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Adiabatic model of (d, p) reactions with explicitly energy-dependent nonlocal potentials

R. C. Johnson and N. K. Timofeyuk
Department of Physics, Faculty of Engineering and Physical Sciences, University of Surrey, Guildford, Surrey GU2 7XH, United Kingdom

(Received 1 November 2013; published 13 February 2014)

We have developed an approximate way of dealing with explicit energy dependence of nonlocal nucleon optical
potentials as used to predict the (d,p) cross sections within the adiabatic theory. Within this approximation, the
nonlocal optical potentials have to be evaluated at an energy shifted from half the incident deuteron energy by
the n-p kinetic energy averaged over the range of the n-p interaction and then treated as an energy-independent
nonlocal potential. Thus, the evaluation of the distorting potential in the incident channel is reduced to a
problem solved in our previous work [N. K. Timofeyuk and R. C. Johnson, Phys. Rev. Lett. 110, 112501
(2013); Phys. Rev. C 87, 064610 (2013)]. We have demonstrated how our new model works for the case of
16O(d,p)17O, 36Ar(d,p)37Ar, and 40Ca(d,p)41Ca reactions and highlighted the need for a detailed understanding
of the energy dependence of nonlocal potentials. We have also suggested a simple way of correcting the
d-A effective potentials for nonlocality when the underlying energy-dependent nonlocal nucleon potentials are
unknown but energy-dependent local phenomenological nucleon potentials are available.
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I. INTRODUCTION

In our two previous publications [1,2] we proposed a
method for calculating A(d,p)B cross sections when the
interaction of the neutron and proton in deuteron with the target
A is energy independent but nonlocal. This development has
been motivated by the growing number of (d,p) experiments
performed at radioactive-beam facilities with the aim of
extracting spectroscopic information beyond the limits of β
stability, including cases important for astrophysical applica-
tions. The (d,p) reaction is known [3] to be dominated by those
components of the total wave functions in which the separation
between the neutron and proton in the incoming deuteron is
less than the range of the n-p interaction. Such components are
often calculated in the adiabatic distorted-wave approximation
(ADWA) where the effective deuteron potential is derived
from neutron and proton optical potentials taken at some fixed
energy [4,5]. Because the introduction of ADWA, the fixed
neutron and proton energies used to calculate the adiabatic
deuteron potential were always taken to be precisely half of the
deuteron incident energy [4,6,7]. Such a prescription seemed
to be reasonable from the intuitive point of view that appeals
to the low binding energy of deuteron.

The first indications for a need to go beyond the approxima-
tion of fixed nucleon energies came from the Faddeev study
of transfer reactions in Refs. [8,9]. The energy dependence
of the nucleon optical potentials assumed there were either
explicit [8] or a result of the nonlocality of energy-independent
nucleon potential [9]. Given that the Faddeev formalism is
too complicated for the routine analysis of deuteron stripping
reactions, we have suggested [1,2] a practical way to account
for the nonlocality of nucleon optical potentials in the ADWA
developed in Refs. [4,6]. It turned out [2] that for energy-
independent nonlocal potentials of the Perey-Buck type [10]
a simple adiabatic deuteron potential can be constructed as
a solution of a transcendental equation, similar to the one
obtained for nucleon scattering in Ref. [10]. Moreover, for Z =
N nuclei and isospin-independent nucleon optical potentials
this solution is related to the sum of nucleon potentials taken

at an energy shifted with respect to half the incident deuteron
energy by about 40 MeV. We have shown that this large shift
comes from the relative n-p kinetic energy averaged over the
short-range potential Vnp [1,2]. The new effective deuteron
potential is shallower than that traditionally used in the ADWA
and this leads to a change in normalizaton of predicted (d,p)
cross sections with consequences for their interpretation in
terms of nuclear structural quantities.

The simple prescription of Refs. [1,2] to obtain the d-A
potential for (d,p) reactions relies strongly on the assumption
that the energy dependence of nucleon optical potentials
is a consequence of the nonlocality of energy-independent
potentials. However, the formal theory of optical potentials
developed by Feshbach [11] shows that optical potentials
are not only nonlocal but energy dependent as well. The
explicit energy dependence of Feshbach potentials comes from
the coupling of channels with the target, A, in its ground
state to channels in which A is excited, i.e., the mechanism
that gives rise to the imaginary part of the optical potential
when the excited channels are open. The result is that global
local energy-dependent potentials derived from analysis of
experimental data may not be of the Perey-Buck type. We
have checked this for optical potentials taken from frequently
used global systematics CH89 [12]. We found that only
their real parts satisfy the Perey-Buck form with the usual
nonlocality range of 0.85 fm while the imaginary parts are
definitely not of the Perey-Buck type and do not follow any
immediately obvious systematic rule. Therefore, it is unclear
how to treat explicit energy dependence of the popular CH89
global potential in the ADWA. This may be relevant to other
energy-dependent global optical potentials available in the
literature and used in (d,p) reaction calculations.

In this paper we suggest an approximate practical way
of dealing with explicitly energy-dependent nonlocal optical
potentials. For this purpose we first consider in Sec. II the
connection between the three-body model and the underlying
many-body problem that leads to the energy dependence of
optical potentials. Then in Sec. III we give formal expressions
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for optical potential operators in two- and three-body systems.
We derive in Sec. IV the link between the adiabatic (d,p)
models with energy-dependent and energy-independent opti-
cal potentials and make important comments in Sec. V. We
apply in Sec. VI the new model to calculation of the cross
sections of the same (d,p) reactions considered earlier by us
in Ref. [2]. We discuss our model and the results obtained and
make conclusions in Sec. VII. Important derivations are given
in the Appendix.

II. CONNECTION BETWEEN THE THREE-BODY MODEL
OF THE n + p + A SYSTEM AND THE UNDERLYING

MANY-BODY PROBLEM

Explicit energy dependence of the nucleon optical
potential arises as the result of internal structure of the
target and the consequential possibility that the target can
be excited. However, it is customary to model the A(d,p)B
reaction in terms of scattering state solutions of a three-body
Schrödinger equation in which only the coordinates of the
n and p appear explicitly. We can formalize this procedure
by regarding the three-body wave function of the model as
the projection, �

(+)
kd

(n,p)φA, of the full A + 2 many-body
wave function corresponding to a deuteron incident on a
nucleus A in its ground state, φA, onto the ground state of
A. This projection has outgoing waves that describe elastic
deuteron scattering and elastic deuteron breakup exactly and
outgoing waves in any open stripping channel in which B
has a non-negligible component with A in its ground state.
The complete many-body wave function has components in
which A is not in its ground state. The existence of coupling
to these components influences the projection �

(+)
kd

(n,p)φA,
but we base our analysis on a model in which their explicit
contribution to the A(d,p)B transition matrix is neglected.

Within this framework an exact expression for A(d,p)B
transition matrix is

Tdp = 〈
�

(−)
kp,B(p,B)

∣∣Vnp

∣∣�(+)
kd

(n,p)φA

〉
, (1)

where Vnp is the n-p interaction and �
(−)
kp,B is a solution of the

many-body Schrödinger equation corresponding to a proton
with momentum kp incident on B but with Vnp deleted. This
expression for the exact amplitude differs from the widely used
alternative expression in which the transition operator is given
by Vnp + ∑

i∈A Vpi − UpB [13] and the bra-vector contains the
product of the wave function of nucleus B and the distorted
wave in the p-B channel generated by the (arbitrary) optical
potential UpB . The advantage of Eq. (1) is that it contains
the short-ranged transition operator Vnp only, which allows
a simple approximation for the �

(+)
kd

(n,p) to be developed.

However, the final-state wave function �
(−)
kp,B in this expression

becomes more complicated. To further discuss this issue we
restrict ourselves to a three-body model, n + p + A, in which
the internal degrees of freedom of A are not treated explicitly.
In this case �

(−)
kp,B is a solution of a three-body problem, but it

is a very special one in which (i) two of the bodies, n and p,
do not interact, and (ii) in practical applications to A(d,p)B
reactions A is frequently much more massive than a nucleon.

In fact, in the A → ∞ limit excitation of B is impossible in
this model and the exact solution for �

(−)
kp,B is the product of

χ
(−)
kp

(p), a proton scattering wave function distorted by the
proton-target potential VpA, and the wave function of the final
nucleus B. The overlap of the latter with A gives the neutron
overlap function IAB . Derivations of these results are given in
[14] where references to earlier work can be found. Corrections
to this limit in the case of selected light nuclei A have been
evaluated in [15] using the adiabatic approximation to handle
the excitation and break-up of B by the recoil of A. It was
shown in [15] how the recoil corrections modify the proton
distorted wave, χ (−)

kp
(p), by a factor that goes to unity for large

A leaving a three-body wave function with a range limited
in space by the neutron overlap function. We refer to [15]
and [16] for further quantitative discussion of these results
which show that recoil contributions to �

(−)
kp,B can probably

be ignored in the first instance except for the very lightest
nuclei. The aim of the present paper is to clarify how a proper
treatment of the wave function in the incident channel changes
(d,p) predictions when the wave function in the final channel
is fixed. Although to date a complete solution to the problem
of calculating �

(−)
kp,B for finite A has not yet been obtained the

results of [15] and [16] give sufficient grounds for ignoring the
finite A complications in �

(−)
kp,B for our purposes.

The emphasis is now on the evaluation of �
(+)
kd

(n,p), which
by definition is a function of the coordinates of n and p. We
make heavy use of the fact that the evaluation of the amplitude
(1) requires knowledge of this function within the range of
Vnp only and we make approximations that are inspired by this
observation.

Using projection operator techniques originally given by
Feshbach [11] it is possible to derive explicit expressions for
the effective interactions that appear in the three-body Hamil-
tonian that drives �

(+)
kd

(n,p). This effective Hamiltonian is

Heff = T3 + Vnp + U 0
n (n) + U 0

p(p) + 〈φA|U |φA〉, (2)

where T3 is the three-body kinetic energy operator for n +
p + A in the center-of-mass system and the bra-ket notation
here implies integration over the target nucleus coordinates to
leave an operator in n and p coordinates only. The interactions
U 0

N (N ) that appear in Eq. (2) depend only on the n-A and
p-A coordinates, respectively, being diagonal in states of the
target A but, otherwise, are arbitrary at this point. They have no
influence on the ground-state matrix elements of U + U 0

n +
U 0

p or on the three-body wave function. The importance of
the introduction of the U 0

N ’s in the present context is that
their arbitrariness can be used to decouple the neutron and
proton contributions to the complex many-body operator U ,
as least as far as the lowest multiple scattering contributions
are concerned. How this is done is discussed in Sec. IV.

The many-body operator U in Eq. (2) accounts for all the
effects of the target nucleus degrees of freedom. It satisfies the
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integral equation [see the Appendix (Sec. 1)]

U = �vnA + �vpA + (�vnA + �vpA)
QA

e
U,

(3)

�vNA = vNA − U 0
N, vNA =

A∑
i=1

vNi, N = n,p.

The operator QA projects onto excited states of the target and
the energy denominator e is given by

e = E3 + i0 − T3 − Vnp − U 0
n (n) − U 0

p(p) − (HA − EA),

(4)

where HA and EA are the internal Hamiltonian and the ground-
state energy of the target A, respectively. E3 is the three-body
energy related to the incident center-of-mass kinetic energy
Ed and deuteron binding energy ε0 by E3 = Ed − ε0.

A formal solution of Eq. (3) is

U = �vnA + �vpA + (�vnA + �vpA)

×QA

1

e − QA(�vnA + �vpA)QA

QA(�vnA + �vpA).

(5)

〈φA|U |φA〉 sums up all processes via excited target states and
the deuteron ground and breakup states that are coupled to the
target ground state by �vNA and which begin and end on the
target ground state. The expansion that appears on iteration of
Eq. (3) by repeated substitution for U on the right-hand side
makes this clear:

U = �vnA + �vpA + (�vnA + �vpA)
QA

e
(�vnA + �vpA)

+ (�vnA + �vpA)
QA

e
(�vnA + �vpA)

× QA

e
(�vnA + �vpA) + · · · . (6)

When averaged over the target ground state and added to
U 0

n (n) + U 0
p(p), the first term on the right-hand side of Eq. (6)

will be recognized as providing an expression for the sum of the
real nucleon optical potentials calculated in a folding model
using the free-space interactions between n and p with the
target nucleons. The second- and higher-order terms include
the effect of target excitation. Because of the propagator
1
e

they are complex and nonlocal in neutron and proton
coordinates even when the nucleon-nucleon interactions vNi

are local. In addition, there is an explicit dependence on the
energy E3 through the energy denominator e. The purpose of
this E3 dependence is to link the three-body energy of the
system to the thresholds of all relevant channels correctly.
For example, if E3 is less than the energy of a coupled
intermediate excited state, then the corresponding contribution
to U will be real (Hermitian); otherwise, a complex (non-
Hermitian) contribution will result. This is the physical reason
for expecting the effective interaction to be explicitly energy
dependent.

Our aim is to make a connection between U 0
n (n) + U 0

p(p) +
〈φA|U |φA〉 and the neutron and proton optical potentials and,
in particular, to determine the energies at which phenomeno-

logical optical models should be taken to reproduce the main
properties of U 0

n (n) + U 0
p(p) + 〈φA|U |φA〉 for application to

evaluation of the (d,p) transition amplitude (1). We see that
this can only be done approximately.

III. FORMAL EXPRESSIONS FOR THE NUCLEON
OPTICAL POTENTIAL IN TWO- AND

THREE-BODY CHANNELS

A. Multiple scattering expansion of operator U

The operator U , which is a complicated operator in the
coordinates of n, p, and A, can be partially separated into
its p-A and n-A contributions by using manipulations from
multiple scattering theory [see the Appendix (Sec. 2)]. We
obtain

U = UnA + UpA + UnA

QA

e
UpA + UpA

QA

e
UnA + · · · ,

(7)

where

UNA = �vNA + �vNA

QA

e
UNA (8)

and the dots in Eq. (7) are terms of third or higher order in
UnA and/or UpA, always with an excited target (though not
necessarily excited deuteron) as an intermediate state.

We emphasize that although the target ground-state matrix
element U 0

n + U 0
p + 〈φA|U |φA〉 is independent of the U 0

N ,
this is not true of the matrix elements U 0

N + 〈φA|UNA|φA〉.
The underlying reason for this is that the denominator e in
UNA depends both on U 0

n and U 0
p and, therefore, UNA is not

symmetric in n and p.
We notice that the operators UnA and UpA in Eqs. (7)

and (8) are strongly reminiscent of Feshbach’s [11] operator,
which gives the nucleon optical potential when sandwiched
between target ground-state vectors. The exact expressions for
this operator are given below.

B. Two-body optical potential operator

According to Feshbach [11] the optical model operator for a
nucleon with kinetic energy EN satisfies the integral equation

U
opt
NA(EN ) = vNA + vNA

QA

eN

U
opt
NA(EN ), (9)

where eN = EN + i0 − TNA − (HA − EA). In terms of the
solution of this equation, the optical potential, V opt

NA, for nucleon
scattering by A at energy EN is given by

V
opt
NA(EN ) = 〈φA|U opt

NA(EN )|φA〉
= 〈φA|vNA + vNAQA

× 1

eN − QAvNAQA

QAvNA|φA〉. (10)

It should be noted that in the proton case we include Coulomb
interactions in the NN potential vpA and, therefore, our
proton optical potential includes a Coulomb potential Vc(p) =
〈φA| ∑A

i=1 vCoul
pi |φA〉.
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To make a connection with the n + p + A case of the last
section, we introduce a slightly modified definition of nucleon
optical potential,

Ū
opt
NA = �vNA + �vNA

QA

ēN

QAŪ
opt
NA

= �vNA + �vNAQA

× 1

ēN − QA�vNAQA

QA�vNA, (11)

where

ēN = EN + i0 − TNA − U 0
N − (HA − EA) (12)

differs from eN by inclusion of the potential U 0
N . The

operators Ū
opt
NA and U

opt
NA have different matrix elements, in

general, but their ground-state expectation values are related by
〈φA|Ū opt

NA|φA〉 = V
opt
nA − U 0

N . The Feshbach optical potential
V

opt
NA is now given by

V
opt
NA(EN ) = U 0

N (N ) + 〈φA|Ū opt
NA(EN )|φA〉. (13)

Using the same basic relation between the nucleon optical
potential and the underlying many-body theory that we use
here, Buck and Lipperheide [17,18] showed that a nonlocal and
energy-independent potential operator can be formally defined
that generates the same projection of the many-body wave
function on to the target ground state as does the explicitly
energy-dependent Eq. (13). However, the potential they derive,
as well as being non-Hermitian, as is also Eq. (13), does not
satisfy a standard transformation under time reversal. When
the underlying two-body interactions vNi are invariant under
time reversal, Feshbach’s (13) satisfies

KV
opt
NAK−1 = (

V
opt
NA

)†
, (14)

where K is the nonlinear time-reversal operator for the N + A
system. The operator defined by Buck and Lipperheide does
not satisfy this relation. This results in a very clumsy discussion
of reciprocity in reaction theories that make use of optical
potentials and we therefore choose not to make use of the
Buck-Lipperheide definition here.

C. Relation between the three-body and two-body
optical potentials

The three-body operator U has contributions from the UNA

as a leading term in the three-body Hamiltonian through
Eqs. (2) and (7):

〈φA|UNA(E3)|φA〉
= 〈φA|�vNA|φA〉

+ 〈φA|�vNAQA

1

e − QA�vNAQA

QA�vNA|φA〉.
(15)

These quantities have a similar structure to the Feshbach form
for the nucleon optical potential discussed in the last section.
Note, however, that the energy denominator e = E3 + i0 −
T3 − Vnp − U 0

n (n) − U 0
p(p) − (HA − EA), which appears ev-

erywhere in the n + p + A case, is not the denominator

ēN = EN + i0 − TNA − U 0
N − (HA − EA) that appears in the

neutron operator (12).
To deal with this difference when calculating 〈φA|U |φA〉

we proceed as follows.

(i) We neglect the higher-order multiple scattering terms
that appear on the right-hand side of Eq. (7). These
neglected terms involve n-A and p-A excitations that
cannot be expressed in any obvious way as a sum of
terms depending separately on the n and p coordinates.
They remain to be investigated in future work. These
contributions are neglected in all three-body models
of the n + p + A system with heavy targets. They are
not discussed further. This means our approximation
Ueff for the effective interaction in the three-body
Hamiltonian (2) in addition to Vnp is

Ueff(n,p) = Un
eff(n) + U

p
eff(p),

(16)
UN

eff(N ) = U 0
N (N ) + 〈φA|UNA|φA〉,

where N is n or p and the UnA and UpA are given by
Eq. (8).

(ii) We consider only the limit of the infinite target mass
so that the three-body kinetic-energy operator, T3, can
be separated into terms that depend on the individual
neutron and proton coordinates relative to the target,
T3 = Tp + Tn, where Tp ≡ TpA and Tn ≡ TnA. This
approximation seems to be essential if we are to obtain
a three-body Hamiltonian that involves a sum of n-A
and p-A potentials each of which only depend on the
coordinates of one nucleon. The energy denominator e
is now

e = Ed + i0 − ε0 − Tn − Tp − Vnp

−U 0
n (n) − U 0

p(p) − (HA − EA). (17)

IV. DISTORTING POTENTIALS FOR ADIABATIC MODEL
OF A(d, p)B REACTIONS

It has been shown [3] that for a range of incident
deuteron energies of current experimental interest the A(d,p)B
amplitude (1) is dominated by the first Weinberg component
of �

(+)
kd

(n,p), i.e.,

〈φ1|�(+)
kd

(n,p)〉, (18)

where φ1 is defined in terms of the n-p interaction Vnp by

|φ1〉 = Vnp|φ0〉
〈φ0|Vnp|φ0〉 , (19)

in which φ0 is the deuteron ground-state wave function. In
Eq. (18), the integration is performed over the n-p relative
coordinate, r = rn − rp, resulting in a function of the n-p
center-of-mass coordinate, R = 1

2 (rn + rp), only. The state
φ1 restricts the n-p relative coordinate to be less than the
range of the n-p interaction Vnp.

In the ADWA approximation [6] the first Weinberg compo-
nent of �

(+)
kd

(n,p) is determined by a distorted wave χ
(+)
kd

(R)
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satisfying the equation

(Ed − TR − 〈φ1|Ueff|φ0〉)χ (+)
kd

(R) = 0, (20)

where Ueff is given by Eq. (16). We first consider the UnA term
in the expression for Ueff .

The dependence of the UnA on the proton coordinates is
solely through the presence in e of the operators Tp + U 0

p

and Vnp. The values taken by Tp + U 0
p + Vnp influence the

net neutron energy parameter in e and hence determine the
appropriate energy at which to choose the neutron optical
potential. Our method here is to replace Tp + U 0

p + Vnp with
an average value consistent with the dominance of the first
Weinberg component to the (d,p) reaction. We deduce this
value within the ADWA. Similarly, we replace the Tn + U 0

n +
Vnp operator in the UpA term for Ueff with an average value.

The ADWA potential in Eq. (20) has energy
dependence that comes through the energy denominators
in 〈φ1φA|�vNAQA(e − QA�vNAQA)−1QA�vNA|φ0φA〉,
which contains the matrix elements 〈φA|PA�vNAQA|φ∗

A〉
that are the functions of R ± r/2. The range of variable r
is restricted by the range of φ1φ0 which is about 0.45 fm.
Therefore, for most R relevant for evaluating χ

(+)
kd

(R) we have
r/2 	 R. Therefore, to a first approximation the operators
QA�vNAPA in the numerator can be replaced by their form
at r = 0. Then the only matrix element involving integration
over r is 〈φ1|(e − QA�vNAQA)−1|φ0〉.

We show in the Appendix (Sec. 3) that within the ADWA
we can consistently use the approximation

〈φ1|(e − QA�vNAQA)−1|φ0〉 ≈ 1

〈φ1|e − QA�vNAQA|φ0〉 .
(21)

We consider the contribution from N = n first. To evaluate
the denominator in the right-hand side of Eq. (21) we use
definition (17) for e and the result from the Appendix (Sec. 4),

〈φ1|Tp + Vnp|φ0〉 = 1
2 (TR − 〈Tr〉) − ε0, (22)

where TR and Tr are the kinetic energy operators associated
with the coordinates R and r , respectively, and

〈Tr〉 = 〈φ1|Tr |φ0〉. (23)

We determine a reasonable value for the operator TR in Eq. (22)
by recalling that it acts on the first Weinberg component
χ

(+)
kd

(R). Using Eq. (20) we get

〈φ1|e − QA�vnAQA|φ0〉
= 1

2

[
Ed + 〈φ1|Ueff|φ0〉 − 2〈φ1|U 0

p(p)|φ0〉 + 〈Tr〉
]

− [〈φ1|Tn|φ0〉 + 〈φ1|U 0
n (n)|φ0〉

]
−〈φ1|QA�vnAQA)|φ0〉 − (HA − EA). (24)

We now recall that the potentials U 0
n and U 0

p are arbitrary
provided that they commute with QA. We are therefore at
liberty to choose

〈φ1|U 0
p(p)|φ0〉 = 1

2 〈φ1|Ueff|φ0〉. (25)

With this step Eq. (21) reduces to

〈φ1|(e − QA�vnAQA)−1|φ0〉
= 〈φ1| 1

Eeff − Tn − U 0
n (n) − QA�vnAQA

|φ0〉, (26)

where

Eeff = 1
2Ed + 1

2 〈Tr〉. (27)

The neutron contribution to the ADWA effective interaction
(16) is given by

〈φ1|Un
eff(n)|φ0〉

= 〈φ1|U 0
n (n) + 〈φA|UnA|φA〉|φ0〉

= 〈φ1|U 0
n (n)|φ0〉 + 〈φ1φA|�vnA + �vnAQA

× 1

Eeff − Tn − U 0
n (n) − QA�vnAQA

QA�vnA|φAφ0〉.

(28)

We see that expression (28) is just the neutron contribution to
the ADWA distorting potential calculated with a nonlocal neu-
tron optical potential taken at energy Eeff . A similar conclusion
can be made for the proton contribution 〈φ1|Up

eff(n,p)|φ0〉 to
the ADWA distorting potential. With the choice

〈φ1|U 0
n (n)|φ0〉 = 1

2 〈φ1|Ueff|φ0〉, (29)

we find in identical fashion that this contribution is obtained
using the p-A optical potential, including Coulomb terms,
taken at the proton energy Ep also equal to Eeff = 1

2 (Ed +
〈Tr〉). We note that with the choices given by Eqs. (29) and
(25) the neutron and proton contributions to the effective
interaction of the three-body model in the single scattering
approximation are independent of the U 0

N . The choice (29)
for U 0

n will influence higher-order multiple scattering terms in
Eq. (7). We do not consider these terms further here.

V. COMMENTS

We have given arguments that suggest that, for the purpose
of calculating (d,p), cross sections in the ADWA approxima-
tion when the nucleon optical potentials are explicitly energy
dependent as well as nonlocal the neutron and proton kinetic
energies used in the incident channel should be 1

2Ed + 1
2 〈Tr〉.

This is achieved by averaging the proton kinetic energy in
the incoming deuteron and adding the extra kinetic energy the
neutron has because it must be close to a proton to contribute
to the (d,p) amplitude. Thus, the problem of calculating
the ADWA amplitude for A(d,p)B with energy-dependent
nonlocal potentials is reduced to the problem of calculating this
amplitude with energy-independent nonlocal potentials, the
solution of which is found in Refs. [1,2]. If a phenomenological
nonlocal, explicitly energy-dependent nucleon potential is
available, the prescription of present paper together with that
from Refs. [1,2] can be used unambiguously.

The energy-independent nonlocal potential that replaces
the original energy-dependent nonlocal potential is obtained
from the latter by evaluating it at the energy shifted from the
intuitively assumed Ed/2 value by one half of the average
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n-p kinetic energy within the range of the n-p potential,
approximately equal to 57 MeV [1]. This value is close to,
but not equal to, the energy shift �E ∼ 40 MeV, identified
in Refs. [1,2] as the shift to the Ed/2 value that provides
the appropriate energy of energy-dependent equivalents of
nonlocal potentials to be used in ADWA.

For all known phenomenological optical potentials the un-
derlying energy-dependent nonlocal potentials are not known.
It may be tempting to use the conclusion of the previous section
for choosing in the ADWA calculations the phenomenological
local potentials taken at energies Eeff = 1

2Ed + 1
2 〈Tr〉. This,

however, would be a source of confusion and may lead to a
wrong result. Indeed, if U(E,r,r ′) is the underlying energy-
dependent nonlocal potential for the phenomenological local
energy-dependent equivalent Uphen(E,r), then the ADWA
needs to use the energy-independent nonlocal potentials
U(Eeff,r,r

′) that would give different equivalent energy-
dependent potential Ũ (E,r) which then should be taken at the
energy Ed/2 + �E. The two potentials Ũ (Ed/2 + �E,r) and
Uphen(Eeff,r) are not the same. We show a link between them for
a particular class ofU(E,r,r ′) in the next section. However, the
knowledge of energy-dependent nonlocal potentials is crucial.

It is interesting to compare our treatment of explicit
energy-dependent optical potentials with that of Ref. [8].
In that work the Faddeev approach was used to solve the
three-body problem. Energy dependence is treated in Ref. [8]
by taking the neutron (proton) optical potential at the energy
equal to the variable neutron (proton) energy parameter in
evaluating the neutron (proton) t matrix as it appears in the
Faddeev equations. This seems physically plausible at first
sight, but to what kind of Schrödinger equation such an
approach corresponds is not clear. The Faddeev equations
have been derived from the Schrödinger equation with energy-
independent nonlocal pairwise potentials. We are not aware of
a formal derivation of the Faddeev equations for explicitly
energy-dependent pair potentials of the type that arise from
many-body effects as discussed in Sec. II.

In our view, explicit energy dependence is an effect
that can only be understood by explicitly recognizing the
internal degrees of freedom of the target, as is done here and
in Refs. [7,19]. It should be added that the approximate
prescription proposed here is intended for use only in the
calculation of the incident channel distorting potential in a
particular expression for the A(d,p)B transition matrix and is
not expected to be useful in any other context.

VI. APPLICATIONS TO THE 16O(d, p)17O, 36Ar(d, p)37Ar,
AND 40Ca(d, p)41Ca REACTIONS WITH GLOBAL

ENERGY-DEPENDENT NONLOCAL
OPTICAL POTENTIAL

In this section we apply the formalism developed above
to the ADWA calculation of the cross sections of the
16O(d,p)17O, 36Ar(d,p)37Ar, and 40Ca(d,p)41Ca reactions at
Ed = 15, 9, and 11.8 MeV, respectively. The cross sections of
these reactions have been measured in Refs.[20–22]. These are
the same reactions that have been considered in Ref. [2] using
energy-independent nonlocal nucleon optical potentials given
by Giannini and Ricco (GR) systematics in Ref. [23]. The

choice of targets made in Ref. [2] was to justify the use of GR
which is valid for N = Z nuclei only. In the present work, we
first use the Giannini-Ricco-Zucchiatti (GRZ) nonlocal poten-
tial [24], which has an energy-dependent imaginary part. Then
we make a suggestion of how to account for nonlocality when
only energy-dependent local phenomenological potentials are
known without knowing the underlying energy-dependent
nonlocal potentials. As an example, we use a widely used
CH89 systematics [12].

A. Giannini-Ricco-Zucchiatti potential

For N = Z targets, the GRZ potential is given by

UNA(E,r,r ′) = H (r − r ′)UNA[E,(r + r ′)/2], (30)

with the nonlocality factor

H (x) = π−3/2β−3e
−

(
x
β

)2

(31)

determined by the nonlocality range β = 2�
2α/μ, where

α = 0.0116 MeV−1 and μ is the nucleon reduced mass. The
potential form factor UNA is defined as

UNA(E,y) = −VNfN (y) − 4iWN (E)fNI (y)[1 − fNI (y)],

fi(y) = {1 + exp[(y − RN )/ai]}−1. (32)

It has one energy-dependent parameter, the depth of the
imaginary part,

WN (E) = 17.5[1 − exp(−0.05E)] MeV. (33)

All other parameters are energy-independent and have the
following values: the depth of the real potential VN = 85 MeV,
the radius of both the real and imaginary potentials RN =
1.16A1/3 fm, the diffuseness aN = 0.57 fm and aNI = 0.54 +
0.0032A fm for the real and the imaginary potentials, respec-
tively. We neglect the spin-orbit term because its contributions
to the (d,p) cross sections at the chosen incident deuteron
energies is small.

According to the prescription of Sec. IV, we solve the
three-body Schrödinger equation in the adiabatic approxi-
mation using an energy-independent imaginary potential (33)
evaluated at Eeff = 1

2Ed + 1
2 〈Tr〉. For 1

2 〈Tr〉 we use the value of
57 MeV obtained in Refs. [1,2] for the Hultén n-p po-
tential. We also use V̄c = −1.08 + 1.35Z/A1/3 MeV from
Refs. [23,24]. As explained in Refs. [1,2], in the adiabatic
approximation the deuteron distorted wave is found from a
local-equivalent two-body model,

[Ed − TR − Uc(R) − Uloc(R)] χ
(+)
kd

(R) = 0, (34)

where Uc(R) is the d-A Coulomb potential and the local
potential Uloc in the local-energy approximation is a solution
of the transcendental equation

Uloc(R) = M
(0)
0 [UnA(Eeff,R) + UpA(Eeff,R)]

× exp

[
−μdβ

2
d

2�2
(Ed − Uloc(R) − V̄c)

]
. (35)

In this equation μd is the deuteron reduced mass and the
constants M

(0)
0 and βd depend on Vnp and the nucleon

nonlocality range β only. These constants are tabulated
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FIG. 1. (Color online) Local adiabatic deuteron potentials Uloc for energy-dependent Giannini-Ricco-Zucchiatti (GRZ) (a),(b),(c), energy-
independent Giannini-Ricco (GR) (d),(e),(f), nonlocal optical nucleon potentials and energy-dependent local potential CH89 (g),(h),(i), in
comparison to the corresponding Johnson-Soper potentials UJS for 16O, 36Ar, and 40Ca targets.

in Ref. [2] for the Hultén n-p potential. The βd has the
meaning of effective nonlocality range for the deuteron-target
interaction and is approximately equal to 0.46, which is close
to β/2. The moment M

(0)
0 is about 0.75 and its deviation

from one determines the shift of energy at which the local
equivalents of UNA(Eeff,R,R′) should be evaluated to be
used in Johnson-Tandy potential calculation. In this paper,
we determine Uloc by solving the transcendental equation
(35) directly without constructing the local equivalent of
UNA(Eeff,R,R′).

The local potentials Uloc obtained for d + 16O, d + 36Ar,
and d + 40Ca are shown in Figs. 1(a)–1(c). They are compared
to the widely used Johnson-Soper potentials UJS constructed
from the energy-dependent local-equivalents of UNA(E,R,R′)
taken at Ed/2:

UJS(R) = Un
loc(Ed/2,R) + U

p
loc(Ed/2,R), (36)

Un
loc(Ed/2,R) = UnA(Ed/2,R) exp

{
− μβ2

2�2

×
[
Ed

2
− Un

loc(Ed/2,R)

]}
,

U
p
loc(Ed/2,R) = UpA(Ed/2 − V̄c,R) exp

{
−μβ2

2�2

[
Ed

2
− V̄c

−U
p
loc(Ed/2,R)

]}
. (37)

One can see that the real parts of the deuteron local potentials
Uloc obtained with GRZ are shallower than the real parts of
the corresponding Johnson-Soper potential UJS. This is exactly
what has been already seen for energy-independent nonlocal
potential GR in Refs. [1,2] and is shown again Figs. 1(d)–1(f).
This reflects the fact that the real part of GRZ is energy
independent. The imaginary parts of Uloc obtained with GRZ
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are much deeper than those of UJS, which is completely
opposite to what happens for the imaginary parts of Uloc

and UJS obtained with energy-independent potential GR. This
happens because the imaginary part of GRZ increases with
E and at Eeff = Ed/2 + 57 MeV it takes the largest values
while the imaginary parts of UJS is constructed from nucleon
potentials taken at 4–8 MeV, where WN (E) is small. On the
contrary, for energy-independent potential GR the imaginary
part of its local equivalent slowly decreases with E. Taking
this potential at Ed/2 + �E leads to a smaller imaginary part.
The different behavior of the imaginary parts of Uloc with
respect to that of UJS for GRZ and GR results in the difference
manifestation of the nonlocal effects in the corresponding
differential cross sections of (d,p) reactions.

To calculate the angular distributions of (d,p) reactions
we used the framework (1) in which the remnant term is
absent and the p-B channel is described by the p-B distorted
wave obtained with the p-A optical potential, thus neglecting
recoil excitation and breakup effects (note that in Refs. [1,2]
the p-B optical potential was used, which means that the
remnant term was neglected). These optical potentials were
obtained from the local model corresponding to either GRZ
or GR potential. The local proton-scattering wave function
has been then multiplied by the Perey factor [25] with the
proton nonlocality range given by GRZ or GR. No Perey effect
was considered in the deuteron channel. Such an effect would
arise from the linear terms in the expansion of the nucleon
optical potentials near r = 0 for which no averaging procedure
has been developed. These terms will influence the shape of
the deuteron-target effective potential. The associated Perey
effect will also modify the deuteron distorted wave, but only
in the nuclear interior which does not contribute significantly
for the (d,p) considered here where peripheral contributions
dominate.

Both the proton equivalent local potentials and the effective
deuteron potentials Uloc were read into the TWOFNR code
[26], which was used to calculate the (d,p) cross sections in
the zero-range approximation. The overlap functions for 17O,
37Ar, and 41Ca were represented by neutron single-particle
wave functions obtained by fitting the Woods-Saxon potential
wells to reproduce their corresponding separation energies.
The standard radius r0 = 1.25 fm and diffuseness a = 0.65 fm
were used both for central and spin-orbit potentials while the
depth of the spin-orbit potential was 5 MeV. No Perey effect
was used for the neutron wave functions because we study only
the relative change in the cross sections caused by replacing
the Johnson-Soper potentials with our new adiabatic distorting
deuteron potentials.

The (d,p) cross sections calculated using deuteron distort-
ing adiabatic potentials Uloc(R) derived with GRZ and GR
are shown in Figs. 2(a)–2(c) and Figs. 2(d)–2(f), respectively,
where they compared with the calculations, performed with the
Johnson-Soper potentials derived with GR and GRZ, and with
experimental data. The (d,p) cross sections are plotted with
the spectroscopic factor S = 1 for 16O and 40Ca targets and
S = 0.5 for 36Ar. One can see that the influences of nonlocality
for GRZ and GR are completely different. While for the
energy-dependent potential GR the cross sections increase and
their shapes change insignificantly with respect to Johnson-

Soper calculations, for the energy-dependent potential GRZ
the cross sections decrease and the changes in the shapes of
the angular distributions are more noticeable. This happens
because the Johnson-Soper potential corresponding to GRZ
has a much smaller imaginary part than that of Uloc so that
the reduction of absorption leads to large cross sections. For
GR potential, the Uloc has less absorption than UJS resulting
in larger cross sections in comparison to the Johnson-Soper
ones. While the difference between the Johnson-Soper cross
sections calculated with GRZ and GR can almost reach a
factor of three (for 36Ar), the difference of the cross sections
obtained in the non-local model with GRZ and GR is much
smaller, ∼20%–30% in the main peak.

B. Estimation of deuteron distorting potential from
phenomenological energy-dependent local nucleon

optical potentials

Suppose we know some phenomenological energy-
dependent optical potential Uphen(E,r). We assume that its
underlying energy-dependent nonlocal potential ŨNA(E,r,r ′)
has the Perey-Buck form

ŨNA(E,r,r ′) = H (|r − r ′|)UNA

(
r + r ′

2
,E

)
, (38)

where H is given by Eq. (31) with some nonlocality range β.
We suppose also that UNA(E,r) is related to Uphen(E,r) by the
Perey-Buck transformations given by (37). Then, according to
Sec. IV, we need to use form factors UNA(E,r) taken at the
energy E = Eeff = Ed/2 + 〈Tr〉/2, treating them as energy-
independent. The local d-A distorting potential Uloc is obtained
from the transcendental equation (35), which can be rewritten
as

Uloc(Ed,r) exp

[
−μdβ

2
d

2�2
Uloc(Ed,r)

]
= V(Ed,r), (39)

where

V(Ed,r) = exp

[
μβ2

2�2
Eeff − μdβ

2
d

2�2
(Ed − V̄c)

]

×M0

(
Un

phen(Eeff,r) exp

[
μβ2

2�2
Un

phen(Eeff,r)

]

+U
p
phen(Eeff,r) exp

{
μβ2

2�2

[
U

p
phen(Eeff,r) − V̄c

]})
.

(40)

Thus, knowing phenomenological proton and neutron optical
potentials we can calculate V(Ed,r) and find Uloc as a solution
of Eq. (39). In Figs. 1(g)–1(i) we have plotted these solutions
for 16O, 36Ar, and 40Ca + d using the CH89 systematics
for Un

phen and U
p
phen in comparison with the Johnson-Soper

potential obtained also with CH89. We used β = 0.85 fm
because the real part of the CH89 potential seems to be
consistent with Perey-Buck nonlocal potential of this range.
The chosen value β = 0.85 fm corresponds to βd = 0.4 fm and
M0 = 0.78 [2]. We have also solved Eq. (39) by expanding the
exponential in its left-hand side up to second-order terms but
such solutions were not accurate enough.

024605-8



ADIABATIC MODEL OF (d,p) REACTIONS WITH . . . PHYSICAL REVIEW C 89, 024605 (2014)

0 50 100
c.m. angle (degrees)

0

10

20

30

40

50

60

dσ
/d

Ω
 (

m
b/

sr
)

UJS
Uloc

16
O(d,p)

17
O(5/2

+
)

E = 15 MeV

(a)

GRZ

0 30 60 90 120 150 180
c.m. angle (degrees)

0

2

4

6

dσ
/d

Ω
 (

m
b/

sr
)

UJS
Uloc

36
Ar(d,p)

37
Ar(3/2

+
)

E = 9.162 MeV

(b)

GRZ

0 30 60 90 120 150 180
c.m. angle (degrees)

0

4

8

12

dσ
/d

Ω
 (

m
b/

sr
)

UJS
Uloc

40
Ca(d,p)

41
Ca(7/2

-
)

E = 11.8 MeV

(c)

GRZ

0 50 100
c.m. angle (degrees)

0

10

20

30

40

50

60

dσ
/d

Ω
 (

m
b/

sr
)

UJS
Uloc

16
O(d,p)

17
O(5/2

+
)

E = 15 MeV

(d)

GR

0 30 60 90 120 150 180
c.m. angle (degrees)

0

2

4

6
dσ

/d
Ω

 (
m

b/
sr

)

UJS
Uloc

36
Ar(d,p)

37
Ar(3/2

+
)

E = 9.162 MeV

(e)

GR

0 30 60 90 120 150 180
c.m. angle (degrees)

0

4

8

12

dσ
/d

Ω
 (

m
b/

sr
)

UJS
Uloc

40
Ca(d,p)

41
Ca(7/2

-
)

E = 11.8 MeV

(f)

GR

0 20 40 60 80 100
c.m. angle (degrees)

0

10

20

30

40

50

60

d σ
/d

Ω
 (

m
b/

sr
)

UJS
Uloc

16
O(d,p)

17
O(5/2

+
)

E = 15 MeV

(g)

CH89

0 30 60 90 120 150 180
c.m. angle (degrees)

0

2

4

6

dσ
/d

Ω
 (

m
b/

sr
)

UJS
Uloc

36
Ar(d,p)

37
Ar(3/2

+
)

E = 9.162 MeV

(h)

CH89

0 30 60 90 120 150 180
c.m. angle (degrees)

0

4

8

12

d σ
/d

Ω
 (

m
b/

sr
)

UJS
Uloc

40
Ca(d,p)

41
Ca(7/2

-
)

E = 11.8 MeV

(i)

CH89

FIG. 2. (Color online) Angular distributions for the 16O(d,p)17O, 36Ar(d,p)37Ar, and 40Ca(d,p)41Ca reactions calculated with local
adiabatic deuteron potentials Uloc obtained with energy-dependent GRZ (a),(b),(c), energy-independent GR (d),(e),(f), nonlocal optical nucleon
potentials and energy-dependent local potential CH89 (g),(h),(i), in comparison to the corresponding Johnson-Soper calculations.

Figures 1(g)–1(i) show that the distorting d-A potential
Uloc(CH89) generated from energy-dependent phenomenolog-
ical local potential has a smaller real part than UJS(CH89),
similar to the case of GR and GRZ. However, the imaginary
part of UJS(CH89) has more absorption in the internal
region than Uloc(CH89) does while being similar outside the
nucleus. This is the consequence of the interplay between
the surface and volume absorption in CH89 and the fact that
the imaginary part has to be evaluated at higher energies where
the volume absorption grows. Nevertheless, the differential
cross sections, plotted in Figs. 2(g)–2(i) show a similar
influence of non-locality to that observed with the energy-
independent potential GR. The cross sections increase in the
main peak by 16%, 10%, and 18% for the 16O, 36Ar, and
40Ca targets, respectively. In comparison, the increase by
15% is obtained with GR. The absolute cross sections in
the area of the main experimental peak obtained in nonlocal
calculations with three different nucleon optical potentials
differ by 20% in the case of 16O and 36Ar and by 30% in
the case of 40Ca. This is comparable to the typical dependence

on optical potentials in distorted-wave Born approximation
calculations.

VII. DISCUSSION AND CONCLUSIONS

We have suggested an approximate practical way of dealing
with explicitly energy-dependent nonlocal nucleon optical
potentials when calculating the (d,p) reactions within the
A + n + p model space. We have shown that within an
approximation consistent with the adiabatic model of (d,p)
reactions the problem of using energy-dependent nonlocal
nucleon potentials is reduced to the problem of calculating
the (d,p) cross sections with energy-independent nonlocal
potentials, the solution of which has been found in Refs. [1,2].
It is important to note that in obtaining our results we
have assumed that any explicit energy dependence of optical
potentials arises from many-body effects. In our treatment
we start from an approximate three-body Hamiltonian with
nonlocal nucleon optical potential operators at an energy
fixed by the incident deuteron energy. Our prescription is
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based on the identification of the particular feature of the
(d,p) amplitude (small n-p separations) that is relevant
to the calculation of a particular form of the many-body
(d,p) transition operator. It is not a prescription that is
intended to be useful for the whole of configuration space;
for example, it cannot be used in calculations of d-A elastic
scattering.

It is also important to note that in deriving the three-body
effective Hamiltonian we have ignored the UpA

QA

e
UnA + · · ·

terms in Eq. (7). These terms reflect the fact that the
many-body problem associated with the n + p + A system
cannot be mapped exactly onto a three-body model with
Hamiltonian T3 + Vnp + Up + Un. The neglected terms are
nonlocal energy-dependent three-body forces that are a neces-
sary consequence of the underlying many-body problem. They
describe physical processes in which the target is excited by
the incident neutron and deexcited by the proton and so on
in higher orders. Terms in which successive target excitations
are caused by the same nucleon are taken into account by
the Un and Up operators. The quantitative significance of the
UpA

QA

e
UnA + · · · terms is unknown.

The phenomenological optical potentials are assumed
to take important antisymmetrization effects into account.
These effects are believed to make important contributions
to nonlocality and be taken into account by the treatment
of Timofeyuk and Johnson in Refs. [1,2]. However, for the
d + A system there are additional antisymmetrization effects
that cannot be taken into account in this way. For a discussion
of their quantitative significance, see Tostevin et al. [27].

The prescription of the present paper is simple enough to
be widely used in analysis of (d,p) experiments. However,
it requires knowledge of the energy-dependence of nonlocal
optical potentials. At present, we are not aware of any potential
of such a kind (see “Note added” just above the Acknowledg-
ment section below), except for the GRZ potential. While this
potential generates reasonable d-A effective local potentials,
it clearly gives an unphysical local Johnson-Soper potential
that strongly overestimates (d,p) cross sections at the low
incident deuteron energies frequently used at several modern
radioactive-beam facilities. This shows that more studies, from
both phenomenological and microscopic models, are needed to
pin down the energy dependence of nucleon optical potentials.

We have also suggested a simple way of correcting the
d-A potentials for nonlocality when the energy dependence
of nonlocal nucleon optical potentials is unknown but energy-
dependent local systematics are available. We have shown that
by making a specific assumption about the form of energy-
dependent nonlocal potentials the local distorting deuteron
potentials for adiabatic (d,p) calculations are obtained as
solutions of a transcendental equation. While we believe that
this assumption should be valid for the targets considered here,
in general, it may not be correct. For example, according to
GRZ, the asymmetry term of the optical potential has much
wider nonlocality. Therefore, we can expect that for Z = N
targets Eqs. (35) and (40) could be modified.

Finally, we did not intend to provide new values for the spec-
troscopic factors and asymptotic normalization coefficients
obtained from the analysis of (d,p) reactions using our new
prescription. We were aiming to clarify how the explicit energy

dependence of nonlocal optical potentials affects known
results of adiabatic (d,p) calculations. We do have preliminary
ideas of what changes in spectroscopic factors and asymptotic
normalization coefficients could be expected, but the details
of any change will depend on how well we understand the
energy dependence of non-local optical potentials. On the other
hand, our study is not comprehensive and many issues remain
outstanding. These include the influence of the deuteron
d-state on the effective d-A potential, corrections to the
approximate treatment of non-locality in [1,2], non-adiabatic
corrections, additional antisymmetrization effects, multiple
scattering, etc. These questions present a challenge to the
development of the (d,p) reaction theory and answering them
is important for the correct interpretation of measured (d,p)
cross sections in terms of the nuclear structure quantities.

Note added. Recently, two preprints have appeared on
the arXiv web site [28], where a phenomenological nonlocal
energy-dependent potential for 40Ca has been found for the
first time.
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APPENDIX

1. The operator U

Here we derive the formula (3) from Sec. II for the operator
U whose matrix elements can be used to give formally exact
expressions for projections of the many-body scattering state
|�(+)

kd ,A〉 corresponding to a deuteron of momentum kd in its
ground state |φ0〉 incident on a target in its ground state
|φA〉, which we assume has spin zero for simplicity here.
The relevant projection operators PA and QA project onto
the ground and excited states of nucleus A, respectively, and
satisfy

PA + QA = 1, PA|φA〉 = |φA〉, QA|φA〉 = 0,
(A1)

P 2
A = PA, Q2

A = QA, PAQA = 0.

The state |�(+)
kd ,A〉 is obtained by taking the limit ε → +0 of

the state |�(ε)
kd ,A〉 that satisfies the equation

(E + ıε − H )
∣∣�(ε)

kd ,A

〉 = ıε|kd ,φ0φA〉, (A2)

where H is the Hamiltonian and E is the total energy of the
A + n + p, which in the notations of Sec. II is

H = T3 + Vnp + U 0
n (n) + U 0

p(p) + HA + �vnA + �vpA.

(A3)

For ε = 0 the function |�(ε)
kd ,A〉 is uniquely defined by the

inhomogeneous Eq. (A2). No further statements of boundary
conditions are required. It follows from Eq. (A2) that |�(ε)

kd ,A〉 −
|kd ,φoφA〉 is square integrable. As discussed in Goldberger and
Watson (Ref. [29], Chap. 5,“Formal Scattering Theory”), the
function |�(ε)

kd ,A〉 is used as a stepping stone to the calculation
of transition matrices for all final channels using appropriate
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expressions in which the limit ε → +0 can be taken without
ambiguity. They show that their methods can be justified by
wave-packet arguments.

Following Feshbach [11] we obtain equations coupling the
PA and QA components of |�(ε)

kd ,A〉, defined as

�P = PA

∣∣�ε
kd ,A

〉
, �Q = QA

∣∣�ε
kd ,A

〉
, (A4)

by operating with PA and QA in turn on both sides of Eq. (A2)
to obtain

(E + ıε − PAHPA)�P − PAHQA�Q = ıε|kd ,φ0φA〉,
(E + ıε − QAHQA)�Q − QAHPA�P = 0. (A5)

From the second equation we deduce

�Q = 1

(E + ıε − QAHQA)
QAHPA�P , (A6)

and substituting this result into the first of Eq. (A5) we get an
equation for �P alone,

(E + ıε − PAHPA)�P

−PAHQA

1

(E + ıε − QAHQA)
QAHPA�P

= ıε|kd ,φ0φA〉, (A7)

where |kd ,φ0φA〉 describes a plane-wave deuteron in its ground
state incident on A in its ground state |φA〉. For a spin-zero
target A the projection �P will have the form |�(ε)

kd
(n,p)〉|φA〉.

We obtain an equation for the function of n and p coordinates,
|�(ε)

kd
(n,p)〉, by taking the inner product of Eq. (A7) with |φA〉.

Using notations employed in Eqs. (3) and (4) we get
[
E3 + ıε − T3 − Vnp − U 0

n (n) − U 0
p(p)

−〈φA|(�vnA + �vpA)|φA〉

− 〈φA|(�vnA + �vpA)QA

1

e − QA(�vnA + �vpA)QA

×QA(�vnA + �vpA)|φA〉]∣∣�(ε)
kd

(n,p)
〉 = ıε|kd ,φ0〉,

(A8)

where E3 = E − EA and we have used the fact that E + ıε −
T3 − Vnp − U 0

n (n) − U 0
p(p) commutes with PA and QA so that

PA

[
E + ıε − T3 − Vnp − U 0

n (n) − U 0
p(p)

]
PA

= [
E + ıε − T3 − Vnp − U 0

n (n) − U 0
p(p)

]
PA,

QA

[
E + ıε − T3 − Vnp − U 0

n (n) − U 0
p(p)

]
QA (A9)

= [
E + ıε − T3 − Vnp − U 0

n (n) − U 0
p(p)

]
QA,

PA

[
E + ıε − T3 − Vnp − U 0

n (n) − U 0
p(p)

]
QA = 0.

We have also used the fact that because the operator 1/(de-
nominator) in Eq. (A8) appears with QA on either side then
(i) only excited-state eigenvalues of HA ever appear and (ii)
HA is diagonal in the basis of states of A. Therefore, we can
replace QA(HA − EA)QA with HA − EA.

It is convenient here to define an operator U in the complete
n + p + A many-body space by the equation

U = (�vnA + �vpA) + (�vnA + �vpA)QA

× 1

e − QA(�vnA + �vpA)QA

QA(�vnA + �vpA).

(A10)

In terms of U , Eq. (A8) can be written as(
E3 + ıε − T3 − Vnp − U 0

n (n) − U 0
p(p)

−〈φA|U |φA〉)∣∣�(ε)
kd

(n,p)
〉 = ıε|kd,φ0〉. (A11)

We see that the wave function |kd ,φ0〉 of the three-body model
is determined by the target ground-state matrix element of U ,
〈φA|U |φA〉. By using the identity

1

e − QA(�vnA + �vpA)QA

= 1

e
+ 1

e
QA(�vnA + �vpA)QA

× 1

e − QA(�vnA + �vpA)QA

, (A12)

we can show that U satisfies Eq. (3) of Sec. II.

2. Derivation of a multiple scattering expansion for U

The operator U is the unique solution of the equation

U = �vnA + �vpA + (�vnA + �vpA)
QA

e
U. (A13)

We derive the multiple scattering expansion of U using the
techniques of Goldberger and Watson [29]. We introduce two
new operators Wn and Wp defined in terms of U by

WN = �vNA + �vNA

QA

e
U, N = n,p. (A14)

By adding the formulas for N = n and N = p it can be seen
that Wn + Wp satisfies Eq. (A13) and, therefore,

U = Wn + Wp. (A15)

We next show how these operators are related to the operators
UNA used in the text and defined by

UNA = �vNA + �vNA

QA

e
UNA. (A16)

A useful way of expressing the solution of this equation is to
take the second term on the right over to the left and deduce

UNA = 1

(1 − �vNA
QA

e
)
�vNA. (A17)

Performing the analogous step in Eq. (A14) with N = n,p in
turn and with U replaced with Wn + Wp we obtain

Wn = UnA + UnA

QA

e
Wp,

(A18)

Wp = UpA + UpA

QA

e
Wn.
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Substituting the Wp formula into the right-hand side of the Wn

equation and the Wn formula into the right-hand side of the
Wp we obtain the uncoupled equations

Wn = UnA + UnA

QA

e
UpA + UnA

QA

e
UpA

QA

e
Wn,

(A19)

Wp = UpA + UpA

QA

e
UnA + UpA

QA

e
UnA

QA

e
Wp.

In the standard way we iterate both of these equations and then
construct U = Wn + Wp. The first few terms give the multiple
scattering series discussed in Sec. III.

3. Derivation of the inversion formula, Eq. (21)

To understand the origin of the approximate inversion of
the operator (e − QA�vNAQA) given in Eq. (21) it is first
necessary to look at the ADWA from a different point of view
from that customarily used.

In Sec. II, Eq. (1), we introduced �
(+)
kd

(n,p), the projection
of the full d + A many-body wave function onto the ground
state of A. It is the limit ε → +0 of the function �

(ε)
kd

(n,p)
that satisfies

(E3 + ıε − Heff)�
(ε)
kd

(n,p) = ıε|φ0kd〉, (A20)

where Heff is the effective three-body Hamiltonian,

Heff = TR + Hnp + U(n,p), (A21)

with Hnp = Tnp + Vnp and some arbitrary interaction U(n,p)
which can be an operator in the r and R degrees of freedom.
A formal solution to Eq. (A20) is

�
(ε)
kd

(n,p) = ıε

(E3 + ıε − Heff)
|φ0kd〉. (A22)

From this point of view we see that the solution of the
three-body problem for �

(ε)
kd

(n,p) is equivalent to inverting
the operator (E3 + ıε − Heff). We now show that the ADWA
can be regarded as an approximate inversion of this operator
within the space of Weinberg states.

The Weinberg basis {φW
i } associated with Hnp was intro-

duced by Johnson and Tandy [6] as being well adapted to the
evaluation of the components of �

(ε)
kd

(n,p) that dominate the
A(d,p)B matrix element, Eq. (1) [3]. The Weinberg states φW

i

satisfy the orthonormality relation〈
φW

i

∣∣Vnp

∣∣φW
k

〉 = −δik, (A23)

and the components |χ (ε)
i 〉 of |�(ε)

kd
〉 in this basis are

∣∣χ (ε)
i

〉 = −〈
φW

i

∣∣Vnp

∣∣�(ε)
kd

〉
. (A24)

The ADWA is obtained by multiplying Eq. (A20) by
−〈φW

1 |Vnp on the left, integrating over r , and neglecting
all couplings between |χ (ε)

1 〉 and all other i = 1 Weinberg
components. This results in

− 〈
φW

1

∣∣Vnp(E3 + ıε − Heff)
∣∣φW

1

〉∣∣χ (ε)
1

〉 = ıεC−1
1 |kd〉,

(A25)

where C1 is the constant relating the first Weinberg state φW
1

to the deuteron wave function φ0 by φW
1 = C1φ0 and satis-

fies |C1|2〈φ0|Vnp|φ0〉 = −1 [6]. However, after multiplying
Eq. (A22) by −〈φW

1 |Vnp on the left and integrating over r we
get

∣∣χ (ε)
1

〉 = −iεC−1
1

〈
φW

1

∣∣Vnp

1

E3 + ıε − Heff

∣∣φW
1

〉|kd〉.
(A26)

Combining Eqs. (A26) into (A25) we get

ıε
〈
φW

1

∣∣Vnp(E3 + ıε − Heff)
∣∣φW

1

〉

× 〈
φW

1

∣∣Vnp

1

E3 + ıε − Heff

∣∣φW
1

〉|kd〉 = ıε|kd〉, (A27)

which is satisfied if
〈
φW

1

∣∣Vnp

1

E3 + ıε − Heff

∣∣φW
1

〉

= 1〈
φW

1

∣∣Vnp(E3 + ıε − Heff)
∣∣φW

1

〉 . (A28)

Taking Eq. (19) and φW
1 = C1φ0 into account in Eq. (A28),

we see that the approximation (21) follows from the same
approximate inversion idea as used in the ADWA.

We now show how this approach can be made the basis
for making systematic improvements to the ADWA. In the
Weinberg basis an arbitrary operator Ô is represented by the
matrix

ÔW
ij = −〈φi |VnpÔ|φj 〉. (A29)

Equation (A22) tells us that these components are given by∣∣χ (ε)
i

〉 = −
∑

k

ıεGW
ik

〈
φW

k

∣∣Vnp|φ0kd〉, (A30)

where

GW
ik = −〈

φW
i

∣∣Vnp

1

[E3 + ıε − Heff(n,p)]

∣∣φW
k

〉
. (A31)

Note that each matrix element GW
ik is an operator in the space

of R. Using the relation |φW
1 〉 = C1|φ0〉, we have

− 〈
φW

k

∣∣Vnp|φ0kd〉 = δk1
1

C1
|kd〉, (A32)

and Eq. (A30) reduces to
∣∣χ (ε)

i

〉 = ıε

C1
GW

i1

〉|kd〉. (A33)

It was shown in Ref. [3] that for (d,p) reactions in a range of
incident energies of current interest the (d,p) transition matrix,
Eq. (1), is dominated by the first Weinberg component |χ (ε)

1 〉.
According to Eq. (A33) an exact expression for this is

∣∣χ (ε)
1

〉 = ıε

C1
GW

11|kd〉, (A34)

which only involves the single matrix element GW
11.

The evaluation of GW
ik requires the inversion of the matrix

DW
lm = −〈

φW
l

∣∣Vnp(E3 + ıε − Heff)
∣∣φW

m

〉
, (A35)

so that

DWGW = 1. (A36)
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By writing DW
ij = DW

ii δij + DW
ij (1 − δij ) it is straightforward

to show that an exact alternative to the condition (A36) is

GW = 1

DWdiag
+ 1

DWdiag
DWnondiagGW, (A37)

where

D
Wdiag
ij = DW

ii δij ,
(A38)

D
Wnondiag
ij = DW

ij (1 − δij ).

In particular,

GW
11 = 1

DW
11

+ 1

DW
11

∑
j =1

DW
1jG

W
j1. (A39)

The essence of the ADWA is that it ignores all couplings
between the first Weinberg component and all others [6]. In
this limit we deduce from Eq. (A39) that

GW
11 = 1

DW
11

= − 1〈
φW

1

∣∣Vnp(E3 + ıε − Heff)
∣∣φW

1

〉 ,
(A40)

in agreement with Eq. (A28). The error is of second or-
der in the off-diagonal elements 〈φW

1 |Vnp[E3 + ıε − TR −
Heff(n,p)]|φW

i 〉 with i = 1.
This approach can be developed by iteration of Eq. (A37)

to give corrections to the ADWA.

4. Averaging Tp + Vnp and Tn + Vnp

In Sec. IV we have shown that the expression for the ADWA
distorting potential requires the evaluation of matrix element
(21). The denominator in the neutron contribution contains
the operator Tn, as appears in the expression for neutron

optical potential, and the operator Tp + Vnp for which we
want to deduce an average value consistent with ADWA. Here
we evaluate the average 〈φ1|Tp + Vnp|φ0〉 acting on χ

(+)
kd

(R).
Because

Tp = 1

2
(TR + Tr ) − �

2

2MN

∇r .∇R, (A41)

we obtain

〈φ1|Tp|φ0〉χ
(+)
kd

(R)

= 1

2
(TR + 〈Tr〉) χ

(+)
kd

(R)

− �
2

2MN

[∫
d rφ∗

1 (r)∇rφ0(r)

]
.∇Rχ

(+)
kd

(R)

= 1

2
(TR + 〈Tr〉) χ

(+)
kd

(R), (A42)

where the last line contains the quantity

〈Tr〉 = 〈φ1|Tr |φ0〉 (A43)

introduced by Timofeyuk and Johnson in Ref. [1]. In obtaining
the last line in Eq. (A42) we have used that fact that φ0 and
φ1 have the same parity and that 〈φ1|φ0〉 = 1. Using the exact
result,

〈φ1|Vnp|φ0〉 = −ε0 − 〈Tr〉, (A44)

we obtain

〈φ1|Tp + Vnp|φ0〉χ (+)
kd

(R)

= [
1
2 (TR − 〈Tr〉) − ε0

]
χ

(+)
kd

(R). (A45)

The same results is obtained for the average 〈φ1|Tn + Vnp|φ0〉
that is relevant to the calculation of the proton contribution to
the distorting potential in the deuteron channel.
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