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We recently proposed a method [R. A. Senkov and M. Horoi, Phys. Rev. C 88, 064312 (2013)] to calculate
the standard nuclear matrix elements for neutrinoless double-β decay (0νββ) of 48Ca going beyond the closure
approximation. Here we extend this analysis to the important case of 82Se, which was chosen as the base
isotope for the upcoming SuperNEMO experiment. We demonstrate that by using a mixed method that considers
information from closure and nonclosure approaches, one can get excellent convergence properties for the nuclear
matrix elements, which allows one to avoid unmanageable computational costs. We show that in contrast with
the closure approximation the mixed approach has a very weak dependence on the average closure energy. The
matrix elements for the heavy neutrino-exchange mechanism that could contribute to the 0νββ decay of 82Se are
also presented.
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I. INTRODUCTION

Neutrinoless double-β decay (0νββ) is one of the most
important current topics in physics and provides unique
information on the neutrino properties [1–3]. The 0νββ decay
process and the associated nuclear matrix elements (NME)
were investigated using several approaches including the
quasiparticle random phase approximation (QRPA) [1], the
interacting shell model [4,5], the interacting boson model [6,7],
the generator coordinate method [8], and the projected
Hartree-Fock Bogoliubov model [9]. With the exception
of the QRPA [10,11], all other methods use the closure
approximation [12].

In this paper we calculate and analyze the nonclosure
nuclear matrix elements for the 0νββ decay of 82Se, which
was chosen for the upcoming SuperNEMO experiment [13].
A standard way to consider a double β-decay process is to
present it as a transitional process from an initial nucleus to
an intermediate nucleus and then to a final nucleus, so that
the corresponding nuclear matrix elements can be presented
as a sum over intermediate nuclear states. To calculate these
matrix elements one needs to calculate all the intermediate
states, which could be a very challenging task, especially for
heavy nuclei in realistic model spaces. Closure approximation
is one possible way to avoid unmanageable computational
costs. The main idea behind the closure approximation is to
replace the energies of the intermediate states with an average
energy 〈E〉, and then the sum over the intermediate states can
be found explicitly by using the completeness relation. The
uncertainty in the average closure energy brings an error into
the NME, but this error is not very large (it was estimated to
be about 10% [12,14]).

With the goal of going beyond the closure approximation
but keeping a limited number of intermediate states, we
consider four different approaches: pure closure (we use
“pure closure” to distinguish it from the “running closure”
approach), running closure, running nonclosure, and mixed
approximations. In the running nonclosure approach the exact
intermediate energies are used and the sum over intermediate

states is performed. Since we cannot calculate all the inter-
mediate states the sum is restricted by a number-of-states
cutoff parameter N , so that the corresponding matrix elements
become functions of the cutoff parameter. The running closure
approximation also contains a restricted sum over interme-
diate states, but with all intermediate energies replaced by
the average closure energy 〈E〉 as it was done for the pure
closure approximation. The running closure approximation is
introduced to check the convergence properties of the NME
and to construct the mixed approximation, which includes in-
formation from the nonclosure and closure approaches. In the
mixed method all the intermediate states below the cutoff pa-
rameter N are taken into account within nonclosure approach,
while for the higher states the closure approximation is used.

We demonstrate that the mixed-method matrix elements
have perfect convergence properties and, at the same time,
have very weak dependence on the average closure energy,
which allows us to avoid unmanageable computational cost
and achieve a high accuracy in NME calculations. We argue
that the mixed approach can be successfully applied to more
computationally challenging cases, such as the 0νββ decay
of 76Ge. For the calculations we used a shell-model approach
within the realistic jj44 model space having the nucleus 56Ni
as a core and the f5/2,p3/2,p1/2, and g9/2 orbitals as the va-
lence space. For this model space we used the JUN45 effective
interaction [15] fine-tuned for the region of the nuclear chart
close to 82Se and 76Ge. The nonclosure approach provides
information about the contribution of intermediate states with
different spin and parity, which we obtained for the first time
for the light neutrino-exchange mechanisms shell model NME
of 82Se. It is also interesting to go beyond the closure ap-
proximation for the NME corresponding to other mechanisms
that may contribute to the 0νββ decay rates [1,4,16]. Here
we extended our approach to the heavy neutrino-exchange
mechanisms NME, and we calculated the decomposition of
this NME vs spin and parity of intermediate states.

The analysis of the 0νββ decay NME beyond closure
approximation requires knowledge of a large number of
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one-body transition densities connecting the ground states
of the initial and final nuclei 82Se and 82Kr, respectively,
with states of the intermediate nucleus 82Br. The actual
number of intermediate states of 82Br we have to deal with
is 1.0 × 107 including all spins and parities. As a comparison,
for the similar analysis of 76Ge, one needs to consider about
1.5 × 108 states in the intermediate nucleus 76As. However,
we demonstrate that using the mixed-method approximation,
with only a few hundred intermediate states of each Jπ , it
is possible to obtain an accurate value of the nuclear matrix
element.

The paper is organized as follows. Section II gives a brief
description of the 0νββ NME relevant for the distinction
between the pure closure, running closure, running nonclo-
sure, and mixed approximations. In Sec. III we analyze the
numerical results, and Sec. IV is devoted to conclusions and
outlook.

II. THE NUCLEAR MATRIX ELEMENT

In this section we briefly review the method developed in
Ref. [14] for calculating the beyond-closure NME for 0νββ
decay. We start with the light neutrino-exchange mechanism
of a 0νββ decay. The corresponding decay rate can be written
as [1]

[
T 0ν

1/2

]−1 = G0ν |M0ν |2
( 〈mββ〉

me

)2

, (1)

where G0ν is the known phase-space factor [17], M0ν is the
nuclear matrix element, and 〈mββ〉 is the effective neutrino
mass defined by the neutrino mass eigenvalues mk and the
elements of neutrino mixing matrix Uek [1],

〈mββ〉 =
∣∣∣∣∣
∑

k

mkU
2
ek

∣∣∣∣∣ . (2)

The nuclear matrix element M0ν can be presented as a
sum of Gamow-Teller (GT), Fermi (F ), and tensor (T ) matrix
elements (see, for example, Refs. [12,14]),

M0ν = M0ν
GT −

(
gV

gA

)2

M0ν
F + M0ν

T , (3)

where gV and gA are the vector and axial constants, cor-
respondingly. In our calculations we use gV = 1 and gA =
1.254.

The matrix elements in Eq. (3) describe the transition from
the initial state |i〉 of 82Se to the final state |f 〉 of 82Kr. They can
be presented as sums over intermediate states |κ〉 = |Eκ,J

π
κ 〉

of 82Br,

M0ν
α =

∑
κ

∑
1234

〈13|Oα|24〉〈f |ĉ†3ĉ4|κ〉〈κ|ĉ†1ĉ2|i〉. (4)

Here α = {GT,F,T }, the operators Oα contain neutrino po-
tentials with spin and isospin dependence, and they explicitly
depend on the energy of intermediate states |κ〉:Oα = Oα(Eκ ).
The full expression for these operators and the calculation
details for two-body matrix elements 〈13|Oα|24〉 can be
found in Ref. [14]. Equation (4) presents exact or nonclosure

NME, which we are going to analyze using four different
approximations mentioned in the introduction.

In the pure closure approximation, one needs to replace
the energies of intermediate states |κ〉 in the operators Oα(Eκ )
by a constant value 〈E〉 (we call it average closure energy or
average energy)

Oα→Õα ≡ Oα(〈E〉). (5)

Thus the sum over intermediate states in the matrix ele-
ments (4) can be found explicitly by using the completeness
relation. The pure closure NME can be presented as (in this
equation and below the sum over repeated indices {1,2,3,4} is
assumed and will be omitted):

M0ν
α = 〈13|Õα|24〉〈f |ĉ†3c4ĉ

†
1ĉ2|i〉. (6)

For the nonclosure approach one needs to calculate the
sum in Eq. (4) completely, which could be challenging due to
the large number of intermediate states |κ〉. Since all interme-
diate states cannot be included, we introduce a number-of-state
cutoff parameter N and the corresponding running nonclosure
NME, which are represented as

M0ν
α (N ) =

∑
κ�N

〈13|Oα|24〉〈f |ĉ†3ĉ4|κ〉〈κ|ĉ†1ĉ2|i〉, (7)

where we take into account only states with κ � N . In the limit
of the large cutoff parameter N , the running nonclosure matrix
element M0ν

α (N ) approaches its exact nonclosure value (4).
In the mixed approximation we calculate the running

nonclosure matrix elements for the states with κ � N and
keep N as large as possible to perform the shell-model
computation. For the higher states with κ > N , we use the
closure approximation. To do so we introduce first the running
closure approximation:

M0ν
α (N ) =

∑
κ�N

〈13|Õα|24〉〈f |ĉ†3ĉ4|κ〉〈κ|ĉ†1ĉ2|i〉. (8)

The difference between Eqs. (7) and (8) is that for the
running nonclosure approach the operators Oα are functions
of the excitation energy Eκ , while for the running closure
approximation the same operators Õα are functions of the
average closure energy 〈E〉. In the limit of the large cutoff
parameter N , the running closure matrix elements approach
the pure closure limit (6): M0ν

α (N ) → M0ν
α .

The mixed-method matrix elements are defined as [14]

M̄0ν
α (N ) = M0ν

α (N ) − M0ν
α (N ) + M0ν

α . (9)

We expect that the mixed NME converges significantly faster
than running nonclosure and closure matrix elements sepa-
rately. The mixed NME start with the pure closure values (6)
at N = 0 and reach the nonclosure values (4) at N→∞ (see
solid and dotted lines in Fig. 3). It is also expected that the
mixed NME will have much weaker dependence on the average
energy 〈E〉 compared with the pure and running closure NME.

The heavy neutrino-exchange matrix elements for a 0νββ
decay process are defined similarly to Eqs. (1) and (3), and
the corresponding contribution to the total decay rate can be
written as [

T 0ν
1/2

]−1
heavy = G0ν

∣∣M0ν
N

∣∣2|ηNR|2, (10)
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where the heavy neutrino-exchange matrix elements M0ν
N

have the structure similar to the light neutrino-exchange
NME (3) and (4), while the parameter ηNR depends on the
heavy neutrino masses (for more details see, for example,
Ref. [4]). The difference between the heavy and light neutrino-
exchange mechanisms is that the heavy neutrino-exchange
NME does not depend on the energy of intermediate states. The
standard perturbation theory energy denominator is reduced
to the heavy neutrino mass and all other energies can be
neglected. Thus for the heavy neutrino-exchange mechanism
the pure closure approach provides the exact nonclosure matrix
element.

III. RESULTS

Figure 1 presents the Gamow-Tellor and the Fermi (mul-
tiplied by the factor (gV /gA)2) running nonclosure light
neutrino-exchange matrix elements calculated for the fixed
spin and parity Jπ

κ of intermediate states |κ〉 [14]. Knowing this
Jκ decomposition one can easily find the total matrix elements
as a sum over all the spin contributions: Mα = ∑

Jκ
Mα(Jκ ).

The Gamow-Teller matrix elements are all positive (presented
with solid colors) and the Fermi matrix elements are all
negative (presented with dashed colors). Since contributions
of the Tensor NME are negligibly small (see Table I) the total
size of each bar in Fig. 1 roughly corresponds to the total
NME for given Jκ . The model space used is large enough to
allow contributions from both the negative parity (presented
with solid gray and dashed black bars) and the positive
parity (presented with solid black and dashed white bars)
intermediate states, but jj44 model space is still imperfect
as it misses the f7/2 orbital (the spin-orbit partner of the
f5/2 orbital) and the g7/2 orbital (the spin-orbit partner of
the g9/2 orbital). As the result, the Ikeda sum rule is not
satisfied and some contributions, such as M0ν

GT(Jπ
κ = 6+,8+)

J=0 J=1 J=2 J=3 J=4 J=5 J=6 J=7 J=8 J=9
Spin of the intermediate states

-0.2

0

0.2

0.4

0.6

0.8

1 GT, positive
GT, negative
FM, positive
FM, negative

FIG. 1. Jκ decomposition: contributions of the intermediate
states |κ〉 with certain spin and parity J π to the running nonclosure
Gamow-Teller (solid colors) and Fermi (dashed colors) matrix
elements for the 0νββ decay of 82Se (light neutrino exchange). Solid
black and dashed white bars correspond to the positive-parity states,
while solid gray and shaded black bars represent the states with
negative parity. CD-Bonn SRC parametrization was used.

TABLE I. NME for the 0νββ decay of 82Se (light neutrino ex-
change) calculated within different approximations. All calculations
were done with CD-Bonn SRC parametrization and for the average
closure energy 〈E〉 = 10.08 MeV. The difference between mixed and
pure closure total NME is about 8%.

Pure closure Run. closure Run. nonclosure Mixed

M0ν
GT 2.750 2.664 2.898 2.983

M0ν
F −0.607 −0.594 −0.620 −0.632

M0ν
T −0.011 −0.008 −0.007 −0.011

M0ν
tot 3.127 3.035 3.285 3.377

and M0ν
FM (Jπ

κ = 1−), are missing. This deficiency is reflected
in the NME for the two-neutrino double-β decay of 82Se,
which is about twice its experimental value of 0.1 MeV−1 [18]
when one uses the standard quenching factor of 0.74 for the
Gamow-Teller operator. One can get the experimental value
of this particular NME by decreasing the quenching factor
to about 0.54 (see also Table 2 of Ref. [19]). The situation,
however, is not as dramatic as is in the case of 136Xe [16], which
required the consideration of the missing spin-orbit partner
orbitals. Unfortunately, we cannot consider the complete
model space, such as pfg, due to its unmanageably large
dimensions.

The J decomposition for the 0νββ decay of 82Se is
presented here as a result of the shell-model analysis.
The one-body transition densities 〈f |ĉ†3ĉ4|κ〉 and 〈κ|ĉ†1ĉ2|i〉)
were calculated for the first 250 intermediate states |κ〉 for
each Jπ

κ with the NUSHELLX code [20] at the MSU High
Performance Computer Center [21]. We used the JUN45
two-body interaction [15] in jj44 model space. In the
calculations we included the short-range correlations (SRC)
parametrization based on the CD-Bonn potential and the
standard nucleon finite-size effects [12]. The other parameters
of the calculation are the ground-state energies and Q
value, (Eg.s.(82Br) − Eg.s.(82Se) + Qββ/2) = 1.595 MeV; the
oscillator length, bosc = 2.143 fm; and the nuclear radius,
R0 = 5.213 fm.

Figure 2 presents another possible way to decouple the
NME of 0νββ decay process. In this decoupling scheme
we consider two-body matrix elements 〈13|Oα|24〉 with
the single-particle states |1〉 and |3〉 (proton states) and the
states |2〉 and |4〉 (neutron states) have been coupled to certain
common spin I , so that the total NME can be presented as
Mα = ∑

I Mα(I ). The details of such decoupling can be found
in Ref. [14]. The grayscale scheme in Fig. 2 is similar to the
scheme used in Fig. 1. In contrast to the intermediate spin
decoupling, where all the spins Jκ contribute coherently, in the
I -decoupling scheme we see a significant cancellation between
I = 0 and I = 2. Similar effects have been observed in shell-
model analysis [14] and in seniority-truncation studies [22]
of the NME of 48Ca (see also Ref. [23] for effects of
higher seniority in shell-model calculations). QRPA results
are available for heavier nuclei (see, e.g., Fig. 1 of Ref. [10]),
for which the I = 0 and I = 2 contributions are still dominant,
but the cancellation effect is significantly reduced.
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I=0 I=1 I=2 I=3 I=4 I=5 I=6 I=7 I=8 I=9
Spin of the neutron-neutron (proton-proton) pairs
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FIG. 2. I decomposition: contributions to the running nonclosure
Gamow-Teller and Fermi matrix elements for the 0νββ decay of 82Se
(light neutrino exchange) from the configurations when two initial
neutrons |24〉 (and two final protons |13〉) have certain total spin I ,
〈13,I |Oα|24,I 〉. The grayscale pattern and the SRC parametrization
scheme are the same as in Fig. 1.

Figure 3 shows the convergence of the total nuclear matrix
elements for the light neutrino-exchange 0νββ decay of 82Se
calculated within different approximations. The solid line
represents the mixed matrix element defined by Eq. (9), the
running nonclosure total matrix element Eq. (7) is presented
by the dashed line, the pure closure approximation defined
by Eq. (6) is presented by the dotted line, and finally the
running closure matrix element Eq. (8) is presented by the
dash-dotted line. One can see that even if one can include up
to 250 intermediate states the running closure matrix element is
still about 4% smaller than the pure closure limit. The running
closure and the running nonclosure NME do not converge fast
enough to provide a good calculation accuracy. To improve
the accuracy we need to include more intermediate states

0 50 100 150 200 250
N, number-of-states cutoff parameter

0

0.5

1

1.5

2

2.5

3

3.5

mixed
nonclosure
pure closure
running closure

FIG. 3. Convergence of NME for the 0νββ decay of 82Se
(light neutrino exchange) calculated within different approximations:
mixed (solid curve), running nonclosure (dashed curve), pure closure
(dotted curve, does not depend on N ), and running closure (dash-
dotted curve). All calculations were done with CD-Bonn SRC and
〈E〉 = 10 MeV.

0 50 100 150 200 250
N, number-of-states cutoff parameter

3.2

3.3

3.4

3.5

3.6

mixed, <E>=1 MeV
mixed, <E>=3.4 MeV
mixed, <E>=7 MeV
mixed, <E>=10 MeV

50 100 150 200 250
0

0.5

1

1.5

2

Er
ro

r [
%

]

error in mixed NME

FIG. 4. Dependence of mixed NME (light neutrino exchange)
on the cutoff parameter N calculated for different average closure
energies 〈E〉. The main panel: 〈E〉 = 1 MeV (solid curve), 〈E〉 =
3.4 MeV (dash-dotted curve), 〈E〉 = 7 MeV (dashed curve), and
〈E〉 = 1 MeV (dotted curve). The insert shows the uncertainty in the
value of mixed NME corresponding to the shaded area from the main
panel.

(which is already hard to calculate for 82Se and practically
impossible for the 0νββ decay of 76Ge) or we can use the
mixed approximation, which has much better convergence
properties: The solid line in Fig. 3 becomes flat already after
the first 30–50 states. Figure 4 presents convergence properties
of the mixed NME in a more enhanced form.

Figure 4 allows us to estimate the uncertainties associated
with the mixed approximation; it contains only mixed NME
calculated for different average closure energies: 〈E〉 =
1 MeV (solid line), 〈E〉 = 3.4 MeV (dash-dotted line), 〈E〉 =
7 MeV (dashed line), and 〈E〉 = 10 MeV (dotted line). Our
lack of knowledge of the average energy defines the calculation
accuracy. If we restrict the range for average energy to

2 4 6 8 10 12 14
Average closure energy <E> [MeV]

2.8

3

3.2

3.4

3.6

3.8
pure closure, CD-Bonn SRC
mixed, CD-Bonn SRC
pure closure, AV18 SRC
mixed, AV18 SRC

FIG. 5. Dependence of mixed and pure closure total NME for the
0νββ decay of 82Se (light neutrino exchange) on the average closure
energy 〈E〉. Matrix elements presented as: mixed with CD-Bonn SRC
(solid curve), closure with CD-Bonn SRC (dash-dotted), mixed with
AV18 SRC (dashed curve), and closure with AV18 (dotted curve).
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TABLE II. Mixed NME for the 0νββ decay of 82Se (light
neutrino exchange) calculated with different SRC parametrization
schemes [12], 〈E〉 = 3.4 MeV.

SRC M0ν
GT M0ν

F M0ν
T M0ν

total

None 2.898 −0.590 −0.011 3.262
Miller-Spencer 2.337 −0.419 −0.011 2.593
CD-Bonn 2.993 −0.633 −0.011 3.387
AV18 2.831 −0.585 −0.011 3.195

3.4–7.0 MeV (which is quite reasonable since one curve
approaches the final NME from above and the other approaches
it from below, so the true NME should be confined somewhere
in between), then the uncertainty in the mixed NME can be pre-
sented by the shaded area in the main panel. The insert in Fig. 4
presents the error in the mixed NME associated with the shaded
area from the main panel. One can see that the mixed approx-
imation provides an accuracy of less than 1% for only 50–100
first intermediate states for each Jπ . It can also be seen that
there is no need to increase the number of intermediate states;
250 states are more than enough to obtain very good accuracy.

Figure 5 shows the difference in the average energy
dependence between the mixed and pure closure NME. The
average energy varies from 1 to 14 MeV. The solid and dashed
lines present the mixed NME calculated with CD-Bonn and
AV18 SRC [12] correspondingly; these matrix elements have
a very weak dependence on average energy. The dash-dotted
and dotted lines present the pure closure matrix elements
which have stronger dependence on 〈E〉. While the closure
NME varies by 15%, which is consistent with the similar
estimates for 48Ca [12,14], the mixed NME only varies by
0.6%. If we choose the average energy close to 3.4 MeV we
can reproduce the mixed results in the framework of the closure
approximation.

Table I summarizes the differences in the light neutrino-
exchange NME calculated within different approximations.
The NME for the 0νββ decay of 82Se predicted by the
mixed approach is about 8% greater than the NME obtained
with closure approximation when calculated with the average
energy 〈E〉 = 10.08 MeV, often used in the literature [3,6].
Similar results for other isotopes were reported in Fig. 4 of
Ref. [11] obtained within the QRPA approximation. Table II
presents the mixed 82Se NME calculations performed with
different SRC parametrization sets from Ref. [12].

J=0 J=1 J=2 J=3 J=4 J=5 J=6 J=7 J=8 J=9
Spin of the intermediate states

-5

0

5

10

15

20

25
GT, positive
GT, negative
FM, positive
FM, negative

FIG. 6. Jκ decomposition: contributions of the intermediate
states |κ〉 with certain spin and parity J π to the Gamow-Teller (solid
colors) and Fermi (dashed colors) matrix elements for the 0νββ decay
of 82Se (heavy neutrino exchange). Solid black and dashed white bars
correspond to the positive-parity states, while solid gray and dashed
black bars represent the states with negative parity. All calculations
were done with CD-Bonn SRC.

Table III presents a comparison of our results with the
recent calculations of 0νββ decay of 82Se (light neutrino
exchange). There are five different approaches for the
calculation of 0νββ decay NME presented in the table:
interacting shell model approach (ISM) [23]; quasiparticle
random phase approximation, Tüebingen-Bratislava-Caltech
group [(R)QRPA(TBC)] [24,25]; quasiparticle random phase
approximation, Jyväskylä group [QRPA(J)] [26]; interacting
boson model (IBM-2) [6,7]; and generator coordinate method
(EDF) [8]. The value gA = 1.254 is used in most of the
calculations, except for IBM-2, which uses the axial-vector
coupling constant gA = 1.269 [7]. It is useful to note that
the difference between Miller-Spencer and UCOM matrix
elements can be accounted for by multiplying the UCOM
matrix elements by about 0.8 [1,10].

Figure 6 and Table IV summarize the results for the
heavy-neutrino exchange 0νββ decay of 82Se. By comparing
Figs. 1 and 6 one can see that the heavy neutrino-exchange
NME do not vanish with the large intermediate spins Jκ .
The heavy-neutrino potentials have a strong short-range part,
so the contributions from the large neutrino momentum,
which are responsible for the higher spin contributions, are
not suppressed. These results are also important because a

TABLE III. Comparison of the total NME for the 0νββ decay of 82Se (light neutrino exchange) calculated with different approaches
and with different SRC parametrizations schemes. gA = 1.254 is used for the axial-vector coupling constant, except for IBM-2, which uses
gA = 1.269 [7].

SRC ISM ISM QRPA(TBC) RQRPA(TBC) QRPA(J) IBM-2 EDF
present [23] [24,25] [24,25] [26] [6,7] [8]

M0ν
total, Miller-Spencer 2.59 2.18 4.02 3.49 2.77 4.41

CD-Bonn 3.39 5.65 4.86
AV18 3.20 5.19 4.44 4.84

UCOM 2.64 3.72 4.22
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TABLE IV. Closure NME for the 0νββ decay of 82Se (heavy
neutrino exchange) calculated with different SRC parametrizations
schemes [12].

SRC, approximation M0ν
GT M0ν

F M0ν
T M0ν

total

CD-Bonn, pure closure 150 −58.1 −0.55 187
CD-Bonn, run. closure 149 −56.9 −0.83 184
AV18, pure closure 99.2 −48.4 −0.55 129
AV18, run. closure 97.3 −47.4 −0.83 127

decomposition of this shell model matrix element in spins and
parities of intermediate states is reported, and it could be used
for comparison with results of other methods, such as QRPA.

IV. CONCLUSIONS AND OUTLOOK

In conclusion, we investigated the beyond closure NME for
the 0νββ decay of 82Se using shell-model techniques in the
realistic jj44 shell valence space and the fine-tuned JUN45
effective interaction.

We demonstrated that the mixed-method NME converge
very quickly and that by using only a few hundred intermediate
states we can achieve high computational accuracy. As in
the case of 48Ca [14], we obtained an increase of about 8% of
the nonclosure NME compared to the closure result calculated
with the standard average energy. Therefore, for the jj44
model space, the JUN45 effective interaction, and the more
realistic CD-Bonn- and AV18-based SRC, we predict a light
neutrino-exchange shell model NME for the 0νββ decay of
82Se in the range

M0ν = 3.3 ± 0.1, (11)

where the error was estimated based on the NME calculated
with different SRC parametrization sets (see Table II), while
the uncertainty associated with the average energy 〈E〉 is
negligible (see Fig. 4). For direct comparison with the majority

of previous calculations (see, e.g., Table III) all our calculations
were performed with the gA = 1.254, while a most recent
value for the axial-vector coupling constant is gA = 1.269.
Changing the axial-vector constant to its recent value decreases
the average NME (11) by only 0.5%, which can be neglected.

For the same model space, effective interaction, and CD-
Bonn and AV18 SRC parametrization sets, we predict a heavy
neutrino-exchange shell model NME for the 0νββ decay of
82Se

M0ν
N = 158 ± 29, (12)

where the average value and the uncertainty were calculated
based on Table IV pure closure results. The values in Eq. (12)
decrease by less than 0.5% if instead of gA = 1.254 we choose
the recent value for the axial-vector constant gA = 1.269.

Our analysis suggests that the mixed approximation can
be successfully used to obtain the shell-model NME for the
0νββ decay of 76Ge, for which the calculation of the first one
hundred intermediate states for each Jπ is very challenging
but still doable. Looking at the insert in Fig. 4 we expect to
have an uncertainty of the NME for 76Ge within 1% if about
100 intermediate states will be used.

We were also able to obtain a decomposition of the
shell-model NME for light and heavy neutrino-exchange
mechanisms versus the spin of intermediate states and found
that for the light neutrino-exchange the J = 1 states provide
the largest contribution. For the heavy neutrino-exchange
NME the higher J are not suppressed and the distribution
in Fig. 6 is more or less uniform.

For the future it would be also interesting to go beyond the
closure approximation for the NME of other isotopes, such as
76Ge, and for other mechanisms that could contribute to the
0νββ decay rates [1,4,16].
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