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Initial conditions are required to solve medium modified Dokshitzer-Gribov-Lipatov-Altarelli-Parisi
(mDGLAP) evolution equations for modified fragmentation functions due to multiple scatterings and parton
energy loss. Such initial conditions should in principle include energy loss for partons at scale Q0 above which
mDGLAP evolution equations can be applied. Several models for the initial condition motivated by induced
gluon bremsstrahlung in perturbative QCD are used to calculate the modified fragmentation functions in nuclear
medium and to extract the jet transport parameter q̂ from fits to experimental data in deeply inelastic scattering
(DIS) off nuclei. The model with a Poisson convolution of multiple gluon emissions is found to provide the
overall best χ 2/d.o.f. fit to the HERMES data and gives a value of q̂0 ≈ 0.020 ± 0.005 GeV2/fm at the center of
a large nucleus.
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I. INTRODUCTION

When a hard parton passes through a medium, either
cold nuclear matter or quark-gluon plasma (QGP), it will
lose energy due to multiple scatterings and induced gluon
bremsstrahlung. Its fragmentation function (FF) into final
hadrons will be modified as compared to that in vacuum.
One can then measure such medium modification of the
fragmentation functions or the final hadron spectra to ex-
tract medium properties such as the jet transport parameter.
The modification in general involves suppression of leading
hadrons in deeply inelastic scattering (DIS) off nuclei or
high transverse momentum hadron spectra in high-energy
heavy-ion collisions. Such phenomena, referred to as jet
quenching, have been the focus of many theoretical [1–17]
and experimental studies [18–22] in the last two decades. They
have provided important information about the properties of
the dense medium that is created in high-energy heavy-ion
collisions.

In the latest survey study by the JET Collaboration [23],
fits to experimental data on the suppression factors of single
hadron spectra in high-energy heavy-ion collisions at both
the Relativistic Heavy Ion Collider (RHIC) and the Large
Hadron Collider (LHC) indicate values of q̂ ≈ 1.2 ± 0.3 and
1.9 ± 0.7 GeV2/fm at the center of the most central Au + Au
collisions at

√
s = 200 GeV/n and Pb + Pb collisions at

√
s =

2.76 TeV/n, respectively, at an initial time τ0 = 0.6 fm/c for
a quark with initial energy of 10 GeV. Uncertainties in the
extracted values of q̂, though much reduced from previous
studies [24], are still large and arise mainly from both errors
in experimental data on jet quenching measurements and
different model implementations of parton energy loss. One of
the model implementations is based on the high-twist approach
to multiple scatterings and induced gluon radiation [12,13]
in which one can calculate medium modifications of the
fragmentation functions that lead to the observed suppression
of final hadron spectra in high-energy heavy-ion collisions.

Inclusion of multiple gluon emissions can be achieved through
a set of modified Dokshitzer-Gribov-Lipatov-Altarelli-Parisi
(DGLAP) evolution equations [25,26]. One needs, however,
initial conditions for the fragmentation functions at the lowest
scale Q0 to calculate modified fragmentation functions at
the scale Q of the jet production by solving the modified
DGLAP (mDGLAP) evolution equations. Different choices
of the initial conditions, which in principle are not calculable
in pQCD, contribute to the theoretical uncertainties in the ex-
tracted values of the jet transport parameter from experimental
data on jet quenching. In this paper, we will use several models
for the initial conditions for medium modified fragmentation
functions of a quark jet propagating through cold nuclear
matter in DIS off large nuclei. We assess the quality of the
χ2/d.o.f. of fits using the calculated final spectra of leading
hadrons with different initial conditions to the experimental
data and extract the best values of the jet transport parameter
in the cold nuclei.

II. MODIFIED DGLAP EQUATIONS AND INITIAL
CONDITIONS FOR FRAGMENTATION FUNCTIONS

Within the high-twist approach, one can calculate medium
modification to the parton fragmentation functions in DIS
through higher-twist corrections to the semi-inclusive cross
section. The higher-twist corrections can be expressed in
terms of medium modified parton fragmentation function
[12,13,27,28]. Such an approach to parton energy loss through
medium modified fragmentation functions (mFF’s) has been
employed to describe suppression of leading hadrons in
DIS, nuclear modification of Drell-Yan spectra in p + A
collisions [29] as well as jet quenching in high-energy heavy-
ion collisions [30–34]. In this description of parton energy
loss with single gluon emission, medium corrections to the
fragmentation functions can become large enough(long prop-
agation length in very dense medium) to make the modified
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fragmentation functions (vacuum + medium correction) neg-
ative at large fractional momentum z. To maintain positivity
of mFF’s, one simply sets them to be zero whenever their
values become negative in the large z region. One solution
to the problem of negative mFF’s is to include multiple
gluon emissions through resummation. This will lead to
a medium modified DGLAP (mDGLAP) equations for the
mFF’s [25,26,35,36],

∂D̃h
q (zh,Q

2)

∂ ln Q2
= αs(Q2)

2π

∫ 1

zh

dz

z

[
γ̃q→qg(z,Q2)D̃h

q

(
zh

z
,Q2

)
+ γ̃q→gq(z,Q2)D̃h
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(
zh

z
,Q2

)]
, (1)

∂D̃h
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[
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+
2nf∑
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q

(
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z
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where the modified splitting functions γ̃a→bc are given by the
sum of the vacuum ones and the medium modification,

γ̃a→bc(z,Q2) = γa→bc(z) + �γa→bc(z,Q2), (3)

which can be found in [28].
To solve the mDGLAP equations, one has to provide initial

conditions of mFF’s at a given scale Q0 which in principle are
not calculable in pQCD. The simplest assumption is that these
initial conditions take the form of fragmentation functions in
the vacuum [35,36]. This vacuum initial condition assumes
that there is no medium interaction and parton energy loss
for partons below scale Q0. It understandably underestimates
the total parton energy loss and requires larger values of q̂
to fit the experimental data on jet quenching. It also gives
stronger Q2 dependence of the medium modification than the
experimental data. In our previous work [25,26], we assumed
a model for the initial condition, which is obtained by evolving
the vacuum fragmentation functions at scale Q0 according to a
set of mDGLAP equations with only medium induced splitting
functions from Q = 0 to Q0. This model for initial conditions,
which we will refer to as evolved initial conditions, tends to
overestimate the parton energy loss and our preliminary study
shows that it will lead to a wrong momentum dependence of
jet quenching in heavy-ion collisions at the LHC [37].

In this paper, we will consider another model of multiple
gluon emissions below scale Q0, which we will refer to as
convoluted initial conditions. We introduce a quenching weight
P (ε) to represent the probability of a parton losing a fraction
ε = �E/E of its energy. The quenching weight is assumed to
be given by a Poisson convolution of multiple gluon emissions,
each of which is determined by the induced gluon spectrum
from a single emission. Such a model has been used in other
approaches to parton energy loss in dense medium for both an
on-shell or highly virtual parton [38–41].

With the assumption that the number of independent
induced gluon emissions satisfies the Poisson distribution,
the probability of fractional energy loss ε = �E/E by a
propagating parton with virtuality Q2

0 can then be expressed

as [25,33]

Pa
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) =
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where 〈Na
g (Q2

0)〉 = ∫ 1
0 dz dNa

g (Q2
0)/dz is the average number

of radiated gluons from the propagating parton (a = q,g).
Within the high-twist approach of parton energy loss, the
induced gluon spectra per emission is given by

dNa
g

dz

(
Q2

0

) = αs

(
Q2

0

)
2π

∫ Q2
0

0

d�2
T

�2
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)
, (5)

where �γa→ga(z,�2
T ) is the medium induced splitting function

for parton a. For a quark [28], for example,

�γq→gq

(
z,�2

T

) = 1

�2
T + μ2

D

[
CA

(1 − z)(1 + (1 − z)2)
z

+CF z[1 + (1 − z)2]

]
×

∫
dy−q̂(y−)4 sin2(xLp+y−/2), (6)

where xL = �2
T /2p+q−z(1 − z) is the fractional light-cone

momentum of target partons that is required for the scattering
to radiate a gluon, y− is the light-cone coordinate of the
propagating parton, q̂(y−) is the quark transport parameter
along the path and μD is a parameter representing gluon’s
average intrinsic transverse momentum inside a nucleon. In
hot QGP, μD is replaced by the Debye screening mass. We
freeze the running coupling constant at αs(Q2

0) below Q2
0. In

the calculation of the averaged number of radiated gluons
〈Na

g (Q2
0)〉, we also impose kinematic constraints: xL � 1,

�2
T /E2 � z2 and �2

T /E2 � (1 − z)2.
Taking a Fourier transformation of the gluon spectra,

Ña
g

(
ζ,Q2

0

) =
∫

dz
dNa

g

dz

(
Q2

0

)
e−izζ , (7)

y0

b

y ∈ (y0,∞)

FIG. 1. Illustration of the quark propagation path in DIS off a
nucleus.
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FIG. 2. (Color online) The z dependence of calculated Rh
A for pions (top), kaons (middle), protons and anti-protons (bottom panel) with

the convoluted initial condition for different values of q̂0 compared with HERMES data [42] for Ne, Kr, and Xe targets. For clarity, values of
Rh

A for Kr and Xe targets are displaced by −0.05 and −0.2, respectively.

one can also cast the quenching weight in a compact form,

Pa

(
ε,Q2

0

) = e−〈Na
g (Q2

0)〉
∫

dζ

2π
eiεζ+Ña

g (ζ,Q2
0). (8)

Numerical evaluation of the above quenching weight
becomes difficult when the average number of emitted gluons
〈Na

g 〉 is large. We have developed a Monte Carlo method to
calculate the quenching weight Pa(ε,Q2

0). This Monte Carlo
method also provides more details about the total induced
gluon spectra. In addition to Pa(ε,Q2

0) which represents the
probability of total fractional energy loss ε by the initial parton
a due to induced gluon radiation, we can also obtain Ga(ε)
which represents the spectrum distribution of the radiated

gluons with fractional energy ε from initial parton. Note that
Ga(ε,Q2

0) is different from dNa
g (Q2

0)/dz. It is computed under
the constraint that the total fractional energy loss via multiple
gluon emissions by the initial parton can not be greater than
one in each event. Because of momentum conservation, they
should satisfy the momentum sum rule,

∫ 1

0
dε (1 − ε)Pa(ε) +

∫ 1

0
dε εGa(ε) = 1 . (9)

With the quenching weights Pa(ε,Q2
0) and the effective

induced gluons’ spectra Ga(ε,Q2
0), one can obtain the modified

fragmentation functions D̃a(z,Q2
0) from a set of convolution
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FIG. 3. (Color online) The same as Fig. 2 except for the suppression factor as a function of initial quark energy E.

equations:
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Note that the above mFF’s at the initial scale Q2
0 include

fragmentation of radiated gluons which ensures the total
momentum conservation. Using the momentum sum rules
in Eq. (9), one can verify that the above mFF’s satisfy the

momentum sum rules,∑
h

∫ 1

0
dz zD̃h

a

(
z,Q2

0

) = 1, a = g,q,q̄ . (12)

Using these convoluted initial conditions as given by Eqs. (10)
and (11), one can solve the mDGLAP equations in Eqs. (1)
and (2) numerically and calculate the mFF’s at any scale Q2.

III. THE SUPPRESSION FACTOR IN DIS

In semi-inclusive DIS off a nucleus, as illustrated in Fig. 1, a
high energy virtual photon strikes out a quark from the nucleon
at position (y0,b). The struck quark propagates through the rest
of the nucleus along the path y and loses energy due to multiple
scatterings and induced gluon bremsstrahlung. The final quark
and radiated gluons then fragment into hadrons. Jet quenching
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FIG. 4. (Color online) The same as Fig. 2 except for the suppression factor as a function of initial quark virtuality Q2.

in the cold nuclear medium will be manifested in the nuclear
modification of the final hadron spectra or jet fragmentation
functions. In this section, we will calculate the modified
fragmentation functions and the final hadron suppression
factors in DIS using the convoluted initial condition and
compare to the results with the vacuum initial condition and
as well as the evolved initial condition as in our previous
work [25,26].

The medium mFF’s depend on the jet transport parameter
in the medium through the modified splitting functions [25,26]
[see Eq. (6) for example] which in turn depend on the trajectory
of the hard quark. One therefore needs to evaluate the path
integration from the production point of the hard quark along
the quark’s trajectory in the modified splitting functions in
the mDGLAP equations. One then has to average over the
production point (y0,�b) weighted by the nucleon density inside
the nucleus,

D̃(z,Q2) = 1

A

∫
d2b dy0D̃(z,y0,b,Q2)ρA(y0,b), (13)

to obtain the averaged nuclear modified fragmentation func-
tions.

We will employ the Woods-Saxon nuclear density distri-
bution ρA(y,b) which is normalized as

∫
dy d2bρA(y,b) = A.

We also assume the jet transport parameter q̂ along the leading
quark trajectory is proportional to the local nuclear density,

q̂(y,b) = q̂0
ρA(y,b)

ρA(0,0)
, (14)

where q̂0 is defined to be the value of q̂ at the center of the
nucleus.

In the HERMES experiment [42], ratios between the hadron
multiplicities from a nucleus target and that from deuteron are
measured, which can be expressed in terms of the modified
fragmentation functions,

Rh
A(z,ν) =

(
Nh(z,ν)

Ne(ν)
|A

) / (
Nh(z,ν)

Ne(ν)
|D

)

=
(

�e2
qq(x)D̃h

q (z)

�e2
qq(x)

|A
) / (

�e2
qq(x)Dh

q (z)

�e2
qq(x)

|D
)

,

(15)

where ν = E is the energy of virtual photon that is transferred
to the struck quark, z = ph/E is the energy fraction carried
by the final hadrons, and x = Q2/2p+q− = Q2/2MNν is the
Bjorken variable for fractional light-cone momentum carried
by the initial quark. The summation is over all quark and
antiquark flavors and q(x)’s are the quark distributions inside
the nucleus. We use the CTEQ6 parametrization [43] of parton
distributions and EKS parametrization [44] of the nuclear
modification of the parton distributions.

In principle, we should also consider nuclear effects inside
a deuteron. We include the medium modification of quark
distributions in a deuteron by using the EKS parametrization
[44] for nuclear PDFs. For jet quenching, the quark energy
loss and medium modification of fragmentation functions
are proportional to the path integration of the jet transport
parameter over the length of a nucleus. Jet transport parameter
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FIG. 5. (Color online) χ 2/d.o.f. as a function of q̂0 from fits to the
HERMES data [42] with the calculated results on the E dependence
of the suppression factors from mDGLAP evolution equations using
convoluted (top), evolved (middle), and vacuum initial conditions
(bottom panel).

q̂ is proportional to the local nucleon density inside the nucleus.
Therefore, we expect the jet quenching effect to be small
for a deuteron target because of the small nuclear size and
smaller nucleon density inside a deuteron. The lower limit of
the scale Q in CTEQ6 [43] parametrization is Q = 1.3 GeV
where the uncertainties in the quark distributions at very small
or large x are large. When PDFs with scale Q smaller than
1.3 GeV is needed, we simply freeze the Q dependence in the
CTEQ6 and EKS parametrizations. In the kinematic range of
HERMES experiment, the struck quark has medium values of
fractional momentum x where we expect uncertainties in the
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FIG. 6. (Color online) The combined χ 2/d.o.f. as a function of
q̂0 from fits to the HERMES data [42] with the calculated results on
the z, Q2, and E dependence of suppression factors from mDGLAP
evolution equations using convoluted (top), evolved (middle), and
vacuum initial conditions (bottom panel).

quark distributions at low Q as given by CTEQ6 and EKS
parametrizations are small.

In Fig. 2 we compare our calculated results on the suppres-
sion factor Rh

A in DIS (lines) off three different targets with the
convoluted initial condition with the HERMES data [42] as a
function of the hadrons’ final fractional momentum z. We have
choosen Q0 = 1 GeV and set μD = 0.2 GeV which is related
to a gluon’s average intrinsic transverse momentum inside a
nucleon. We use the HKN parametrization [45] for the vacuum
fragmentation functions at Q2

0. We also use the corresponding
averaged values of Q2 and ν for each bin of z according to
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FIG. 7. (Color online) The Q2 dependence of calculated Rh
A for pions (top) and kaons (bottom panel) with the vacuum initial condition for

different values of q̂0 compared with HERMES data [42] for Ne, Kr, and Xe targets.

that in the HERMES experiment. The calculated results agree
with the HERMES data quite well for pions and kaons for
small and intermediate values of z. At large values of z the
agreement is not so good, possibly due to other effects such
as hadronic interaction [46,47] that are not considered in our
study. The theoretical results also overestimate the suppression
for protons and underestimate the suppression for antiprotons.
This might be related to the non-perturbative baryon transport
in hadronic processes [48] and hadronic interaction since
baryons’ formation can be shorter than that for pions and
kaons. We have also neglected quark-antiquark annihilation
contribution to the mDGLAP evolution equations. These
processes will affect the medium modification of antiquarks
and will likely improve the modification factor for antiproton
spectra.

We can also calculate Rh
A as a function of initial quark

energy E for a given range of z and Q2. Again, the range of z
and Q2 varies with the value of E. The results are compared
with the HERMES experimental data in Fig. 3. The agreement
is again very good for pions and kaons but not so good for
protons and antiprotons. Shown in Fig. 4 are the suppression
factors as a function of Q2 which are quite weak as also
indicated by the HERMES data.

To illustrate the quality of the fits to experimental data
as compared to early models for initial conditions for the
mDGLAP evolution and extract the best values of jet transport
parameter q̂0, we plot in Fig. 5 χ2/d.o.f. of the fits to
the HERMES data on the quark energy E-dependence of

the suppression factor Rh
A(z,E,Q2) as a function of q̂0 for

calculations with the convoluted (top), evolved (middle) and
vacuum (bottom panel) initial conditions. The HERMES
data used in the fits are only for the suppression factors of
pions and kaons since the proton and antiproton suppressions
are complicated by other mechanism beyond the high-twist
framework. We can see that the convoluted initial condition
proposed in this paper gives the smallest values of χ2/d.o.f. at
the minima as compared to the evolved and vacuum initial
conditions. The vacuum initial condition gives the largest
values of χ2/d.o.f. at the minima. Similar χ2/d.o.f. analysis
of the fits to the HERMES data on the Q2 dependence of
the suppression factors Rh

A(z,E,Q2) prefers the convoluted
initial conditions over the evolved and vacuum ones while the
vacuum one again is the least preferred. However, the vacuum
initial condition is found to fit the data on the z dependence
of the suppression factors slightly better than the evolved and
convoluted ones. Shown in Fig. 6 are χ2/d.o.f. from combined
fits to z, E, and Q2 dependence of the suppression factors from
the HERMES experiment. The convoluted initial condition
proposed in this paper has the best overall fit to the data among
the three initial conditions we have studied and gives a fitted
value q̂0 = 0.020 ± 0.005 for the quark transport parameter at
the center of large nuclei.

Among the three initial conditions, the vacuum one has the
worst fit to the experimental data. With the vacuum initial
condition, the medium modification of the fragmentation
functions solely comes from the mDGLAP evolution and
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therefore has much stronger Q2 dependence as shown in Fig. 7.
It also requires a large value of q̂0 to give a large suppression as
expected. One can improve the Q2 dependence by introducing
a propagation length dependence in the value of Q2

0 [35] which
could be quite large than the value of 1 GeV2 we used here.

Note that our analyses here are based on the high-twist
approach in which only contributions in leading order (LO)
pQCD up to twist-four are considered currently. The jet
transport parameter q̂ is considered a constant in this case.
In principle, q̂ should depend on jet energy E and virtuality
Q2 [49] due to multiple gluon emission processes associated
with the target partons in medium. Such energy and virtuality
dependence will arise naturally when next-to-leading-order
(NLO) corrections at twist-four are considered [50–52]. These
NLO corrections should be considered for further improve-
ments in jet quenching studies.

IV. SUMMARY

In summary, we have studied the medium modification of
fragmentation functions through a set of modified DGLAP
evolution equations within the high-twist approach with
different initial conditions. We proposed a convoluted initial
condition which is a Poisson convolution of multiple gluon
radiations each has a spectrum from a single gluon emission.
By fitting to the experimental data on hadron suppression
factors in DIS off nuclei, we find that the convoluted initial

condition gives the best χ2/d.o.f. fit as compared to the evolved
and vacuum initial conditions that were used in previous
studies. Such convoluted initial conditions can also be used
to study jet quenching in high-energy heavy-ion collisions.
The value of jet transport parameter in cold nuclear matter
q̂0 extracted in this study will also provide improved model
for jet transport parameter in a hadron resonance gas at finite
temperature as part of the jet quenching mechanism throughout
the evolution history of the dense matter in high-energy
heavy-ion collisions.
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