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A chemical nonequilibrium version of the statistical hadronization model combined with a single-freeze-out
scenario is used to analyze the transverse-momentum spectra of pions, kaons, and protons produced in heavy-ion
collisions at

√
sNN = 2.76 TeV. With the statistical parameters found in earlier studies of hadronic ratios and two

new geometric parameters determined by the absolute normalization and slopes of the spectra, we obtain a very
good agreement between the data and the model predictions. In particular, the enhancement of pions observed at
the very low transverse momenta is very well reproduced. In the chemical nonequilibrium approach, this effect
may be naturally interpreted as the onset of pion condensation in heavy-ion collisions. We further stress that the
chemical nonequilibrium explains not only the proton yield but the proton spectra up to pT = 3 GeV/c as well.
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I. INTRODUCTION

Statistical models of hadron production [1–19] have
become one of the cornerstones of our understanding of
ultrarelativistic heavy-ion collisions. They have explained
successfully the data on hadronic abundances collected at
the BNL Alternating Gradient Synchrotron (AGS) [5–7],
CERN Super Proton Synchrotron (SPS) [8–14], and BNL
Relativistic Heavy Ion Collider (RHIC) energies [15–19].
Moreover, with the appropriate definition of the freeze-
out space-time geometry and flow, they have also been
used to describe successfully the transverse-momentum
spectra of the produced hadrons and other soft-hadronic
observables [17,19].

With these successes in mind, the new data from the CERN
Large Hadron Collider (LHC) collected in Pb + Pb collisions
at

√
sNN = 2.76 TeV come as a big surprise—the measured

proton abundances [20,21] do not agree with the most common
version of the thermal model based on the grand-canonical
ensemble [22,23]. The possible explanations of this anomaly
refer to the inclusion of the hadronic rescattering in the
final stage [24] or to the concept of the hadronization and
subsequent freeze-out that take place off chemical equilib-
rium [25,26].

Besides the proton anomaly, the same LHC data exhibit
another interesting feature—the low-transverse-momentum
pion spectra show enhancement by about 25%–50% with
respect to the predictions of various thermal and hydrodynamic
models. See, for example, the lower panel of Fig. 1 in [20],
Fig. 12(a) in [21], the left lower panel of Fig. 2 in [27], and
Fig. 13 in [28]. We observe repeatedly a very characteristic
convex shape of the data/model ratios and a substantial
slope at which the data/model ratios rise with decreasing
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pT . We emphasize that this behavior is in contrast with the
measurements done at lower energies, for example at RHIC,
where the low-pT pion spectra were explained very well by the
combined effects of the flow and resonance decays [16,17,29].

In this article, we connect the proton anomaly with the
pion enhancement effect and show that the two problems
may be solved naturally within the statistical model in which
chemical nonequilibrium at the freeze-out stage is assumed.
The physics picture behind the nonequilibrium model is
a sudden hadronization of the quark-gluon plasma (QGP)
similar to the condensation of supercooled water. For a long
time, such a picture has been advocated by Rafelski and his
collaborators in their studies of hadronic abundances [30]. At
the RHIC and lower energies this approach was an alternative
to other versions of the statistical model, giving substantially
lower freeze-out temperatures. However, no clear advantage
of the chemical nonequilibrium approach has been established
in this energy range. At the LHC energy, the chemical
nonequilibrium approach seems to be supported by the present
data (see Ref. [31]).

II. NONEQUILIBRIUM CRACOW MODEL

In this work, we analyze the new LHC data describing
the pT spectra of pions, kaons, and protons. We combine
the concept of chemical nonequilibrium with the Cracow
single-freeze-out model [17] used in the Monte Carlo version
as implemented in THERMINATOR [32,33]. Our results indicate
that the concept of chemical nonequilibrium is an attractive
scenario for the hadronization process at the LHC as it
describes the high-precision hadron spectra in addition to the
hadron yields.

Besides the thermodynamic parameters which we take
directly from [25,26], our model has only two extra parameters:
the transverse size, rmax, and the (invariant) time, τf , which
characterize the hadronic system at freeze-out. We fit these
two parameters to the measured transverse-momentum spectra
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FIG. 1. (Color online) Transverse-momentum spectra of pions
(red circles), kaons (green triangles), and protons (blue squares)
measured in Pb + Pb collisions at

√
sNN = 2.76 TeV in the centrality

class c = 0%–5% [20,21] compared to the model predictions (red,
green, and blue solid lines for pions, kaons, and protons, respectively).
Upper panel shows the NEQ SHM predictions, while the lower panel
shows the EQ SHM results.

of pions and kaons and find a remarkable agreement.1 We
note that the shape of spectra is described with only one
parameter, rmax/τf , because the combination V = πτf r2

max
fixes the overall normalization.

In particular, we reproduce very well the low-pT region of
the pion spectrum. This is so because the chemical nonequilib-
rium model predicts the freeze-out conditions, which are very
close to the pion condensation point. Although the protons are
not included in the fit, we find that the chemical nonequilibrium
model explains well their spectrum, in addition to their yield.

Below, we present our calculations done with the chemical
nonequilibrium statistical hadronization model (denoted be-
low as NEQ SHM), comparing the results with the equilibrium
version (denoted below as EQ SHM). In the two cases the
hadron rapidity and transverse-momentum distributions are

1Since the proton yield cannot be reproduced in the equilibrium
model, we omit the protons in the fitting procedure. On the other
hand, the pion and kaon yields may be well reproduced in the two
versions of the thermal models; hence, it is desired to compare directly
the pion and kaon spectra in the two frameworks.
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FIG. 2. (Color online) Experimental and model transverse-
momentum spectra of pions in the low-pT region. The theoretical pre-
dictions show secondary pions (dashed lines) and primary+secondary
pions (solid lines).

calculated from the Cooper-Frye formula

dN

dyd2pT

=
∫

d�μpμf (p · u), (1)

where d�μ is an element of the freeze-out hypersurface and
uμ is the hydrodynamic flow at freeze-out. The distribution
function f (p · u) consists of primordial (directly produced)
and secondary (produced by resonance decays) contributions.

The primordial distribution of the ith hadron in the local
rest frame, where uμ = (1,0,0,0), has the form [34]

fi = gi

ϒ−1
i exp

(√
p2 + m2

i /T
) ∓ 1

. (2)

Here the −1 (+1) sign corresponds to bosons (fermions) and
gi is the degeneracy factor connected with spin. The fugacity
factor ϒi is defined through the parameters λIi

, λq, λs, and λc

(isospin, light, strange, and charm quark fugacity factors) and
γq, γs , and γc (light, strange, and charm quark phase-space
occupancies) [34]. In this work we are not interested in the
very small isospin effects and we neglect the contributions
from the charmed hadrons. In this case we may write

ϒi = (λqγq)N
i
q (λsγs)

Ni
s (λq̄γq̄)N

i
q̄ (λs̄γs̄)

Ni
s̄ , (3)

where λq = λ−1
q̄ , λs = λ−1

s̄ , γq = γq̄ , and γs = γs̄ . In Eq. (3),
Ni

q and Ni
s are the numbers of light (u,d) and strange (s)

014906-2



EXPLANATION OF HADRON TRANSVERSE-MOMENTUM . . . PHYSICAL REVIEW C 90, 014906 (2014)

quarks in the ith hadron, while Ni
q̄ and Ni

s̄ are the numbers of
antiquarks in the same hadron.

Equation (3) can be rewritten in terms of chemical poten-
tials using the Gell-Mann–Nishijima formulas. This leads to
the two relations λq = exp(μB/3T ) and λs = exp[(−3μS +
μB)/3T ], which finally gives

ϒi = γ
Ni

q+Ni
q̄

q γ
Ni

s +Ni
s̄

s exp

(
μBBi + μSSi

T

)
. (4)

The equilibrium model may be treated as the special
case of the nonequilibrium model with γq = γs = 1 (see
Refs. [5,10,13,15,23]) or with γq = 1 and γs < 1 [7,11,14,24].
In Eq. (4) Bi and Si are the baryon number and strangeness
of the ith particle, and μ’s are the corresponding chemical
potentials.

In the NEQ SHM we use the values from [26]. Since the
chemical potentials μB and μS found in [26] are very small,
we set them equal to zero, which gives λq = λs = 1. The other
parameters depend on the centrality of the collision, c. In this
work, we present our results for the two centrality classes c =
0%–5% and c = 30%–40%. The results for other centralities
are similar and will be published in a separate article.

For the most central collisions, c = 0%–5%, we use

T = 138.0 MeV, γq = 1.63, γs = 2.05, (5)

and for semiperipheral collisions, c = 30%–40%, we take

T = 139.85 MeV, γq = 1.62, γs = 2.0. (6)

The large value of γq and low temperature mean that we
deal with a supercooled QGP at the LHC, which is very
close to the pion Bose-Einstein condensation (BEC). The
nonequilibrium chemical potential of pions, μπ = 2T ln γq �
134.9 MeV, is very close to the mass of the π0 meson,
mπ0 � 134.98. Therefore, one should observe an enhancement
in the production of pions at low values of pT . In the EQ SHM
version we use

T = 165.6 MeV. (7)

The equilibrium value of the freeze-out temperature was used
recently in [35]. It is also very close to the value used in [22]
to interpret the ALICE data.

Having fixed the values of the thermodynamic parameters,
we have to define the remaining two geometric parameters.
The Cracow model is boost-invariant and cylindrically sym-
metric [17]. The freeze-out hypersurface � is defined by the
equations

t2 = τ 2
f + x2 + y2 + z2, x2 + y2 � r2

max, (8)

and the flow at freeze-out has the Hubble form, uμ = xμ/τf .
We fix the geometric parameters by fitting the pion and

kaon spectra. In the NEQ SHM this gives

τf = 7.68 fm, rmax = 11.7 fm, for c = 0%–5%,
(9)

τf = 4.83 fm, rmax = 7.5 fm, for c = 30%–40%,

while in the EQ SHM we find

τf = 8.5 fm, rmax = 11.0 fm, for c = 0%–5%,
(10)

τf = 5.5 fm, rmax = 7.0 fm, for c = 30%–40%.

In Fig. 1 we show our results for the transverse-momentum
spectra of pions (π+ and π−), kaons (K+ and K−), and
protons (p and p̄) in the range up to 3 GeV/c for the
centrality class c = 0%–5%. The model calculations are
compared with the data taken from [20,21]. The upper part
describes the comparison of the experimental results with
the predictions of the chemical nonequilibrium model, and
the lower part describes the comparison with the chemical
equilibrium model.

The model calculations have been corrected for the weak
decays. The fit is based on the χ2 method applied to pions and
kaons only, with the errors taken from [20,21]. The values of
χ2 divided by the number of degrees of freedom are shown
in the plots. They indicate the good quality of the fits (with
advantage of the NEQ SHM).

Since protons are not included in the fitting procedure,
their spectra may be treated as predictions of the model.
From the upper part of Fig. 1 we conclude that the chemical
nonequilibrium model describes well the proton spectrum, in
addition to the proton yield described earlier in [26]. The lower
part of Fig. 1 displays a problem with the correct description
of the proton yield within the EQ SHM.

In Fig. 2 we show in greater detail the low-pT spectra
(pT < 500 MeV/c) of pions for the centrality class c = 0%–
5%. The upper (lower) part gives the comparison with the
NEQ SHM (EQ SHM) model. The dashed lines describe
the spectra of secondary pions produced by strong resonance
decays, whereas the solid lines describe the full spectra. The
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FIG. 3. (Color online) The same as Fig. 1 but for the centrality
class c = 30%–40%.
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FIG. 4. (Color online) The same as Fig. 2 but for c = 30%–40%.

difference between the solid and dashed lines describes the
contribution from the directly produced pions.

One can observe a remarkable agreement between the
model predictions and the data in the case of chemical
nonequilibrium. The very good description of the data may be
attributed to the use of the γq quark occupancy factors, which
are significantly larger than unity. These factors reduce denom-
inators of the pion distribution functions and, consequently,
lead to a very much peaked behavior of the pion primordial
distributions at very small values of pT . By comparison of the
upper and lower parts, we can observe that such a behavior is
absent in the equilibrium model.

In Fig. 3 we show the pion, kaon, and proton spectra for the
centrality class c = 30%–40%. The presentation of the results
is analogous to that used in Fig. 1. Similarly, Fig. 4 shows the
low-pT region of the pion spectrum for c = 30%–40%. The
qualitative and quantitative features of the model calculations
are the same as those found in our study of the most central
collisions. We have also studied other centrality classes and
found the same type of behavior. The results obtained for the
complete set of centralities will be published in a forthcoming
publication.

III. CONCLUSIONS

We emphasize that the chemical nonequilibrium version
of the thermal model combined with the single-freeze-out
scenario explains very well the transverse-momentum spectra
of pions, kaons, and protons. This approach eliminates the pro-
ton anomaly and simultaneously explains the low-transverse-
momentum enhancement of pions.

Correct description of the low-transverse-momentum en-
hancement of pions within the NEQ SHM suggests that it may
be interpreted as a signature of the onset of pion condensation
in ultrarelativistic heavy-ion collisions at the LHC energies.
This phenomenon may be connected with a recent experimen-
tal finding of a coherent contribution to the pion production
at the LHC [36]. In the past, there were many suggestions on
how to look for pion condensation (see, for example, [37,38]
and references therein). Very recently, the possibility of gluon
condensation has been suggested in [39,40] in the context of
thermalization of the quark-gluon plasma. This might have
also a connection with the present work.

Definitely, the low-pT enhancement of pions at the LHC
deserves further theoretical and experimental studies. In
particular, our results suggest that it would be very interesting
to measure the pion spectrum at smaller values of pT than
those available at the moment.
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