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An extended version of the o-particle model which takes into account the internal motion
of the nucleons is proposed for 8Be. A two-center harmonic-oscillator potential is assumed
for the nucleons. It is found that such a potential is not realistic enough to yield agreement
with experiment. It is suggested that a two-center potential of the Woods-Saxon type may be

a better choice.

I. INTRODUCTION

Several forms of the cluster model® have been
proposed and enjoyed much success in their appli-
cation to light nuclei. On the other hand, the meth-
ods of molecular physics® have been shown to be
capable of predicting many energy levels in nuclei
with A =4n. These investigations seem to indicate
that there is a quite large probability of nucleon
clustering in light nuclei. Therefore it is perhaps
most appropriate to describe single-particle mo-
tion in light nuclei in the framework of a shell
model with many centers. A shell model with two
centers has been studied by several investiga-
tors.>"® Recently single-particle wave functions
with two and three centers were used in Hartree-
Fock calculations on ®Be and '*C.” In this paper
we shall propose an extended version of the a-
particle model to account for the low-lying energy
levels of °Be.

The low-lying levels of ®Be include levels at 0
MeV (0+), 2.9 MeV (2+), 7.55 MeV (0+), 10 MeV
(2+), and 10.8 MeV (4+). If ®Be is treated as a
rigid rotator, formed of two « particles, the rota-
tional band consists of 0+, 2+, 4+, ... states. The
levels at 0, 2.9, and 10.8 MeV may be identified
as the first three members of the rotational band.
The experimental value for the energy ratio E(4+)/
E(24) is 3.7, whereas the theoretical value is 10/3.
If the rotator is not rigid, then its moment of in-
ertia increases with its rotational energy, and the
theoretical energy ratio thus becomes smaller.
Morinaga® has suggested that the level at 7.55 MeV
is a rotationless state of a strongly deformed con-
figuration. In Sec. III we shall discuss the plausi-
bility that this level is the first vibrational excited
state of a system of two o clusters. It can then be
speculated that the level at 10 MeV is a state of
simultaneous rotation and vibration.

II. EXTENDED o-PARTICLE MODEL FOR °®Be

An extension of the a-particle model for ®Be is
the inclusion of the internal motion of the nucleons.
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In constructing the single-particle states it is ap-
propriate to assume a two-center potential for the
nucleons. By analogy with the treatment of a dia-
tomic molecule,® we shall assume an adiabatic
approximation. Thus it is assumed that the nucle-
ar wave function can be approximated by a function
of the form

up( %1 Xay+ o+ » %W (R) , (1)

where x; denotes the space and spin coordinates of
the ith nucleon, and R is a vector connecting the
two centers of the potential. In the approximation
of independent particle motion, wug(x,, x5, .. ., %) is
in general a linear combination of antisymmetrized
products of single-particle wave functions ug(x,)
satisfying the equation

(_ Loss vR> ug (%) = E,(Ryug(x,) » @)

where m is the nucleon mass, Vg is a two-center
potential common to all the nucleons, and R is
the separation of the two centers; the total internal
energy is a sum of single-particle energies. w(R)
describes the relative motion of the two clusters
and has the form

w(®) =% v, @&/R).

Y,,(R/R) is a spherical harmonic. S(R) satisfies
the equation

J(J +1)7?

o
[ *UR)+ 2uR?

s |sw =Esw, @
where U(R) =3:-, E,(R), and u is the reduced
mass of the two a clusters. As we shall be con-
cerned only with low-lying states, the effective
potential

J(J +1)7?

W, (R)=U(R) + 2R
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can be expanded around its minimum at R =R;.

_ JI+D)R? 1 (d’W,
Wi R)=UR,) +=5 p s *+3 \aRt

) (R =Ry,
R=Rj

4)

If only terms to second order in (R - R;) are kept,
Eq. (3) becomes identical in form to the equation
for a linear harmonic oscillator. Also, the bound-
ary conditions in the two cases are practically
equivalent,'! so that the energy E has the approx-
imate expression

J(J +1)7?

E=U(R,)+ ZHR;n

+(v+PRw, (5)

in which

(@),
wr = 7\ TRt aenyl

The allowed values of the quantum numbers J and
v are

J=0,2,4,...,
v=0,1,2,....

When (R, - Ry)/R,< 1, the expression (5), exclud-
ing the vibrational energy, takes the approximate
form

E=UR,) +%%13§1 {1 -2 (ﬁfﬁﬂ)} : (6)

The term 2(R, - R,)/R, represents the coupling be-
tween rotation and vibration. The value of U(R,)
is minimum when J =0, and should increase as J
increases. If we assume that the “stiffness”'? of
the structure of two a clusters is an increasing
function of R, for J=0, 2, and 4, then it is possi-
ble that U(R,) - U(R,) is much larger than U(R,)
-U(R,), while R, and R, are close in value. If this
is the case, the observed energy ratio E(4+)/E(2+)
(=3.7) may be accounted for.

III. RESULTS AND DISCUSSION

We have applied a two-center harmonic-oscilla-
tor potential®® to ®Be. The potential Vg, in cylin-
drical coordinates, takes the form

Velpi, 2) =3mo? (o +2,2 -R|z;| +1R?). )

The condition that the nuclear volume remains con-
stant during deformation provides a relationship
between the oscillator frequency w and R.!}* As-
suming a constant nuclear volume of $n(4 fm)?,

we calculated the effective potential W, (R) corre-
sponding to the ground-state configuration of ®Be.
In Fig. 1, W,(R) is plotted versus R for J=0, 2,
and 4. From the figure we obtained the following

values of the equilibrium separations: R,=2.7 fm,
R,=3.3 fm, and R,=3.6 fm, and the corresponding
values of 7w are 23.8, 24.3, and 24.6 MeV, respec-
tively. Equation (5) then yields,!® assuming v =0,
the excitation energies of the first two rotational
excited states: E(2+)=7.11 MeV and E(4+) =19.39
MeV, and the corresponding ratio E(4+)/E(2+) is
2.73, as compared with the experimental value of
3.1.

Although we failed to achieve any quantitative
agreement with the experimental data, the follow-
ing points may be of some value in the search of a
more realistic model for ®Be:

(1) The calculated excitation energies for the 2+
and 4+ rotational states are too high by a factor of
about 2. Agreement with the experimental values
can be obtained if the equilibrium separations R,
are increased by a factor of about v2. In order to
get equilibrium separations of such magnitudes,
an unreasonably large nuclear volume has to be
assumed. Thus the two-center harmonic-oscilla-
tor potential cannot provide a realistic description
for ®Be. A two-center potential of Woods-Saxon
type may be a better choice, from which U(R) is
to be derived.

(2) In the adiabatic approximation the total ener-
gy of ®Be is the sum of three kinds of energies,
namely, single-particle energy, rotational energy,

W) (MeV)

1 L A1 1 1 1 1

R (fm)

FIG. 1. The effective potential W;R) corresponding
to the ground-state configuration of ®Be vs the separation
R of the two « clusters, for J=0, 2, and 4. The energy
scale is chosen such that W R ) =0. The dashed curve
represents 3 pu w’ 2R —R )? with fiw’ =7.55 MeV.
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and vibrational energy. Our calculations show that
the inclusion of the single-particle energies in-
creases the energy ratio E(4+)/E(24). As pointed
out before, the theoretical value of this ratio ac-
cording to the model of a nonrigid rotator, com-
posed of two « particles, is too small as compared
with the experimental value. It appears plausible
that the dependence of the single-particle energies
on rotation may account for this discrepancy.

(3) In accordance with Morinaga’s suggestion,
we may interpret the 0+ state at 7.55 MeV as the
first vibrational excited state in a harmonic-oscil-
lator potential. In Fig. 1 a harmonic-oscillator
potential }pw?(R - R,)? (for a system of two a
clusters) with Zw’ =7.55 MeV is represented by the

dashed curve. By comparison, the potential U(R)
would yield a first vibrational excited state at a
much higher energy. Moreover, it is tempting to
interpret the 2+ state at 10 MeV as a state of si-
multaneous rotation and vibration with J =2 and
v=1. If we simply add the energies of the 2+ state
at 2.9 MeV and the 0+ state at 7.55 MeV, a state
at 10.45 MeV is predicted. However, before we
try to fit the empirical levels this way, we need a
potential for a system of two « clusters which can
yield equilibrium separations of the order of 4.5
fm as suggested by the rigid rotator model. When
such a potential is obtained, we should then include
residual two-body interactions in the next approx-
imation.
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