phenomenological interactions
[14,17]. Therefore, we show in Fig. 10 only our NN + 3N
calculation in the extended pfgog,» space and compare with
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the experimental excitation energies and with the phenomeno-
logical results.

The 3/27 ground state is dominated by a p3, hole
configuration below the N = 32 subshell closure. The first
excited 1/27 state is indicative of the effective p3/-pi,2 gap
(and approximate strength of the N = 32 closure) and is in
very good agreement with the experimental tentative spin
assignment and the results of the phenomenological inter-
actions. The 5/2~ state with dominant 1p-1h(p3,2)~"'(f52)!
configuration above the ground state is the 5/2; state in our
calculation, while in the phenomenological interactions it is the
5/2; state, lying 1 MeV higher for KB3G and 2 MeV higher
for GXPF1A. The reason for the difference when using 3N
forces is related to the low 5/2 state in *°Ca, originating from
the small effective py2- f5/2 gap in our MBPT approach. Note
that this effective gap is also significantly different between the
phenomenological interactions. In turn, the 5/2; state in the
MBPT calculations has a (p3 /2)3=2( D1 /2)1 dominant structure
(on top of *¥Ca) and is therefore related to the 2] state in
30Ca. In all calculations it agrees with the tentatively assigned
experimental state at 2.4 MeV. Ultimately, improved y-ray
spectroscopy is needed.

6. 3*Ca

For 32Ca, there are no spin assignments except for the
ground and first-excited state, where the large spacing was
first identified as a signature of the N = 32 subshell closure
[3]. The strong N = 32 shell closure has been unambiguously
established with mass measurements out to >*Ca, leading to a
steep decrease of the two-neutron separation energy after >>Ca
[10]. In Fig. 11 our NN 4 3N calculations are compared to the
phenomenological interactions. All agree well with the limited
experimental data.

One striking difference between models, however, is the
location of the 1) state, which is found in our MBPT
calculations 1 and 2 MeV above the KB3G and GXPFIA
calculations, respectively, and hence an accurate experimental
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FIG. 11. (Color online) Excitation energies of bound excited
states in 3>Ca compared with experiment [14,17] and phenomeno-
logical interactions (labels are as in Fig. 6).

measurement would be highly valuable. The 3T state is also
predicted quite differently depending on the calculation; our
MBPT value is in good agreement with KB3G but more than
1 MeV below that of GXPF1A.

7. 83Ca

Only the ground-state spin of >>Ca and the position of two
excited states are known experimentally; one of them only
measured very recently at Rikagaku Kenkyusho (RIKEN, the
Institute of Physical and Chemical Research of Japan) [15].
Figure 12 shows our NN + 3N calculations in the pfgo/»
space compared to the phenomenological interactions. In this
spectrum the ground state is dominated by a pj,, hole in the
N = 34 closed subshell. Therefore, the difference between the
ground and first 5/27 and 3/2] states will be related to
the effective py,o-fs» and pi-ps, gaps and hence the

53
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FIG. 12. (Color online) Excitation energies of bound excited
states in °>Ca compared with experiment [15] and phenomenological
interactions (labels are as in Fig. 6).
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FIG. 13. (Color online) Excitation energies of bound excited
states in >*Ca compared with experiment [15] and phenomenological
interactions (labels are as in Fig. 6).

strengths of the N = 32 and N = 34 subshell closures, respec-
tively. All three calculations predict a consistent location for
the lowest 3/2; state, also in agreement with the unassigned
experimental state at 2.2 MeV which, assuming this is the
correct spin assignment, reflects the predictions of the 2} state
in °>Ca.

Interestingly, the 5/27 state appears at different excitation
energies in all calculations: 0.8 MeV in MBPT, 1 MeV with
KB3G, and 3 MeV with GXPF1A, in comparison with the
state with unassigned spin at 1.75 MeV. This shows that
phenomenological interactions, which give similar results
close to stability, can extrapolate to very different results for
neutron-rich systems. In this case, the difference is related to
the small p; - fs/2 gap (weak N = 34 subshell closure) pre-
dicted by KB3G, and also preferred by our MBPT approach,
in contrast with the large gap (strong N = 34 subshell closure)
given by GXPF1A. Improved versions of GXPF1A that adjust
the pf/z and pi;» — fs;» T =1 monopole matrix elements
according to the most recent experimental data, GXPF1B and
modifications, have recently become available [15,23]. They
reduce the pi»-f5,2 gap in agreement with experiment, and
predict the 5/27 state at 1.9 MeV. The two excited states
are also in good agreement with recent CC calculations with
phenomenological 3N forces, which predict the 5/2; and 3/27
states at 1.9 and 2.5 MeV, respectively [33].

8. ¥Ca

4Cais the last calcium isotope for which spectroscopic data
exists. In Fig. 13, we show our NN + 3N calculations com-
pared with the phenomenological interactions and the recent
breakthrough 2T measurement at 2.043 (19) MeV [15]. Our
MBPT calculations predict several low-lying excited states,
implying only a weak N = 34 subshell closure, consistent
with the spectrum in *Ca. In particular, the 2| state is
predicted at 1.7 MeV [32], only 300 keV below experiment.
The 2;“ excitation energy is also in very good agreement with
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FIG. 14. (Color online) Excitation energies in >Ca compared
with phenomenological interactions (labels are as in Fig. 6).

1.9 MeV predicted by CC calculations with phenomenological
3N forces [33].

The striking difference between KB3G and GXPF1A in this
region is clearly manifested in >*Ca. The recently measured
2| energy lies 1 MeV below GXPF1A and 0.7 MeV above the
KB3G prediction. The difference between these calculations is
consistent with the spectra presented in the discussion of 3*Ca.
As in 33Ca, this is improved when considering the modified
GXPF1B interaction, which reproduces experiment [15].

9. 5Ca and **Ca

Finally, in Figs. 14 and 15 we show NN + 3N predictions
for the spectra in >>Ca and *°Ca. In this region the importance
of the neutron 1ds,, and 2s; /, orbitals, currently not included
in our calculations, has been emphasized in Refs. [33,63]. We
plan to extend our approach to include these orbitals in the
valence space and provide an improved description of very
neutron-rich nuclei near N = 40.
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FIG. 15. (Color online) Excitation energies in *°Ca compared
with phenomenological interactions (labels are as in Fig. 6).
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Our NN + 3N prediction for ¥Ca in Fig. 14 largely agrees
with the predictions of the KB3G interaction, with a number
of close-lying states below 2.5 MeV, in contrast to GXPF1A,
where the first-excited state lies above 2 MeV. However, we
find a 1/2~ ground state, rather than 5/2~ as predicted in
KB3G, GXPF1A, and the CC calculations of Ref. [33]. This is
consistent with the picture of a weak N = 34 shell closure in
34Ca, where states in >>Ca are not dominated by single-particle
character.

In>®Cathe NN + 3N 2] state is around 800 ke V higher than
in KB3G, GXPF1A, and CC [33], the same trend of higher 2T
states than in phenomenological interactions for nonclosed
even-even calcium isotopes. Otherwise, the spacing of excited
states in our NN + 3N calculation is closer to KB3G. The
differences between all three interactions in Fig. 15 highlight
the importance of experimental spectroscopic studies beyond
Ca.

C. Electromagnetic transition strengths
1. B(E2)

Next we study electromagnetic-quadrupole (E2) transi-
tions. The results of our theoretical calculations are compared
with experiment [18,64] in Table II and with those of the
phenomenological interactions. Standard effective charges
8q = 0.5e, which take into account the reduced valence space
of the calculations, are employed in all cases. Work is in
progress on calculating the consistent effective one-body
operators within MBPT.

Overall, we find good agreement between our valence-
space calculations and experiment. The measured B(E2)
transitions in Table II vary widely (within a factor of 50);
therefore, obtaining agreement within experimental error bars
is particularly challenging. Indeed, the calculated B(E2)
values can deviate from experiment by up to a factor of two
(or a factor of four for the small 3/27 — 7/27 transition in
47Ca), which is similar to the phenomenological interactions.

In transitions involving “°Ca, the MBPT B(E2) results are
systematically 30% larger than with the phenomenological
interactions and lie closer to experiment. Nevertheless, the pre-

TABLE II. Electric-quadrupole transition rates in the calcium
isotopes compared with experiment [18,64]. The B(E2) values are
calculated in the pfgo/, space with NN + 3N interactions. Effective
charges dq = 0.5¢ are used in all calculations, which employ a
harmonic-oscillator length b = [A/(mw)]"/? with fiw = (454713 —
25A72/3) MeV and nucleon mass m. The units are e? fm*.

Transition KB3G GXPFIA MBPT Expt.
4Ca: 2t — 0F 9.2 9.2 13.3 254 + 45
364+ 2.6
Ca: 4t — 2+ 7.5 7.1 9.9 8.6 £ 2.1
46Ca: 67 — 4F 3.6 3.6 4.8 5.38 £ 0.29
YCa:3/2™ — 7/2 0.84 3.6 1.0 4.0+ 0.2
BCa: 2t — 0F 11.5 11.9 10.3 19+ 64
YCa:7/2- = 3/2 0.41 4.0 022 053+ 0.21
0Ca: 2+ — 0 8.9 9.1 11.2 74 £ 0.2
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FIG. 16. (Color online) Magnetic-dipole transition rates from the
ground state to 1+ excited states in “Ca compared with experiment
[67]. The B(M1) values are calculated in the pfgq, space with
NN + 3N interactions. Spin g factors are quenched by 0.75, except
for the empty blue bars.

dicted 2* — 07 transition in “°Ca is still half the experimental
value, pointing to important missing contributions (we also
note that the two different experimental values do not overlap).
In transitions involving 41Ca, *8Ca, and *Ca, the MBPT
B(E?2) values are similar to those obtained with KB3G, but
all calculations underestimate experiment. This also applies
to GXPFIA for the 2+ — 0% transition in “8Ca. For the
3/2~ — 7/2~ transition in *’Ca, GXPFIA finds very good
agreement with data, with the caveat that the 7/27 — 3/2~
transition in **Ca is overpredicted. The MBPT B(E?2) values
for the 2+ — 0% transition in *°Ca are 20% larger than with
the phenomenological interactions, in this case 50% higher
than experiment.

Finally, we emphasize that electroweak two-body cur-
rents (meson-exchange currents) have not been included
in our calculations of electromagnetic transitions. These
were derived consistently in chiral EFT and were shown
to be important for magnetic moments and electromagnetic
transitions in light nuclei [65]. For axial-vector weak in-
teractions, chiral two-body currents have been applied to
medium-mass nuclei, showing that they provide important
contributions to the quenching of Gamow-Teller transitions
[66]. Work is in progress to extend this to electromagnetic
currents and to calculate effective operators consistently in
MBPT.

2. B(M1)

The magnetic-dipole (M 1) transition between the ground
state of **Ca and 1% excited states is compared with
experiment [67] in Fig. 16. All results use spin g factors with
empirical quenching g = 0.75, except for the empty blue bars,
which give the NN + 3N results without quenching. The main
conclusions of previous work using 3N forces to first order
in MBPT still apply [28]. With NN forces only, the B(M1)
strength is strongly fragmented with a central value well
below experiment. For the phenomenological interactions,
GXPF1A finds a concentrated peak, while for KB3G the
total strength is evenly fragmented between two peaks. We
note, however, that the related KB3 interaction [68] finds no
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fragmentation, which highlights the particular sensitivity of
this transition to the valence-space Hamiltonian. The peaks lie
about 1 MeV lower than experiment for KB3G and around
700 keV higher for GXPF1A. When 3N forces are included
in the pfgg, space, agreement with experimental data is
clearly improved, with a concentrated peak very close to the
experimental value. The effects of the improved treatment
of 3N forces over that in Ref. [28] is an increase of the
excitation energy of the peak transition by ~500 keV. The
degree of single-particle character of the M1 transition, once
3N forces are included, is similar for calculated (MBPT)
or empirical (emp) SPEs. Finally, it is interesting that the
NN + 3N calculations do not require a strong quenching of
spin g factors. While the unquenched NN + 3N results indeed
overpredict the M1 transition strength, they are already at the
level of the quenched GXPF1A value; only a modest quench-
ing of 0.9 would be needed to reproduce the experimental
strength.

D. Residual 3N forces

We have also explored residual 3N forces, which arise
between three valence nucleons in addition to their one- and
two-body normal-ordered contributions. Note that, in the shell
model, the normal ordering is performed with respect to the
40Ca core. This does not take into account the contributions
from MBPT outside of the valence space. In general, residual
3N forces are expected to lead to small corrections due to
phase-space considerations for normal Fermi systems [53],
because their effects are suppressed by the number of valence
particles to the number of particles in the core. We have
calculated the contributions from residual 3N forces at first
order in perturbation theory, by using the states obtained
from NN + 3N interactions at the normal-ordered one- and
two-body level (as discussed in the previous sections).

In Fig. 17 we show the resulting energies AE3N s =
(¢,1|Vrz§|1//n) for the ground state and first-excited state
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FIG. 17. (Color online) First-order contribution from residual 3N
forces to the energies of the ground state (bars) and first-excited state
(solid line) of the calcium isotopes in the extended pfgo,» valence
space.
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calculated in the extended pfgo/» space. As expected from
neutron-matter calculations [69,70], residual 3N forces are
repulsive. Their role is very minor for the lighter isotopes, but
their contribution is amplified with neutron number, increasing
to a maximum contribution of 3.7 MeV in "°Ca. For the
midshell A = 55 to 58 isotopes, only a subset of residual 3N
matrix elements was used. From tests in other isotopes, we
estimate the difference to using the full set to be less than 5%
of the total residual 3N energy contribution.

We compare the effects of residual 3N forces with the
NN + 3N ground-state energies of Fig. 4 at the normal-
ordered two-body level. This shows that residual 3N forces
provide small corrections to the ground-state energy, ranging
from at most 3% (in *°Ca) for the isotopes discussed in
Sec. ITI B to 9% in 7°Ca. This justifies our perturbative estimate
of residual 3N forces. As shown in Fig. 17, residual 3N
contributions are similar for excited states as for ground
states. Therefore, residual 3N forces lead to even smaller
corrections for excitation energies, of 20 keV for 4BCa,
increasing to 100 keV in >*Ca, and never exceeding 200 keV.
As a result, the uncertainty from not including residual 3N
forces is small for the results presented in the previous
sections.

IV. SUMMARY

We have presented a comprehensive study of excited-state
properties of calcium isotopes based on chiral NN + 3N
interactions. The theoretical approach has been discussed
in detail, focusing on convergence properties in the MBPT
framework, benchmarking against ab initio CC theory for NN
interactions, and exploring the role of residual 3N forces. We
have presented results for ground-state energies and spectra for
neutron-rich isotopes to 3®Ca, where 3N forces were shown
to be key to understand the experimental structures. With
both 3N forces and an extended pfgo,, valence space, we
obtain a good level of agreement with experiment, where the
extended space is especially important for N > 28. We have
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FIG. 18. (Color online) Excitation energies of bound excited
states in **Ca compared with experiment and phenomenological
interactions (labels are as in Fig. 6).
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FIG. 19. (Color online) Excitation energies of bound excited
states in **Ca compared with experiment and phenomenological
interactions (labels are as in Fig. 6).

also studied electromagnetic £2 and M1 transitions, finding
that experimental data are well described by our calculations.
Where data does not exist, our results provide predictions for
unexplored properties of neutron-rich calcium isotopes.

Future work will include studies of the theoretical uncer-
tainties due to the input Hamiltonian and the RG or SRG
evolution. In addition, the recent development of the IMSRG
for open-shell [71,72] and CC calculations of effective interac-
tions [73] enable nonperturbative derivations of valence-space
Hamiltonians, which will also provide benchmarks for MBPT
calculations.
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FIG. 21. (Color online) Excitation energies of bound excited
states in **Ca compared with experiment and phenomenological
interactions (labels are as in Fig. 6).

STRONGINT, and the Helmholtz Alliance HA216/EMMI.
Computations were performed on JUROPA at the Jilich
Supercomputing Center and on Kraken at the National Institute
for Computational Sciences.

APPENDIX: SPECTRA OF LIGHT CALCIUM
ISOTOPES A < 47

We present the spectra for the lighter >~*°Ca in Figs. 18-22.
Our results are in good agreement with experiment [62] and
generally exhibit quality comparable to phenomenological
interactions. The only exceptions are the 47,6" states in
4Ca, ~1 MeV higher than in experiment, in contrast to
phenomenology. Note that some excited states, like the O;r
states in *>#446Ca, are expected to be dominated by sd-shell
degrees of freedom, and are therefore not present in our
theoretical results.
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FIG. 22. (Color online) Excitation energies of bound excited
states in *°Ca compared with experiment and phenomenological
interactions (labels are as in Fig. 6).
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