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A microscopic distorted-wave Born-approximation (DNBA) analysis of the Li-
{Li, Li~(3.56)) Li*(3.N) and the Li( Li, He) Be reactions has been made and compared
to microscopic studies of the (p,p') and ( He, t) reactions. The tensor interaction and full
exchange of the 1p shell nucleons has been included. Agreement between the calculation and
the data is generally good with two exceptions, and this agreement suggests that the reac-
tions are indeed quasielastic. Special emphasis is given toward explaining the differences
between the measured Li{Li, Li*(3.56)) Li~(3.56) and Li( Li, Hs) Be cross sections. The
cross sections should be equal according to charge independence because all final states are
members of the same T =1 isomultiplet. The theory correctly predicts the angular depen-
dence of the difference in the two cross sections, but it does not predict the magnitude of the
difference. The source of this disagreement may be attributed to differences in the wave
functions of the final nuclei which are difficult to calculate.

NUCLEAR REACTIONS Li( Li, Li), {Li, Li"(3.56)), ( Li, He), E=28-36
MeV; calculated o(E, 0); deduced optical-model parameters. Microscopic

DNBA analysis, deduced charge dependence.

During the last several years there has been
considerable effort' to describe inelastic and
charge-exchange reactions such as (p, p') and
('He, f}with part or all of the interaction treated
microscopically using a realistic effective nueleon-
nucleon interaction, V,ff. A microscopic analysis
requires an accurate description of V,ffy the reac-
tion mechanism, and the initial and final nuclear
states. It is not always clear, such as in the
(sHe, t) reaction, ' which of these are at fault for
causing some disagreement between the theory
and the experiment. There are also approxima-
tions within the distorted-wave Box n-approxima-
tion (DWBA) theory which may be more serious
for certain types of reactions. It is therefore
interesting to apply the microscopic theory to
other reactions and try to obtain a consistent de-
cription using the same V,«. In this report the
"Li('Li, 'He)'Be and the 'Li('Li, 'Li")'Li* reactions
(where 'Li" designates the state at 3.56 MeV ex-
citation in 'Li) have been subjected to a partial
microscopic analysis. These reactions have been
tentatively characterized as "quasielastic, " double-
spin-isospin-Qip, zero orbital angular momen-
tum transfer reactions ' involving only the direct
interaction of a p-sheD valence nucleon in each
nucleus. This description has already been used'
with some success in a microscopic analysis of
the 'Li('Li, 'Li*)'Li* reaction. All states involved
in these reactions are well described by /-s cou-
pling where there are 4 nucleons filling the 1s
shell and 2 1P nucleons coupled to l = 0, s = 1, T =0

in the 'Li ground state and 1=0, s = 0, T =1 in the
final states. ' Because the initial and final states
have identical configurations except for the spin
and isospin coupling of the 1P sheD nucleons, a
quasielastie process appears most likely.

There are several problems which make the
study of the Ll( Ll~ Ll+} Li+ and the Ll( Ll~ He)-
'Be reactions difficult. A major problem with

any reaction is that it is necessary to antisym-
metrize the nucleons in the projectile with the
nucleons in the target and this means the inclusion
of exchange terms. To date most microscopic
calculations have included only the exchange of
the two interacting nucleons, commonly referred
to as the "knock-on" exchange terms. For (p, p')
it can be argued that this so-called knock-on
exchange term is the only important exchange
term since exchange terms involving the exchange
of noninteracting nucleons require the overlap of
a bound-state wave function with an unbound wave
function. If the distorting potential is chosen to
be energy-independent and real the overlap is
zero resulting in no contribution from these other
exchange terms. For complex projectiles this is
no longer true. Exchange terms involving a non-
interacting nucleon xesult in the noninteracting
nucleon originating in the target and ending up in
the projectile, or vice versa. The wave functions
describing the nucleon in the tax get and projectile
are generally not orthogonal and the contributions
from such exchange terms may be significant.
Clearly the problem is amplified the heavier the
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projectile is, since there will be more nucleons
to exchange. In this report all exchange tex ms
between the P-shell nucleons have been included
in the microscopic calculation. Unfortunately
the inclusion of such exchange terms results in
complicated calculations and some approxima-
tions must be made. Furthermore, the DWBA
description of the scattering does not treat ex-
change terms correctly' and as such terms be-
come more important the DWBA theory may be un-
satisfactory. There is another problem with ex-
change terms. One would ideally like to isolate
various terms of V,ff and study them separately.
This could be done by choosing reactions with
certain selection rules which limit the pertinent
interaction to a few terms of V,«. For example,
if the 'Li('Li, 'Li*)'Li* reaction is a one-step
process then the Majorana term is the only part
of the central potential that contributes to the
reaction. In reality if exchange terms are in-
cluded such a procedure is impossible because
all terms of Ve«will always contribute through
the exchange terms. To calculate the exchange
terms one commonly assumes certain relation-
ships between the various parts of V,«. For ex-
ample, in this work a Serber potential wiQ be
assumed. The Serber potential is a fair approxi-
mation of the N-N interaction and it assumes
there is no interaction in the odd momentum states
which is approximately true at low energies. '

There are other major problems with the analy-
sis of the 'Li('Li, 'Li*)'Li* and the 'Li('Li, 'He)'Be
reaction. For example, an optical potential is
used to obtain the distorted-wave functions, but
unfortunately the 'Li+'Li elastic scattering has
not been adequately analyzed to obtain a good
optical potential. The basic question of how well
the optical potential is capable of describing the
'Li+'Li elastic scattering has not been properly
answered.

Fortunately there are symmetry properties
which make the analysis easier. The Li( Ll, Ll+)-
'Li* reaction is unusual in that there are identical
particles in the incoming channel and the outgoing
channel. This means that both the incoming and
outgoing channels obey Bose-Einstein statistics
requiring the total wave functions to be symmetric
in the exchange of the two nuclei. If the channel
spin, S, is defined as the vector sum of the in-
trinsic spine of the two nuclei, 5 =1 +1', and L
is defined as the angular momentum of the rela-
tive motion of the nuclei, and T, is defined as the
total isospin, T, =T+T', then Table I gives the
possible combinations of L, 8, and T, that are
allowed for the incoming and outgoing channels.

According to parity conservation, the reaction
can proceed only when the incoming channel has

TABLE I. Allowed states for the 8Li(GLi, ~Li*)8Li~
reaction.

Channel
spin

S=O

S=1
S =2

Incoming channel
T =0

C

even L
odd I

(parity forbidden)
even L

Outgoing channel
T~=Ool 2

Two 6Li+(3.56) nuclei cannot couple to T =1. T =2
will not occur if charge independence is valid.

even angular momentum and this further restricts
the incoming channel to 8 =0 or 2. The channel
spin is approximately a good quantum number.
To mix states of different channel spin, it is
necessary to have spin-dependent second-rank
tensor potentials which will mix 8 =0 and 2. Such
terms have been studied in the optical potential
for deuteron scattering and are found to be pres-
ent but weak. ' In this study, the tensor terms
are not included in the optical potential. With
this approximation channel spin is a good quan-
tum number and the central and tensor parts of
V.«contribute incoherently to the cross section.
The contribution of the central part of V,« to the
reaction can come only from the 8 =0 initial state
since these terms commute with S. The contribu-
tion of the tensor part of V,«can come only from
the S =2 initial state. This incoherence is an ad-
vantage in the attempt to study the various parts
of V,«. However because the tensor terms are
not included in the optical potential, one can at
most make qualitative statements about the tensor
potential in V.«.

All the above statements also apply to the 'Li-
('Li. 'He)'Be reaction according to charge inde-
pendence. In fact if charge independence is com-
pletely valid then the cross sections are equal
regardless of the reaction mechanism

du('Li('Li, 'Li*)'Li~) (1100( 00)
&c('Li('Li, 'He)'Be) (111—1~ 00)

where the Clebsch-Gordan coefficients couple the
isospin states of the outgoing nuclei to total iso-
spin T, =0.

In actuality the scattering amplitudes should be
somewhat charge-dependent. The Q values for
the two reactions are different. The Coulomb in-
teractions in the outgoing channels are different,
and the spatial wave functions of the final nuclei
are different. Both 'He and 'Li*(8.56) are particle
stable and 'Be is unstable to a +2P decay. With
charge dependence present there are also some
changes in the selection rules of the 'Li('Li, 'He)-
'Be reaction. In particular, through some charge-



dependent mechanism it is possible for the final
nuclei 'He and 'Be to couple to total isospin T, =1.
In this situation they mill be in an odd angular
momentum state and the contribution to such a
configuration must come from the 8 =1 state in
the initial channel. It would be very surprising,
however, if such a contribution to the cross sec-
tion were measurable because it must add inco-
herently mith the much larger charge-independent
cross section. (The incoherence results from the
restriction that the cross section be symmetric
about 90' c.m. )

Considerable emphasis will be placed upon the
comparison of the 'Li('Li, 'Li*)'Lit' and the 'Li-
('Li. 'He)'Be reactions, because presumably the

Q value and Coulomb effects can be accurately
calculated, and any other charge-dependent ef-
fects will be of great interest.

I. MICROSCOPK DNBA THEORY

The microscopic DWBA used in these calcula-
tions has been given in considerable detail else-
where, ' and the theory will be reviewed only brief-
ly here. It is assumed that each nucleus in these
reactions is composed of three distinct particles:
an 0. particle with tmo p-shell nucleons bound to it.
The four nucleons are properly antisymmetrized
resulting in six DWBA amplitudes representing a
direct contribution and five exchange contribu-
tions. Only one of the five exchange contribu-
tions is the so-called knock-on exchange term
involving the exchange of interacting nucleons.
The wave functions describing the relative mo-
tion of the 'Li nuclei are also properly sym-
metrized to give the restrictions listed in Table I.

The usual DWBA appxoximations are made. The
distorted waves are chosen to be wave functions
generated from an optical potential and adjusted
to fit the elastic scattering data. These distorted
waves are not properly antisymmetrized mith

respect to the exchange of nucleons between the
tmo nuclei and this leads to a violation of time-
reversal invariance for some of the exchange
terms involving noninteracting nucleons. More
specifically there is no longer post-prior equiv-
alence. Fortunately, in this mork, the violation
of post-prior equivalence does not appear to be
sufficiently severe to restrict any of the con-
clusions or to seriously affect the calculated
cross sections.

In ealeulating the exchange contribution the no-
recoil approximation is made. More specifically
the distance, 8, between the centers of mass of
the two nuclei is made to be independent of the
exchanged p-shell nucleons. This assumes that
the a particle is much more massive than the
p-shell nucleons and leads to an overestimation

of the exchange terms of about 15-2(PO according
to a crude calculation. ' With these approxima-
tions the total amplitude for going to channel s, t
ls:

G„(8, p) =, J 'D, , (H)P(R) 'U;, (t()(R,

whel'e Q opt(R) is the distorted wave and the form
factor E(R) can be written in either the post or
prior representation:

E „,(R) = (U, (1, 2}U,' (3, 4)
~
0 ~AU, (1, 2)U,' (3, 4)),

E„;., (R) = (AU, (l, 2) U,
' (3, 4) ( g ( U,(l, 2)U,' (3, 4)),

where the internal wave functions of the two nu-
clei (primed and unprimed} are denoted by U(i,j )
The subscript Q denotes the 'Li ground state and

s, t the two final states. The four nucleons are
labeled (1, 2, 3, 4) and the antisymmetrizer is

A = —,3
—P,4

—P23 —P~4 +P,SP24

The interaction potential is defined as

Vff(f j)

where

Vff (ft j)= V~(rt r1}[ 3 +(Tt 'o1 + 7't ' T1

+(o, oq)(7t v'q)]

+ Vr(1't ry)[-1 + t t
' 7'g]S(2(tt j) t

S„(i,j)=3(ot r„)(os r",1}-ot o1.

The form factor is defined such that it is nearly
the same for the 'Li('Li, 'Li*)'Li* and 'Li('Li, 8He)-
'Be reactions. The cross section of each reac-
tion is

mhere we have averaged over the initial spins I, I'.
During the actual measurement 'He and 'Be are

distinguishable and the 'Li('Li, 'Li*)'Li* mea-
sured cross section is approximately a factor 2
larger than the 'Li('Li, 'He)'Be cross section

do'

~ (measured) =—(8) +—(t) —e)
Qg do'

for 'Li('Li, 'Li*)'Li*

for 'Li('Li, 'He)'Be.
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The derivation of the form factor for some of
the exchange terms involves a 12-dimensional
integral and to solve such an integral the inter-
action potential and wave functions are expanded
in Gaussians and the integrals solved analytically.
The expansion used for V,ff is of the form

v, (r,,) = v, g a„e-"'~~,
n

V,(r„)= V, g s (b „r„')e

Since any reasonable functional form of the
potentials can be expanded in terms of these
Gaussians, we have chosen several for the cen-
tral potential: the Yukawa potential with various
depths and ranges,

V,(r,,) =~, r, r =e-'"~~/, „„,
or the long-range part of the Hamada-Johnston
potential in the singlet-even and triplet-even
states with a cutoff at y, =1.05 fm. '0 The fit of
these potentials to a sum of four Gaussians is
shown in Fig. 1. In the fit the strength, 8„ inte-
grated out to 5 fm, is matched exactly:

5

S, = V, (r)r'dr .

The shape of the short-range part of the potential
has little effect on the form factor and does not need
to be fitted well since the form factor is simply
proportional to its strength, 8,. In contrast, the
shape of the long-range part of the potential (r a 3
or 4 fm) does affect the form factor. However,

the long-range part contributes to the form factor
more like V,(r)dr rather than V,(r)r'dr and there-
fore contributes much less than the short-range
part.

For the tensor interaction, the one-pion-ex-
change potential (OPEP) is used

Vr(r, )) = or[i +3/br„+3/(br;q)'] Y',

with

b =0.707 fm ',
v~=2. 78 MeV.

The value of V~ is obtained from the pion-nu-
clear coupling constant of 0.08. The short-range
part of the tensor potential contributes as Vr(r)r',
and the strength function S~ is defined

S~= V~ r 'A,
where we have integrated out to 4 fm. 8~ is
matched exactly in the fit to four Gaussians.

The radial wave functions are also expanded in
terms of Gaussians. The form of the expansion
for (P')z, is

K(r(~ rg) =N((r( 'ry) Q Qy 8 ~ & Q Q)8

where N, is a constant which properly normalizes
the wave function. The wave function of a single
P-shell nucleon bound to a 'Li or 'He core is cal-
culated by assuming a Woods-Saxon shape for the
single-particle potential. The depth of the well
for the 'Li ground state is adjusted to give the

I

2 I
I

I
I
I
I

/
I

0 LO5 2

r (fm)

FIG. 1. (a) The Yukawa potential fitted with a sum of four Gaussians. The fit is nearly perfect fo«&4.
Majorana potential obtained from the Hamada-Johnston potential, fitted to a sum of four Gaussians. The fit is nearly
perfect for 2~x~7 fm.
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FiG. 2. (a) The ratio of the form factors squared. Li(Li, Li*) Li*/ Li(Li, He) M is plotted with B, the separatiou
distance between the nuclei, using the wave functions described in the text (solid line), and using wave functions which

have the experimental separation energies (dashed line). (b) The three componenets of the form factor for the central
potential. Component 1 is the direct terms plus the terms involving the exchange of the two interacting nucleons (I, I).
Component 2 is the terms involving the exchange of a noninteracting nucleon with an interacting nucleon (NI, I). Corn-

ponent 3 is the terms involving the exchange of both noninteracting nucleons (M, NI) plus terms involving the complete

exchange of the p-shell nucleons (NII, NII). The form factor is scaled by (3)+2 to take care of the spin averaging and

double counting. (c) The contribution to the tensor form factor using the OPKP form with total strength 3.7 MeV for the
interaction. The form factor is scaled by {~&)

~ to take care of the spin averaging and double counting.

correct neutron separation energy. As an initial
calculation it is reasonable to assume that the
Coulomb interaction is the only difference be-
tween the three final states, and therefore the
depth of the well is kept the same for all p-shell

nucleons in the final nuclei. The depth is adjusted
to give the correct neutron separation energy for
'He.

The Woods-Saxon solutions are fit to a series
of three Gaussians. The fits are quite good,
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FIG. 3. The ~Li+~Li elastic scattering data are fitted using optical potential 1.5 (solid One) and optical 1.6 (dashed
line). The experimental excitation functions en~ 10-NeV angluar distribution are taken from Ref. 19. The 16-MeV data
are taken from Ref. 17.
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matching to within 1 or 2% out to distances of
11 to 14 fm. The accuracy of this Gaussian ex-
pansion is important because it means that the
analytic solutions' to the form factors will be
easily amenable to more accurate wave functions
as they become available. The above calculation
clearly underestimates the differences in the final-
state nuclei. A major problem in obtaining a more
accurate calculation is that the 'Be ground state
is unstable to a plus two proton decay by 1.37
MeV whereas it is stable to single proton decay
by 0.6 MeV. Some method ~eeds to be found to
treat a three-particle unbound system.

Using the wave functions and the Hamada-John-
ston potential" the form factor is calculated and
shown in Fig. 2. The figure conveys three mes-
sages. Figure 2(a) indicates that the ratio in the
calculated form factors (solid line) for the 'Li-
('Li, 'Li~)'Li* and the 'Li('Li, 'He)'Be reactions
is near unity. However, if one allows the depth
of the Woods-Saxon well to vary for the final nu-
clei to give the correct proton and/or neutron
separation energies for all the nuclei, them a sig-
nificantly larger deviation from unity is obtained
(dashed line). This clearly indicates that differ-
ences in the form factors may be important and
that more accurate calculations of differences
between the wave functions is clearly needed.
Figure 2(h} indicates that exchange terms involv-
ing noninteracting nucleons are clearly important
and significantly alter the shape of the form fac-
tor. Figure 2(c) indicates that the radial depen-
dence of the tensor form factor is very different
from the shape of the central form factor. In
studying Fig. 2 it is useful to know that the reac-
tion is surfaced peaked, taking place primarily
at a separation distance of about 5.6 fm. This is
known from the Legendre polynomial expansion
of the experimental data" and from the DWBA
calculations shown later in this report.

where

g(r)=(1+exp[(r-R )/a ]} '

for volume absorption. In one previous analysis"
at energies EL,b& 20 MeV a surface absorption
was used but the fit using such a potential was
unsatisfactory for the data at energies E»& 20
MeV. The Coulomb potential is assumed to be
due to a uniformly charged sphere of radius 8, .
A standard optical-model code" has been altex ed
to include Bose-Einstein statistics of the identi-
cal 'Li nuclei with spin 1.

Most of the earlier analyses have chosen V and
8' to be energy-independent. However, in this
work a linear energy dependence has been allowed:

V V+V@(Ecm —16..}. ,

W-W+Ws(E, . —16.).
Combining the present results with previous

work, Table II lists six optical potentials which
give reasonable fits to the elastic scattering data
at energies 15 ~ Egb «36 MeV. Figure 3 shows
typical fits for two of the optical potentials.

To improve the optical-model description of
the elastic scattering of two 'Li nuclei, a spin-
orbit potential has been included in the scattering
process. Such a potential couples the spin of
each 'Li nucleus to the relative orbital angular
momentum between the two nuclei. The strength
of this potential is expected" to have an A ' de-
pendence and is often neglected for nuclei heavier
than a deuteron. The A ' dependence is expected
from a microscopic description whereby each
nucleon, in a nucleus with A nucleons, has ap-
proximately A ' times the total angular momen-
tum between the projectile and target. Using this
4 ' dependence, one would expect the strength

II. ELASTIC SCATTERING

Recently a fair amount of 'Li+'Li elastic scat-
tering cross-section measurements have been
coQected for bombarding energies E~.b ~ 32 MeV,
and analyzed using the optical model. ' "'" The
analyses have given only fair agreement to the
experimental data. The analyses of the elastic
scattering data has been continued in this report
and a total of 10 optical potentials have been ob-
tained which are used in the DWBA.

The standard spin-independent optical potential
used in the previous analyses and initially used
in this analysis is of the form:

Set 1.4 1.6

R~ 5.0
a~ 0.460
R~ 5.46
a~, 0.728

11.7
0 ~

W 6.9
W@

R~ 4.8

2.4
1.15
2.4
1.15

44.0
-6.3
28.0
+1.13

2.4

4.33
0.524

0.673
53.14
+ 0.52
12.51
-0.25

5.45

3.96
0.520
3.59
0.935

66.48
+0.57
15.17
-0.48

5.45

2.44
0,835
5.63
0.701

63.56
+ 0.66

5.08
-0.40

5.45

4,48
0.613
5.07
0.591

21.76
-0.09

8.71
-0.29

5.45

TABLE II. Optical-model parameters. Units are
MeV, fm.

' Reference 12. Reference 5.
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of the spin-orbit potential to be comparable for
'Li and 'He since the spin-to-mass. ratio is the
same for these two nuclei. A recent study" of
the He spin-orbital potential indicates that it is
weak. However, analysis of the elastic scattering
of He fxom 'Li, 'Li, and 'Be indicates that the
inclusion of a moderately large target spin-orbit
potential significantly improves the optical-model
fits to the differential cross sections. " More
work needs to be done to determine if the A '
rule is valid.

It is not the purpose of this work to learn any-
thing about the strength of the 'Li spin-orbit po-
tential. The inclusion of a spin-orbit potential
will allow more freedom in choosing optical poten-
tials to use in the DWBA calculations. It will be
particularly interesting to see how the spin-orbit
term affects the contribution of the tensor inter-
action to the inelastic cxoss sections. The tensor
contribution comes from the 8 =2 channel which is
most strongly affected by the spin-orbit potential.

In the 'Li+'Li elastic scattering, the projecti)e
spin-orbit and the target spin-orbit potentials
are equal because of the identity of the two nuclei.
Defining I as the projectile spin, I' as the target
spin, and L as the relative angular momentum
between the projectile and the target, the com-

piete spin-orbit potential is:

V„=v(r)L ~ I+v'(r)L T',

v(r }= v'(r }= v „(r},
V„=v„(~)L .5,

where 5=T+f' is the channel spin. This potential
commutes with 5, so that the eigcnvalues of 8 are
good quantum numbers. Therefore it is conven-
ient to describe the various spin states in terms
of channel spin. The 'Li nucleus has spin 1 and
8=0, 1, 2. The cross section amplitudes, f~(e},
for the three channel spins, add incoherently

The amplitudes are calculated using the same
formulas as for a projectile with spin 8 scattering
off a spin-0 target. The radial form v„(r) of the
optical potential has been chosen to be

2 d,
v„(r)L 5=V„—

d
—{I+exp[(r-R,)/a, ]) 'L 5.

Figure 4 and Table III show two fits to the data
using the spin-orbit potential. The expected

Opp—
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FIG. 4. The fits to the Li+ Li elastic scattering data are shown for Set 2.1 [Fig. 4(a) and solid line in Fig. 4(c)] and
Set 2.2 [Fig. 4' and dashed line in Fig. 4(c)j. The partial cross sections for channel spin 8 =0, 1 and 2 are shorn for
the E, =16 MeV fits.
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strength of the spin-orbit potential according to
the A ' rule is 1.5 to 2.0 MeV. The strength in
these fits are 6.96 and 2.86 MeV, respectively.
The diffuseness a, is smaller than is expected
and there is more energy dependence, i.e., VE
and 8'~ are larger than they were in most of the
previous fits.

The partial cross sections for the three chan-
nel-spin states S =0, 1, 2 are also shown in Fig. 5
for the fits at E» =32 MeV. Although both Sets
2.1 and 2.2 give nearly perfect fits to the 32-MeV
data, the partial cross sections are significantly
different. The importance of the spin-orbit po-
tential is observed by comparing the S =0 partial
cross section with —,

' of the S =2 partial cross
section; the two should be equal if the spin-orbit
potential is zero.

Both Sets 2.1 and 2.2 give better fits to the data
than any of the previous six sets which indicates
that the inclusion of the spin-orbit potential im-
proves the fits. It is unclear whether the improve-
ment is because the spin-orbit, potential is im-
portant or whether it is simply a result of having
more parameters to vary. Alternatively, there
may be an L dependence in the real potential which
is partially simulated. by the L ~ S potential.

An additional short-range repulsion was tried
for the real part of the optical potential. Both
the potentials calculated theoretically for heavy-
ion scattering' and the analysis of the n-n elas-
tic scattering" data indicate a repulsive core is-
present. It was very easy to include such a term
into the optical code and the DWBA code and this
is primarily why it was tried. Unfortunately, a
repulsive core would almost definitely be L-de-
pendent but no allowance has been made for any
L dependence in the optical potential.

The repulsive soft core (s.c.}was taken to have
a Woods-Saxon shape with a diffuseness of 0.1 fm

V„(x}= V„(1+exp[(r —R„}/0.1]j
Table IV gives two fits to the data. The inclusion
of a repulsive core does not significantly improve
the quality of the fits. Set 3.2 is interesting in
that it is a "molecular"-type potential with a very
shallow depth for the real part of the potential.

It appears that we are unable to satisfactorily
describe the elastic scattering process. This will
be the major weakness in our whole theoretical
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calculation. Fortunately we have 10 widely dif-
ferent sets of optical-model parameters which
can be used in the DWBA calculations. It will
probably be safe to assume that any results which
are the same for all 10 sets are probably not seri-
ously affected by errors in the optical potential.
A possible way to improve the optical potential is
to include L dependence in the potential, but theo-
retical calculations are needed to predict what

FIG. 5. The DWBA calculations of the 8Li( Li, GLi*) Li*
reaction at E ~,b—-32 MeV are shown using four different
optical potentials for the distorted waves: optical poten-
tials 1.2 [Fig. 5(a)], 1.6 [Fig. 5(b)], 2.1 [Fig. 5(c)l, and
3.2 [Fig. 5(d)]. The contribution of the tensor force
(dashed line), and the incoherent sum of the tensor and
central contributions with knock-on exchange (dashed-
dotted line) and with additional full exchange for the cen-
tral contribution (solid line) are shown. The experi-
mental data with error bars shown are taken from Ref.
11.

TABLE III. Optical-model parameters. Units are MeV, fm.

Set Rv av Wg Set R~ V R

2 1 3 78 0579 3 63 0870 1120 220 1884 +042
2.2 3.07 0.827 4.94 0.771 50.6 3.56 8.01 —0.40

2.1 4.56 0.277
2.2 4.54 0.253

6.96 5.45
2.86 5.45
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TABLE IV. Optical-model parameters. Units are MeV, fm.

3.1 3,22
3.2 5.83

0.70Q 4.71 0.957 54.1 +0.87 6.96 +0,1Q 3,1 2.00 50.0
0.862 6.42 0.448 4.16 + 0.01 2.30 +0.14 3.2 1.93 30.5

5.45
5.45

form the L, dependence should take. One possi-
bility is to allow a different imaginary potential
for the even and odd partial waves to simulate
the different reaction channels which are available
to the even and odd momentum states. This has
been shown to be important in some elastic scat-
tering reactions, such as 'He-'He elastic scat-
tering. "

HI. DNA CALCULATIONS

The DNBA calculations were performed using
the program D~CK" which was altered slightly
to treat the identical 'Li nuclei correctly. Using
the form factors calculated with the Hamada-
Johnston potential for the central interaction and

the OPEP form for the tensor interaction, the
'Li('Li, 'Li*)'Li* and 'Li('Li, 'He)'Be cross sec-
tions are calculated with each of the 10 sets of
optical potentials given in the previous section.
It should be emphasized that there are no free
parameters and even the magnitude of the cross
section is determined. Figure 5 shows the cal-
culations which give the best and the worst agree-
ment with the data. " The calculations including
all exchange terms, and the calculations including
only the exchange terms involving the interacting
nucleons (knock-on exchange) are shown. The
knock-on exchange terms increase the cross sec-
tion by a factor of 4, but do not change the shape
of the angular distributions, because the form
factors for the direct and knock-on exchange terms
are assumed to be identical. The inclusion of all
exchange terms increase the cross section by
nearly an order of magnitude over the direct with-
out-exchange cross section. The contribution of
the tensor interaction with knock-on exchange is
also shown.

All of the calculations, except those with optieal-
potential Sets 3.1 and 3.2 which have repulsive
cores, agree remarkably well with the data at
angles backward of 35' c.m. In particular, :the
locations of the maxima and minima agree to
within a few degrees. In contrast, none of the
calculations describe the data forward of 35 e.m.
In fact, every calculation except Set 3.2 gives a
maximum between 20 and 26'c.m. and a minimum
near 15' c.m. , which is in poor agreement with the
data which is still rising at 17.5' c.m. Set 3.2,
which is unique in that it has a very shallow "mo-

lecular"-type potential, does not have a minimum
at 15' but does poorly at the backward angles.

A comparison of the magnitude of the cross
sections of each calculation with the data indicates
that except for Sets 1.2 and 3.2, part or all of the
strength from the exchange terms must be included
to give the right magnitude. Sets 1.2 and 3.2 have
approximately the correct magnitude using only
the direct contribution. The tensor contribution is
less than 3(P~ of the total cross section in all
eases. The inclusion of a spin-orbit potential in
Set 2.1 does not affect the tensor contribution
much, except to make if more forward peaked.

Calculations have also been performed using a
Yukawa N-N interaction of range 1 fm, 1.1 fm,
and 1.41 fm. These calculations also show a
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FIG. 6. The ratio of the 8Li(~Li, eLi, *)~Li"/ Li(~Li, ~He)-
Be differential cross sections at & &,b =32 MeV is obtained

from Ref. 17 by fitting the experimental angular distribu-
tions with even Legendre polynomials (dotted line). This
is compared with the DWBA calculations using optical po-
tentials 1.3 (dashed line) and 1.6 (dashed-dotted line) both
with knock-on exchange in the form factor and using po-
tential 2.1 and full exchange in the form factor (solid line).
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minimum near 15' c.m. with a maximum between
20 and 26' c.m. for aQ optical-model sets except
Set 3.2. Most of the fits using a Yukawa inter-
action do slightly worse at backward angles.

In Fig. 6, the experimental ratio of the 'Li-
('Li, 'Li~)'Li~ to the 'Li('Li, 'He)'Be differential
cx oss section obtained from a Legendre polynomial
expansion" of the data is compared to the theo-
retical calculations using the three sets of optical-
model parameters which give the best agx cement
with the experimental angular distributions. The
experimental ratio fluctuateS with angle, having
several maxima and minima and varying from
1.63 at 17.4 to 0.17 at 78.8'. The calculated ratios
also vary with angle and the agreement with the
experimental fluctuation in the ratio is directly
correlated to how well the calculation reproduces
the 'Li('Li, 'Li*)'Li" cross section. This cor-
relation is not suxprising when one realizes that
the fluctuation in the ratio is a result of the 'Li-
(aLi, 'Li*)'Lie diffraction pattern being shifted with

respect to the 'Li('Li, 'He)'Be diffraction pattern.
The calculated ratio is consistently much larger

than the experimental ratio at all angles. There
axe three differences in the calculation of the cross
sections for the two reactions mhich cause their
calculated ratio to differ from unity:
(i) Differences in the Coulomb interaction in the
outgoing channel

ZZ'=9 for 'Li*+'Li*

=8 for 'He+'Be;

(ii) differences in the kinetic energy in the out-
going channel, resulting from the Q-value differ-
ence

Q = -'1.12 MeV for 'Li('Li, 'Li*)aLi"

= -7.8 MeV for 'Li('Li, 'He)'Be;

(iii) differences in the form factors because of
the different mave functions for 'Li~, 'He, and
'Be.

The importance of these three differences can
be studied separately by recording the ratio of
the 'Li('Li, 'Li~)'Li* total cross section to the
'Li('Li, 'Li*)'Li* altered cross section where the
latter is altered separately by using the 'He+'Be
Coulomb interaction, the 'Li('Li, 'He)'Be Q value,
and its form factor. At E» =32 MeV these ratios

0.88+0.01 Coulomb

1.60 +0.05 Q value
o('Li*)

ascrea

1.026+0.002 form factor.

The erroxs in these numbers give the variation
of these ratios with different optical potentials.
As is seen, all differences are only weakly de-
pendent upon the optical potential.

In Fig. 7 we plot how these three differences
affect the angulax dependence of the ratio using
optical potential Set 2.1. As expected, the Cou-
lomb and the Q-value differences partially cancel
(the smaller Coulomb barrier for the 'He+'Be
channel partially compensates for the larger nega-
tive Q value) but the Q-va1ue difference dominates
giving a ratio much larger than unity.

In Fig. 8 the 'Li('Li, 'Li*)'Li* data at Z„, = 88
MeV is plotted along with three calculations using
optical potential Sets 1.3, 1.6, and 2.1. These
three sets were chosen because they gave the
best agreement with the 32-MeV data. In looking

2.0-
10
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20 40 60
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20 40 60 80
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FIG. 7. The ratio of the Li(BLi, ~Li~)~Li* cross sec-
tion to the ~Li(6Li, 6I.i*) Li* altered cross section at
ELtb =32 MeV where the latter is altered separately by
using the 6He+6Be Coulomb interactions (solid line), the
6Li(~Li, ~He)6Be Q value (dashed line), and the 6Li( Li,6He)-
Be form factor (dashed-dotted line).

FIG. 8. The D%'BA calculation of the GLi( Li,~Li*) Li~
angular distribution at E&,b=36 MeV using optical poten-
tials 1.3 (dashed line) and 1.6 (dashed-dotted line) both
with knock-on exchange and Set 2.1 with full exchange
(solid line). The data with error bars are taken from
3,ef. 17.
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at the 36-MeV data, our main concern is the way
the cross section changes with energy. All three
calculations predict approximately a 50% rise
in the differential cross section at forward angles
as the bombarding energy increases from 32 to
36 MeV. In contrast the data indicate the cross
section is not rising significantly. All three cal-
culations show that the minimum near 35' shifts
forward 3 or 4'as the energy increases from 32
to 36 MeV. This is in agreement with the data
which shows a minimum at 35' at E» =32 MeV
and a minimum at 31 or 32' at E» =36 MeV. The
ealeulations are in closer agreement with the for-
wax d angular distribution at 36 MeV than they are
at 32 MeV. Also the three calculations show a
deep minimum near 78 . in apparent agreement
with the incomplete data.

In Fig. S the ratios of the 'Li('Li, 'Li~)'Li*/
'Li('Li, 'He)'Be cross sections at E„b=36 MeV are
plotted along with the calculations using optical-
model Sets 1.3, 1.6, and 2.1. Similar to the ratios
at E» =32 MeV, the calculated ratios are 15 to
207q higher than the experimental ratio. The oscil-

latory structure in the calculated ratio at forward
angles agrees fairly well with the data. This is
not surprising because the calculations are in
fair agreement with the forward angle angular
distributions. @he ratio at 80' c.m. is particularly
interesting because at EL,b =32 MeV the experi-
mental ratio is 0.2 at 80' and at E» = 36 MeV the
ratio is 3.2 at 80'. This is a factor of 16 change
as the center-of-mass enexgy changes by only
2 MeV. The calculations shown here do not re-
produce this strong energy dependence. However,
it was found that slight differences between optical
potentials in the 'Li*-'Li* and 'He-'Be outgoing
channels significantly affect the ratio and cross
sections at backward angles. A 1/0 change in the
depth of the real and imaginary Woods-Saxon well
can lead to much improved agreement between
theory and the data for the angular and energy de-
pendence of the ratio at backward angles without af-
fecting the calculated ratio at forward angles.

In Fig. 10(a) the excitation function of the 'Li-
('Li, 'Li*)'Li* cross section near 90' is plotted
along with the calculations using optical-model
Sets 1.3, 1.6, and 2.1. All three calculations re-
produce the trend of the data reasonably well. In
Fig. 10(b) the excitation function of the ratio of
the two cross sections near 90' c.m. is plotted
along with the calculations using optical-model
Sets 1.3, 1.6, and 2.1. As in previous instances
the calculated ratio is considerably larger than
the experimental ratio.
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FIG. 9. The ratio of the tLi(6Li, gLi*)~Li*/~Li( Lt,tHa)-
Be experimental angular distributions at E» =36 MeV

taken from Hef. 17 is compared to DACHA calculations us-
ing optical potentials 1.3 (dashed line) and 1.6 (dashed-
dotted line) both with knock-on exchange and potential 2.1
with full exchange (solid line).

IV. DISCUSSION

A. Agreement between the theory and the data

The agreement between the calculations and the
data at backward angles, (9, &35', is remarkably
good. Most calculations agree well with the magni-
tude and the angular and energy dependence of
the backward-angle cross sections, and do an
excellent job of reproducing the oscillatory struc-
ture in the ratio of the Li('Li, 'Li~)'Li*/
'Li('Li, 'He, )'Be cross sections. Even if most
of the optical sets give a poor description of the
true optical potential, a point has been proven.
Much of the data is capable of being described
within the direct-reaction D%BA theory, and
this is evidence that these reactions are pro-
ceeding nearly entirely by a direct mechanism at
backward angles. It is unlikely that the D%BA with-
out any free parameters could describe the data
so well, if this were not the ease.

It is of significance that many of the calcula-
tions predict the deep minimum in the 'Li-
('Li, 'Li*)'Li~ cross section near 80' at E» = 32
and 36 MeV. It is at this deep minimum that com-
pound-nuclear processes or possibly multistep



processes would become important if they are
present. In fact it was originally our impression
that multistep processes are important at this
minimum and that an accidental cancellation of
two amplitudes from two different processes were
occurring for the 'Li('Li, 'Li*)'Li* reaction caus-
ing it to have a much smaller cross section at
this minimum. This original impression now

appears to be incorrect because the D%BA cal-
culations generally predict a deep minimum at
80' and E» = 32 and 36 MeV for the 'Li('Li, 'Li*)-
'I i* reaction. All calculations also predict quali-
tatively that the minimum in the 'Li('Li, 'He)'Be
cross section is shallower than the minimum in
the 'Li('Li, 'Lie)eLi* cross section at 33 MeV,
but rluantitatively the 'Li('Li, 'He)'Be minimum
is not shallow enough.

The calculations also predict the ayyroximate
magnitude of the cross sections. Unfortunately
it is difficult to reach any definite conclusions
from this because the magnitudes of the cross
sections vary considerably with the optical po-
tential, and there is also an uncertainty as to the
importance of the exchange terms which change
the calculated magnitude by nearly an order of

magnitude.
It has been suggested" that the excellent agree-

ment between theory and experiment is simply
an indication that the D%BA calcu1.ations have
correctly predicted the few angluar momenta
which enter into the scattering process. These
angular momenta, L =6 or 8 (odd I. are forbidden)
corresponds to the angular momenta of a grazing
collision and may be characteristic of several
kinds of reaction processes. It is unlikely that
simply choosing the corxect momenta will account
for all the agreement between theory and experi-
ment, and in particular the main axgument against
this suggestion is the fine agreement between
theory and experiment for the magnitude of the
cross sections.

8. Disagreement between the calculations and the data

There is poor ay..cement between the calcula-
tions and the data at forward angles 8g.~. ~ 35',
with the calculation failing to predict the energy
dependence of the cross section or the location
of the maxima and minima in the angular distribu-
tions. This disagreement at forward angles is
similar to the anomaly found in the angular dis-

(b)—

$ Present data 88 c.nr.

$ Naaatani et al. 80 c.m.
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l.0

Ratio
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FIG. 10. The experimental excitation function of the Li( Li, tLi*)tLi* reaction [Fig. 10(a)1 and to the ratio of the dif-
ferential cross sections Li( Li, LV') LV'/ Li( Li, Hs) Bs [Fig. 10(b)1 at about 90 in ths center of mass ars compared
to the OWBA calculations using optical potential 1.3 (dashed-dotted line) and 1.6 (dashed line) both with knock-on ex-
change and potential 2.1 and full exchange tsolid line). The data represented by triangles is taken from Ref. 4 and the
data represented by solid circles is taken from Ref. 17.
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tributions of the ('He, t) reactions, "and may re-
sult from the presence of two-step processes such
as a stripping reaction followed by a pickup reac-
tion.

The second major disagreement is the large
discrepancy betmeen the experimental and cal-
culated ratios for the 'Li('Li, 'Li*)'Li*/
'Li('Li, 'He)'Be cross sections. The calculated
ratio is 15-20$O larger than the experimental ratio
at nearly all angles and energies. Furthermore
this disagreement persists no matter which opti-
cal potential is used. The major problem mith

calculating the ratio of the tmo cross sections is
determining differences in the nucleon wave func-
tions of the three final-state nuclei, 'He,
'Li*(3.56}, and 'Be In.the calculation of the form
factor used here, only first-order differences due
to the Coulomb interaction have been considered.
This calculation clearly has underestimated the
differences in the wave functions and has made the
'Be particle stable where in reality it is unstable
to e +2P decay by 1.37 MeV. The experimental
ratio of the cross sections may be a very power-
ful tool for probing differences in the 'He, 'Be,
and 'Li* wave functions.

Another possible solution to the disagreement
between the theoretical and experimental ratio

of the cross sections is that the optical potential
in the outgoing 'Li*+'Li* and 'He+'Be channels
is different. In particular 'Be, being unbound,
has a long tail which could alter the optical po-
tential. Also it has been observed' that differ-
ences in the real and imaginary well depths of
the optical potential in the two outgoing channels
can lead to improved agreement between theory
and the data for the angular and energy dependence
of the ratio at backward angles.

C. Exchange terms

Because of the uncertainty in the optical potential
and the large fluctuation in the magnitudes of the
calculated cross sections using various optieal-
potential sets, it is difficult to say anything con-
crete about the importance of exchange terms.
The calculations which give the best agreement
to the data have part or all of the exchange terms
included. This is the only experimental indication
that exchange terms are important.

We know from (P, P') microscopic analyses"
that exchange terms are sometimes important.
For example the microscopic analysis". of the
"Ca(p, p'} indicates that the inclusion of knock-
on exchange increases the cross sections by
factors of 2 to 7 and their inclusion correctly
predicts the magnitude of the experimental cross
sections. This work was particuiarly significant

because the wave functions used in the calculation
are mell known and agree well with the form fac-
tors obtained from electron scattering. Although
the D%BA does not treat exchange terms cor-
rectly, the success of the microscopic (p, p')
calculations indicates that this may not be a sexi-
ous problem.

Our study finds that the exchange terms involv-
ing noninteracting nucleons also have a significant
effect on the cross sections. Although they are
not as important as the knock-on exchange terms,
they change the 'Li('Li, 'Li*)'Li* and the 'Li-
('Li, 'He)'Be cross sections by factors of almost
2. %e have included only exchange betmeen the
P-shell nucleons and have not looked at exchange
with the 1S nucleons. The exchange with the 18
nucleons may also be important because of their
large number. However, because the 1S nucleon
wave functions are of much shorter range than the
p-shell nucleon wave functions these exchange
terms are probably less important than the ones
that have been considered.

This study has treated exchange terms nearly
exactly within the DWBA framework except for
recoil effects which have been neglected. The
importance of recoil effects in these reactions
must be investigated further.

D. Tensor interaction

The contribution of the tensor force to the 'Li-
('Li, 'Li*) 'Li and the 'Li('Li, 'He)'Be reactions
is calculated to be less than 30% of the total cross
section using the strength obtained from the pion-
nucleon coupling constant. Experimentally the
tensor contribution is expected to be small be-
cause of the deep minimum near 78'. If the con-
tribution of the tensox force is sizable, the deep
minimum at 78' would likely not occur. The ten-
sor force's contribution is almost certainly
smoothly varying with angle because of the co-
herent contribution of five-spin states and its
incoherence with the contribution of the central
force. These results are taken as evidence
against a strong tensor interaction, such as that
used to analyze the "Fe('He, t)"Co reaction. "
Although the tensor contribution is small, it is
more forward peaked than the contribution of the
central forces, and its inclusion in the D%BA
calculation significantly improves the agreement
with the data at formard angles. The data at for-
ward angles and the data at the minimum near
VB' collectively suggest that the strength of the
tensor force used in these calculations is ap-
proximately correct. It therefore is reasonable
to conclude that the "effective" tensor interaction
betmeen nucleons in nuclear matter is not much
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different than the tensor interaction between free
nucleons.

TABLE V. Values of p&& (MeV) using a 1.0-fm-range
Yukawa.

E. Other microscopic calculations

If the concept of an effective N-N interaction is
to have any real meaning, it must be the same
for all types of reactions. The microscopic anal-
ysis of some reactions, such as ('He, t), have run
into serious problems and the study of the 'Li-
('Li, 'Li*)'Li* and the 'Li('Li, 'He)'Be reaction
can be a useful way to amplify and expand on these
problems. For example, the poor agreement be-
tween theory and experiment at forward angles
for some ('He, t) reactions" has also appeared
in the present analysis of the 'Li('Li, 'Li*)'Li*
and 'Li('Li, 'He)'Be reactions.

Many of the inelastic proton reactions have been
analyzed microscopically using a Yukawa inter-
action. In particular Austin' has analyzed (P, P')
experiments in the 10-55 MeV energy range,
and using a Yukawa interaction of range 1 fm,
he obtained a strength of 12 +2.5 MeV for V»
which was nearly independent over the energy
range 10-52 MeV. He included knock-on exchange
in his calculations. Bray et al. ,"who have made
a similar analysis of the 'Li(P, P')'Li~(3. 56) reac-
tion, obtainedavalue of V» =8.76 MeV at E~ =25.9
MeV and V» =10.6 MeV at E~ =45.4 MeV. These
fluctuations in the extracted values of V» and its
energy dependence result primarily from varia-
tions in the optical potentials used in the 0%HA
calculations. The optical potential is much less
accurately known for the 'Li('Li, 'Li*)'Li* reac-
tion and the large variation in our extracted values
of V» indicate this. Our results using a 1 fm
range Yukawa with no exchange, knock-on ex-
change, and full exchange are shown in Table V.
The results of Clement and Perez, ' who used opti-

Optical
set

With
full

exchange

With With
knock-on no
exchange exchange

1.1
1 ' 2
1.3
1.4
1.5
1.6
2.1
2.2
3.1
3.2

6.2
2.9
6.5
6.1
6.5
6.5
8.3
6.8
5.2
2.2

9.4
4.5
9.6
9.1
9.3
9,5

11.5
10.0

7,6
3.7

18.8
9.0

19.2
18.2
18.6
19.0
23.0
20.0
15.2

7.4

cal Set 1.2, agree with our results using the same
optical set if the data they used are normalized
to ours.

The fluctuation of V11 for various optical-model
sets makes a meaningful comparison with the

(P, P') studies difficult. Much more needs to be
learned about the elastic wave functions (or the
optical potential) before accurate information
concerning the strengths of the N-N interaction
can be obtained. However the situation is not as
bad as it may seem because it is reasonable to
reject three of the potentials. Potential Sets 3.1
and 3.2, which have a repulsive core, do very
poorly describing the inelastic cross sections.
The Clement and Perez optical Set 1.2 is very
energy dependent and does a poorer job of fitting
the elastic cross sections than do the others.
With these three potentials eliminated the strength
of V„using knock-on exchange is:

V„=10.3+ 1.2.
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