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Evidence for a secondary bow in Newton’s zero-order nuclear rainbow
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Rainbows are generally considered to be caused by static refraction and reflection. A primary and a secondary
rainbow appear due to refraction and internal reflection in a raindrop as explained by Newton. The quantum
nuclear rainbow, which is generated by refraction in the nucleus droplet, only has a “primary” rainbow. Here
we show for the first time evidence for the existence of a secondary nuclear rainbow generated dynamically by
coupling to an excited state without internal reflection. This has been demonstrated for experimental 16O + 12C
scattering using the coupled channel method with an extended double folding potential derived from microscopic
realistic wave functions for 12C and 16O.
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Newton, who explained the mechanism of the rainbow
by refraction and reflection [1–3], believed in the existence
of the zero-order rainbow without internal reflection in a
droplet. Newton’s zero-order rainbow [4] was realized in
quantum systems when Goldberg et al. [5] observed a nuclear
rainbow in high-energy α-particle scattering. The quantum
nuclear rainbow is generated by the nuclear potential, which
acts as a Luneburg lens [6], where refraction is the only
active mechanism and a “primary” rainbow can only exist
because there are no higher-order terms like in Nussenzveig’s
expansion for the meteorological rainbow [7]. We report here
evidence for the unexpected existence of a secondary bow in
the nuclear rainbow.

The nuclear rainbow is very important in determining the
interaction potential family up to the internal region without
discrete ambiguity [5] and has been studied extensively [8,9].
The nuclear rainbow is also powerful for studies of nuclear
cluster structure in the bound and unbound energy regions.
In fact, the global nuclear potential, which describes nuclear
rainbow scattering for typical α + 16O, α + 40Ca, and 16O +
16O systems, can reproduce scattering over a wide range of
incident energies and cluster structures of 20Ne, 44Ti, and 32S
in the bound and unbound energy regions, respectively, in
a unified way [10–12]. In contrast to the 16O + 16O system,
the Airy structure of the nuclear rainbow for the asymmetric
16O + 12C system, for which refraction is very strong, is clearly
observed in experimental angular distributions without being
obscured by symmetrization. For this system, a global potential
that reproduces the energy evolution of the Airy minimum
in the angular distributions over a wide range of incident
energies at EL = 62 ∼1503 MeV [13–17] also successfully
explains the cluster structure and molecular resonances with
the 16O + 12C configuration in 28Si in a unified way [18].
However, the global potential was confronted with a serious
difficulty when a new measurement of the angular distribution
in 16O + 12C scattering at EL = 281 MeV up to θ ≈ 100◦
showed that an Airy minimum of the nuclear rainbow appears
at the much larger angle θ ≈ 70◦ [19] than expected in the
global potential (θ ≈ 45◦). It has been impossible to model
a first-order Airy minimum A1 at this large angle with the

established global potential [19]. Thus, the reason why the
global potential fails to reproduce the Airy minimum of the
nuclear rainbow at EL = 281 MeV has been a mystery and
raised a serious question of the common belief that nuclear
rainbow scattering can determine the potential uniquely.

The purpose of this paper is to present for the first time
evidence for the existence of a secondary nuclear rainbow in
the 16O + 12C scattering generated dynamically by a quantum
effect without internal reflections of classical concept, which
is completely different from the Newton’s meteorological
secondary rainbow. We show that the Airy minimum at around
θ ≈ 70◦, A1(S), is not a first-order Airy minimum, A1(P ), of
the well-known (“primary”) nuclear rainbow due to the nuclear
potential but a first-order Airy minimum of a secondary bow
of the nuclear rainbow. The difficulty of the global potential is
solved by the discovery of the secondary nuclear rainbow.

We study rainbow scattering for 16O + 12C with an ex-
tended double folding (EDF) model that describes all the
diagonal and off-diagonal coupling potentials derived from
the microscopic realistic wave functions for 12C and 16O using
a density-dependent nucleon-nucleon force. The diagonal and
coupling potentials for the 16O + 12C system are calculated us-
ing the EDF model without introducing a normalization factor:

Vij,kl(R) =
∫

ρ
(16O)
ij (r1) ρ

(12C)
kl (r2)

× vNN(E,ρ,r1 + R − r2) dr1dr2, (1)

where ρ
(16O)
ij (r) is the diagonal (i = j ) or transition (i �= j )

nucleon density of 16O taken from the microscopic α + 12C
cluster model wave functions calculated in the orthogonality
condition model (OCM) in Ref. [20], which uses a realistic
size parameter both for the α particle and 12C and is an
extended version of Ref. [21], which reproduces almost all
the energy levels well up to Ex ≈ 13 MeV and the electric
transition probabilities in 16O. The wave functions have been
successfully used for the systematic analysis of elastic and
inelastic α + 16O scattering over a wide range of incident

energies and the α cluster structure study of 20Ne [22]. ρ(12C)
kl (r)

represents the diagonal (k = l) or transition (k �= l) nucleon
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density of 12C, which is calculated using the microscopic
three-α-cluster model in the resonating group method [23].
This model reproduces the α cluster, α condensate, and shell-
like structures of 12C well and the wave functions have been
checked for many experimental data, including charge form
factors and electric transition probabilities. For the effective
interaction vNN we use the DDM3Y-FR interaction [24], which
takes into account the finite-range nucleon exchange effect. An
imaginary potential with a Woods-Saxon volume-type form
factor is introduced phenomenologically to take into account
the effect of absorption due to other channels.

First we show that the puzzling nuclear rainbow for the
16O + 12C system at EL = 281 MeV cannot be explained by
the traditional view that a rainbow is generated by a strong
attractive nuclear potential. In Fig. 1, the angular distributions
of elastic 16O + 12C scattering calculated using the conven-
tional single-channel double-folding (DF) potential without
channel couplings (blue solid lines) and the refractive farside
components (dashed lines) are compared with the experimental

FIG. 1. (Color online) Comparison of the conventional single-
channel DF potential calculations (blue solid line) with experimental
angular distributions (red and green points) in 16O + 12C rainbow
scattering [15,25–27]. The long dashed line displays the calculated
farside components.

data (points) at EL = 200 ∼260 MeV [15], 281 MeV [19],
300 MeV [25], 330 MeV [26], and 608 MeV [27]. For the
imaginary potential, the strength parameter around 20 MeV
was found to fit the data while the radius parameter and the
diffuseness parameter were fixed at around 5.6 and 0.65 fm,
respectively. The potential parameters used and the values of
the volume integral per nucleon pair of the DF potential, JV ,
are given in Table I. We found that the DF potential works
well without introducing a normalization factor, values of the
volume integral per nucleon pair are consistent with those
used in other DF optical model calculations [14,15,17,25] and
the DF potential used belongs to the same global potential
family found in the EL = 62 ∼ 124 MeV [14] and EL =
132 ∼ 1503 MeV regions [15,17]. We see that the angular
distributions are dominated by the refractive farside scattering.
In Fig. 1, the discrepancies are clear for the data at E = 281,
300, and especially 330 MeV. It is evident that the theoretical
calculations using a conventional single-channel DF potential
fail to reproduce the experimental data at 281 ∼ 330 MeV.
This shows that behavior not explained by the global potential
(visualized by green points) is a nuclear rainbow that is not
understood by the traditional concept of rainbow scattering.

Next we show that the disagreement in Fig. 1 is not a
drawback of the used global DF potential but a manifestation
of the emergence of a new rainbow, which is beyond the
optical potential model description of the nuclear rainbow in
the Luneburg lens picture [6]. We calculate the 16O + 12C
scattering with the EDF potential using CC method, which
takes into account coupling to the excited 2+ and 3− states of
the deformed 12C at the excitation energy 4.44 and 9.64 MeV,
respectively. The strength of the imaginary potential was
slightly reduced since the channel coupling is explicitly
introduced, and the radius parameter and the diffuseness
parameter were fixed at around 5.6 and 0.75 fm, respectively
(Table I). In Fig. 2, calculated angular distributions are
displayed in comparison with the experimental data. We see
that the agreement between the calculations (blue solid lines)
and the experimental data is considerably improved compared
with Fig. 1. (As discussed later, the larger oscillations than the
data at the large angles are reduced by including additional
coupling to the excited states of 16O explicitly as displayed
by the green thick solid line and the fit to the data is
further improved.) The calculation reproduces the new Airy
minimum of the nuclear rainbow in the experimental data
at 281 ∼ 330 MeV well. The rainbow angle, θR , where the
fall-off of the cross sections of the dark side of the rainbow
scattering starts is shifted backward in accordance with the
appearance of a new Airy minimum. Since the new minimum,
A1(S), at around θ = 60 ∼ 70◦ just before the bump is caused
by the farside scattering (dashed lines), it is clear that the
new Airy minimum is produced by the refractive scattering
with channel coupling. Even at EL = 200, 230, and 260 MeV,
the agreement of the calculated angular distribution with the
experimental data is considerably improved in the regions
θ > 100◦, θ = 80◦ ∼ 100◦, and θ = 70◦ ∼ 90◦, respectively.

As shown at EL = 281 and 330 MeV in Fig. 2, in creating
a new Airy minimum, A1(S), at the larger angles the coupling
to the 2+ state is dominant, while the effect of the 3− state is
negligible and can be simply incorporated into the imaginary

051601-2



RAPID COMMUNICATIONS

EVIDENCE FOR A SECONDARY BOW IN NEWTON’s . . . PHYSICAL REVIEW C 89, 051601(R) (2014)

TABLE I. The volume integral per nucleon pair JV of the the ground-state diagonal potential and the imaginary potential parameters used
in the single-channel double-folding calculations in Fig. 1 and coupled channels calculations with EDF in Fig. 2.

EL JV WV RV aV WV RV aV WV RV aV

(Coupled channels calculation with EDF)

(DF optical model) (12C excitation only) (12C and 16O excitation)

(MeV) (MeV fm3) (MeV) (fm) (fm) (MeV) (fm) (fm) (MeV) (fm) (fm)

200 301 20.0 5.5 0.85 17.0 5.7 0.75 18.0 5.6 0.65
230 296 22.5 5.6 0.70 19.5 5.6 0.75 18.5 5.6 0.60
260 290 23.0 5.6 0.65 19.0 5.6 0.75 18.5 5.6 0.60
281 285 23.5 5.6 0.65 19.0 5.6 0.75 18.0 5.6 0.60
300 281 25.0 5.6 0.65 20.5 5.6 0.75 19.5 5.6 0.60
330 275 23.5 5.6 0.65 19.0 5.6 0.75 17.0 5.6 0.60
608 229 20.0 5.7 0.60 17.0 5.8 0.60 16.0 5.6 0.60

potential. Refraction via coupling to the 2+ state plays the role
of a dynamical secondary lens, which is completely different
from the ordinary static lens of the nuclear potential interpreted
as a Luneburg lens [6]. The effect of the dynamical lens is not
possible to incorporate into the DF optical model potential as a
normalization constant which is often used in the conventional
DF model approach [28]. For this reason the global conven-
tional DF optical model potential failed to reproduce the Airy
structure in the 281 ∼ 330 MeV data in Fig. 1.

By investigating the deflection function we show that
this new Airy minimum, A1(S), of the nuclear rainbow in
the range 281 ∼ 330 MeV is due to a secondary nuclear
rainbow, which is dynamically generated in the classically
forbidden angular region, i.e., in the dark side of the ordinary
“primary” nuclear rainbow. In Fig. 3 the deflection functions
determined from the phase shifts calculated in the CC method
and in the conventional DF optical model without imaginary
potential are displayed at 330 MeV. In the conventional DF
optical model calculation we see a single minimum at the
orbital angular momentum LR = 27 with the rainbow angle
θR = 63◦ consistent with the textbook fact that the nuclear
rainbow is caused by a refraction in the nuclear attractive
potential [29]. On the other hand, in the CC calculation the
deflection function is drastically changed to have more than
two extrema, which means the existence of more than two
nuclear rainbows in elastic scattering by a new mechanism.
The investigation of the S matrix shows that the coupling to
the 2+ state is very strong for the relevant L = 20 ∼ 35 region,
especially at the minima. The two extrema at LR0 = 31 with
θR0 = 18◦ and at LR1 = 34 with the rainbow angle θR1 = 43◦
are located at forward angles, while the minimum with the
largest rainbow angle θR2 = 95◦ appears at LR2 = 26. In
contrast to the meteorological rainbow, the bright sides of the
two rainbows where the Airy maximum and minimum appear
with θR1 (“primary” nuclear rainbow) and θR2 (secondary
nuclear rainbow) stand on the same side of the nuclear rainbow.
Therefore, the dark side of the “primary” nuclear rainbow
where the cross sections fall toward large angles in the angular
distribution is masked by the bright side of the secondary
nuclear rainbow and difficult to observe. The experimental
Airy minimum at the large angles, A1(S), and the fall-off are

due to this secondary nuclear rainbow and it is reasonable
that the conventional global DF optical model with a single
deflection minimum, which creates an Airy minimum, A1(P ),
of the “primary” nuclear rainbow due to the nuclear potential,
cannot reproduce the Airy minimum of the secondary nuclear
rainbow at 281 ∼ 300 MeV. The precursor of the secondary
nuclear rainbow can already be seen in the poor agreement
of the calculated angular distributions in the conventional
DF optical model at 260 MeV in Fig. 1. It is startling that
a secondary nuclear rainbow appears for the nuclear system
where the active mechanism is only refractive. This has not
been anticipated from the meteorological secondary rainbow
for which reflection is involved [1–3,7,29]. A dynamical
second lens is only possible in a quantum system such
as the 16O + 12C scattering as demonstrated in this paper.
The traditional view that the rainbow is generated by static
refraction and reflection of classical concept is changed in
nuclear context.

In Fig. 4 calculated results without and with the imaginary
potentials are compared. We can confirm that the Airy
minimum A1(S), which appears also in the absence of the
imaginary potential, is entirely due to the real potential and is
created by coupling to the 2+ state of 12C.

We investigate the effects of the channels coupling to the
excited states of 16O on the creation of the Airy minimum
A1(S). In Fig. 2 the angular distributions calculated including
the channels coupling of the ground state to the excited states,
3− (6.13 MeV) and 2+ (6.92 MeV), of 16O in addition to the
excited states of 12C are displayed by the green thick solid
line. Potential parameters used are given in Table I. We see
that the large oscillations at large angles seen in the blue lines
are suppressed and the agreement with the experimental data
is improved further especially at the large angles around and
beyond the Airy minimum. This coupling tends to obscure the
deep Airy minimum created by coupling to the 2+ state of 12C
as an imaginary potential generally does. These results show
that the Airy minimum A1(S) is due to the 2+ state of 12C. Our
CC calculations using the imaginary potentials interpolated
from EL =330 and 608 MeV predict the persistency of the
Airy minimum of the nuclear rainbow at the higher energies
between EL = 350 and 500 MeV. Especially at around
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FIG. 2. (Color online) Same as described in the legend of Fig. 1
except for the CC calculations. The calculated cross sections with
coupling to the 2+ and 3− states of 12C (blue solid line) and the
farside components (long dashed line) are displayed in comparison
with the experimental data (points) [15,25–27]. The calculations with
coupling to the 2+ state only (pink dashed line), 3− state only (dashed
dotted line), and no coupling (dotted line) are shown for EL = 281
and 330 MeV. The Airy minimum of the “primary” nuclear rainbow,
A1(P ), and that of the secondary nuclear rainbow, A1(S), are indicated.
The CC calculations including coupling of the ground state to the 3−

and 2+ states of 16O in addition to coupling to the 2+ and 3− states
of 12C are displayed by the green thick solid line (see text).

EL = 400 MeV a clear deep Airy minimum, which is hardly
obscured by the coupling to the excited states of 16O, is
predicted. The experimental observation of the Airy minimum
at these energies is expected.

Finally, we will make a brief discussion on the contribution
of the transfer reaction channels. As for the elastic transfer
of α particles [30], we see in the recent coupled reaction
channel calculations of Ref. [31] that the exchange of the α
particle (elastic transfer) is three orders of magnitude smaller
than the elastic scattering cross sections. Although a complete
description of the data may require both inelastic and exchange
couplings, as for the one nucleon exchange effect, which is
suggested to prevail over other transfer reactions to affect

FIG. 3. (Color online) The deflection functions calculated from
the real DF optical model (circle) and the CC method (square) with
the EDF potential at EL = 330 MeV are compared. The line is to
guide the eye.

the Airy minimum A1(S) for the 230 MeV data in Ref. [31],
our calculations take into account it by using the effective
interaction DDM3Y, in which the knock-on exchange effect is
incorporated [24,28].

To summarize, we have shown for the first time the evidence
for the existence of a secondary bow in the Newton’s zero-order
nuclear rainbow by analyzing 16O + 12C scattering using a
coupled channel method with an extended double folding
(EDF) potential derived from the microscopic realistic wave
functions for 12C and 16O. The secondary nuclear rainbow
appears dynamically in the classically forbidden angular
region of the dark side of the ordinary “primary” nuclear
rainbow due to the creation of a new rainbow angle caused
by strong coupling to the 2+ state of 12C. This plays the

FIG. 4. (Color online) Angular distributions in 16O + 12C scat-
tering at EL = 330 MeV calculated in the single channel (green solid
line) and CC method (blue and pink solid line) with the imaginary
potential in Table I are compared with those calculated by switching
off the imaginary potential (dotted line) and the experimental data
(points) [26]. The blue and pink lines represent the CC results with
coupling to the 2+ and 3− states of 12C and those with coupling to
the 2+ state of 12C only, respectively.
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role of a second lens in addition to the static lens caused by
the nuclear potential. The traditional view that the rainbow is
understood by the classical concept of refraction and reflection
is changed in nuclear context. The discovery of a secondary
rainbow solves the dilemma concerning the failure of the
global potential for the 16O + 12C system. It is desired to
observe a secondary rainbow in other systems.
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