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Low-energy structure and anti-bubble effect of dynamical correlations in 46Ar
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The low-energy structure of 46Ar is of particular interest due to the possible coexistence of different shapes
and the possible existence of proton “bubble” structures. In this work, we apply a beyond relativistic mean-field
approach to study the low-energy structure of 46Ar. Correlations beyond the mean field are introduced by
configuration mixing of both particle-number and angular-momentum projected axially deformed mean-field
states. The low-lying spectroscopy and charge density in a laboratory frame are calculated and an excellent
agreement with available data is achieved. Even though an evident proton bubble structure is shown in the
spherical state of 46Ar, it eventually disappears after taking into account the dynamical correlation effects.
Moreover, our results indicate that the existence of a proton bubble structure in argon isotopes is unlikely.
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Introduction. The advent of radioactive ion beam (RIB)
facilities and the advances in experimental techniques of γ -ray
spectroscopy have allowed one to measure the low-lying
spectroscopy of neutron-rich nuclei. Many new phenomena
have been revealed in these nuclei. One of the most important
findings is the erosion of traditional N = 20 shells and onset
of large collectivity in 32Mg, which possesses a very low
excitation energy of the 2+

1 state [1,2] and a large B(E2 : 0+
1 →

2+
1 ) value [3]. In recent years, the low-energy structure of 46Ar

is of particular interest due to the possible development of
deformation and shape coexistence related to the weakening
of the N = 28 shell below 48Ca inferred from the β-decay
experiment [4], which is, however, confronted with some con-
troversial indications from other experimental measurements.
The neutron single-particle energies determined via the d(46Ar,
47Ar)p reaction indicate a slight weakening of the N = 28
shell [5]. The systematics of B(E2 : 0+

1 → 2+
1 ) values and 2+

1
energies suggest the persistence of the N = 28 shell in 46Ar
[6,7]. Recently, the lifetime measurement of 46Ar by means of
the differential recoil distance Doppler shift method results in
an increase in B(E2 : 0+

1 → 2+
1 ) from 44Ar to 46Ar [8], which

supports the weakening of the N = 28 shell in 46Ar.
Meanwhile, the possible existence of a proton bubble

structure in sd-shell nuclei [9,10] has made the ground state of
46Ar very interesting. With modern self-consistent mean-field
approaches restricted to spherical symmetry, the formation
of a proton bubble resulting from the depopulation of the
2s1/2 orbital has been predicted in 46Ar [11,12] and in some
very neutron-rich Ar isotopes [11]. It was pointed out that
a pairing correlation effect would quench significantly the
bubble structure in 46Ar, but not for the very neutron-rich
68Ar [11]. Since the bubble structure in 46Ar is sensitive to the
occupancy of the 2s1/2 orbital and therefore to the underlying
shell structure, the prediction turns out to be model dependent.
Most recently, the effect of tensor force on the formation of a
proton bubble structure in the spherical state of 46Ar has been
studied with the Hartree-Fock-Bogoliubov (HFB) approach
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using either a Skyrme force [13] or a semirealistic NN
interaction [14]. It was found in Ref. [13] that the proton bubble
structure in 46Ar is possible if there is a strong inversion of
2s1/2 and 1d3/2 orbitals induced by the tensor force. However,
an opposite conclusion was drawn in Ref. [14] that the proton
bubble structure is unlikely to be observed in any of the argon
isotopes due to the strong anti-bubble effect of pairing cor-
relations. Therefore, the existence of bubble structure in 46Ar
remains an open question. The new generation of electron-RIB
collider, the self-confining radioactive isotope target (SCRIT
in Japan), under construction at RIKEN is able to measure the
density distribution of short-lived nuclei [15], and plans are to
settle this question in the near future at this facility [16].

Actually, there is another kind of correlation that might
affect the density profile in 46Ar, i.e., dynamical quadrupole
shape effects. These dynamical correlation effects are com-
posed of two parts: (1) restoration of rotational symmetry for
intrinsic quadrupole deformed states and (2) fluctuation in the
quadrupole shape degree of freedom. The former can shift the
global minimum on the energy surface and therefore change
the configuration of energy favored state. The latter leads
to the spreading of the ground state wave function around
the energy favored configuration. Recently, these effects
have been examined on the bubble structure in low-lying
states of 34Si within the framework of a particle-number and
angular-momentum projected generator coordinate method
(GCM + PNAMP) based on mean-field approaches using
either the non-relativistic Skyrme force SLy4 [17] or the
relativistic energy density functional (EDF) PC-PK1 [18].
Both studies have demonstrated that the dynamical correlation
effects can quench, but not smooth out completely, the proton
bubble structure in the ground state of 34Si.

The aim of this work is to provide a beyond relativistic
mean-field (RMF) study of the low-lying states and bubble
structure in 46Ar. The reliability of the approach for low-lying
spectroscopy is demonstrated by comparing with available
data. The dynamical correlation effects on the proton bubble
structure in 46Ar and other argon isotopes are examined.

The method. The wave function of a nuclear low-
lying state is given by the superposition of a set of both
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particle-number and angular-momentum projected axially
deformed mean-field states

∣∣�JNZ
α

〉 =
∑

β

f JNZ
α (β)P̂ J

M0P̂
N P̂ Z|�(β)〉, (1)

where P̂ J
M0, P̂ N , P̂ Z are the projection operators onto angular

momentum and neutron and proton numbers, respectively.
|�(β)〉 are axially deformed states from the RMF + BCS
calculation with a constraint on the mass quadrupole mo-

ment 〈Q20〉 =
√

5
16π

〈�(β)|2z2 − x2 − y2|�(β)〉, where the
deformation parameter β is related to the quadrupole mo-
ment by β = 4π

3AR2 〈Q20〉, R = 1.2A1/3 with mass number
A. Minimization of nuclear total energy with respect to the
coefficient f JNZ

α leads to the Hill-Wheeler-Griffin equation,
the solution of which provides the energy spectrum and all
the information needed for calculating the electric multipole
transition strengths [19]. More detailed introduction to the
method has been given in Refs. [18,20].

The density distribution of nucleons in r-space correspond-
ing to the state |�JNZ

α 〉 is given by [17,18]

ρJα(r) =
∑
ββ ′

f JZN
α (β ′)f JZN

α (β)
∑

λ

(−1)2λYλ0(r̂)

×〈J0,λ0|J0〉
∑
K2

(−1)K2〈JK2,λ − K2|J0〉

×
∫

d r̂′ρJK2
β ′β (r′)Y ∗

λK2
(r̂′), (2)

where ρ
JK2
β ′β (r) is defined as

ρ
JK2
β ′β (r) ≡ 2J + 1

2

∫ π

0
dθ sin(θ )dJ∗

K20(θ )

×〈�(β ′)|
∑

i

δ(r − ri)e
iθĴy P̂ N P̂ Z|�(β)〉. (3)

The index i in the summation runs over all the occupied single-
particle states for neutrons or protons. We note that the density
by Eq. (2) contains the information of many deformed mean-
field states generated by the collective coordinate β and it
corresponds to the density in the laboratory frame. For the
ground state 0+

1 , the density is simplified as

ρg.s.(r) =
∑
ββ ′

f 0ZN
1 (β ′)f 0ZN

1 (β)
∫

d r̂ρ00
β ′β(r,r̂), (4)

where r̂ denotes the angular part of coordinate r.
Numerical details. In the constrained mean-field calcula-

tions, parity, x-simplex symmetry, and time-reversal invari-
ance are imposed. The Dirac equation is solved by expanding
the Dirac spinor in terms of a three-dimensional harmonic
oscillator basis within ten major shells. We adopt two popular
parametrizations of relativistic point-coupling EDF PC-PK1
[21] and PC-F1 [22], in which pairing correlations between
nucleons are treated with the BCS approximation using a
density-independent δ force implemented with a smooth cutoff
factor.

FIG. 1. (Color online) (a) Deformation energy curve from the
constrained RMF + BCS calculation and those with additional
projection onto particle number (N&Z), and angular momentum
(J = 0,2,4), together with the final GCM states, which are placed
at their average deformation. (b) Collective wave functions of 0+

1 ,0+
2 ,

and 2+
1 states. All the results are calculated using the PC-PK1 force.

Spectroscopy of low-lying states. Figure 1 displays the de-
formation energy curves with projection onto particle number
N,Z and additional angular momentum J . The low-lying
states and the collective wave functions for the first three states
from the configuration mixing calculation are also plotted. The
gJ

α (β) are related to the weight function f JNZ
α by the following

relation:

gJ
α (β) =

∑
β ′

[N J (β,β ′)]1/2f JNZ
α (β ′), (5)

which provide the information of dominated configurations in
the collective states. N J (β,β ′) is the norm kernel defined by
N J (β,β ′) = 〈�(β)|P̂ J

00P̂
N P̂ Z|�(β ′)〉.

We note that the mean-field energy curve exhibits a
pronounced oblate deformed minimum with β � −0.2, which
is in agreement with our previous results from the triaxial
relativistic Hartree-Bogoliubov calculation [23] using the DD-
PC1 [24] EDF for the particle-hole channel and a separable
pairing force [25] for the particle-particle channel. However,
Fig. 1 shows that the PNP changes the energy surface
significantly. More energy is gained in the weakly prolate
deformed states than the weakly oblate states from the PNP,
which shifts the global minimum to a weakly prolate deformed
state. After projection onto angular momentum J = 0, the
global minimum is found at the prolate deformed state with
β � +0.2. Besides, the oblate deformed minimum with β �
−0.2 becomes an excited local minimum, which might be
a saddle point if the triaxiality is taken into account. Our
previous studies have shown that the triaxiality effect has
only a small influence on the excitation energy of 2+

1 state
and B(E2 : 2+

1 → 0+
1 ) for nuclei of this mass region [20].

Moreover, the GCM + PNAMP calculation with triaxiality
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FIG. 2. (Color online) Spectra of 46Ar calculated with the
GCM + PNAMP using the PC-PK1 and PC-F1 forces, in comparison
with available data [6,7]. The numbers on the arrows are the B(E2)
values (in units of e2 fm4).

involves heavy numerical calculations. Therefore, triaxiality
is not taken into account.

It is seen in Fig. 1(b) that the first two 0+ states are the
mixing of oblate and prolate deformed states at |β| � 0.2.
Moreover, we obtain oblate deformed 2+

1 ,4+
1 states coexisting

with prolate deformed 2+
2 ,4+

2 states in 46Ar. The results are
similar to those by the GCM + AMP calculation (without PNP)
using the D1S force [26]. The spectra of 46Ar calculated with
the GCM + PNAMP using both the PC-PK1 and PC-F1 forces
are compared with available data in Fig. 2. Both forces predict
very similar low-energy structures for 46Ar, reproducing the
data of B(E2 : 2+

1 → 0+
1 ) measured via intermediate-energy

Coulomb excitation [6], but overestimating the excitation
energy of the 2+

1 state. The calculated low-lying spectroscopy
reflects the underlying shell structure. Our results suggest a
slight weakening of the N = 28 shell in 46Ar. The obtained
neutron N = 28 spherical energy gap is 4.09 (3.73) MeV by
the PC-PK1 (PC-F1) force, in comparison with 4.80 MeV in
49Ca and 4.47 MeV in 47Ar, obtained by neutron stripping
reactions [5].

Density profile and shell structure. Figure 3 displays the
proton and charge densities of 46Ar from both mean-field and
beyond mean-field calculations using both PC-PK1 and PC-F1
forces. A large depletion at r = 0 (i.e., semi-bubble structure)
is shown in both the proton and charge densities corresponding
to the spherical state, in particular in the case of no pairing
correlation. The inclusion of the pairing correlation quenches
but does not eliminate the bubble structure.

The persistence of a bubble structure in the spherical
state with the pairing correlation can be understood from
the underlying single-particle structure, as shown in Fig. 4.
The inversion of the 2s1/2 and 1d3/2 orbitals is found in
44,46,48Ar. The single-particle energy difference between these
two proton states �ε13 = ε(2s1/2) − ε(1d3/2) is −2.1 MeV and
+1.3 MeV in 38Ar and 46Ar, respectively, which is consistent
with the corresponding data of 40Ca and 48Ca [27,28]. In other
words, the inversion of the 2s1/2 and 1d3/2 orbitals has been
reproduced automatically in the the spherical RMF calculation
without the tensor force. It is different from the case found in
the non-relativistic HFB calculations using several Skyrme
EDFs (except the SkI5 force as demonstrated in Ref. [11]),
in which one usually has to introduce the tensor force to

FIG. 3. (Color online) Proton and charge densities of 46Ar cal-
culated using both PC-PK1 and PC-F1 forces. The densities from
the RMF calculation without pairing (w/o pairing) is also given for
comparison. More details are given in the text.

reproduce the inversion [13]. Since the �ε13 reaches the largest
value at N = 28 in Ar isotopes, the largest central depletion
among argon isotopes is shown in 46Ar.

We note that the strength of the spin-orbit interaction in
the RMF approach is determined by the derivative of the
potential V (r) − S(r) [29], where V (r) and S(r) are vector
and scalar potentials, respectively. A large central depletion in
the potential V (r) − S(r) is also found in the spherical state
of 46Ar. As a result, the splitting of spin-orbit partners located
mainly at the nuclear center, i.e., 2p3/2-2p1/2 is significantly
reduced or it even changes its sign in the case of no pairing, as
shown in Table I. It is consistent with the conclusion in Ref. [9]
that the dramatic decrease in the spin-orbit splitting of 46Ar is
not caused by the neutron density near the nuclear surface, but
rather by the proton density in the nuclear interior.

The dynamical correlation effect on the bubble structure
is demonstrated in Fig. 3, which also presents the densities

FIG. 4. (Color online) Single-particle energy of protons in the
spherical state of argon isotopes from the RMF + BCS calculation
using the PC-PK1 force.
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TABLE I. Single-particle energies (in MeV) of proton and
neutron 2p3/2 and 2p1/2 orbitals and their splitting in the spherical
state of 46Ar from the RMF calculation using the PC-PK1 force with
(w) and without (w/o) the pairing correlations.

Proton Neutron

Pairing ε(2p3/2) ε(2p1/2) �ε ε(2p3/2) ε(2p1/2) �ε

w −2.622 −2.235 −0.387 −3.704 −3.139 −0.565
w/o −2.221 −2.802 +0.581 −3.240 −3.244 +0.004

corresponding to the state of the minimum on the J = 0 energy
curve given by

∫
d r̂ρ00

βminβmin
(r) and the ground state from full

GCM calculation. The deformation parameter is βmin = 0.2
and ρ00

β,β has been given in Eq. (3). The bubble structure
disappears in the densities from the projection and additional
GCM calculations, which include the dynamical deformation
effects associated with AMP and shape mixing. We note that
the dynamical correlation effect from the AMP plays a major
role in quenching the bubble structure in most cases.

Figure 5 displays the depletion factor Fmax in the argon
isotopes as a function of neutron number, where Fmax ≡
(ρmax − ρcent)/ρmax with ρmax being the largest value of the
density in coordinate space and ρcent the value at the center
r = 0. It is seen that the Fmax is zero for all the argon isotopes
when the dynamical deformation effects are taken into account
in the full GCM calculation. We have also checked the proton
density in very neutron-rich 68Ar, and a similar phenomenon
has been found. Therefore, we conclude that the existence of
a proton bubble structure in argon isotopes is unlikely.

Summary. We have investigated the low-energy structure
and anti-bubble effect of dynamical correlations associated
with a quadrupole shape in 46Ar by employing our newly
established beyond RMF approach implemented with the
GCM + PNAMP. The low-spin energy spectrum, electric
quadrupole transition strengths, and charge density in labo-
ratory frame have been calculated. Our results are in excellent
agreement with available data and suggest a slight weakening
of the N = 28 shell in 46Ar. The inversion of the 2s1/2 and 1d3/2

orbitals has been found in the spherical states of 44,46,48Ar,
which gives rise to a semi-bubble structure in the proton and
charge densities. However, this bubble structure eventually

FIG. 5. (Color online) Depletion factor of proton and charge
densities in argon isotopes by the PC-PK1 force.

disappears after taking into account the effect of dynamical
correlations. Our results indicate that the observation of proton
bubble structures in argon isotopes is unlikely. These findings
will hopefully be examined at the SCRIT facility in the near
future [16].

We note that in the present calculations, the tensor contri-
bution is completely absent due to the missing of Fock terms.
The inclusion of a tensor contribution within the relativistic
Hartree-Fock approach (RHF) [30] may enlarge the energy
difference between the 2s1/2 and 1d3/2 orbitals [31] and may
act in the opposite direction with respect to the dynamical
correlations on the proton bubble structure. In other words,
the tensor force may revive the bubble structure. Therefore,
the study of tensor contribution to the proton bubble structure
in neutron-rich Ar isotopes within the RHF approach will be
very interesting.
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O. Sorlin, Nguyen Van Giai, and D. Vretenar, Phys. Rev. C 79,
034318 (2009).

[11] E. Khan, M. Grasso, J. Margueron, and N. Van Giai, Nucl. Phys.
A 800, 37 (2008).

[12] Y. Chu, Z. Ren, Z. Wang, and T. Dong, Phys. Rev. C 82, 024320
(2010).

[13] Y. Z. Wang, J. Z. Gu, X. Z. Zhang, and J. M. Dong, Chin. Phys.
Lett. 28, 102101 (2011); ,Phys. Rev. C 84, 044333 (2011); Y. Z.
Wang, J. Z. Gu, Z. Y. Li, G. L. Yu, and Z. Y. Hou, Eur. Phys. J.
A 15, 49 (2013).

[14] H. Nakada, K. Sugiura, and J. Margueron, Phys. Rev. C 87,
067305 (2013).

017304-4

http://dx.doi.org/10.1103/PhysRevC.19.164
http://dx.doi.org/10.1103/PhysRevC.19.164
http://dx.doi.org/10.1103/PhysRevC.19.164
http://dx.doi.org/10.1103/PhysRevC.19.164
http://dx.doi.org/10.1016/0375-9474(84)90064-2
http://dx.doi.org/10.1016/0375-9474(84)90064-2
http://dx.doi.org/10.1016/0375-9474(84)90064-2
http://dx.doi.org/10.1016/0375-9474(84)90064-2
http://dx.doi.org/10.1016/0370-2693(95)00012-A
http://dx.doi.org/10.1016/0370-2693(95)00012-A
http://dx.doi.org/10.1016/0370-2693(95)00012-A
http://dx.doi.org/10.1016/0370-2693(95)00012-A
http://dx.doi.org/10.1103/PhysRevC.47.2941
http://dx.doi.org/10.1103/PhysRevC.47.2941
http://dx.doi.org/10.1103/PhysRevC.47.2941
http://dx.doi.org/10.1103/PhysRevC.47.2941
http://dx.doi.org/10.1103/PhysRevLett.97.092501
http://dx.doi.org/10.1103/PhysRevLett.97.092501
http://dx.doi.org/10.1103/PhysRevLett.97.092501
http://dx.doi.org/10.1103/PhysRevLett.97.092501
http://dx.doi.org/10.1103/PhysRevLett.99.099202
http://dx.doi.org/10.1103/PhysRevLett.99.099202
http://dx.doi.org/10.1103/PhysRevLett.99.099202
http://dx.doi.org/10.1103/PhysRevLett.77.3967
http://dx.doi.org/10.1103/PhysRevLett.77.3967
http://dx.doi.org/10.1103/PhysRevLett.77.3967
http://dx.doi.org/10.1103/PhysRevLett.77.3967
http://www.nndc.bnl.gov/
http://dx.doi.org/10.1103/PhysRevC.82.024308
http://dx.doi.org/10.1103/PhysRevC.82.024308
http://dx.doi.org/10.1103/PhysRevC.82.024308
http://dx.doi.org/10.1103/PhysRevC.82.024308
http://dx.doi.org/10.1103/PhysRevC.69.021301
http://dx.doi.org/10.1103/PhysRevC.69.021301
http://dx.doi.org/10.1103/PhysRevC.69.021301
http://dx.doi.org/10.1103/PhysRevC.69.021301
http://dx.doi.org/10.1103/PhysRevC.79.034318
http://dx.doi.org/10.1103/PhysRevC.79.034318
http://dx.doi.org/10.1103/PhysRevC.79.034318
http://dx.doi.org/10.1103/PhysRevC.79.034318
http://dx.doi.org/10.1016/j.nuclphysa.2007.11.012
http://dx.doi.org/10.1016/j.nuclphysa.2007.11.012
http://dx.doi.org/10.1016/j.nuclphysa.2007.11.012
http://dx.doi.org/10.1016/j.nuclphysa.2007.11.012
http://dx.doi.org/10.1103/PhysRevC.82.024320
http://dx.doi.org/10.1103/PhysRevC.82.024320
http://dx.doi.org/10.1103/PhysRevC.82.024320
http://dx.doi.org/10.1103/PhysRevC.82.024320
http://dx.doi.org/10.1088/0256-307X/28/10/102101
http://dx.doi.org/10.1088/0256-307X/28/10/102101
http://dx.doi.org/10.1088/0256-307X/28/10/102101
http://dx.doi.org/10.1088/0256-307X/28/10/102101
http://dx.doi.org/10.1103/PhysRevC.84.044333
http://dx.doi.org/10.1103/PhysRevC.84.044333
http://dx.doi.org/10.1103/PhysRevC.84.044333
http://dx.doi.org/10.1103/PhysRevC.84.044333
http://dx.doi.org/10.1103/PhysRevC.87.067305
http://dx.doi.org/10.1103/PhysRevC.87.067305
http://dx.doi.org/10.1103/PhysRevC.87.067305
http://dx.doi.org/10.1103/PhysRevC.87.067305


BRIEF REPORTS PHYSICAL REVIEW C 89, 017304 (2014)

[15] T. Suda et al., Phys. Rev. Lett. 102, 102501 (2009).
[16] T. Suda et al., Prog. Theor. Exp. Phys. 2012, 03C008 (2012).
[17] J. M. Yao, S. Baroni, M. Bender, and P.-H. Heenen, Phys. Rev.

C 86, 014310 (2012).
[18] J. M. Yao, H. Mei, and Z. P. Li, Phys. Lett. B 723, 459

(2013).
[19] P. Ring and P. Schuck, The Nuclear Many-Body Problem

(Springer, Heidelberg, 1980).
[20] J. M. Yao, J. Meng, D. Pena Arteaga, and P. Ring, Chin. Phys.

Lett. 25, 3609 (2008); J. M. Yao, J. Meng, P. Ring, and D. Pena
Arteaga, Phys. Rev. C 79, 044312 (2009); J. M. Yao, J. Meng,
P. Ring, and D. Vretenar, ibid. 81, 044311 (2010); J. M. Yao,
H. Mei, H. Chen, J. Meng, P. Ring, and D. Vretenar, ibid. 83,
014308 (2011).

[21] P. W. Zhao, Z. P. Li, J. M. Yao, and J. Meng, Phys. Rev. C 82,
054319 (2010).

[22] T. Burvenich, D. G. Madland, J. A. Maruhn, and P. G. Reinhard,
Phys. Rev. C 65, 044308 (2002).

[23] Z. P. Li, J. M. Yao, D. Vretenar, T. Nikšić, H. Chen, and J. Meng,
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