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Coulomb corrections to nuclear beta decay through induced terins
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We present an analytical expression for the shape factor for the P decay of ~~8 with the
Coulomb corrections to order 0.ZRWO, including the correction through the induced weak
magnetism term and examine effects of this induced Coulomb correction.

[RADIOACTIVITY (2B; calculated c(E,), Coulomb corrections. j

Analysis of P-decay electron spectra for the pur-
pose of testing the validity of general properties
of the weak interactions [such as the hypothesis
of the conserved vector current (CVC) and the
existence of second-class currentsj generally re-
quires a precise knowledge of the Coulomb correc-
tions to the spectra. For example, in the experi-
mental determination of the weak magnetism term
+z (for the test of CVC) from the measured elec-
tron shape factor for the P decay "B-"C+e + v„
the Coulomb correction could change the value of
E„by as much as 15%.

In the past, several authors' ' have calculated
the electron shape factors including the Coulomb
corrections of order (aZ)(BW, ) where R is the nu-
clear radius and W', the maximum energy available
in P decay. However, they have neglected the con-

tribution of the part of the Coulomb corrections
due to the presence of various induced terms, i.e. ,
the Coulomb correction through the induced terms
such as the weak magnetism term in the above ex-
ample. In this article we present an analytical ex-
pression for the shape factor for the P decay of
"Bwith the Coulomb corrections to order +SR'',
including the correction through the induced term
E„and examine effects of this induced Coulomb
correction.

In order to explain precisely what we mean by
the Coulomb correction through the induced terms,
let us consider nuclear P decay in the elementary-
particle treatment of nuclei.

In the absence of Coulomb corrections, the tran-
sition matrix element for the decay i-f+e + v, is

given by

00 = (f(p ), v-(p. ), i(p )lf 0 xi(„(x,p)l i(p, ))

" ' (2s)'5'"(p, p, p, p„)&f(pf), s (p, ), v(p. )I~' (0)I.(0)II(p())
2

'(2v)'5"'(p -p, -p. -p.)&f(pf)l&'(0)l&(P~)&&, (p,)r (I+r,)t). (p„),

H, (x) = ' ' Zl: l(x)I.(~),

where G =1.02 x 10 0/mp', cos 8, =0.98, and 8("'(x) and l„(x) are, respectively, the hadron and lepton weak
currents. The rest of the notation is self-evident. In the presence of the final-state Coulomb interaction,
Eq. (1) is modified to'

x (f (py p, —p)l f (0)li(p, ))I y,(i y,)v„(p„),

2052

(2)



CQULOMB CORRECTIONS TO NUCLEAR BETA DECAY. . . 2053

t&-, 4,(r, p.), -, .; & (q")
(2w)' ~ u, (p, ) 2m~

«s(p. -p)s (4)

where g,(r, p, ) is the. Coulomb-distorted electron
wave function. As can be seen from Eq. (2}, the
hadron part is modified in three ways:
(I) Nuclear form factors which characterize the
hadron matrix element are now functions of q'
= f(p~+p, —p) —p,.] instead of q=(p~ —p;) (later av-
eraged over p).
(2) There appear additional kinematic terms due
to the replacement of q by q' in the matrix element,
in particular for every induced term.
(8) Final nuclear spinors (generalized) which de-
scribe nuclei with nonzero spins are modified.
The last modification can easily be neglected
since the nuclei involved are extremely nonrela-
tivistic. In all the previous calculations of the
Coulomb correction the modification (2) has alyo
been neglected based either on the argument that
this contribution is small since this is a correc-
tion through already small induced terms or on the
mathematical simplicity. Therefore, the correc-
tion due to the modification (I}has been considered
dominant.

As mentioned already, the modification (2)
amounts to introducing new terms associated with
the induced terms in the matrix element. For ex-
ample, the weak magnetism term [E„(q')/2m']
&o eq~ will be replaced, symbolically, by

td-, 4.(r, p.),;;, +~(q")
(2v)' J J u, (p, ) i 2m~

x o us [q s + (pe p) s ]
thus introducing a new term

which clearly reduces to zero when the Coulomb
correction is absent [i.e. , when g,(r, p, ) =P,(p, )

'~'Pe]

We discuss the contribution of the term given in

Eq. (4) using the P decay "B(l')-"C(0')+e +P,
as an example. The hadron matrix element for
this transition is given by

('C
I
~'

I
"E&= (''C i I'"(o)I''ll&+ ("CiA" (0) i "8&,

Q = (p~+ py),

where +~(q'), E„(q'), and Fp(q') are, respectively,
the weak magnetism, axial-vector, and induced
pseudoscalar nuclear form factors and ( is the
polarization four-vector of the initial nucleus of
spin one. Also, rn is the nuclear mass (m =—m,.
=-mz). One can calculate the spectrum factor from
Eq. (2) together with Eq. (5) but this procedure is
very tedious. ' Qn the other hand, as demonstrated
in Ref. (8), using a perturbative expansion of the
distorted electron wave function and the low-ener-
gy approximation of nuclear form factors of the
single-pole form, one can calculate the effect of
the Coulomb correction to order eZ in the finite
size contribution. The final result can be given,
in this approach, in an analytic form. The result

ls

dr = "„', ' iS'„(0)i'S'(S., Z)p. Z.(W. -E.)mdE. ,

& [(&,'+ ~.') p. -&.&.p. -&.&.p+(p. p) p.l (-p. - 2p. -p}

„&.[(p -p.)'1 &.[(p..p)']
(p —p, )' E„(q') p'- p, ' —ie (6)

where Ec(q'} is the charge form factor (normal-
ized to one) of the final nucleus. In Eq. (6) the Er
term has been neglected (which is always justified

in P decay) and we have also used the relation'

&~(q') &~(0)
+~(q'} &~(o}
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E„(q'}= " », b=1.16 fm,E„(0)
1+b'q' '

where the last equation is obtained from inelastic
electron scattering experiment e + "C-"C*(15.1
MeV)+e . Keeping terms up to order of P,a and

P,b in Eq. (6), we finally obtain

dr= '4",, '
I F„(0)l'F,(Z, Z, )

x S(E~, Z)p, E,(WO —E,)~dE, ,

where

2 (2ab'+ 5')
C= --

( 5)2

C'= 8 (a'+ 2a'5+ -' ab'+ -' 5')
3(&+5)' 3

c"=-2 1 (2a'+ 4a'5+ 2ab'+ 5')
3 (a+5)' (10)

The last term in Eq. (9) (in braces) is the Coulomb

correction through the induced weak magnetism
term. Note that this is of the form

where the first factor (W,/m~) represents the mag-
nitude of the contribution of the induced term, im-

plying that for the induced terms the Coulomb cor-
rection factor is (aZ/WQ} instead of (o'Z)(WP)
(remember WQ«1 for p decay}. Since, for prac-
tical purpose, a=b, we set in Eq. (10) for simpli-
city

Following the method described in Ref. 8, we rep-
resent E~(q') and F„(q') by

1 1

Equation (10}becomes then

1C= — ~R,6 10

C = 14
R

3

(13)

We make the following remarks concerning the
effect of the Coulomb correction through the in-
duced term, F„(0)nZ, in Eq (9).:
(1) The E„(0)aZ term is of the same order of mag-
nitude as the remaining Coulomb correction terms,
since we have

RWO- (mq R)

This term, therefore, introduces an additional cor-
rection of about one percent in the P value (the
same direction for all decays).
(2) The E„(0)oZ term remains with the same sign
for P' and P decays while the E„(0)and aZ terms in

Eq. (9) change their signs for P' decay. Hence,
this term does not contribute to the ratio (ft),/(ft}
which has been used for the test of the second-
class currents.
(3) The F„(0)nZ term has no energy dependence
so that it does not affect the determination of the
numerical value of the weak magnetism term from
the observed spectrum shape.
(4) The numerical value of the E„(0)aZ term is
more sensitive to the type of the form factors used
than the usual finite-size correction term [third
term in Eq. (9)j. This term changes, for example,
by about 15/& if dipole form factors instead of sin-
gle-pole form factors are used, while the usual
finite-size correction term changes by only a few
percent.
(5) For the 0'-0' transition such as "0-"N*+e'
+ v„ the Coulomb correction through induced terms
is absent 'since there is no induced term due to
CVC. For forbidden transitions, in particular, for
the 0 -0' transition, the correction becomes rela-
tively more important. Further discussions on
these transitions will be given in a forthcoming
paper.

1 3 ~~2 Ra=b=~ — R=~ . (12) One of the authors (A.B.) would like to thank
Professor R. J. Blin-Stoyle for useful discussions.
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