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Coriolis perturbation effects for E"=
2 bands in odd-neutron rare-earth nuclei
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The energy spacings of rotational levels in IC = $ bands in odd-neutron rare-earth nuclei
are seen to exhibit an alternating behavior with the level spin. This behavior is analyzed
empirically, phenomenologically, and theoretically. It is shown that the alternating term in
phenomenological rotationaI. energy expression is even more significant than the usual I2(I+1)2
correction term in most of the nuclei. Theoretical calculations employing Nilsson-model
single-particle orbitals and including the contributions of admixtures from various N = 5 os-
cillator shell s single-particle states to perturb the rotational levels based on f [521) states
show that this behavior may reasonably be described as resulting from the third-order per-
turbation effects of the Coriolis interaction term in the Hamiltonian.

NUCLEAR STRUCTURE Odd-N even-Z rare-earth nuclei, calcul. ated Coriolis
perturbation effects to K =$ rotational band levels.

1. INTRODUCTION

In the case of deformed nuclei the application of

a rigid rotor concept implies that the low-lying

energy levels will group into rotational bands with

the characteristic I(I+1) dependence for the ener-
gies of the respective band levels. Nonadiabatic
corrections to the rotational energies are taken
into account by writing" the energy expression
as a power series in I(I+1):

E(I) =AI(I+1)+BI (I+1) +CI (I+1)3+ . (1)

For K40 bands, the Coriolis coupling term in the
collective-model Hamiltonian gives rise to an addi-
tional power series whose successive individual

terms are alternating in sign with the spin of the
level. The energy expression in these cases is
written as"

E, (I) =E,'+AI(I+1)+BI'(I+1)'+ ~ ~ ~

+(-1) + Q (I+i)[A +B I(I+1)+ ].
(2)

Contribution of the leading term in the alternating
series is of the order I . For K=-,' bands this
term contributes in the lowest order (the diagonal
matrix elements of the Coriolis interaction are
nonzero in this case) and has been long in evidence;
for this case the coefficient (A~/A~) is the well-
known decoupling parameter a which can be eval-
uated from the corresponding single-particle Nils-
son wave functions.

If the first two terms in Eq. (1) are sufficient to
describe the rotational energies, then a plot of

A~ = [E(I + 1) —E(I)]/2 (I + 1)

versus [2(I+1)]' gives a straight line. The rela-
tive importance of the alternating term is exhibited
by the deviation from linearity of such a plot. This
effect was demonstrated' about ten years ago in
the —, [411]ground-state band levels for the odd-Z
nucleus "'Tb and its interpretation in terms of
Nilsson model w'as discussed. More recently the
problem has been discussed' in somewhat more de-
tail for the levels in the a [521] ground-state bands
for "'Gd and '"Gd nuclei and a fair agreement be-
tween the theory and experiment was reported.
Aside from these two studies, the problem has not
received much attention, although several such
bands with quite a few members have been estab-
lished during the recent years. We have carried
out" a systematic detailed investigation of the
problem and report here our results for the odd-N
nuclei in the rare-earth region. The odd-Z nuclei,
in a preliminary analysis, ' are found to give some
perplexing results and will be discussed separately.
The lowest-order contribution from the alternating
series, being of the order of I, is not expected
to show up significantly for K) & bands and even
then, can be studied simultaneously only with the
inclusion of I'(I + 1)' and higher-order terms in the
first series which would mean additional param-
eters and hence, the necessity of many more ex-
perimentally observed levels to determine all such
parameters. In view of these considerations our
study is presently limited to a discussion of the
levels in K = —,

' bands.
In Sec. 2 we look at the experimental information

on the availability of such bands in odd-N rare-
earth nuclei and present the same in terms of the
plots referred to above. Such an analysis clearly
depicts the trends and, while specifying the cases
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CORIOLIS PERTURBATION E FFECTS FOR K = 2 BANDS. . . 1967

the lighter and 2 [512] state to occur in the some-
what heavier rare-earth nuclei.

The presently available experimental information
on the location of these two single-particle levels
is summarized in Figs. 2 and 3, respectively. It
is seen that —,

' [521] state occurs as a particle state
only in '"Sm while in all other nuclei it occurs ei-
ther as the ground state or as a hole state. Further,
as shown in Fig. 2, although the state has been
identified in about 22 nuclei, only about half of
them have a sufficient number (4 or more) of ro-
tational levels identified in each band to admit an
analysis in terms of the formalism outlined in the
following sections. The situation for the —, [512]
state is much less promising, as shown in Fig. 3.
It occurs at quite high excitation energies (700 keV
or more) for A& 181 nuclei and only in heavier nu-
clei it occurs with low (100-300 keV) excitation
energies or as a ground state.

The relative significance of the alternating ener-
gy term can be viewed in Fig. 4 which gives the
plots of Az [defined in Eq. (3)] versus [2(I+1)] .
As mentioned earlier, deviation of such plots from

linearity provides a measure of the contribution
from the alternating series. Figure 4 clearly
shows the inadequacy of the presently available
data (except for "'W and "'W) for a meaningful
analysis of bands built on the —', [512] state. As
such we discuss here only the results of our theo-
retical calculations for the rotational levels built
on the —,

' [521J state. The available experimental
data for this state are also presented in Fig. 4.
We now proceed to a detailed investigation of these
bands in the following.

3. PHENOMENOLOGICAL ANALYSIS

For comparison of the experiment with theory,
we first evaluate the coefficients appearing in the
phenomenological expression Eq. (2) for the ener-
gy. We restrict ourselves to the inclusion of the
first two terms in the first series and only the first
term in the second series thus giving us the energy
expression for the Z =

& case.

Eaq~(I) =E3(~ +AI(I+1) +BI (1~1)

+ (-1) ""A,(I + —,')(I + -,')(I ——,'}. (4)
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Here we have four undetermined parameters
—E„, , A, B, and A,—requiring the availability
of at least four levels in a band for their evalua-
tion. The nuclei for which this condition is satis-
fied for the bands built on the —,

' [521J state are
listed in Table I.

First we assess the relative importance of the
two correction terms in Eq. (4). This is done by
making three-parameter fits to the experimental
energies by only including either the B term or the
A, term in Eq. (4} one at a time and comparing the
rms deviations of the calculated energies in each
case with the observed ones. These are listed in
the columns labeled AB and AA„respectively,
in Table I. It is found that in 8 out of 12 nuclei
available for discussion AA, predictions are de-
cidedly in better agreement with the experiment
than AB predictions. We conclude that any attempt
to fit the experimental energies only by Eq. (1)
with the exclusion of alternating terms is not justi-
fiable.

Accordingly we have made a least-squares fit to
the available energy levels using Eq. (4) and the
parameters A, B, and A, so obtained are listed in
Table I ~ For comparison with the theory we have
also listed the parameter

FIG. 4. Weighted transition energy Ar = [Er+1-Er j/
2(I+1) is plotted as a function of [2(I+1)] for ~ [521]
based bands (left-hand side). Each set of isotopes is
plotted in a separate block. The right-hand side figure
gives the corresponding plot for the 23 [512] state bands.

A~ A~
A A

which is similar to the decoupling parameter in
the case of K =

& bands.
Interestingly enough we find that the coefficients
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B and A, are of the same order of magnitude in all
cases; however there exists no correlation between
their signs. It is also seen that, in contrast with
the case of even nuclei wherein B is always nega-
tive, the sign of B varies at random for odd-mass
nuclei; in the cases under discussion it is as often
positive as negative. The B term is considered
to arise from the rotation-vibration interaction
and, as such, is always expected to bring in a neg-
ative contribution. However, as shown by Hama-
moto and Udagawa, ~ randomly varying sign of B in
odd-mass nuclei can be said to originate from the
consideration of Coriolis and Coriolis antipairing
effects. In this study we concern ourselves only
with the alternating energy term and now proceed
to its theoretical evaluation.

4. THEORETICAL ANALYSIS

Treating the Coriolis interaction

Hc =-2g(I, I' +I I', ) (6)

by a perturbation expansion it is evident that, ex-
cept for K = ~ bands in which case the diagonal ma-
trix elements of H~ are nonzero, H~ produces a
coupling between bands with ~K =+1 to the leading
order. For K )—,', the diagonal matrix elements
of H~ are zero and hence, there is no contribution
in the first order. The effect on the energy in the
second order has the characteristic 1(I+1) depen-
dence and thus corresponds to a renormalization
of the moment of inertia. To the third order in'~,
we have' a contribution 5E to the energy of K =

&

TABLE I. The results obtained by phenomenological fits to the levels in rotational bands
built on the fI [521] odd-neutron state in the Ifsted nuclei. The various columns list, respec-
tively, the excitation energy of the I state, total number of rotatfonal levels available in the
band, the rms deviations obtained by making least-squares fits for AB, AA3, and ABA3 as
explained in the text, the parameters A, B, and A3 obtained by making a least-squares fit
to experlmeytal levels using Eq. (4), and the coefficient d, defined in Eq. (5), in specified
units. The reference from which the experimental data are taken is listed in the third col-
umn.

Band
head No. of % rms Deviation A B A3 d

Nucleus (keV) Ref. levels AB A A3 ABA3 (ke V) (eV) (eV) (MeV) (O'QJp)

&53Gd

}55Gd
157Gd

i59Gd

o a
0 b
0 b
0 c

2.15 1.12 0
0.90 0.27 0.09
0.53 0.88 0.24
0.31 0.64 0.29

8.4
12.1
11.0
9.8

-19.0
-2.6
-5.8

7.8

41.3
-20.4
-9 0
-2.0

69.9
-11.4
-6.8
-2.1

4130.7
-659.2
-392.6
-117.6

i57Dy

"'Dy O e
«iD 74 9 f
«3Qy 421.0 g
«~Er 0
«3Er 103.8 h
«PEr 714.5 i

659.8

10
10
4
5

1.53 1.34 0.71
0.67 2.05 0.08
0.51 0.51 0
0.24 0.18 0.08

0.85 0.36 0.36
0.10 0.01 0.00
0.14 0.10 0.07
0.19 0.05 0

12.5
11.5
11.4
11.0

-4.2
702

1.7
-10.7

12.0 -0.3
12.1 1.7
11.6 -7.3
12.1 11.8

22 03

-9.8
-10~ 1
-18.7
-17.4
-4.4

-13.6
40.2

-11.4
-6.4
—6.8

-13.9
-10.1
-2.5
-8.8
23.0

-658.5
-369.7
-380.5
-781.9
-574.1
-139.3
-481.9

+ 1264.7
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bands:

(K = 2 I
I
IIc I

K =
2 I &

(K' = ,' I IH—c
I
K" = 2 I&

(K' = 2 I
I
H c I K = » I&

(E». E»-)(E» ~ E»-)gt @II

=As(-1)"'"(I-»)(I+2)(I+i),

where A, is given by the relation

(K 2 lj, IK' =
2& «' =

» I j,lK" =
4& «" = 2 lj, I

K = 2)
(E» —E» }(E» —E»)r', rc"

(8)

The summation extends over all bands with K',
K" = &,

' the barred state vectors are the corre-
sponding time-reversed parts of the single-parti-
cle wave functions and E~'s represent the intrinsic
excitation energies.

In the fourth order we obtain' energy terms pro-
portional to I (I+ 1)' in addition to I(I+ 1}dependent
and constant terms. Higher-order corrections
similarly appear as higher terms in the two pow-
er series in Eq. (2). Thus Eq. (4}, adopted in our
present calculations, is correct up to fourth order.

In the particular case in which the two interme-
diate states K' and K" represent the same K =-,'

band, the parameter d becomes

[(K=-'I ~, l
K' =-')]'

(E» -E» }'

where a is the decoupling parameter of the asso-
ciated K = —,

' band.
In our calculations we have adopted the modified

deformed-oscillator potential' for calculation of
Nilsson-model single-particle wave functions and
energies. The variation of all quantities, includ-
ing energies, matrix elements etc. , has been stud-
ied as a function of the deformation for which we
have adopted 5 of Nilsson. ' The relationship be-
tween various deformation parameters adopted by
different investigators has been recently discussed
by Lobner, Vetter, and Honig. " We report the re-
sults of our calculations for the range 5 =0.20-0.36
which covers the range of 6 deduced for rare-earth
nuclei from experimental data.

We are interested in studying the perturbation of
the levels built on the» [521] due to Coriolis inter-
action. As discussed above this will arise from
coupling with the same spin levels in all other K',
K" = —,

' bands. Since parity is a good quantum num-
ber, admixtures can arise only with the K' =

&

bands which, in this case, are taken as the ones
belonging to the N =5 oscillator shell only.

As seen from Eq. (9), the relative contribution
from a particular K =-,' state depends on its energy
separation from the & state, its decoupling param-
eter, and the matrix elements (» Ij, l

—,'). First we
discuss the role of energy separations. Two K'

I

states i.e. , [501]and [550] lie outside the en-
ergy range of Fig. 1 and their separations from
—,
' [521] are very large. Since the energy separa-
tion appears in the denominator in Eq. (8), these
two states are expected to bring in very small ad-
mixture; also neither of them has been experimen-
tally observed in any of the nuclei under discus-
sion. The other four states can reasonably be ex-
pected to contribute. Excepting [541] the others
have been observed in one or the other of these nu-

clei, though the experimental situation as discussed
later is far from satisfactory. For the present we

restrict ourselves to the use of the predicted posi-
tions of energy levels only. We find from Fig. 1
that these separation energies are not drastically
changing with deformation. Thus the energy de-
nominators by themselves do not cause any appre-
ciable variation of d with 5.

The numerator in Eq. (8) is however found to be
very much deformation-dependent for some of the
cases. The contribution of the numerator is shown
in Fig. 5. The dominating contribution of the [530]
state is quite evident and is a rapidly varying func-
tion of 5. This variation with 5 is caused by the
variation of its decoupling parameter. The other
neighbor which from Fig. 1 is the [521] state, is
found to bring in negligible contribution as a direct
term but enters significantly through the cross
terms.

The calculated values of d (inarch, units) from
Eq. (8) are shown in Fig. 6 which gives, on a semi-
log plot, the contributions of the significant direct
and cross terms. It is seen that at small deforma-
tions the value of d is effectively determined by
admixture from the [530] state alone. As the de-
formation increases beyond 0 ~ 25, the contributions
from other direct and cross terms start playing a
significant role and the over-all effect is to change
the sign of d at a smaller deformation than that ob-
tained with [530] alone.

For comparison with the experiment we have also
shown by horizontal lines the value of d (in g&uo

units) from Table 1. It is seen that agreement with
the experiment can be obtained for the ten cases
shown in the figure for deformation values in the
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FIG. 5. Plot of the numerator in Eq. (8) for the K' and
K" as labeled on individual curves. A single-state label
on the curve shows K' =K". Contributions from other
K', K" combinations, not shown in this figure, are all
negligible on this scale.

range 0.24-0.30. Our calculations fail to repro-
duce the experimental results for the two nuclei
'"Qd and "9Yb for any reasonable value of 6. Of
course, as seen in Fig. 6, for large 5 the calculat-
ed value of d shows a rather abrupt change of sign
accompanied by a steep rise in its magnitude so
that for sufficient large values of 5 one can obtain
the abnormally large positive values of d quoted
for these two nuclei in Table I. However, this pro-
cedure does not appear to be satisfactory, particu-
larly since one cannot reasonably expect such a
large deformation for a nearly spherical nucleus
like '"Gd which, anyway, should not be more de-
formed than the heavier Gd isotopes. The explana-
tion for discrepancy in these two cases may lie
possibly in assignment of levels to the & rotation-
al bands other than presently suggested. Alterna-
tively one may look for the existence of other phys-
ical phenomena~ for these two nuclei.

5. CALCULATIONS WITH OBSERVED LEVEL
POSITIONS

So far we have performed all our calculations
employing the energy separations theoretically
predicted by the adopted deformed potential. ' Since
this potential uses an average set of parameters,
it is not expected to reproduce the observed excita-
tion energies of the various single-particle levels.
Consequently, the separation energies 4E need not
agree with the actual separation energies for indi-
vidual nuclei. Our calculations should, as far as
feasible, use the experimentally observed separ@-

-IOOO

:I57:163

= IS7:ISS
= I67—I6I

FIG. 6. The calculated (curves) and experimental
(horizontal lines) values of the coefficient d = A3/A in
cop Units plotted on a semilog scale. The dashed curves
show the cross-term contributions only for the combina-
tions (a) [530] and [521], (b) [530] and [541], and (c)
[521] and [510]. Individual contributions of the [530] and
[510] are also shown along with the total of the direct-
and cross-term contributions when both [530] and [521]
states are simultaneously considered. The curve labeled
"total" shows the calculated results when contributions
from direct and cross terms from all the g states from
the N = 5 oscillator shell are included.

tion energies in individual cases. However, un-
fortunately, the present situation in this regard is
quite unsatisfactory.

The —, [521] state is identified' in all the nuclei
under consideration (except for '"Dy and "'Er).
We have concluded above that this state contributes
negligibly in the evaluation of d because of its very
small matrix element. However, when this state
and the —,

' [530] couple simultaneously, the cross
term in Eq. (8) gives significant contribution. The
dominant contribution is found to come from the
—,
' [530] state, which has so far been observed only
in "'Gd. The rotational band built over this state
has also been identified' in '"Qd and "Qd, but
the band head of these bands is yet to be identified.

[510]has also been identified in '63Dy, '8'Er,
"'Er, and "'Yb nuclei. However, as discussed
above, this state brings in negligible direct- as
well as cross-term contributions. No other K=&
state has been observed in any of the nuclei under
consideration. Thus we find that the calculations
with experimental energy position is possible only
in some of the Gd isotopes.

In order to assess the changes, if-any, brought
about in our conclusions in the previous section,
we have evaluated d for "'Qd, '"Qd, and '"Gd
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employing the experimental positions and empiri-
cal values of decoupling parameters of the & [530]
and —,

' [521] states. The band heads in '"Gd and
"~Gd for the —,

' [530] state were deduced by using
the reported" decoupling and inertial parameters
of these bands. It is found that the agreement be-
tween experiment and theory needs 5 =0.25 for
"'Gd and '"Gd and 5 =0.20 for '"Gd. The experi-
mentally observed" value of deformation for these
nuclei is -0

~ 27.
We conclude that on the whole the explanation of

the alternating behavior (depicted in Fig. 4) of the
experimental levels in rotational bands built on the
—,
' [521] neutron state in odd-mass rare-earth nu-

clei can be reasonably interpreted as arising from
the third-order Coriolis perturbation from the
various K' =-,' bands. For this purpose the main
contribution appears to come from the —,

' [530]
state which still awaits experimental identifica-
tion in most of these nuclei.
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