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An optical-model analysis of the scattering of 60-MeV & particles by 5 Ni, ~ Ni, +Ni, and
Ni has been performed with particular emphasis placed on (1) the significance of 'the

backward-angle data with respect to removal of potential ambiguities and (2) the extent to
which 0, elastic scattering at this energy is sensitive to the interior detail of the potential.
In the 58¹icase, six equivalent potentials are found to fit the diffraction scattering region
(8 & 70'), but only two of these simultaneously provide acceptable fits in the bac~ard-angle
region. It is shown that the detailed form of the real potential significantly affects the
scattering only at distances beyond -4 fm. The 60-MeV & probe is not sensitive to the
detail of the total potential inside of -3 fm in any way that affects the elastic cross section.

NUCLEAR REACTIONS """ "Ni(0., u), E =60 MeV "Ni(0. u) E =75 MeV;
measured o(8); 8 =12-160', enxiched targets. Optical-model analysis.

I. INTRODUCTION

In the past decade extensive measurements of the
elastic scattering of a particles have been made
for a wide range of target nuclei and bombarding
energies. The observed cross sections have for the
most part been analyzed in terms of a local com-
plex optirwl potential with Woods-Saxon form fac-
tors for mth real and imaginary parts [see Eqs. (I)
and (2)]. Early analyses" were largely restricted
to low-energy (-20-MeV) measurements within the
forward hemisphere and the results indicated. that
the scattering data could be fitted equally well with
a large number of potentials characterized by (I)
discrete values of the real well depth V„ in the
range 20 to 400 MeV and (2) a relatively constant
strong absorptive term. Igo' found that these
equivalent potentials are essentially identical in the
tail region (beyond 7-8 fm) and consequently de-
duced certain relationships satisfied by the poten-
tial parameters. Arguments were given. by Drisko,
Satchler, and Bassel' that these parameter relation-
ships are roughly equivalent to requiring identical
8-matrix reflection coefficients for angular mo-
menta corresponding to the classical turning point
of the motion; that is, the strong absorption radius
(typically, 8-8 fm). It was shown that the scatter-
ing wave functions generated by the equivalent po-

tentials do indeed predict essentially the same re-
flection from the nuclear surface, but differ in the
number of nodes in the nuclear interior ( for dif-
ferent values of the real well depth). Studies by
Fernandez and Blair' and Jackson and Morgan'
confirmed the sensitivity of the scattering to the
tail region and determined that the only uniquely
determined size parameter is, in fact, the strong
absorption radius. Hence, the elastic scattering
is apparently insensitive to the nuclear interior,
presumably because of the strong absorption of a
particles in the nuclear surface.

Recent elastic a scattering measurements have
been performed at higher energies and, in some
instances, over more extensive angular ranges. It
is argued that if the e-particle penetrability in-
creases faster with energy than the e-particle ab-
sorption (larger numbers of reaction channels are
being opened), the scattering becomes more sensi-
tive to the interior region of the potential and hence
determines it more uniquely. For example,
Hauser eta3. ,

' in a study of ~Ni data within the for-
ward hemisphere, found just two equivalent poten-
tials while work by Smith and Goldberg' on 139-
MeV 58Ni data, also measured within the forward
hemisphere, resulted in a single potential. Simi-
larly, Singh et aI, ' in a study of "Mg data extend-
ing out to 165', found four equivalent potentials at
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40 MeV, but only one at 80 MeV. Further, since
backscattered a particles experience small angular
momentum barriers and therefore deep penetra-
tion, backward angle measurements should also be
sensitive to the interior region of tht, potential.
Thus, for forward-angle 64-MeV "Ni data, Weis-
ser etal."found six equivalent potentials while
60-MeV measurements by Singh ef;al. ,

" covering
10-165', yielded a preliminary result of only two

equivalent potentials.
The present work consists of an optical-model

analysis of medium-energy a' elastic scattering
data measured over a wide angular range. The pa-
rameter space of the u-nucleus optical potential
is explored in detail with respect to both the ambi-
guities in the potential and the angular extent of the
data. Various spatial regions of the extracted po-
tentials are closely examined in an attempt to
more uniquely specify the Q. -nucleus interaction.

II. EXPERIMENT

This experiment was performed using the sector-
focusing cyclotron of the Naval Research Labora-
tory (NRL). The facility provided a momentum-
analyzed 60-MeV & beam characterized by a beam
profile diameter of 2.5 mm and a 200-keV energy
spread [full width at half maximum (FWHM)], at
1 p, A intensity. Reaction products were detected
by an array of eight Si(Li) diodes, four mounted on
each of two independently movable arms inside a
75-cm scattering chamber. Detector angular ac-
ceptance varied from —,

'' in the forward hemisphere
to 1' in the backward hemisphere with correspond-
ing solid angles between —,

' and 1 msr. The kine-
matic spreads for this scattering geometry, com-
bined with the measured intrinsic detector resolu-
tion and the energy spreads in the incident beam
as well as the target, yield over-all resolutions of
240 ke V (FWHM) at 60' (for —,

"angular acceptance)
and 260 keV (FWHM) at 120' (for 1' angular ac-
ceptance), in agreement with observed values
ranging from 250 to 300 keV. The excited states
of the even Ni isotopes all lying above 1 MeV of
excitation, this resolution was sufficient except
at far forward angles where the elastic scattering
is particularly strong and overlapped with contri-
butions from light target contaminants.

The detectors were sufficient to stop 60-MeV
o.'particles at full depletion depth (-2 mm). Pulse
amplification, discrimination, and routing were
done in a conventional fashion utilizing commercial
modular electronics. Events were stored in the
memory of the on-line EMR 6050 computer in
8& 1024-channel configuration arrays as well as on
magnetic tape (for off-line checking of the on-line
analysis}.

TABLE I. Target properties, bombarding energies,
and experimental angular ranges.

Bombarding Angular
Thickness Enrichment energy range

Target (mg/cm2) (%) (MeV) (deg)

60Ni

~2Ni

1.10
0.931
0.963
0.864

99.69
99.10

&95
94.82

59.6
58.1
58.2
58.3

12-160
15—157
15—159
12—160

The nickel targets were isotopically enriched
self-supporting foils on loan from Argonne Nation-
al Laboratory. " Target thicknesses had been mea-
sured previously to within 10% by an a-particle
gauge. Table I lists the measured target thicknes-
ses together with target enrichments, the bom-
barding energies, and angular ranges over which
the differential cross sections were measure/.
Generally, the angular distributions were mea-
sured in 1-2' and 2-4' steps for the forward and
backward regions, respectively. Relative errors
in the differential cross sections are due primarily
to counting statistics and geometrical errors be-
tween two or more detectors measuring the same
datum point. In the forward hemisphere they are,
at most, 5% while in the backward hemisphere they
range from 5 to 50% . The absolute normalization
error is due almost entirely to uncertainty in the
target thickness (10%). Other contributions were
estimated to be: (1) efficiency and calibration of
the Faraday cup (5%); (2) solid-angle uncertainty
(3%); (3) target nonuniformity and beam-drift ef-
fects (5%); and (4) dead-time losses (-,'%). Com-
bining all of these effects gives an estimate of 13%
for the total absolute error.

The measured cross sections are illustrated in
Fig. 1. For purposes of comparing the gross fea-
tures and for later discussions we divide the angu-
lar distributions into three parts: Region I (10 to
'10'}, region II ('70 to 110'), and region III (110 to
165'). Region I exhibits the strong diffraction pat-
tern characteristic" of forward & elastic scatter-
ing at medium energies. At first inspection the
diffraction structure appears to be identical (apart
from slight phase differences) for the four iso-
topes. However, the rate at which the diffraction
maxima fall with angle increases with neutron
number by about 25% from "Ni to "Ni. Even
greater differences in average slope exist in re-
gion II where the slopes are decreasing with neu-
tron number with, for example, the "Ni cross
section falling off more than twice as fast as that
of '4Ni. Differences in structure are also apparent
in region II: While the cross section for "Ni is
slightly oscillatory, that of ' Ni is more smooth
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and those of 62¹iand ~Ni are oscillating strongly.
In region ID the quality of the data is poor except
for that of "Ni. The prominent features of this
region, however, are that the cross sections are
roughly constant with angle (in contrast to regions
I and H) and that their absolute values are de-
creasing strongly with increasing neutron number:
The average values of the cross sections for 58¹i,"¹i,"Ni, and ~¹iin region III are in the ratio
1.99, 1.03, 0.64, 0.55. Thus, Ni has a bac.kward-
angle averaged cross section about one fourth that
of "Ni and one half that of "Ni.

IH. QPTK;AL-MODEL ANALYSIS

In a phenomenological optical-model analysis of
e nucleus elastic scattering, the interaction be-
tween the 0.' particle and the nucleus is character-
ized by a spherically symmetric local complex
potential. In the present analysis the potential is
of the usual form

Vop~(&) = V,(r) —V„f (x„) i W—„—4W~ f (xi)
der

with '@foods-Saxon form factors

f(x, ) =[1+exp(x,)1-', x, =(~-~,&"'}/s, (2)

for both the real (p„,a„) and imaginary (p;, a, ) po-
tential wells. The first term represents the Cou-
lomb interaction between a point a particle and the
field of a uniformly charge sphere of xadius 8,
=r, A"'. The remaining nuclear potential terms
are the real central potential with volume form and

the absorptive central potential with volume and/or
surface (first derivative) forms. Retention of all
terms in Eq. (1) allows for, at most, an eight-pa-
rameter model.

The optical-model search program OFncA~' was
used for all calculations, although consistency and

accuracy checks were made with other existing
optical-model codes." The usual g' criterion was
used as a quantitative measure of the goodness of
fit. An automatic search routine adjusted the po-
tential parameters to minimize the function X'~
given by

(3)

O.I-

I I I I I I I I I
'

I I I I I I
where o, and o, are the theoretical and experimen-
tal cross sections, respectively, at angle 8, , 4o,
is the relative error associated with o„and N is
the number of data points. A related quantity used
throughout this work is the X2 per degree of free-
dom defined as II'„/(N M) wh-ere M is the number

of vax ied parameters. In all calculations of X', the
actual errors ho, were used whenever they exceed
the average (5%); otherwise, n, o,/o, =5% was used.

A. Procedures

O.OI-

O.OOI-

REGION X

O.OOOI
20 40

REGION 0 == REGION HI
I 1 I I I I . I I . I . I

60 80 IOQ l20 l40
ec.m. (de9)

Objective standards for an acceptable theoretical
fit to the data were chosen as follows: (1) X' values
changing by less than 0.001% on successive itera-
tions terminated the search; (2) y'(9, ) & (constant},
that is, the fit must be equivalently good over the
entire angular range; (3) the best-fit parameter set
must, within limits, be arrived at independent of
the starting parameter set and the parameter
search procedure; (4}an acceptable parameter set
must be preceded by a final full search in which
all model parameters, are allowed to vary simul-
taneously.

Preliminary to the systematic analysis of the
data, sensitivities of the model predictions to the
following effects wex'e investigated.

l. Absolute normalization errors in the data
FIG. 3.. Experimental differential cross sections for

the elastic scattering of 60-MeV e particles by the even
isotopes of nickel. The data is expressed as the ratio to
Rutherford scattering /he curves drawn through the data
points serve merely to guide the eye).

It is customary to treat this problem by perform-
ing normalization grids by which an optimum nor-
malization constant is obtained within the limits of
the estimated absolute error (13%for this work).
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Normalization grids were performed in the follow-
ing manner: A preliminary analysis of the ' Ni
data, reported in Ref. 16, gave four best-fit pa-
rameter sets corresponding to real well depths
V„of 120, 170, 220, and 288 MeV. By using these
parameter sets as starting sets, four similar dis-
crete potentials were found for each of the target
nuclei. The normalization grid was then performed
for the four potentials of each of the four nuclei
and the final normalization constant was obtained
by averaging the optimum values, giving 0.960,
1.024, 1.102, and 1.000 for ' Ni Ni Ni, and
~Ni, respectively. It is worthwhile to note that in
any data renormalization the real potential param-
eters changed by at most 5% over a +13% variation
in normalization, while the imaginary potential
parameters changed by as much as 30%.

2. Size of the assumed nuclear charge distribution

The radius parameter r, of the nuclear charge
distribution was gridded over the range 1.10~ r,
& 1.40 in order to optimize its value. It was found
that small changes in V„,W„, and ar could always
compensate for a change in r, such that the value
of y' remained essentially constant. The optical-
model fits are thus not very sensitive to the radius
parameter r,. Equivalently, r, is determined to
within -25%. For the remainder of this work its
value has been arbitrarily set at 1.30 fm.

3. Finite angular acceptances involved in the
measurements

Comparisons were made between optical-model
calculations which minimized the X function sub-
ject to averaging over the angular acceptance with
those which did not. The differences between the
predicted cross sections for the "smeared" and
"non smeared" calculations never exceeded the
minimum relative uncertainty of 5~$ over the entire
angular range, and as a result the respective po-
tential parameters differed by less than 1%.
Hence, in the present case angle averaging of op-
tical-model calculations is not required for de-
termination of valid potentials.

4. Uncertainties in the bombarding energies

A series of calculations were performed to ob-
tain a measure of the sensitivity of optical-model
predictions to the magnitude of the bombarding en-
ergy. Fits to the 6 Ni data were obtained for a
sequence of energy values while holding all param-
eters fixed. Energy changes in excess of 400 keV
(1 MeV) were required to produce a 50% (100%)
increase in y'. Parameter searches over a 1-MeV
range in bombarding energy yielded parameters
which changed smoothly with energy and differed,
at the extremes, by less than 1%. The calibration

of the beam momentum analysis magnet is believed
accurate to within —,'% (+300 keV in this case) and
the above results indicate that the data analysis is
insensitive to an uncertainty in the beam energy of
this magnitude.

B. Results

The quality of the "Ni data is superior to
that of the other Ni isotopes studied. Hence this
nucleus was singled out for a thorough analysis. In
the first attempt to fit the "Ni data, volume ab-
sorption and independent Woods-Saxon form factors
were assumed for reasons of relatively high bom-
barding energy and extensive backward-angle
data. " The starting values for V„,W~ were chosen
as four times those of the nucleon-nucleus optical
potential" at one fourth of the o. bombarding ener-
gy. Two distinct potentials were immediately
found; (Vs, Wv) = (126 MeV, 18 MeV) and (171 MeV,
22 MeV), both providing excellent fits in region I,
but disagreeing somewhat in phase and magnitude
with the oscillations observed in the data of regions
II and IG. Four additional potentials were found by
holding the 18- and 22-MeV absorptive potentials
fixed and searching on (rs, as) while gridding V„
over the range 20-40 MeV. The absorptive parts
of the four new potentials were then varied to
achieve minimum X', after which full searches
(i.e., on all parameters) were performed. Hence
a total of six distinct potentials fit the data. Their
most distinguishing feature is the large spacing of
45-90 MeV in the central well depth, V~: 79.6,
126.7, 173.1, 228.2, 297.2, and 385.8 MeV. Other
starting sets and search procedures led to the same
potentials. " In particular, pairwise searching on
any two of the three parameters characterizing
either the real or absorptive well for any of the six
potentials did not significantly alter their values.

The differential cross section predicted by each
of the six potentials is compared to the experimen-
tal result in Fig. 2 and the six best-fit parameter
sets are listed in Table II together with an indica-
tion of their quality of fit to the data. Specifically,
the 79.6 and 126.7-MeV potentials fail to fit the
data in region III (see Fig. 2) whereas the remain-
ing potentials fit equivalently well. With the excep-
tions of the 297.2- and 385.8-MeV potentials, all
potentials provide an excellent fit to the data within
region I. However, none of the potentials are able
to satisfactorily reproduce the angular structure of
the data in region II, although they do predict the
correct average slope and magnitude (except for
the V9.6- and 385.8-MeV potentials). Over the en-
tire angular range, only the 173.1- and 228.2-MeV
potentials can be considered as equivalent best-fit
potentials. It is immediately obvious that the inclu-
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sion of extensive backward-angle data has reduced
the number of acceptable potentials. In the "Ni
case six potentials exist. By comparing their pre-
dicted cross sections for the first 70' of the data
four of the potentials are found to be equivalent.
By comparing over the first 110' of the data only
three are found equivalent and across the total
angular range only two potentials give equivalently
good over-all fits.

An attempt was made to improve the backward-
angle fits by holding the real part of each potential
fixed while adjusting the imaginary part. Adequate
fits were obtained for a series of absorptive poten-
tials with strengths ranging from 12 to 36 MeV, but
no substantial improvement was found in the phase
mismatch across regions II and ID. On the contra-
ry, it became clear that despite the inclusion of
extensive backward-angle data, the absorptive po-
tentials are not unique; that is, changes in one pa-
rameter can be compensated by changes in one or
both of the remaining parameters, over limited
ranges. Changing the absorptive interaction from
volume to surface form [see Eg. (i)] yields mini-

mum values of X' essentially equal to those obtain-
ed for volume absorption. Comparisons of the pa-
rameter sets reveal that for each of the six "¹i
potentials listed in Table II, volume and surface
forms for the absorptive potential can be used in-
terchangeably with only minor changes in the real
potential parameters which are such that the rms
radius of Vz(r) rema, ins constant to within 1%.
%'eisser elan. found similar results for 64-MeV
"Ni data extending just beyond region I.' Figure
3 compares the predicted cross sections and ab-
sorptive potentials for volume and surface absorp-
tion, in the case of the 1VO-MeV real potential for"¹i.Clearly, the absorptive potentials are es-
sentially identical in the surface region beyond 6.5
fm, but differ drastically in the interior region.
The close agreement found between predicted dif-
ferential and reaction cross sections for volume
and surface absorption implies that 60-MeV o.'-par-
ticle scattering is insensitive to the interior region
of the absorptive potential. In part this may be due
to the fact that the continuous ambiguity in the vol-
ume absorptive strength is large enough to span

TABLE H. Best-fit optical-model potentials for the scattering of 60-MeV n particles by the isotopes of nickel. All
strengths in MeV and geometrical parameters in fm.

Nucleus R rmsi o~ J~/A g EPI, II, IH

58Ni 79.6
126.7
173.1
228.2
297.2
385.8

59.2
116.0
163,3
215.2
273.1
341.8

48.8
110.1
162,3
217.2
278, 8
369.1

38.8
110.8
165.8
224.1
285.4
357.2

1.341
1.295
1.279
1.254
1.209
1.149

1.468
1.335
1.299
1.272
1.24S,
1.216

1.505
1.355
1.300
1.263
1,230
1.157

1.538
1.335
1.275
1.235
1.20S
1,173

0.S50
0.781
0.719
0.692
0.688
0.701

0.685
0.695
0.666
0,643
0.631
0.629

0.660
0.6.74
0.663
0.649
0.641
0.672

0.633
0.682
0.671
0.659
0.646
0.647

5.118
4.837
4.671
4.554
4.425
4.323

5.131
4.805
4.646
4.533
4.445
4.368

5.224
4.S65
4.689
4,566
4.463
4.336

5.292
4.863
4.698
4,591
4.505
4,361

15.09
18.04
22.17
25,23
28, 89
31.34

19,02
20.64
24.86
29.04
32,81
36.12

23 44
24.92
27.72
32.88
3S.31
39.56

27.61
25,09
27.87
30.57
33,54
37.00

1.677
1.642
1.5SS
1.577
1.548
1.541

1,626
1,568
1.518
1.484
1.478
1.479

1.542
1.504
1.486
1.447
1,420
1.454

1.408
1.487
1.462
1.441
1,436
1.438

0.527
0.506
0.531
0.515
0.530
0.525

0.507
0,564
0.577
0.580
0,559
0.537

0,605
0.637
0.624
0,631
0,629
0,581

0.765
0,639
0.642
0.644
0.626
0,598

5,396 1652
5.235 1635
5.152 1634
5.102 1628
5.036 1636
5.016 1634

5.279 161S
5.175 1626
5.071 1624
4.984 1622
4.950 1613
4.909 1608

5.236 1679
5.151 16SS
5.097 1686
5.014 1683
4, 936 1680
4.954 1665

5.209 1756
5.253 1693
5.197 1683
5.113 1680
5.055 1675
4.9SO 1674

1015 26.9
1428 13.6
1M8 10.3
2260 13.0
2667 15.9
3052 17.7

894 16.0
1356 10.2
1753 8.6
2159 9.3
2587 11.1
3016 12.6

780 9.2
1325 8.2
1736 7 4
2136 8.3
2544 9.6
2900 10.0

653 16.7
1282 13.7
1686 11.7
2068 11.6
2470 12.5
2868 14.1

I
I, H

I, H, HI
I, II, HI
II, HI
HI

I, H
I, H, HI
I, H, IH
I, II, HI
I, II, HI

I
I, II
I, II, HI
I, H, HI
I, H, HI
I, II, III

I
I, II
I, H, HI
I, H, HI
I, II, IH
I, II, HI

' Theoretical reaction cross section in mb.
b Volume integral of the real part of the central potential divided by A {MeVfms).

per degree of freedom.
d Equivalent potentials for region I {10-70) and/or region H {70-110')and/or region HI {110-165). Note that the con-

tribution of the 80Ni, 62Ni, and ~4Ni region IH data to g is small {see Hg. 1, xegion IH).
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the variation of the corresponding surface absorp-
tive strength between -3 and -6 fm. The conclu-
sion here is that any smooth form for the absorp-
tive potential is acceptable so long as it possesses
the correct surface (r&-6 fm} behavior.

The continuous parameter ambiguities within both
real and imaginary potentials were independently
studied: continuous real ambiguities (CRA) were
determined with the absorptive potentials held
fixed and continuous imaginary ambiguities (CIA)
were investigated for fixed real potentials. The
results of the parameter explorations are basical-
ly the same for all six potentials for each of the
four nickel isotopes listed in Table II. Considering
the CRA, as VR increases, r„decreases, and a„ in-
creases such that the rms radius, Rrmlr of V„(r)
remains relatively constant. The same behavior
is found for the CIA. Figures 4 and 5 illustrate the
CRA and CIA, respectively, for the case of "Ni
(which is entirely similar to that of "Ni). Note
that the variation of y' with V~ is of a discrete
nature whereas for W~ the behavior is smooth.
Table III contains the ranges of the parameters
corresponding to g' values twice the y'(min) val-
ues." It is apparent that for any of the "Ni poten-

tials, changes in V„up to -45% can be compensat-
ed by changes in rs and as up to -20 and -30%,
respectively, such that R, ,„changes by no more
than -5%%uo while X' ~ 2y, '(min). For the CIA in the
"Ni potentials, the corresponding percentages are
roughly similar. Thus, for a given potential fam-
ily, the rms radii R, ,„and R, „are the only well-
determined geometrical quantities.

The foregoing CRA studies were repeated with
the region III data deleted and finally with both re-
gions II and III data deleted. The objective was to
see if increasingly restricted angular regions al-
lowed the existence of even more potential famil-
ies. However, the number of families remained
constant. It would appear, therefore, that the to-
tal number of discrete families is determined by
the forward-angle diffraction scattering alone
(region I}. Moreover, the potential parameters
for each family are already largely determined by
the diffraction region. In fact, by comparing best-
fit potentials for region I data alone with those for
all data, one finds that on the average, W~, a„,
and az values differ by only 8-10%; Vz, rz, and ri
values differ by only 2-4%%uo, and the R, ,„and
R, „values differ by. only —,

' and 2Q, respectively.

IO
I I 1 t I I I I I I I I

0
IO

t ~ t 1 I I I

(a)

IO
IO

IO
IO

b
b

10

IO

I I I I I I I I I l I I I I

IO 20 40 60 80 100 120 l40 160

e, (deg)

IO

IO

0 IO

IO

IO

10

20 40 60
I I I I I I I I I

80 100 120 140 160

8 c.m. (deg)

(b)

FIG. 2. Comparison of the best-fit optical-model pre-
dictions to the experimental data, for +Ni: (a) 79.6 MeV
(---) and 126.7 MeV ( ); (b) 173.1 MeV (---) and
228.2 MeV ( ); and (c) 297.2 MeV (- —-) and 385.8
MeV ( ). The complete parameter sets are listed in
Table II.

I I I I I I I I I I I I I I

IO 0 2 4 6 8 10 12 14

FIG. 3. Comparisons of +Ni optical-model predictions
(a) and absorptive potentials (b) for the cases of volume
( ) and surface (-- —) absorptive form factors. The
V~ -165-MeV well is employed in both cases.
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Thus, the rms radii are well determined by the
diffraction scattering. Also, the backward-angle
data is seen to be most sensitive to the absorptive
strength and diffuseness parameters. In fact, it
appears that the backward-angle sensitivity to
these three parameters (W„, a„a„)is the mecha-
nism that forces the acceptance range of the re-
maining three parameters (V„, r„, r~} to be re-
stricted to precisely those potentials of Table II
designated as "equivalent" over the entire angular
range.

~~¹i,~~¹i, ¹i.Analysis of the '0¹i, '~Ni, and

"Ni data produced six potential families for each
isotope, just as in the case of ' Ni. The best-fit
parameters are listed in Table II. Calculated dif-
ferential cross sections are illustrated in Fig. 6
for "Ni as a representative case, together with the
experimental data for comparison. Excellent fits
to the region I (10-70'}data are achieved with all
ot the potentials. ln region II (70-110') the fits are
generally good apart from a slight mismatch with

the phase of the data. Despite the large experimental
uncertainties in the region III data (beyond 110'),
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eye. Units are MeV and fm.

FIG. 5. Behavior of the continuous imaginary ambigu-
ities (C1A) in the six-family set of 60Ni. The real poten-
tials were held fixed (the )P vs 8'„curves are labeled
with the appropriate V~ values). The curves through the
points serve mex'ely to guide the eye. Units ax'e MeV
and fm.



ELASTIC SCATTERING OF 60-MeV ALPHA PARTICLES. . . 1009

the general trend is sufficiently clear to show that
all but the -50- and -110-MeV wells provide equal-
ly good fits. Again, the inclusion of backward-an-
gle data has reduced the number of acceptable po-
tentials, although by fewer than the "Ni case
(presumably because of the better quality of the
backward-angle "Ni data —see Fig. 1). Similar
conclusions hold for Ni and ~Ni.

There are obvious similarities among the param-
eter sets (Table II) obtained for the four isotopes:
(l) There exist six potentials per isotope. They
are distinguished by the discrete spacing of the
order of 50 MeV between values of V„.
(2) The discrete values of Vz are quite similar for
the four isotopes and can be classified by the
average values 55, 115, 165, 220, 280, and 365
MeV.
(3) The geometrical parameters of the Woods-
Saxon form factor have the properties r„&rr and

ar &a„, in agreement with results of previous simi-
].ar analyses. ""
(4) For each isotope all potentials predict the same
reaction cross section o„ to within 2Q, and its val-
ue increases only slightly with increasing mass
number.
(5) For each isotope, the rms potential radii, R, ,„
and R, „,are constant to within 9 and 4%, respec-
tively. R, ,„shows a slight, although unsystematic,
increase with mass number. No systematic trend
is found for R, „, which is probably connected with
the observation that the parameters of the imag-

0 I I I I I I I I I I I I I I

IO:

IO
62

Ni

10

b

b

IO

IO

4 I I I I I I I I I I I I

IO 20 40 60 80 100 )20

e (ding)

l40 l60

FIG. 6. Comparison of the best-fit optical-model pre-
dictions to the experimental data for Ni: (a) 48.8 MeV
(---) and 110.1 MeV ( ); (b) 162.3 MeV (---) and
217.2 MeV ( ); and (c) 278.8 MeV (- --) and 369.1
MeV ( ). The complete parameter sets are listed in
Table II.

TABLE III. Twice y (min) ranges of the continuous ambiguities in the optical-model potentials for the nickel iso-
topes. The twice g (min) range of each parameter is expressed as a percentage of the y (min) parameter value listed
in Table II. The upper and lower parameter limits are approximately the Table II value plus or minus one half of the
expressed percentage. The symbol & indicates that twice g (min) was never attained and that the tabulated percentage
is a lower limit. Note that the shallowest and deepest wells of Table II have been deleted.

Nucleus V~ 6V~/V~ . Arz/~z b,az/a„
+R rIlls»

R rmsy Wv AWv /Wv Axr/'rr Ear/'ar
+R rmst
R rms]

ssNi

eoNi

e2Ni

e Ni

126.7
173.1
228.2
2 97.2

116.0
163.3
215.2
273.1

110.1
162.3
217.2
278.8

110.8
165.8
224.1
285.4

43
40
44
52

34
28
26
29

50
37
39
41

68
48
51
58

19
21
23
29

14
14
14
16

16
16
18
18

24
22
25
29

27
29
32
37

25
22
21
24

26
24
26
24

42
35
37
40

18.04
22.17
25.23
28.89

20.64
24.86
29.04
32.81

24.92
27.72
32.88
38.31

25.09
27.87
30.57
33.54

50
45
52
66

126
88

148
107

&221
&206
&167
&146

&187
176

92
110

8
10
10
11

15
11
15
11

&21
&18
&16
&14

&18
16
33
38

20
30
28
25

16
10
12

8

&15
&11

&9
&9

&11
8

73
77

10
7

10
7

&13
.&12
&10
&ll

&12
11
3
4
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inary potential are quite sensitive to the absolute
normalization of the data.

Obvious dissimilarities are noted among the
measured differential cross sections of the four
isotopes (see end of Sec. II). Most prominent
among these is the pronounced decrease {by almost
a factor of 4) in the angle-averaged cross section
in region DI arith increasing mass number. One
finds that the strength W» and diffuseness a, of the

absorptive potential exhibit the greatest variation
(by about 30 and. 20%, respectively) between "Ni
and 55¹(see Fig. I). Even though these parame-
ters are strongly influenced by the absolute nor-
malization of the angular distributions as a whole,
one can nevertheless attribute the large differences
in the parameters W~ and ar primarily to the large
differences in the averaged backward-angle data.

Other results of the 6 ¹i,6~Ni, and ~Ni data anal-
ysis: Surface and volume absorptive potentials are
substantially no different from one another and can
be interchanged as long as the tail region (»&6
fm) remains invariant. The CRA and CIA studies
(Figs. 4 and 5 and Table III) indicate, again, that
the rms radii are the only mell determined shape
parameters for a given family and that X' is much
more selective i.n V„ than in any other parameter.
CRA studies performed on region I data onlyy re-
gions I and II data, and finally on all of the data
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FIG. 7. Isotopic dependence of the optical-model pa-
rameters (Table II) found in the analysis of the scatter, -
ing of 60-MeV e particles by the isotopes of nickel for
the115- g), 165- (Q), 220- (O), and 280-Mev P7) wells
(the shallowest and deepest wells have been deleted).
Units are MeV and fm.

FIG. 8. Radial dependence of the real part of the opti-
cal potential for the six discrete potentials of 6 Ni and
62Ni (see Table II). LogVz (r) is plotted to emphasize the
similarities of the tails. The crossover radius tcois
the approximate coordinate at which the discrete poten-
tials cross one another (see text).
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gave the same number of discrete potentials, and

(W», a„as}experience the greatest changes in

comparing results of region I analyses to those
obtained for the entire angular distribution. This
again confirms our consistent observation that the
backward-angle cross section depends strongly
upon the absorptive strength and the diffuseness
parameters.

IV. DISCUSSION

TABLE IV. Strong absorption radii wsz and Igo cri-
terion parameters GR defined by Eqs. (4) and (5) and
calculated using the Table II potentials. The crossover
radius ~co is the approximate coordinate at which the
discrete potentials cross one another (Fig. 8). All
strengths in MeV and geometrical parameters in fm.

Nucleus VR &CO VR(&co) VR(&sA) GRX10

79.6
126.7
173.1
228.2
297.2
385.8

7.4 + 0.1 7.62
7.4 + 0.1 7.60
7.4 +0.1 7.55
7.4 + 0.1 7.54
7.4 ~ 0.1 7.54
7,4 + 0.1 7.54

5.49
5.68
5.54
5.60
5.58
5.64

4.33
4.49
4 54
4.61
4.60
4.41

0.36
0.78
1.69
2.54
2.67
2.20

The high quality of the over-all fits obtained with
the present sets of equivalent potentials (see Table
II}justifies their further study in the hope of ex-
tracting meaningful quantities which might provide
clues for a more unique description of the scatter-
ing. Pursuant to this goal is the determination of
what intrinsic properties and derived quantities
are common to the sets of equivalent potentials and
to what extent 60-MeV e particles probe the radial
shape of the potential in various spatial regions.
The answer to the last of these questions, more-
over, is pertinent to the design of future experi-
ments.

%'e first consider the extreme surface regions,

or tails, of the equivalent potentials. Figure 8
illustrates logarithmic plots of the real parts of
the "¹iand "Ni six-potential sets listed in Table
II. The potentials are distinct inside of 5 fm (ap-
proximately the rms potential radius) and are es-
sentially identical beyond 7 fm, in the tail of the
potential. Inspection reveals that in almost all
instances the potentials actually cross each other
within a region less than 0.5 fm wide centered at
almost V.5 fm (designated as rco, the crossover
radius). The same is true for the real potentials
of "Ni and 'Ni. Igo' in analysis of 18- to 48-MeV
data has concluded that the strengths and geome-
tries of the real and absorptive potentials can be
varied, provided the tails do not change. For the
real potential the Igo criterion is expressed by the
invariance of the quantity GR given by

G„=V„' ex p(r„'A""/a ~),

where the index j labels a particular discrete po-
tential. The criterion is meaningful as long as the
scattering is entirely a surface phenomenon. While
this is not entirely true for the scattering of 60-
MeV n particles, it was found that the parameter
correlations within the CRA (see Fig. 4}are indeed
consistent with relation (4).

In a study of the elements of the scattering ma-
trix, S, =exp(2i5, ) =»i, exp(2i&f), generated from
optical potentials, Drisko, Satehler, and Bassel4
have pointed out that the Igo criterion is roughly
equivalent to requiring the reflection from the nu-

clear surface (as measured by the reflection coef-
ficients ReS, and ImS, ) to be the same for those an-
gular momenta corresponding to classical impact
parameters in the tail region of the potential. The
radius parameter associated with these angular
momenta is the so-called strong absorption radius

I I I i

59 2
116.0
163.3
215.2
273.1
341.8

7.5 + 0.1 7.49
7.5 ~0.1 7.50
7,5 + 0.1 7.49
7.5 + 0.1 7.48
7.5 + 0.1 7.48
7 5 +01 748

4.24
4.23
4.22
4.18
4.26
4.32

4.32
4.24
4;29
4.34
4 42
4,49

2.61
2.14
3.38
4.97
6.29
6.62

~4Ni

48.8
110.1
162.3
217.2
278.8
369.1

38.8
110.8
165.8
224.1
285.4
357.2

7.65 + 0.15 7.53
7.65+ 0.15 7.56
7.65 + 0.15 7.56
7,65 + 0.15 7.55
7.65 + 0.15 7.55
7.65 + 0.15 7.56

7.65 + 0.1 7.56
7.65 + 0.1 7.58
7.65 + 0.1 7.58
7.65+ 0.1 7.57
7.65 + 0.1 7.56
7.65 + 0.1 7.56

3.01 4.08
3.09 4.06
3.12 4.14
3.08 4.15
3.07 4.19
3.26 4.29

3.32 3.76
3.61 4.00
3.62 4.03
3.60 4.05

4.11
3.66 4.19

4.05
3.14
3.81
4.01
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3.36

6.46
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3.32
4.04
5.06
5.04
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FIG. 9. Dependence of the amplitudes qg (of the ele-
ments of the scattering matrix S&) upon the channel spin
/ for scattering matrices generated from four discrete
@Ni potentials (Table II). The curves through the points
serve merely to guide the eye.
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r~„, defined' as the classical turning point of mo-
tion for that critical angular momentum /0 for
which ReS, =0.5:

r„=(1/k}(v+[v +l (l +1}]"),
vrhere 0 is the wave number and v is the Coulomb
parameter. The strong absorption radii ~~„and
the Igo parameters C„have been calculated for all
potential sets of Table II and are listed together
with the crossover radii +co in Table IV. The +s„
values are constant to within —,'% for any of the
six-potential sets and across the isotopic sequence
they differ by less than 2%. Moreover, the strong
absorption radius lies vrithin the crossover region
as illustrated, for example, in Fig. 8 (the corre-
sponding critical angular momentum E, lies in the

range 21&la&22}. Figure 8 illustrates ~S, ~=q, as
a function of / for discrete "¹ipotentials. The
curves indicate that the g, values are essentially
identical for the significant l values involved (/ =18
to 25). Similarly, one finds essentially the same
real phase shifts 6", over the range of significant
/ values. These observations confirm that the sig-
nificant S matrix elements are essentially equal
for the set of discrete potentials; that is, they con-
stitute a set of phase-shift equivalent potentials.

The Igo parameter Gz, on the other hand, fluc-
tuates by factors as large as 6 for a six-potential
set and across the isotopic sequence it changes by
factors up to 18. Relation (4) shows that the Igo
parameter is most sensitive to the diffuseness pa-
rameter a„which, in turn, is one of the parame-
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FIG. 10. Radial dependence of the real and imaginary
form factors for the six discrete 82¹ipotentials listed in
Table II.

I I I I I I I I I

0 l 2 3 4 5 6 7 8 9 lo

r (fm)

FIG. 11. Several members of the continuous family of
real potentials for each pf four discrete @Ni potentials
g'able II). An arrow@ indicates the radial coordinate at
urhich the potentials converge and beyond which they
remain very similar.
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ters most sensitive to the backward-angle data
(see Sec. III). Thus, one might expect to satisfy
the -Igo criterion for potentials which fit the for-
ward-angle data alone. For "¹ione finds that 6„
is indeed constant across the six-potential set to
within 6~/q which represents a considerable im-
provement over the previous factor of 6, but is
still poor in comparison to the —,'% variation in the
strong absorption radius. Moreover, the strong
absorption radii for the potential sets obtained
from forward-angle data alone are identical to
those for the potential sets which fit the whole an-
gular distxibution. Thus, while the Igo criterion
is roughly satisfied for the diffraction scattering, "
but fails upon the introduction of backward-angle
data, the strong absorption radii are truly constant
across the discrete ambiguities irrespective of the
presence or absence of the backward-angle data.

We turn next to the investigation of the full sur-
face region of the potentials. Figure 10 shows,
for example, that the real and imaginary form fac-
tors for the "Ni potentials have very similar
slopes (similar diffuseness parameters) but differ-
ent halfway radii such that the actual potentials
(product of strength and form factor) for members
of a given family are quite similar in radial shape
beyond -4 fm (Fig. 11). These similarities sug-
gest that certain moments of the form factor may
be conserved. In order to investigate this possi-
bility the kth radial moments" were calculated for
the real and imaginary parts of the Table II poten-
tials (as well as for several members of their as-
sociated continuous families). For example, con-
sidering the real potential, the quantity (0)'~» is
just the rms potential radius R, ,„which was found
to be constant to within -5% for the continuous
family of any given well, and is determined to
within 6% when averaged over the equivalent best-
fit potentials (EP I, II, III of Table II). Similar re-
sults were obtained for the unnormalized k =0 mo-
ment of the real potential, which is just the volume
integral J~ given by

&~=4m'- & U & d&. (6)

Calculations showed that this quantity is essential-
ly determined by the diffx'action schttering, as is
the rms radius, that it is constant to within -7%
for the continuous family of any given mell, and
that it is determined to within 10% when averaged
over equivalent best-fit potentials.

Consideration of all values of k through 8, how-
ever, yielded negative results in the sense that
while conserved quantities could be found for a
given family of a given isotope, the same quantities
were not equally conserved in other families of the
same isotope, nor were they equally conserved for

corresponding families in two different isotopes.
For example, looking at the 4th root of the 0th
normalized radial moment (t )"», spanning the
six families of real potentials for 'Ni, this quanti-
ty is essentially constant (to within &1%) for k =6,
4, 5, 5, 6, and 6, within the potential range about
V„-60, 115, 165, 215, 275, and 340 MeV, re-
spectively. Similar results are found for the nor-
malized radial moments of the absorptive poten-
tials. Repetition of these calculations for lowex
limits of -4 fm on the moment integrals yielded no
constant surface moments, contrary to expecta-
tions based on the similarities of the potentials in
the surface region.

The unnormalized k =2 moment (dimensions MeV
fm') is reminiscent of the well-known product re-
lation V„r'„=constant, with k -2. Accordingly, the
exponent k was calculated for a range of (V„,r„)
values corresponding to potentials satisfying X2

& 2y'(min) for the six potential families of each
nickel isotope. Considering values of V~ above
100 MeV, the mean values of k are 1.85'o,",,
1 92+o. s 2 23+o.sa and 2 01+o. for ssNis s Ni, 9Ni,

and ~¹i,respectively. These results are in gen-
eral agreement with those obtained from low- and
medium-energy nucleon scattering. " More recent
analyses" of elastic proton scattering data have
shown that the rms radius and volume integral of
the real central potential are the most well de-
termined quantities and the volume integral per
target nucleon (Js/A) is independent of target
mass. In our case, inspection of Table II shows
that &„/A: (1) changes in discrete steps of -400
MeVfm' across a six-potential set; (2) decreases
slightly with increasing target mass fox corre-
sponding potentials; and (3) the slope of the mass
dependence is the same for each potential family
(with the exception of the -55-MeV potential). It
was noted earlier (Sec. III) that the rms radii are
the most well determined geometrical quantities
describing the nuclear surface.

Vfe now consider the interior of the potential.
Figure 11 illustrates several members of the con-
tinuous family of real potentials for each of four
best-fit "Ni potentials. An inspection of the graph
shows that members of the 110-, 162-, 21'l-, and
269-MeV families are very similar for r&4.8, 4.4,
4.1, and 3.9 fm, respectively (such remarks also
apply to "Ni, ' Ni, and "Ni). The observed similar-
ity in the radial dependence beyond -4 fm indicates
that the 60-MeV e probe determines the shape of
the effective n-nucleus potential for radii greater
than -4 fm. Conversely, one might suspect that
the 60-MeV 0, probe may not be sensitive to the
potential inside of -4 fm. The sensitivity of the
scattering to the inner potential region can be test-
ed by significantly altering the potential within that
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FIG. 12; Optical-model predictions for the illustrated real central potentials of ~ Ni with volume absorptive form fac-
tors. The solid curve represents the best fit and the arrow indicates the coordinate of the 1% departure point from the
best-fit real potential (Table II).

region without changing the potential in the surface
region and comparing the predicted 'croSs sections
to the best-fit results. Such calculations were
performed by introducing a soft core into the cen-
tral potential which is now of the form

(7)

where f (x„) is the usual Woods-Saxon form factor
[Eq. (2)] and

f(xc) =[ Fe+xp(x )]c/[1+exp(xc)], (8)

with x c(r-R /ac),cis the core form factor. For
F =1, Eq. (7) reduces to the standard Woods-Saxon
potential. The soft-core calculations were per-
formed with F =0.

The 173-MeV "Ni potential with volume absorp-
tion was chosen as a test case. The real central
potential, for no core and a core beginning in the
vicinity of 3 fm, together with the corresponding
predicted cross sections, are illustrated in Fig.
12. The differences between the predicted cross
sections are seen to occur primarily beyond the
diffraction region which is to be expected, since
Ioe partial waves. are associated with deep pene-
tration and hence affect the backward-angle scat-
tering. The result of a series of such calculations
is summarized by Fig. 13, in which the solid
curve is a plot of y'/)P(min) vs r, the radius at
which the deviation from the Woods-Saxon form is
1+. The curve indicates that the departure of the
cross section from the best fit, as the core moves
outward in radius, becomes significant for r + 4
fm. Entirely similar results are obtained with the
228-MeV potential. Also, the equivalence of vol-
ume and surface absorption, noted earlier (Sec.
III) in connection with a Woods-Saxon real form

20—

C IP—
s-

oJ 6
X~ 4-
X

0 I 2 3 4 5 6 7
r (fm)

FIG. 13. Departure from best fit in 5 Ni as a function
of the position of a soft core introduced into the real cen-
tral part of the best-fit potential [see Eq. (7)l . The co-
ordinate r is the 1% departure point from the Woods-
Saxon potential (4 fm) for example, in Fig. 12. The solid
and dashed curves represent the cases of volume and
surface absorpbon, respectively.

factor, is not affected by the introduction of a
core, as indicated by the similarity of the solid
(volume absorption) and dashed (surface absorp-
tion) curves in Fig. 13. The conclusion is that the

80-MeV & probe is not sensitive to the detail of the
potential inside of 3 to 4 fm in any way that affects
the differential cross section.

In this section we have attempted to find proper-
ties which are common to the six potentials making
up the discrete ambiguity, as well as the continuous
family of potentials associated with each discrete
potential (continuous ambiguity). ln the case of the
discrete ambiguity the real potentials are essen-
tially identical beyond -'I fm (see Fig. 8) and con-
sequently the strong absorption radii predicted by
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all six potentials agree to within —,'Q. Secondly, the
six potentials are phase sh-ift equivalent for LR 18
(see Fig 9.). For ls18, on the other hand, the
amplitudes and phase shifts for different discrete
potentials differ from one another by factors as
large as 2 implying that, despite the weak ampli-
tudes involved (~S,~-10 '), it is these strongly ab-
sorbed low partial waves which are the signature
of the discrete ambiguity. In the case of the conti-
nuous ambiguity the rms radius and the volume
integral of the real potential are well determined
quantities (to within -6%,) for a given family.
Secondly, all potentials within the range of the
continuous ambiguity are very similar beyond
-4 fm (see Fig. 11) and are, in fact, also phase-
shift equivalent for l& 18. This is illustrated in
Fig. 14 where the envelopes of all amplitudes and
phases of the scattering matrix S, produced by ex-
treme members of the continuous ambiguity range
[y'-2y'(min)] are shown for two distinct families.
Again, the very weak, but numerous low partial
waves characterize the noticeable differences in
the theoretical cross section even though the am-
plitudes ~S, ~

differ by only -1O% over the range of
the ambiguity.

V. ADDITIONAL DATA
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As soon as it became apparent in the present
study of e scattering from Ni that one could not
clearly distinguish between the four discrete,
nearly phase -shift equivalent potentials obtained
at 60-MeV bombarding energy, a program of ad-
ditional measurements at somewhat higher ener-
gies was initiated at thh NRL cyclotron. Due to
intrinsic accelerator limitations and operational
problems, the only experiment actually carried
out was for ' Ni at 75.7-MeV bombarding energy.
The resulting angular distribution is compared
with the 60-MeV data in Fig. 15.

Although the energy of the additional measure-
ments is only 25% higher, striking differences are
observed. In contrast to the 60-MeV data, the
75-MeV cross section continues to decrease be-
yond 120' with a roughly exponential falloff
(instead of leveling off) and a pronounced smooth
hump has developed around 90' following the dif-
fraction region. The characteristic features of the
75-MeV angular distribution are in fact. represen-
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FIG. 14. The envelopes formed by all amplitudes and
phase shifts of the S& produced by the extreme members
of a twice X (min) family for the +Ni cases of (a) the
173-MeV family and (b) the 228-MeV family.

FIG. 15. Ni elastic differential cross sections (as
ratio to Rutherford scattering) at 60 MeV (top) and 75
Me% (bottom). The curves are optical-model fits to the
data obtained with similar potentials:
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FIG. 16. Values of X for fits to the Ni data obtained
with different values of the real well depth V~. The
dashed curve is for 60-MeV, the solid curve for 75-MeV
bombarding energy.

I

tative of higher-energy e -scattering such as, for
example, n+¹iscattering at 104 MeV" or e+Pb
scattering at 139 MeV."

As is evident from Fig. 15, the features of the
75-MeV data are well reproduced by an optical po-
tential which is essentially equivalent (within the
continuous ambiguity) to that describing the 60-
Me V results. The particular potential employed
here for illustration belongs to the 170-MeV family
of V„values. Although the best-fit parameter val-
ues differ somewhat at the two energies, both the
rms radius and the volume integral of the real po-
tential are nearly identical (within 1~$).

An important difference in the optical-potential
description at the two energies is observed, how-
ever, when the quality of fit is examined as a func-
tion of the parameter space. As can be seen from
the y' versus V„curves of Fig. 16, at 75 MeV one
can no longer fit the data with a very shallow po-
tential (V„&110 MeV} or a very deep potential
(V„&210 MeV). In effect, only two discrete, near-
ly equivalent potentials remain clearly acceptable
at 75 MeV.

The evidence that one is beginning to remove the
discrete potential ambiguity for a+Ni scattering
somewhat above 60 MeV (for data extending to
160') supports the conclusions of a recent semi-
classical description of the elastic scattering of
complex projectiles by nuclei. ""One of the cri-
teria which was developed in that analysis for ex-
perimental data necessary to prevent the occur-
rence of multiple phase-shift equivalent potentials
is a characteristic critical energy which must be
exceeded. For e+Ni, this critical energy turns
out to be approximately 60 MeV. A second crite-

rion is that the cross-section data extend well into
the angular region of exponential falloff which is
characteristic of energies in excess of the critical
energy. At 75-MeV bombarding energy, these
criteria are just beginning to be met.

Comparison of the 75-MeV &+Ni case with the
analysis" of a+Pb data at 139 MeV (whose charac-
teristic features are roughly similar} indicates
that improved &+¹imeasurements at 75 MeV be-
yond 140' could serve to distinguish between the
two acceptable potential families cha.racterized by
V„-130MeV and V„-185 MeV. In both scattering
cases, the characteristic large-angle minimum of
the optical-model predictions occurs at a larger
angle, and the large-angle falloff is less rapid, for
the shallower potential; a clear distinction between
the two discrete potentials thus seems possible on
the basis of well-defined large-angle data.

VI. CONCLUSIONS

The elastic scattering of 60-MeV & particles by
'

the nickel isotopes was found to be well represented
by a phenomenological optical potential, but the ex-
traction of the potential from the data is not unique
in the sense that the potential is determined only
beyond some distance.

The problem of the nonuniqueness of the potential
in this energy region is well known and is twofold:
(1) One cannot clearly distinguish between a number
of discrete nearly phase-shift equivalent potentials
and (2) a given discrete potential itself is not unique,
but is defined only within some range of continuous
parameter ambiguities. Analysis of the data over
restricted angular regions has shown that the dif-
fraction scattering (region I) determines the extent
of the discrete ambiguity. It has been further
shown the the extent of the discrete ambiguity is
diminished somewhat by the inclusion of backward-
angle measurements. In fact, it was found that the
absorptive strength and the diffuseness parameters
are most sensitive to the backward-angle data.
However, the fact that it has not been possible to
resolve the discrete ambiguity for e+Ni scattering
at 60 MeV makes clear the need for even more ex-
tensive and accurate measurements, particularly
at backward angles where the sensitivity to the low
partial waves is greatest. As this analysis points
out, it is indeed the collective effect of the large
number of strongly absf rbed, low partial waves
which characterizes the discrete potential ambigu-
ity. A survey of optical-model anaiyses '

of &+Ni scattering demonstrates that measure-
. ments at higher energy are needed to remove the
discrete ambiguity. The present additional mea-
surements at 75 MeV indicate that the minimum
required energy (for data extending to 160') is just
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beyond 75 MeV.
Our study of the continuous ambiguity has shown

that within a given family of potentials it is, again,
the contribution of the low partial waves which
distinguishes between family members. However,
the low partial waves have little effect upon the
rms radius and volume integral of the real poten-
tial; these remain constant to within about 5~$ for
a given family and hence serve to characterize a
given family far better than any particular poten-
tial parameter. Across the isotopic sequence
studied, the rms radii show no systematic trend
whereas the volume integrals systematically de-
crease slightly with increasing mass for corre-
sponding potential families.

An investigation of the tails of the real and ab-
sorptive parts of the discrete potentials has shown

that the total potential is uniquely determined at

distances beyond -6 fm. It has also been shown
that the detailed form of the real potential signifi-
cantly affects the scattering at 60 MeV only at dis-
tances beyond about 4 fm and that the 60-MeV o.'

probe is not sensitive to the detail of the total
e+¹ipotential inside of about 3 fm in any way that
affects the elastic cross section.
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