
PHYSICAL REVIEW C VOLUME 9, NUMBE R 5 MAY 1974

Fission of doubly even acti»de nuclei induced by direct reactions'

8. B. Back and Ole Hansen
Los Alamos Scientific Laboratory, University of California, Los Alamos, ¹eMexico 87544~

and The ¹elsBohr Institute, University of Copenhagen, Copenhagen, ~nma«

H. C. Britt and J. D. Garrett~
Los Alamos Scientific Laboratory, University of California, Los Alamos, ¹eMexico 87544

{Received 5 December 1973)

Fission probability distributions have been measured by (t, p f), (t, af), (t, t'f), (p, p'f), (He, df),
and ( He, af) reactions with bombarding energies of 15, 16, 20, 22.5, 24, and 24 MeV, respectively.
Using targets of ' "Th "'Pa, '"" "U '"Np "'"Pu 'Am and ~Cm the fission decay of"' "' "Th, "'"' ' ' U ~" 2'2~Pu, and '~ '~cm was studied. Subbarrier vibrational resonances
were observed for '"Th, '"'""'U, '"Pu, and "Cm. The results are analyzed with a statistical model
which involves resonant penetration of the double-humped fission barrier. Estimates of the heights and
curvature of the two peaks in the fission barrier are obtained for Th, U, Pu, and Cm isotopes and
these values are compared with various theoretical calculations.

NUCLEAR REACTIONS FISSION measured fission probabilities, E 7.5 MeV
for 230e232& 234Th 232& 238e 238~ 240U 238~ 242&244pu 244 ~ 248& 250Cm using (t pf) (t f )

g, &'f), (P,P'f), ( He, df), ( He, of) reactions; deduced heights and curvatures
for the double-peaked fission barrier for each case.

1. INTRODUCTION

In recent years studies of the fission process
have been strongly influenced by the discovery of
a secondary minimum in the fission barrier'~ and

by the subsequent theoretical studies~' which have
shown that the inclusion of single-particle shell
corrections to a smooth liquid-drop barrier leads
to the prediction of a two-peaked fission barrier
in the actinide region. One experimental method
that has been used" "to study fission-barrier
properties consists in exciting a nucleus to ener-
gies near the fission threshold through a direct
reaction and then measuring the probability that
the nucleus will deexcite by fission. This experi-
mental method has two distinct advantages over
the more conventional neutron-induced fission
studies. Firstly, the region of excitation energy
below the neutron binding energy can be studied
and, secondly, a wider range of fissioning nuclei
can be reached using available targets.

The direct-reaction induced-fission experiments
measure the branching of fission relative to other
decay modes at energies near the top of the bar-
rier. If one of the peaks of the fission barrier is
much higher than the other, then the experiments
give only information on the height and curvature
of the highest peak. However, if the two peaks are
of comparable heights, then in some cases reso-
nances are observed in the fission probability at
energies near the top of the lowest peak. Reso-
nance structures have previously been observed" "

in the fission probability for several doubly even
isotopes of uranium and plutonium. These reso-
nances are identified with vibrational excitations in
the second well, as illustrated in Fig. 1.

In the analysis of previous results'~" it was dis-
covered that the observed resonances were signifi-
cantly broader than expected from the penetrabili-
ties of the two peaks. This additional broadening
was attributed to a coupling (or damping) in the
second well of the vibrational states with the more
numerous compound states of the same total ener-
gy. For odd-A and doubly odd nuclei this damping
would be expected to be larger than in doubly even
isotopes because of the greater density of com-
pound states near the top of the barrier encoun-
tered in these cases. This prediction is consist-
ent with results for odd nuclei which generally do
not show resonant structure indicating that the
damping width is larger than the average spacing
of fission transition states.

A further difference between the odd and the dou-
bly even nuclei is that the fission thresholds for
doubly even nuclei are generally below the neutron
binding energy so that only fission and y decay
compete, whereas for many odd nuclei neutron
decay is also important near threshoM.

The aim of the present experiments was to in-
vestigate the fission barrier systematics over the
actinide region. To do this we have measured fis-
sion probability distributions using a variety of
reactions and targets leading to doubly even, odd-
A, and doubly odd nuclei. Because of fundamental
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FIG. 1. Schematic illustration of the yield from fission
through a two-peaked barrier. The horizontal lines indi-
cate positions of vibrational resonances in the first and
second wells and the cross-hatching schematically indi-
cates their width.

2. EXPERIMENTAL PROCEDURES

AND DATA REDUCTION

A. Experimental procedures

The beams were provided by the Los Alamos
tandem and three-stage Van de Graaff accelerator
facility. The (t, pf) and (t, af} experiments were
studied at 15- and 16-MeV bombarding energy,
respectively, while the 'He-induced fission was
studied at 24 MeV. The 24'Cm(p, p'f) reaction uti-
lized 22.5-MeV protons from the three-stage mode
of acceleration and the (t, t 'f) experiment on the
same target was performed at 20 MeV.

The bombarding energies were not very critical;
they represent compromises between the geometry
of the detection system, reaction cross sections,
and attempts to minimize the ratio of accidental to
coincidence events. The first and last items fa-
vored a light-particle detection system near 90',
while the middle requirement would in some cases
lead to smaller reaction angles. The use of bom-
barding energies just above the Coulomb barrier
(15-16-MeV tritons in and -12-MeV protons out,
for example) lead to light-particle angular distri-
butions that are quite flat and with about equal in-
tensities predicted at 90' for angular momentum
transfers from 0 to 6 in the (t, p} process. When

differences in the analyses and interpretations, the
data naturally split into two categories; the doubly

even nuclei where resonance behavior often is
observed, and the remaining odd-A and doubly odd

nuclei. In this paper we will be concerned with
even-even nuclei only, whereas data and analysis
of the odd-A and odd-odd nuclei will be presented
in subsequent publications. "Brief reports of some
of these experimental results have also been pub-
lished previously. '~"
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FIG. 2. Schematic diagram of the experimental setup.

the bombarding energy in the (t, pf) process was
raised to 20 MeV, the (t, p) yield at 90' fell dras-
tically rendering data taking impractical. As a
general rule of thumb, the counting rates were
best when both the in and outgoing particles had
energies a few MeV over the Coulomb barrier.
This leads to the 15-16-MeV triton energies for
(t, Pf) and (t, uf) reactions, and to -2V MeV for the

'He-induced reactions, which was not available
and, therefore, bombarding energies of 24 MeV
were used for these reactions. Negative Q-value
direct reactions were difficult requiring bombard-
ing energies far above the Coulomb barrier; thus
we had no success in a search for (p, df) reactions
and the (p, p'f) process was only used in one case.

The targets (except "'Cm) were made by the
vacuum evaporation of the isotope onto -50-pg/cm'
carbon backings. Thicknesses were typically ™200
pg/cm' and enrichments were &98/q except for
'MTh where it was -90'g& with a 10% impurity of
'"Th. In the analysis of data taken with this tar-
get, a correction was made for fission induced by
reactions on the "'Th target impurity. The ~Cm
target was made at the Argonne National Labora-
tory by collecting the separated isotope directly
on the target backing. The purity was -99% with
-80-pg/cm' thickness of the Cm deposit.

The detection system is illustrated in Fig.2. The
beam was focused through a 4-mm hole in the an-
nular fission detector to strike the target at a -45'
angle. The beam was stopped in a Faraday cup
-2 m behind the target. The fission fragments
were registered in the annular detector covering
laboratory angles from -120 to -175 with respect
to the beam axis. The light-ion reaction products
were detected in a LE-E telescope situated at ™90'
lab angle. The hE detectors were from 100- to
300-p. m-thick fully depleted Si detectors, while
the E counters were -2-mm-thick Si detectors.
The upper limit on the useful solid angle (-25 msr)
was determined by the kinematical broadening of
lines from the light-target impurities ("C and "0)
which tend to obscure important parts of the sin-
gles spectra. This geometry corresponds to recoil
angles near 30 for the final nucleus, yielding an-
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glee of acceptance from 180 to 120' from the domi-
nant recoil direction for the detected fission frag-
ments.

A simplified version of the electronics arrange-
ment is given in Fig. 3. The analog signals are
gated into separate analog-to-digital converters
(ADCs); the gate pulse was generated either by a
(slow) triple coincidence of signals from the aE, E,
and fission counters or by the single occurrence of
an E pulse (usually scaled down by a factor of 100).
The latter event would not be accompanied by any

time pulse and would therefore be registered as a
singles pulse. The ADCs were read out by the
SD8930 on-line computer system and each event
was recorded on magnetic tape for later off-line
analysis. The time resolution was typically 2-3
ns.

On-line analysis also was performed. The mass
of the light ejectile was first determined from the
E+ ~and bE signals; if this mass fell within a
selected window, the time signal was looked up.
If the time signal fell within the window selected
for "true coincidences" the event was stored and

displayed on the data screen as such. A window

for "accidental coincidences" was also selected
in the time spectrum and an "accidental" spectrum
was stored and displayed. If there was no time
pulse accompanying the gated event, it was stored
as a singles event. Thus the on-line computer
could currently display five spectra; a mass spec-
trum (with one window allowed}, a time spectrum
(two windows}, a "true, " an "accidental, " and a sin-
gles" spectrum. This was found ample for on-line
control of the data acquisition. The results shown

below were obtained by replaying the tape after the
experiment, optimizing the window settings, and

in some cases analyzing for different mass win-
dows.

The correction for accidental coincidence events
was usually made by appropriately scaling the sin-
gles spectrum, since most often the accidental co-
incidence spectra themselves had too poor statis-
tics to provide an accurate correction. Counting
rates in the fission counter usually had to be kept
below 20000 counts per second to ensure a favor-
able true to accidental ratio; this in most cases
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FIG. 3. Schematic diagram of the electronics config-
uration. S represents a scale-down circuit which could
be set at values from 1 to 1/1000 in factors of 1/10. PA,
TPO, and TAC represent preamplifiers, time-pickoff
fast discriminators, and a time-to-amplitude converter,
respectively.

corresponded to beam current of 30-60 nA. Typi-
cally it took 24-48 hours to collect the data corre-
sponding to one target and projectile.

An energy calibration was obtained with an esti-
mated accuracy of +50 keV by recording spectra
from the appropriate reaction on a "'Pb target
using the established ground-state Q values and

excitation energies, Table I lists the known exci-
tations in nuclei near ' 'Pb which were used for the
calibration of the various reactions. ~"Ground-
state masses were taken from Ref. 26 except the"Cm g.s. mass which was measured. "

The solid angle 0& of the fission detector is es-
sential for extracting the fission probability and it
was measured by inserting an a source of approxi-
mately the same size and at the same position as
the beam spot on the target. The solid angle of the
fission detector was established by measuring the
counting rate in the fission detector relative to the
counting rate in a detector with known solid angle.
The accuracy of such a measurement is determined
by how close the position of the e source is to the
actual position of the beam spot during the run.
The precision of this measurement is estimated to
be better than -10% and this introduces an uncer-
tainty of similar magnitude in the resulting fission
probabilities.

TABLE I. Energy levels in nuclei near Pb used for the energy calibration.

Reaction
Product
nucleus

Energy levels
(keV) Ref.

(P,P')
(& p)
(& , 0.)

(SHe, d)

208Pb
2 iOPb
207 Tl
"'Bi

2615, 3198,4070, 4305
804, 1099,1197,1281,2222, 2522, 2706
350, 1341,1674
892, 1601,2591,2814, 3108,3624, 4406

22
23
24
25
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B. Data reduction

The fission probability is defined as

4& X„ ,
2g

The factor of 2 in the denominator is a result of
the possibility of detecting either of the two fission
fragments.

The relatively high counting rates give rise to an
accidental contribution in the coincidence spec-
trum. A correction is made by normalizing the
singles spectrum and subtracting it from the coin-
cidence spectrum. In some cases the singles spec-

trum from the heavy element is somewhat ob-
scured by strong and broad peaks stemming from
"C and "0 impurities in the target. Extrapolation
under these peaks is necessary and introduces an-
other source of uncertainty in the fission probabil-
ity in these energy intervals. Another possible er-
ror source is due to the neglect of the angular cor-
relation of the fission fragments with respect to
the recoil angle. Such correlation effects were ne-
glected in the extraction of the fission probabilities.
The errors introduced may be estimated from the
geometry of the present experiments and from
comparisons to previous data" where the angular
correlations of the fragments were measured.

Allowing for the possible systematic uncertain-
ties the absolute accuracy of the measured fission
probabilities is estimated to be better than -20$.
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FIG. 4. Measured coincidence (circles) and singles (triangles) spectra for reactions leading to thorium and uranium
nuclei. Solid lines indicate interpolated singles cross sections for the heavy-target element. Singles spectra have been
normalized to the level of the accidental contributions in the coincidence spectrum.
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We take the steeper curves to indicate that the out-
er fission barrier, which is usually broader than

the inner one, dominates the threshold region, i.e.
is higher than the inner barrier. The less steep
slopes in the fission probabilities conversely show

that the inner more penetrable barrier is the high-
er, and hence is decisive for the threshold region.

In some cases like '~Th, '~U, '~U, and U the
neutron binding energy B„is relatively close to the
fission threshold and the maximum fission proba-
bility seems to be very strongly connected to the
position of B„. In these cases the neutron emis-
sion competes favorably with the fission decay
starting at the neutron binding energy. In the other
cases where the fission probability has saturated
before reaching the neutron binding energy, the
effect of the neutron emission is not nearly so
drastic.

In some cases it is possible to compare to ear-
lier work" (Fig. 6) and generally the two sets of
measurements agree well except for an energy
shift of -100 keV, which probably is a result of
uncertainties in the energy calibration of Ref. 27.
The previous results were obtained from an inte-
gration over a measured angular correlation for
the fission fragments. The agreement observed
between the two results indicates that the present
experiments with a single large fission detector
give an accurate measurement of the absolute val-
ue of the fission probability. The small differences
in shape are most probably due to the better energy
resolution and the ability to measure smaller fis-
sion probabilities in the present experiments.

4. THEORY

A. General assumptions of model

In the following we discuss the qualitative aspects
of both the calculation of the formation process
[i.e. , relative excitation probabilities n (tv) f or ex-
citing states with a particular spin and parity in
the direct reactions] and the decay process (i.e. ,
calculation of I'~/I'z as a function of energy, spin,
and parity). In the next section the formal aspects
of the theoretical model used to reproduce the ex-
perimental results will be outlined. In this theo-
retical model the standard "compound-nucleus"
assumption that the formation and decay of the re-
sidual nucleus are independent, will be used.

1. Fonnati on process

Since we are interested in the fission probability
and not in absolute fission cross sections, only
relative probabilities n(EJv) for exciting states
with excitation energy E and spin and parity Jz in
the residual nucleus are needed. The population
probability n(E J'v) was obtained from direct-reac-
tion calculations employing the distorted-wave
Born approximation (DWBA) with currently accept-
ed parameters and empirical level-density esti-
mates as described in Sec. 48 2. Results of the
DWBA calculations are shown in Fig. 7 for the (d, P),
('He, d), and (t, p) reactions. The (d, p) and ('He, d)
results were obtained with the code DWUCK" while
the (t,p) results were taken from previous calcu-
lations" "which assumed that a dineutron coupled
to spin 0 and isospin 1 was transferred to the target

TABLE H. Summary of reactions studied.

Resolution
Compound Energy Angle (FWH M) Target E„~„~~

nucleus Reaction Target (Me V) (deg) (keV) spin (MeV) Pfm~ Ref.

230Th

'"Th
"4Th

t, Of

t,p
t,p

23 ip
"'Th
232Th

16.0
15.0
15.0

90
90
70

140
60
75

0+

p+
(5.5)
5.5, 5.8

-0.24 Present
0.33 Present
0.09 Present

232U

234U

238g

238U

240U

3He, d
dp
t,p
t.p
t,p

23'Pa
233U'

234U

236U

23 8U

24.0
13.0
15.0
15.0
15.0

90
140

90
90
70

95
~65

75
75
75

3
g+
2
p+

p+

p+

5.0, (5.5)
5.1
5.15, 5.8

0.75
0.45
0.80
0.40
0.30

Present
a

Present
Present
Present

238pu
240pu
242 p
244p

3He, d
t.p
t,p
t~p

23 7'Np

238p
240 p
242 p

24.0
15.0
15.0
15.0

90
115

80
90

105
110

75
65

5+

p+

p+

p+

(5.1)
(4.5), 5.0
4.65
(4.6)

0.82 Present
0.60 b
0.60 Present
0.64 Present

244C m
Cm

'"Cm

3He, d
p.p'
t,p

'4'Am 24.0
248Cm 22 5
248Cm 15.0

90
90
90

85
95
75

2
p+

0+ (3.4), 4.0

0.52 Present
0.45 Present
0.50 Pres ent

~ Back et al. , Ref. 31.
Cramer and Britt, Ref. 27.
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The transition-state spectra involved in the fis-
sion decay include rotational bands with many spin
states spaced close together, so details of the
shape of the a(E Jyy) distribution should not be cru-
cial. Calculations were made which show that the
predicted fission probabilities Py(E) are indeed
quite insensitive to the assumed ct(EJE) distribu-
tions.

Z. Decay process

We assume that a nucleus excited to a particular
state can either decay by fission with statistical
probabilities through all transition states or by
y-ray emission. The energy region above the neu-
tron-emission threshold will not be considered.
Since the experimental results in some cases show
resonance structure, the transmission through the
two peaks of the fission barrier must be treated in
a coherent manner. This is done by calculating
analytically the penetrability through a two-peaked
fission barrier which is composed of three smooth-
ly joined parabolic sections. "'"'"Thus, the rele-
vant parameters are Ez, kw„, E&j, jg~», E&, and

k~~ where all energies are measured relative to
the ground-state energy (see Fig. 8).

It has been shown' "e"that the observed sub-
barrier fission resonances in some cases are con-
siderably broader that those calculated from pure
resonant penetration of the barrier. Therefore,
broadening due to damping of the fission reso-
nances in the second well into underlying states
with the same total energy must be included in the
model. The strength assumed for this damping

: 230Th(t, pf) 3 Th, :232Th(t g) 234Th
.. ..236IJ(l pf)238U

-I6 =

62

I I I
f

I I I I

~ (t, p)

o (d, p)

&(Hed

5
+

CV

0
10

FIG. 7. Differential cross sections at 90' as a function
of orbital angular momentum transfer l for the (t, P),
{d,p), and ( He, d) reactions normalized to 1.0 for l = 0.

introduces another parameter into the model. If
there is significant mixing in the second well be-
tween the fission resonance states and other com-
pound states, then it may also be possible for the
nucleus to change from one internal configuration
to another and this may possibly alter the value of
K (the projection of the spin on the symmetry axis).

The most general model consistent with the above
requirements would involve the calculation of pene-
trabilities for all possible transition states with
each state having its own set of six barrier param-
eters. In addition, mixing in the second well
should be included. This approach, however, intro-
duces too many parameters and some simplifying
approximations must be made in order to render
the problem tractable.

The model adopted for the analysis of the present

~6 =.

—Gramer

Q O.IO MeV
64O

Q IoC:
:. 238U(t pf) 240U

C
~
O
Cll

LZ

E-E +
0.6 MeV
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O.I5 MeV EA flolA
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e
-W
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FIG. 6. Fission-probability distributions for several
cases compared to previous results from Cramer (Ref
27). The energy scales for the results of Ref. 27 have
been shifted as indicated.

FIG. 8. A schematic il.lustration of the parametrization
used for the one-dimensional fission barrier. All ener-
gies are measured relative to the energy of the ground
state.
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experimental results incorporates the assumption
that the motion in the fission degree of freedom is
completely decoupled from all other modes of exci-
tation except for the damping in the second mell.
In this limit there is only one shape of the fission
barrier valid for all transition states and excitation
of internal degrees of freedom simply reduces the
energy available in the fission mode. If this as-
sumption is to hold true, it is required that the
energies associated with the various internal exci-
tations be independent of deformation in the region
of the fission barriex'. This assumption is appro-
priate for small regions of deformation near a
saddle point, but its validity is questionabl. e for the
extended deformation region covering the tmo peaks
of the fission barrier.

In the region of excitation energy below the pair-
ing gap (-1.5 MeV) for a doubly even nucleus the
possible internal exeitations of the nucleus at the
saddle-point deformations consist of only a few
vibrational excitations with accompanying rota-
tional bands. The lowest-lying vibrational bands
should be the K =0' (ground-state band}, K=2+ (@-
vibrational band), and the negative-parity octupole
vibrations with K=O, 1, and possibly 2,

Recent theoretical calculations "3 ' have indi-
cated that in some cases the spectrum of transition
states at the two saddle points may be quite differ-
ent in contradiction to the assumption that me can
decouple the fission motion from the other internal
degrees of freedom. In particular for most nuclei
of interest here the second saddle point is unstable
toward octupole deformations that mould reduce the
internal energy associated mith K =0, 1, and 2

bands while the first saddle point for isotopes of
plutonium and heavier nuclei may be unstable to-
ward y deformations which mould lower the energy
of the K=2' band in that region. These effects
mould lead to qualitatively different shapes for the
fission barriers associated with K= 0+, K= 2+, and
the negative-parity bands.

Test calculations with the current model have
shown that, except for details of the resonant
penetrations, the Pz(E) distributions are reason-
ably well reproduced by putting the E=O andK= 2+

exeitations at the average energy at the tmo peaks.
Thus, by reproducing the fission probability dis-
tributions me expect to get reasonably good esti-
mates of the heights and curvatures of the two
peaks in the fission barrier, but the estimates for
the energies associated with the various vibrations
could be misleading. However, the different
shapes for barriers associated with different tran-
sition states ean have a much larger effect on the
calculation of the fission-fragment angular corre-
lations. This subject is discussed in more detail
in Appendix I.

Another serious approximation used in the pres-
ent model is that me effectively assume strong
coupling between the levels in mell I and well II
when the damping of the fission motion into com-
pound states in well II is considered. This approx-
imation considerably simplifies the calculations,
but it may lead to some systematic errors in the
estimates for ke» lw~, and the strength assumed
for the damping in the second well. A detailed dis-
cussion of these effects is given in Appendix II.

B. Details of model

General

The theoretical description of the calculation of
fission-probability distributions for the (f, pf) and

(d, Pf) reactions has been published previous-ly"'"'" and, thexefore, mill not be considered
in detail in this paper. The extensions of the mod-
el to other reactions are straightforward and are
therefore neither dealt with in detail. In general,
the fission probability can be written as

I'~(EZw))',(E)-Q (a(ZZlr)(
( ) („))),

where the average is taken over many levels in the
fissioning nucleus. The quantity n(EZw} denotes
the average probability of populating compound lev-
els with spin and parity Jw at the excitation ener-
gy E. I'& and I'& are the partial midths for fission
and y decay, respectively. The fission probabili-
ties were calculated using the approximate rela-
tionship'2' '6' 3'

( 1"q(EJw))

where I' is a calculated factor" that takes into ac-
count the reduction in P~(E) due to the statistical
distribution of individual Fz(Etw} values about
their mean.

Z. EOPVPl QHOtl Ct'088 88CI'SO'fl

In the present analysis me have made fairly sim-
ple statistical assumptions for calculating the xela-
tive excitation probability a(EJw) of compound
states of different spin and parity. In our treat-
ment n is independent of energy and is given by

J+Ip
a(EJw) = o(Jw) = N, p(Jw)

g= ( J-IO I

(4)

where Kp is a norma1. ziation constant determined
by

a J'n' = l.
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tw designates the final-state spin reached in the
direct reaction from the target state of spin I,.
jw is the transferred spin and parity.

p(J'w) = —,(28+ 1)exp1 (~.-')'
(8)

negative imaginary part at the position of the sec-
ond well. " The shape of the imaginary part is al-
so a parabolic section with minimum value -lV
and a curvature determined by (see Fig. 8)

Im[ V(a)+ V(b)] =0.

a(Zw) =a[8= L, w =(-1)i] (8)

and L is the transferred angular momentum. This
means that only natural-parity states are excited
under the assumption that the two neutrons are
transferred in a relative s motion.

3. Calculation of ttte fission svidtb

The fission width is composed of contributions
from decay through different fission channels v

and can therefore be written as

I;(mw) = g r,"(Eew) .

Using the standard %'eisskopf formula we can re-
late the average paxtial-fission width through a
single channel v with the transmission coefficient
T& and the average level spacing D by the formula

ls the sta'tis'tical spill density cllld (xy ls 'the 1101'lllal

spin-cutoff factor while o(jw) is the DWBA calcu-
lated transfer cross section. In the case of (t, Pf}
on an even-even target we get

n(Zw) = N, p(Jw)a(L=Z, w),

The strength of the imaginary potential -5' is as-
sumed to have a linear dependence on the excita-
tion energy

-W(E) =- so[E-E —I(„—L~] -W, . (12)

The pairing gaps for neutrons and protons are de-
noted A„and A~, respectively. With this paramet-
rization it is possible to solve the penetration
problem by matching the analytical solutions to
the SchrMinger equation"' " (parabolic cylinder
functions) at e =a and e = b On.e finds that an in-
coming unity flux splits into three parts, namely
a directly transmitted flux T~, a reflected flux 8,
and finally an absorbed flux &, which satisfy the
relation

1 = T~+A+R .
The internal modes in the second well that have
been excited through the absorbed flux A. can de-
cay in three ways, namely by y emission, pene-
tration of the first barrier, and by penetration of
the second barrier which leads to fission. This
latter part contributes to Tz and can be estimated
as the absorbed flux A times a branching ratio

P~
T~ =A

( F))(Eg ))
( ) TU (10) The total transmission coefficient is then

The transmission coefficient T& through the fis-
sion barrier is calculated assuming a, double-
humped fission barrier with an intermediate mini-
mum which gives rise to resonances at the posi-
ti,ons of the quasibound states in the second well.
In the calculation of Tz we approximate the shape
of the barrier V(e) by three parabolic sections
joined smoothly at the points a and b (see Fig. 8).
The real part of the potential is described by six
parameters, namely the heights and curvatuxes of
the two peaks E„, S~„, E~, and Scu~ and the height
E~ and curvature Acog of the secondary minimum.

Analogous to the situation in the first well where
the P-vibrational strength is damped into the under-
lying compound states, it is expected that similar
couplings between the fission mode and the inter-
nal degrees of freedom will occur in the second
well when the level density is large enough. In
the model we have simulated this damping by ab-
sorbing out flux from the pure fission motion and
redistributing it in internal excitations. This is
done by adding to the real part of the potential a

The penetration factors P& and P~ are calculated
using a normal Hill-Wheeler formula"

"''2'
)'(E) =

(
) + exp —(Bi —z)

where Bz is the fission barrier and K~ the curva-
ture. P& is negligible compared to these two quan-
tities at the relevant energies and is therefore
omitted in the calculation.

4. K sgtxssg ~g tke 88cQ?Sd %8/l

The excitation of internal degrees of freedom in
the second well also makes it possible for the nu-
cleus to change its K value (i.e., spin projection
along the symmetry axis) during the time the en-
ergy is bound in internal motions. " This effect
is referred to as K mixing and it has a fairly
small effect on the resulting fission-prob~bility
distribution, but an appreciable effect on the an-
gular correlations of the fission fragments (see
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Appendix I). Formally we describe the K-mixing
effect by adding the absorption from different tran-
sition states v irrespective of the associated K val-
ue into one quantity N,b, (Ejw) preserving the spin
J and the parity m

N,b, (Ejw ) = Q Ji"(Ejw } .

(To each v corresponds only one K value. ) The
final K distribution of the indirect flux is now de-
termined by the transparencies of the outer bar-
rier for various transition states v and consequent-
ly the associated K values"

It is seen that this expression is identical to the
limiting strong-coupling expression used to ana-
lyze isomer results. "

We have thus shown that our model is an inter-
mediate coupling model, which can be applied to
situations spanning the entire coupling range from
pure fission motion with resonant barrier penetra-
tion to the strong coupling extreme where the fis-
sion proceeds in two independent steps: penetra-
tion of barrier 4 followed by penetration of bar-
rier B.

5. Radiation widths

P "(Ej71)
DP (E} P (Ej

(18}

The width for y emission is calculated assuming
that only Ei transitions are important and that
they follow the Ez' rule. Integrating over the pos-
sible final states one obtains the expression

In this formula the y decay in the second well is
disregarded. Thus, the partial width for fission
with quantum numbers J7t in the case of total K
mixing is

(rz(E jw)) = p T "D(Ejw)+N, b, (Ejw)D(Ejw)

V

P,'(Ejw)
Q[P„"(EJ&) P"(EJ ll)

ry(Ejw) = CA i D(Ejw)
/+1 gf p(&, J„)(E-&)-d&'

s~ = tz-xl
(25)

where J~ is the final spin. The normalization con-
stant C is adjusted to approximately reproduce ex-
perimentally known y widths at the neutron binding
energy B„. The y width has almost no dependence

or, if we substitute

N„= Q P„'(Ejw)& Ne = Q PE&(Ejw}&

V V

N~ = Q T~(Ejw), '

we get

(19}

(2o)

l00
- Colculoted Gommo Width

lP

0

0

( r, (Ejw)) =—N, + N„, (21)

which is the expression used in the calculations.
It is now interesting to see what happens when

the strength of the imaginary potential is increased
to the limit where the directly transmitted flux T~
is zero. In this case we get P~ =0 and N.b. =N„,
and thus, using Eq. (21) we find

(I'f(Ejw)) =-
2m N~+Nq

' (22)
p.l

Inserting Eq. (22) into the expression for the fis-
sion probability Eq. (3), we obtain

where

N~N~Z( NN ~ N(N N) )'
I 7f

(23) 0 Pl
4.0

I I I I

5.0 6.0
Excitation Energy (MeV)

I

7.0

Ny
——2wry/D. (24}

FIG. 9. Calculated y-decay widths as a function of ex-
citation energy for U.
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on the spin and very weak dependence on excita-
tion energy (see Fig. 9}.

6. Level densities

The level densities in the first well used in the
calculations of N~ =2npI'„are taken to be of the
form

1 vv exp(2~aU) (2J+ 1)exp[-(J+ —,')'/2o']
P ' -2 . 12al/4U5/4 ~2m o'

(26}

where U=E- a„-bp.
The level-density parameter a, spin-cutoff fac-

tor o, and pairing correc'tions h„and 4~ are taken
from Ref. 41 in the cases where experimental val-
ues are known, otherwise from the nearest experi-
mental value. In Table III the values of these pa-
rameters are listed for the even-even nuclei to-
gether with the resulting level density and y radi-
ation widths for spin 0' states at the neutron bind-
ing energy.

5. COMPARISON BETWEEN THEORY

AND EXPERIMENT

A. Significance of the extracted barrier parameters

Altogether eight parameters (see Fig. 8) enter
into the calculations of the fission probabilities,
namely E» hen» E -, 8~», E» Scu» W„and w.
The predicted P/(E) exhibits varying degrees of
sensitivity towards these parameters and hence
some can be extracted in a fairly unique way while
others are left almost undetermined. Experience
with the analysis code has given some guidelines,

which are outlined briefly here.
The parameters E . and 140@ mainly influence

the position of a resonance and they enter in a
strongly correlated way. Thus it is not possible
to obtain independent determinations of E and

S~~& from the present analysis, even in cases
where resonances have been observed. We have
chosen Sag values of approximately 1 MeV and

treated E as a free parameter which is adjusted
to reproduce the experimental resonance positions.
However, the resonance positions are also sensi-
tive to the barrier maxima so that these fits do not
yield a significant determination of E . In cases
where estimates of E ~ are available from fission-
isomer data '"we have restricted our values to
agree approximately with the experimental values.

The damping mainly influences the fission proba-
bilities near the resonance energies and again it
is not possible to determine both parameters W,
and w independently [see Eq. (12)]. Typical values
of Wp used in the cal culations are 0 - Wp - 150 ke V
while w values from 0.10 to 0.15 were allowed.

Quantum mechanically a barrier penetration fac-
tor does not depend on whether the barrier V(e)
was approached from the side of large e values or
from the side of small e values. Therefore in the
limit of zero damping in the second well, the pre-
dicted P/(E) are independent of the ordering of the
two barriers A and B. In practice the damping is
finite but the calculated P/(E) are still largely in-
dependent of the barrier ordering so that in the
analysis we have assumed that the outer barrier
(larger deformations) is thicker than the inner bar-
rier (i.e., we have assumed that gas (g&u„). This
assumption is in agreement with the fission iso-
mer lifetimes and excitation functions, 4' with the

TABLE III. Summary of parameters used in the calculation of level densities and p-decay widths.

a„a~ a„a 0 C p (0') D (0') I'& (0 ) 2xpr, (0')
Nucleus (MeV) (MeV) (MeV) (MeV ') & (units of 10 MeV ) (eV ') (eV) (meV) (units of 10 )

Th 6.790 0.78
3 Th 6.434 0.78

234 Th 6.179 0.78

0.79
0.57
0,49

29.77 6.15
29.77 6.15
29.77 6.15

0.002
0.002
0.002

0.238 4.2
0.172 5.8
0.110 9.1

39.5
39.1
39.1

59.1
42.3
27.0

232 U
234 U
236U

238U

24pU

7.270
6.841
6.390
6.144
5.933

0.69 0.50
0.69 0.57
0.69 0.49
0.70 0.70
0.69 0.50

26.79 6.40
26.79 6.40
28.51 6.45
28.50 6.45
31.32 6.20

0.002
0.002
0.002
0.002
0.002

0.255 3.9
0.111 9.0
0.111 9.0
0.43 23.3
0.141 7.1

68.4
63.6
47.4
37.9
32.2

109,5
44.4
33.1
10.2
28.5

"'pu
'4'pu
242 pu
244pu

6.998
6.534
6.300
6.018

0.61
0.61
0.61
0.61

0.49
0.43
0.50
0.39

26.50 6.45
27.41 6.45
27.93 6.40
27.90 6.35

0.002
0.0015
0.002
0.002

0.190 5.3
0 ~ 127 7.9
0.082 12.2
0.063 15.9

68.0
42.2
51.9
45.1

81.2
33 ' 7
26.7
17.9

'44Cm
"'Cm
'"Cm

6.799
6.210
5.750

0.72 0.50
0.72 0.39
0.72 0.39

26.53 6.35
26.53 6.35
28.50 6.35

0.002
0.002
0.002

0.103 9.7
0.043 23.3
0.032 30.8

65.4
51.4
41.0

42.3
13.9
8.4
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fission isomer results in the U and Np isotopes, 44

and with most of the theoretical barrier calcula-
tions. ' " Also this assumption is consistent with

our ~' '~Cm results combined with fission-iso-
mer results for Cm isotopes. "

Typical values of Sco„-0.9 MeV and 8~~-0.6
MeV are most consistent with the wide variety of
experimental data available on the fission of doubly

even nuclei. Thus the searches on S~„and hen~ ap-
plied in the fitting to the present data have been
restricted to values in this vicinity.

With the above restrictions in mind it appears
that for cases where resonances are observed,
four parameters E„, S~„, E~, and S~~ can be
determined well from analysis of the present data.
When no resonances occur, the higher of the two

barriers determines Pz(E) in the threshold region
and thus we may derive well-defined values for E~
and S~~ or E„and S~„depending on which iso-
topes are analyzed. It is usually possible then to
obtain an upper limit for the barrier height that is
not directly determined.

The major uncertainties in the values of E„,
ha„, E~, and 8~3 stem from ambiguities in the
analyses of the fission-probability distributions.
Careful analysis has shown that almost equally
good agreement with the experimental data can be
obtained with barrier heights differing by as much

as 200 keV and curvatures differing by as much as
100 keV when compensating changes are made in
the other parameter.

Estimates for transition-state energies were
first taken from previous fits to angular-correla-
tion results~' "or extrapolated from these values
in cases where experimental results are not avail-
able. The energies of the lowest transition states
were then varied slightly to give best fits to our
fission-probability distributions. The actual tran-
sition-state energies used in the final fits are list-
ed in Table IV. Comparisons of the calculated fis-
sion-fragment angular correlations with the ex-
perimentally measured results are shown and dis-
cussed in Appendix I.

B. Details of the Analysis

abruptly at -5 MeV, a result that is consistent
with a high and thick outer barrier dominating the
threshold region. A resonance may be present at
-5.5 MeV, but since the data are not statistically
significant, this possibility has been ignored in

the analysis. Above the neutron binding energy
B„=6.43 MeV the measured fission probability is
dropping rapidly below the predicted curve be-
cause of the onset of neutron emission.

The ~4Th results show a resonance structure in

the fission probability between 5.5 and 5.8 MeV.
Above this energy the experimental points rise
very steeply until the neutron binding energy is
reached at B„=6.18 MeV. At higher energies
there are strong fluctuations in the fission proba-
bility which may partly be due to neutron evapora-
tion and partly to resonance structures. The cal-
culated curve follows the data points quite closely
up to the neutron threshold.

2. Uranium nuclei

TABLE IV. Transition-state energy in keV.

Nucleus E2q E0 Ei E4+ E2 — E3— E3+

"'Th
232Th

"4Th

400 200 600. ~ ~ 200 ~ ~ .
550 190 400

The calculated and experimental fission proba-
bilities are shown in Fig. 10. In ~'U we do not
observe any clear resonance structures, but rath-
er a broad shoulder extending from E = 5.0 to 5.5
MeV. In the theoreti. .al calculation the shoulder
was assumed to consist of resonances from the
two lowest fission channels, K=O' and K=2'. A

large maximum value of P~ =0.75 was observed
for the fission probability in ~'U presumably
caused by the relatively high-lying position of the
neutron threshold at B„=7.27 MeV.

The "'U results, taken from Ref. 31, exhibit a
resonance at E = 5.0 MeV which is well reproduced
by the calculated curve. Immediately above this
energy the theoretical curve deviates from the ex-

1. Thorium nuclei

The experimental results are shown in compari-
son with the theoretical calculations in Fig. 10.
The ~'Th results are statistically rather poor be-
cause of the smallness of the "'Pa(t, n) cross sec-
tion. The calculated curve overestimates the fis-
sion probability above E = 6.4 MeV but the analysis
still yields the approximate height of the highest
peak of the fission barrier (presumably the outer
barrier).

For "'Th the fission probability rises very

232 U
234U

236U

238U

240U

238p

240pu
242 p
244 p
2~Cm
'4'Cm
2"Cm

200 700 900 1000 1100 1200 1300
300 350 650
180 150 450
300 400 600
300 350 ~ . ~

300 400 500 600 700
400 600 700 ~ ~ ~ 1100
250 500 800
250 400

250 450 600
250 600 800
250
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perimental points while good agreement is reestab-
lished above 5.6 MeV and up to the neutron thresh-
old. A possible explanation for the deviation may
be that the assumption of an energy-independent
spin-parity distribution is invalid for the (d, P) re-
action (see e.g., Ref. 45).

~'U shows a narrow resonance at 5.0 MeV and
a broader structure at 5.15 MeV. In the theoreti-
cal analysis it was assumed that the 5.0-MeV reso-
nance has K=O' character while the 5.15-MeV
structure is composite, having K=O and K= 2'
band contributions. The fit is satisfactory up
through the neutron threshold region at 6.39 MeV.
The steep slope of the measured Pz(E) distribution
gives rise to relatively small S~ values for this
nucleus.

Both resonances in ~U are reproduced under
the assumption that they stem from the K=O' fis-
sion channel. Their energy difference of 0.7 MeV,
however, is not a good measure of the frequency
in the second well, since this difference depends
more sensitively on the parameters E» h~» E~,
and I~ than on S~~~. The rapid drop observed in
the fission probability above B„=6.14 MeV is prob-
ably caused by the onset of competition from neu-
tron evaporation.

The fission resonance at E = 5.4 MeV for ~'U is
assumed to be caused by the K =0' fission channel.
The model is not able to reproduce the very gentle
slope observed below the resonance. Otherwise
the calculation is in reasonable agreement with the
data up to the neutron threshold at B„=5.93 MeV.
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FIG. 10. Fission-probability distributions for thorium and uranium nuclei. Solid curves show fits obtained with the
theoretical model described in the text. The 234U data are taken from Ref. 31.
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3. Plutonium nuclei

The fits to the Pu results are shown in Fig. 11.
The ~'Pu results show a very gentle slope in the
threshold region with a weak indication of a reso-
nance at E = 5.1 MeV. The high value of B„=7.00
MeV ensures a large maximum value of the fission
probability Pz „=0.8. The calculated curve is in
good agreement with the experimental results in
the entire region below B„.

For systematic reasons we include the analysis
of previous "Pu results. ~ The resonance at E
= 5.0 MeV is reproduced and good agreement be-

tween measurement and theory is obtained.
The resonance observed in ~'Pu at E =4.65 MeV

is reproduced assuming K = 0' character. The
shoulder at E =4.9 MeV is interpreted as being
caused by the K = 2' channel. Above E = 5.3 MeV
there are some deviations between theory and data.
These discrepancies could in part be due to a poor
determination of the singles cross section in this
energy region (see Fig. 5).

In ~'Pu the calculated curve follows the general
trend of the experimental points, but fails to re-
produce some of the fine details. Possible rea-
sons for this is discussed in Sec. 4A 2. Because
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FIG. 11. Fission-probability distributions for plutonium and curium nuclei. Solid curves show fits obtained with the
theoretical model described in the text. The 2 Pu data are taken from Ref, 27.
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the over-all characteristics of the measurement
are reproduced, we believe that the parameters
extracted for the fission barrier are reasonable.

4. Curium nuclei

The results from fits to Cm nuclei are shown in

Fig. 11. Analysis of the excitation function for
populating the fission isomers in "'~' "'Cm
(Ref. 42) yields values of the height of the second
barrier of E&=4.2, E&=4.0, and E~=4.4 MeV,
respectively. Using a similar value (Es =4.5 MeV)
in the case of "'Cm and adjusting E„and I~„ to
give the observed threshold behavior we find that
no resonance structure is predicted in agreement
with the experimental results. The data require
a first barrier approximately 2 MeV higher than
the second and this makes the penetrability in the
region of interest look as if calculated for a single
barrier.

For '~Cm the first barrier is also approximately
1.6 MeV higher than the assumed value E~ =4.5
MeV extrapolated from Ref. 43. This leads to a
smooth curve for the fission probability which

agrees well with the experiment. The calculation
predicts a shoulder at E =4.6 MeV which is not in
disagreement with the data.

The drastic change in the fission threshold (see
Fig. 12) observed in going from ~'Cm to "'Cm is
caused mainly by a 1.0-MeV drop in the height of
the first barrier (see also Ref. 19). Since the dif-
ference between the two barriers is thereby de-
creased, a (resonant) plateau in the fission proba-
bility is generated at E =4.0 MeV which is also ap-
parent in the data. The '~Cm results also exhibit

a narrow resonance at E =3.4 MeV. Unfortunately
this energy coincides with a strong contaminant
peak in the singles spectrum (see Fig. 5), which
casts some doubt on the existence of this reso-
nance even though it persists after the proper cor-
rection for accidental coincidences. As in the re-
sult for ~'U we predict a steeper slope just below
the resonance at E =4.0 MeV than is observed ex-
perimentally.

6. DISCUSSION

The barrier parameters obtained from the analy-
sis of experimental results can be compared to the
theoretical calculations of static potential-energy
surfaces performed by many groups. However, in
doing this it should be remembered that the model
used in the analysis of the data contains several
simplifications that could affect the extracted val-
ues of the barrier parameters in a systematic way
(see Sec. 4 A). The major oversimplifications are
the assumptions of a single barrier shape (see
Sec. 4A2) and the assumption of strong coupling
between levels in the first and second potential
well (see Appendix II). In both cases tests of the
effects of trying to relax these assumptions have
indicated only small changes in E„and EJ3, but
indicated that the k~ values determined could be
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FIG. 13. Fission-barrier parameters determined from
the analysis of the experimental results.
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systematically underestimated by -10%.'

A qualitative estimate of the possible model de-
pendence can be obtained by comparing our ex-
tracted barrier parameters with those obtained
previously. The results of such a comparison are
shown in Table V for the nuclei on which informa-
tion was previously available. The current bar-
riers are compared to previous estimates from
two different sources: First, values of E~ ob-
tained from the analysis of fission-isomer excita-
tion functions. In the case of "'Pu and ~'Pu it is
seen that barrier estimates from the two indepen-
dent types of experiment agree quite well. The
other comparisons are to previous direct-reaction
induced-fission data which were analyzed with
much more simplified statistical models. An esti-
mate of the over-all agreement between the barrier
parameters from various analyses is obtained from
the mean value of the standard deviation F of the
parameters in Table V. It is seen that the values
of o lie well within the uncertainties estimated for
the presently quoted parameters.

In this model we essentially assume that fission
near threshold follows a single one-dimensional
path and in comparing our barrier parameters

with theoretically calculated static barriers we
further assume that this path goes over the two
static saddle points. Recent trajectory calcula-
tions4' have suggested that the dynamic barriers
associated with spontaneous fission may be differ-
ent from the static barriers obtained from poten-
tial-energy calculations. However, this effect
should be of less importance for fission near
threshold.

The barrier parameters used to reproduce the
experimentally measured fission-probability
curves are shown in Fig. 13. We emphasize that
not all of these parameters should be regarded as
measured in the present experiment as discussed
in Sec. 5A. We merely show them to illustrate
that the measured fission-probability curves are
consistent with smooth systematic trends of the
parameters. The quantities which are determined
with significant accuracy from the analysis of the
experimental data are given in Table VI.

The most striking feature about the height of the
first barrier is the constancy throughout the whole
region from Th to Cm. There are only relatively
small deviations away from an average value of
E„=5.8 MeV, but some of them are significant.

TABLE V. Comparison of fission-barrier parameters extracted from different experi-
ments. Energies are in MeV.

Nucleus E„ E Reaction Reference

232Th

232Th
234 Th
234 Th

234U

234U

238U

238U

238U

238U

240U

240U

6.20
6.20
5.70
6.10
5.90
5.77
5.75
5.80

6.15
5.75
6.50
6.05

5.95 1.00
5.95 1.00
5.70 0.90
5.80 1.00
6.10 1.00
5.65 0.80
5.95 1.00
5.60 0.95

0.50
0.43
0.75
0.43

0.65
0.70
0.50
0.70
0.62
0.47
0.70
0.47

(t p)
(t p)
(t.p)
(t.p)

(d,p)
(d,p)
(t p)
(d P)
(t.p)
(t p)
(t p)
(t,p)

238p
238p
240 p
240 p
240 p
240 p
242 p
242 p
242 p
244 p
244 p

5.20
5.35

5.80 5.45
5.95 5.25

5.55
5.35

5.60 5.65
5.60 5.05

-6.10 5.50
5.45 5.35
5.55 4.90

0.55
0.73

0.82 0.60
1.30 0.48
1.00 0.70

0.68
0.82 0.59
1.25 0.42
1.00 0.70
0.80 0.57
1.25 0.40

(t.p)
Isomer
(t.p)

(d.P)(P P')
(d,p)

Isomer
(t p)
(t,p)
(d,p)
(t p)
(t.p)

a
d

e
c

a
b
c
a
b

Mean value
of standard deviation value

0.105 0.155 0.085 0.088

' present work.
Cramer and Britt, Ref. 27.
Back et al. , Ref. 31.

Britt et al. , Ref. 43.
Britt, Burnett, and Cramer, Ref. 32.
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Most prominent is the drop of approximately 1.0
MeV occurring between "'Cm and '~Cm. As dis-
cussed previously" approximately 600 keV of this
effect is due to the X=152 subshell at the ground-
state deformation and the remaining -400 keV is
probably due to an antishell at the first maximum
occurring at neutron number N= 150-152. In the
U isotopes there appear to be high barriers (both
first and second) for X= 142, 146 and low barriers
for X=140, 144, 148. The barriers for ~4U may
be more uncertain due to the problem in defining
the spin-parity distribution for the (d, P} reaction.

In contrast to the constancy for the first maxi-
mum, the second maximum shows a regular de-
creasing pattern in going from ~'Th to '~Cm.
Thus the relative height of the two maxima is shift-
ed in the sense that the threshold behavior in the
Th isotopes is dominated by the second barrier,
in the U and Pu isotopes both barriers play a strong
role, and in Cm the first barrier dominates fission
near threshold.

The fission-isomer energy El& is not well deter-
mined, as pointed out in Sec. 5 A, but as seen in
Fig. 13 the values used follow a smooth trend in

going from ~'Th to 'MCm. The barrier curvatures
Ace„and k+B show only small deviations from mean
values of ev„—0.90 MeV and 8'cuB =0.62 MeV over
the region investigated.

When trying to understand the deviations from
smooth trends of experimentally measured fission
barriers it is important to realize that these are
measured relative to the energy of the deformed
ground state. Consequently, fluctuations in the
ground-state shell correction and the saddle-point

TABLE VI. Fission-barrier parameters from the
analysis of experimental data. E& and E& are measured
relative to the energy of the ground sta&„Energies are
in MeV.

Nucleus

shell correction both show up in the experimental
fission barriers. To independently study the shell
effects at the fission barriers one should measure
the barrier heights relative to the prediction of
the liquid-drop model which contains no shell ef-
fects.

Barrier parameters E„-E,and E, -E„where
~, is the energy of the spherical liquid-drop nu-
cleus, "are plotted in Pig. 14 versus the fissility
parameter X= (Z'/A)/(Z'/A)„;, . It is seen that the
second barrier EB -~, follows rather closely the
liquid-drop barrier of Ref. 48. This means that
the change in liquid-drop energy ~&0 -=El o-EI»
going from liquid-drop saddle (E„DJ to the actual
second saddle (Ego) is balanced by the shell-cor-
rection energy at this point (Ef „):

B BE shell ELD (27)

6—

5—

X
4—

lX
LU

QJ 3

A similar systematics is found for the experimen-
tal fission barriers in lighter nuclei. '

In contrast to this the first barrier E„-E,does
not follow the trend of the liquid-drop barrier so
closely but changes only about 1 MeV from Th to
Cm. In the Cm isotopes it is approximately 1.5
MeV higher than the liquid-drop barrier, which in-

"'Th
232Th

234Th

6.5 +0.3
&5.50 6.15+0.20 0.50 ~ 0.10
6.15+0.20 6.52+0.20 1.00*0.10 0.75~0.10

232U'

234'
236U

238U

240U

5.54+ 0.20
6.20+ 0.25
5.70+ 0.20
5.90+ 0.20
5.75+ 0.20

5.45 + 0.20
5.95 + 0.25
5.68+ 0.20
6.12 + 0.20
5.95+ 0.20

0,80+ 0.10
1.00 + 0.10
0.90 + 0,10
1.00+ 0.10
1.00+ 0.10

0.55+ 0.10
0.65+ 0.10
0.50 + 0.10
0.62 ~ 0.10
0.70*0.10

0 — Th

I I

238p
240p
242 p
244 p
244cm

Cm
250' m

5.90+0.20 5.20+0.30 0.80+0.10 0.55~0.10
5.80+0.20 5.45+ 0.20 0.82+ 0.10 0.60+0.10
5.60+0.20 5.63+0.20 0.82+0.10 0.59+0.10

&5.6 5.35+ 0.20 0.57 + 0.10

6.12*0.20 &4.9 0.90+ 0,10
6.15~0.20 &4.6 0.90+ 0.10
5.15+0.20 3.90+ 0.30 0.72+ 0.10 0.69+0.10

'~

0.75 0.76 0,77 0.78 0.79 GS0 OH

F|SSlLtTY PARAMETER X

FIG. 14. Heights for the two peaks of the fission bar-
rier measured relative to the spherical liquid-drop ener-
gy E0. The solid curve shows fission barriers predicted
by the liquid-drop model (Ref. 48). Also shown are
ground-state energies rel.ative to E™0.
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dicates that the shell-correction energy is at least
1.5-2.0 MeV at the first barrier in this case.

In addition it is possible to compare the experi-
mentally measured barriers of Th, U, Pu, and
Cm nuclei with recent theoretical predictions of
Pauli and Ledergerber' and M51ler and Nix. ~ In

Fig. 15 the barriers for even-even nuclei obtained
in this experiment, barriers for odd-A nuclei re-
ported in a subsequent publication, "and Ea values
from the analysis of fission-isomer results4' are
compared to various theoretical predictions.
These theoretical calculations are of three gen-
eral types: (1) Pauli and Ledergerber use a Woods-
Saxon potential and adjust the constants of the sur-
face-asymmetry term of the liquid-drop model to
reproduce experimental fission barriers; (2) M51-
ler and Nix use a harmonic-oscillator potential
and the recent droplet model of Myers and Swia-
tecki"; and (3) Mbller and Nix also present calcu-
lations using a folded Yukawa potential and the
droplet model. The calculations (1) and (2) have
been corrected for effects of axially asymmetric
deformations [in the case of (2) the corrections
are made using recent results of Larsson and Le-
ander"] and for the set(3) this effect has not been
considered. Therefore, the results from (3) for
E„ in curium and plutonium nuclei would be further

lowered by this effect. A detailed description of
the calculations and comparisons with a wider
range of experimental results have been given re-
cently by M5ller and Nix. ~ Figure 15 shows that
for plutonium and curium nuclei the calculations
agree with each other and with the experimental
results to an accuracy of -1 MeV. For uranium
nuclei the calculated E„values are -1-2 MeV too
low and for thorium nuclei the calculations under-
estimate E„by -2-3 MeV. This "thorium anomaly"
was recently discussed by Mbller and Nix~ and
they suggest that the Th results may be dominated
by a third minimum located near the second asym-
metric saddle point.

In summary, we have presented in this paper a
set of experimental fission-probability distribu-
tions from a variety of doubly even isotopes of Th,
U, Pu, and Cm. These and a few previously avail-
able results are analyzed with a statistical mpdel
in order to obtain a consistent set of experimental
values for the fission-barrier parameters E„, E~,
h~„, and h~~. Comparisons with recent theoreti-
cal estimates of E„and E~ indicate very good
agreement for plutonium and curium isotopes, but
systematic deviations of -2 MeV in the thorium re-
gion with uranium cases being intermediate.
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v( APPENDIX I. FISSION-FRAGMENT
ANGULAR CORRELATIONS
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MASS NUMBER
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FIG. 15. Fission barriers Ez and Ez determined from
the analysis of the experimental results (circles) and
from previous fits to fission-isomer data (triangles) (see
Ref. 43). Solid curve, dash-dot curve, and dash curve
show the theoretical predictions by M'oiler and Nix with
with a Yakawa potential (Ref. 50); Moiler and Nix with a
harmonic-oscill. ator potential (Ref. 50); and Pauli and
Ledergerber with a Woods-Saxon potential p,ef. 9),
respectively.

In addition to the fission-probability distribu-
tions, which are presented and analyzed in this
paper, there also exist empirical information on
the angular correlations of the fission fragments
for many (t,jf) cases."'~ The theoretical model
discussed in Sec. 4 also makes definite predictions
for the energy dependence of the angular-correla-
tion coefficients and these predictions can be com-
pared with experimental results. In order to make
the calculations tractable and reduce the number
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of free parameters, several simplifying assump-
tions were made in developing our model. A few
of these simplifications are of minor importance
in the fission probability calculations but could
have a major influence on the reliability of angular-
correlation calculations.

In this Appendix we compare the predictions from
our model for the angular-correlation coefficients
with previous experimental data for typical cases.
The predictions are based on the fits to the fission-
probability distributions and no attempts are made
to try to simultaneously reproduce the angular cor-
relations. Instead these comparisons are used only

to (1) illustrate what general improvements are
probably needed in the model in order to attempt
serious calculations of the angular correlations
and (2) give some indications as to what additional
information might be forthcoming from a detailed
analysis of both fission-probability and angular-
correlation results.

The limiting assumptions in our model which

probably have the most serious effect on the re-
liability of the angular correlation calculations
are (1) the assumption that all transition states
have the same shape fission barrier; (2} the as-
sumption of strong coupling between the two wells
when calculating the damping in the second well
(see Appendix II for further discussion of this ef-
fect); and (3) the assumption of complete K mixing
in the second well. As discussed below violations
of this first assumption may have profound qualita-
tive effects on the angular correlations. Violations
of the second and third assumptions will have more
subtle effects which we have not investigated in de-
tail but clearly these effects must be looked at
more carefully before a serious attempt is made
to analyze the angular-correlation data.

In calculating the angular correlations with our
model we have followed exactly the formalism giv-
en previously. "'" The correlations are expressed
as coefficients g,z in a Legendre polynomial expan-
sion of the fission-fragment angular correlation of
the form

W(8) =A, 1++g,&P,&(cos8)

For "'U and "'Pu the predictions for the coeffi-
cients g„g„g„and g, are shown in Fig. 16 as a
function of excitation energy along with experimen-
tal data from Cramer. ~ These predictions were
obtained with the parameters listed in Tables IV
and VI which resulted from the analysis of the fis-
sion-probability distributions for energies below
the neutron threshold.

The "'U experimental results seem to agree
reasonably well with the model predictions except
that the sharp decrease observed in g, and g, at

238U PU

0.0

1.5—

1.5

Qg, u)-o
il ''

0.5 —'

QO

1.5—

il ~SF
0.0 I I I I I I

55 60 6.5 70 75 |LO 5.5 6.0 6.5 7.0 75 8.0

EXCITATION ENERGY (MeV}

FIG. 16. Predicted angul. ar-correlation coefficients
(solid curves) and experimental results from Ref. 27
(points) for U(t, Pf) and Pu(t, Pf) reactions.

6.2 MeV is predicted about 0.2 MeV higher and g,
is underestimated in the sub-barrier resonance re-
gion. The decrease in g, and g, occurs with the
onset of fission through a K= 2' transition-state
band and the large experimental values of g, at
5.5 MeV could be reproduced by a stronger K = 0
resonance. Thus, both of these discrepancies may
result from the requirement that the fission barri-
er has the same shape for K=O', 0, and 2' bands.

For "'Pu there is a much larger discrepancy for
g4 and g, between the model predictions and the ex-
perimental results. Basically the experimental
angular distributions show contributions from K
= 2' transition states in the sub-barrier excitation-
energy region, while our model predicts that they
will not become important until the excitation en-
ergy is increased considerably more. The present
model is not capable of reproducing this aspect of
the experimental angular-correlation results while
still preserving the approximate fit to the fission-
probability distributions.

Comparisons between predictions and experimen-
tal results for other U and Pu isotopes show simi-
lar effects. Thus, the angular-correlation results
are reasonably well reproduced by the model for
U isotopes but not for Pu isotopes. Similarly, as
was discussed in Sec. 5, the fits to the fission
probabilities are generally somewhat better for
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the U isotopes than for the Pu isotopes. These ef-
fects could be the result of the expected transi-
tion"' "from y-stable to y-unstable shapes at the
first barrier. Recent calculations"' "indicate that
the ~'U nucleus may be stable with respect to a y-
type deformation and ~'Pu unstable. This y insta-
bility would tend to lower the excitation of the K
= 2' vibration at the first saddle and thus change
the shape of the fission barrier for fission through
K= 2+ transition states. A very limited study of
this effect for Pu isotopes indicated that it might
be possible to reproduce both the fission-proba-
bility and angular-correlation results if it is as-
sumed that there is a K= 2' barrier different from
the K=O' barrier with the relative energy E(K=2')
—E(K = 0') being -0 and -0.5-1.0 MeV at the first
and second saddle points, respectively.

Thus, it seems likely that attempts to simulta-
neously fit fission-probability and angular-correla-
tion data could yield more detailed information on
fission-barrier properties. In addition, the re-
sults shown in Fig. 16 suggest that pronounced
resonance structure may appear in the correla-
tion coefficients if measurements are performed
with better energy resolution and statistical ac-
curacy.

4
APPENDIX II. EFFECTS OF COUPLING BETWEEN

LEVELS IN THE FIRST AND SECOND WELLS

A. Coupling problem

It has been pointed out by Lynn" that transitions
from states in the first well (class I states} to
states in the second well (class II states} may be
strongly reduced in the limit where the average
width of class II levels is much smaller than the
average spacing of these levels.

This effect comes about because in this limit it
mill often happen that there is no class II state
which corresponds in energy, spin, and parity to
the class I state formed by the initial direct reac-
tion. Thus, the class I state may only be able to
decay into the second well because the finite width
of the class II states will present a small transi-
tion amplitude at the excitation energy F. of the
class I state.

One is therefore forced to take into account the
Lorentzian tails present at the energy E from all
class II states of the correct spin and parity to
match the decaying class I state (It is, of. course,
essential that the decay from the first mell into
the second well does not change the energy of the
state. )

In order to estima, te the influence of this "mis-
match" effect on the fission-probability distribu-
tions, we have developed a schematic model that
is presented in the next subsection. This model

is valid in the limit where statistical fluctuations
in the class II level spacing D» and the fission
width I'& are neglected and where the excitation
energy in the second well (E -E„)is large com-
pared to D».

After the derivation of the general expression for
for Pz(E) in the next subsection, various limiting
situations are discussed, and finally in Subsee. C
some test calculations of Pz(E} are shown and it
is concluded that the mismatch effect mainly af-
fects the extracted Scv values and the damping in
mell II, mhile the barrier heights are insensitive
to this refinement.

8. General expression for P&

According to Eqs. (9) and (10) in Sec. 4 8 2 the
fission midth can be written as

D(I;=—N„2F
(Al)

where N& is the number of open fission channels

Ny
—— Tf" . (A2)

Assuming complete K mixing in the second mell we
have from Eq. (21)

(f(E, » D «)) = I (A4)

where the average is taken over an energy interval
containing many class II states.

The weight function f(E, W, D«} is defined by add-
ing the Lorentzian tails from all the class II states:

D»W 1f(, W, D„)=
n = -~

(A5)

mhere x=E -E, and E, is the centroid excitation
energy of a class II state. The other class II lev-
els are assumed to lie equidistant above and below
this reference level with an energy spacing D».
The width of the class II levels is 8' and mill be
taken equal to the sum of the decay widths from
mell II at energy E through the first and second
peaks of the fission barrier. Each term in Eq. {A5}
represents the intrinsic probabilities that a partic-
ular class II state (E„=E, +nD«) is populated in the
decay from the initial class I level. It is assumed

N~
N~

-—N~+ N,b, A+ 8

A possible may to take the effect of coupling be-
tween the states in the two wells into account is to
multiply Nabs of Eq. (AS) with a weight function
f(E, W, D«) depending on the excitation energy E,
the natural width W', and the average energy spac-
ing D» of the class II states. The weight function
f(E, W, D «) must be normalized so that
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that the various class II states do not contribute
coherently. The summation in Eq. (A5) from n
= -~ to n =+~ will lead to a convenient mathemati-
cal expression for f(x, W, Dg) but it incorporates
the unphysical assumption that the well II is in-

finitely deep and that W and D g are constant. How-

ever, test calculations have shown that this series
converges rapidly and this assumption does not ap-
preciably affect the result.

Observing that the right-hand side of Eq. (A5) can

be split in three parts we get

1
"

1 1

WD» x'+ W' (nD„+ x)'+ W' (nDg —x}'+W'

1 1 1 1 1

x + W' 2iWDg ~ n yx/D« - i(W/Dg) n+x/D«+i(W/Dg) n —x/Dg —i(W/Du)

1
n —x/D„+ i(W/Dg }

(A8)

Each of the four sums in the above expression can be replaced by a Digamma function $(Z) of the form

y(1+b) = —Q
1

n= 1

(A7)

Vsing the relation y(Z) = g(Z) (complex conjugate) we find

f(x, W, D„) =,+ . 2lmg 1+—+i ——2imy 1 ———i—1 1 x . W x . W

II 11 II II
(A8)

The Digamma function y(Z) has the following properties

g(1 -z) = g(z) +w cot(wz) and g(1+z) = g(z) +1/z .

Using these properties we find that Eq. (A8} reduces to

(A9)

WD« 1 I Du sin(2wx/Du) —i sinh (2wW/Dg)
w(x'+ W') i w

™x+iW cosh(2wW/D») —cos(2wx/D»)

sinh (2wW/D»)
cosh (2w W/D») —

cog�

(2 wx/D»)
(A 10)

It is seen that this form of f(x, W, D») has the correct normalization of Eq. (A4) because

1 f »~' sinh (2w W/D»)II
Du 4» ~, cosh(2»W/D»} —cos(2wx/D«)

(A11)

Multiplying the absorbed flux N,~, of Eq. (A3) with the expression for f(x, W, D«) we find

N~ sigh (2 w W/Dg)' ' N„+Ns cosh(2wW/D») —cos(2wx/D»)
(A12)

The energy resolution of the present experiments is not sufficient to study single class II states, but in-
stead the fission probability is averaged over many class II states. To make a comparison between theory
and experiment we, therefore, need to calculate the fission probability averaged over a class II resonance.
(In this Appendix for simplicity we ignore the summation over spin and parity, but in the comparisons
shown in Sec. C it is included):

2 N~ ++I (A13)
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SUMMARY OF FISSION PROBABILITY FORMULAS
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FIG. 17. A schematic representation of the formalism appropriate for calculating fission probabilities in different
limits for the absorption in the second well and in different limits for the width of the compound states in the second
well. Total K mixing in well II is assumed and for simplicity the summation over spin and parity has been omitted
from the formulas.

where Nr=N+Ns. a By substituting Eq. (A12) for N& we get:

1»/s Nrr +Ns„[ Ne(/„N+N)e][ isn(h2 wWD/)«]/[ cohs(2 wW/D) «—cos(2wg/D«)] dx
D«« ~s N DN+'[aNb/(eN„+N )][ei sh(n2 Ww/D )]«/c ho(s2 Ww/D«) —cos(2wx/D«) +Nr

(A14)

N«[ ]
(Nr +N«)(Nx+Ne) (Nr +N«)(N~+Ne)

(A15)

In deriving Eq. (A15) from Eq. (A14) we have made
use of the assumption that the width W of the class
II state stems from the escape width through the
barriers A and B, and hence can be written

2r2 (A16)

Now it is interesting to see what happens to this
general expression for the fission probability when
different extreme situations are approached. The
absorbed flux A in Eq. (13)in Sec. 4B3 in the limit
of a very strong imaginary potential in the second
well is identical to the transmission coefficient
one would expect if only the first barrier was pres-
ent. In the same limit we find that the directly
transmitted flux T~ goes to zero, and we there-
fore find N~, =N„and N~=0 in this limit. In the
other extreme situation, namely where there is
no imaginary potential in the second well, we find

Ã,b, =0.
The effect of the coupling to the class II states

discussed in this Appendix is expected to disap-
pear with increasing energy. This occurs when
the natural width W of the class II states gets
larger than the spacing D„or when (N„+Ne)/2
+&1. This is the limit used for the model de-
scribed in Sec. 4 that was used to analyze the
experimental results.

In Fig. 17 we have illustrated the form of the
fission-probability expression in various situa-
tions. It is seen that the general formula of Eq.
(A15) in the limit W» D«reduces to the usually
adopted formulas. However, in the limit W «D,
the present formalism will be inadequate. In this
case a detailed perturbation-theory treatment as
described by Lynn'4 should be adopted.

C. Effect on the fits to experimental data

In Fig. 18 we show the results of calculations
performed with Eq. (A15) which incorporate the
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FIG. 18. Fission probabilities calculated for U.
Curve 1 shows the calculation with the model used to fit
experimental data except for neglect of the statistical
fluctuation of the fission width. Curve 2 shows calculated
results with the same parameters as used for curve 1,
but with the inclusion of the coupling effects between
states in well I and well II. Curve 3 employs the same
model as curve 2, but the parameters have been read-
justed to give a better characterization of the experimen-
tal data.

more general coupling between wells I and H, and
we compare these calculations with results from
the limiting case where W» D» (see Fig. 17).
Except for the neglect of the statistical fluctuations
on the fission width the W»D» limit is equivalent
to the model used in the analysis of the experi-
mental data. The results in Fig. 18 show that the
inclusion of the detailed coupling between states
in the two wells [Etl. (A15)] has a significant effect
on the calculated fission pgobabilities. The result
is that below 6 MeV P~(E) shows a steeper depen-
dence on energy and the resonances appear sig-
nificantly more damped. Figure 18 also shows a
calculation with Eq. (A15) where the A~ values
have been increased by -10% [to decrease the slope
of P&(E)j and the imaginary potential decreased by
a factor of 2 (to restore the resonance structure).
This new set of parameters with Eq. (A15) gives
an equivalent fit to the experimental data and yields
effectively the same values of E„and E~. From
this comparison we conclude that the neglect of
these coupling effects in the model used to extract
barrier parameters from the experimental results
does not affect the E„and Ea values within the
quoted errors, but the estimates of ~„and Sco~
(Table VI) might be too low by the order of 10%.
Furthermore, we may have partially compensated
for the effect of this coupling on the resonance
structures by using a strength of the imaginary
potential that is about twice as large as would
have been found if the more general formalism of
the present Appendix had been used in the analysis.
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