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Strong plasma screening in thermonuclear reactions: Electron drop model
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We analyze enhancement of thermonuclear fusion reactions due to strong plasma screening in dense matter
using a simple electron drop model. In the model we assume fusion in a potential that is screened by an effective
electron cloud around colliding nuclei (extended Salpeter ion-sphere model). We calculate the mean-field screened
Coulomb potentials for atomic nuclei with equal and nonequal charges, appropriate astrophysical S factors, and
enhancement factors of reaction rates. As a byproduct, we study the analytic behavior of the screening potential
at small separations between the reactants. In this model, astrophysical S factors depend not only on nuclear
physics but on plasma screening as well. The enhancement factors are in good agreement with calculations
by other methods. This allows us to formulate a combined, pure analytic model of strong plasma screening in
thermonuclear reactions. The results can be useful for simulating nuclear burning in white dwarfs and neutron

stars.
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I. INTRODUCTION

It is well known that nuclear reactions in compact stars,
which contain matter of high density, can be strongly modified
by plasma physics effects (e.g., Ref. [1]). Under compact stars
we mean white dwarfs and neutron stars [2]. Central densities
of massive white dwarfs can be as high as 10'° g cm~3. Carbon
and oxygen burning in the cores of white dwarfs is thought to
trigger type la supernova explosions (e.g., Refs. [3,4]). Neutron
stars contain outer and inner crusts, where atomic nuclei are
available and can participate in various reactions which result
in steady-state and explosive burning and nucleosynthesis
[5-7]. For instance, we can mention helium or carbon burning,
leading to type I x-ray bursts or superbursts; these reactions
occur at densities <100 g cm™3.

The plasma physics effects modify the reactions at suffi-
ciently high densities and not very high temperatures when
the plasma of atomic nuclei becomes strongly nonideal due to
strong Coulomb coupling. At these conditions, the well-known
classical thermonuclear burning regime [8] is no longer valid.
With increasing density and/or decreasing temperature, one
has a sequence of four other nuclear burning regimes [1]:
thermonuclear burning with strong plasma screening, inter-
mediate thermo-pycnonuclear burning, thermally enhanced
pycnonuclear burning, and temperature-independent pycnonu-
clear burning.

In this paper we address the thermonuclear burning with
strong plasma screening, which is realized in a wide range
of temperatures and densities of matter and is important for
applications in compact stars. In this regime, the plasma of
atomic nuclei (ions) is strongly coupled but mostly classical
(i.e., quantum effects on the motion of ions are weak). The
plasma effects are well known to enhance thermonuclear reac-
tion rates and are conveniently described by the enhancement
factor

f=R/Ry (f=1), ey

where R is the actual rate and Ry is the rate calculated by
neglecting plasma screening. Unless the contrary is indicated,
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subscript 0 will mark quantities calculated with the screening
neglected. The factor f will be the basic quantity of our
interest. It has been calculated using different techniques and
approximations in a number of publications cited in Sec. IV,
starting from the seminal paper by Salpeter [9].

Our aim here is to consider a simple model for strong
plasma screening in thermonuclear reactions. In Sec. II we
outline physical conditions in dense stellar matter. In Sec. III
we formulate the model. Then we consider the mean plasma
screening potentials (Sec. IV), the basic Salpeter model for
plasma screening in thermonuclear reactions (Sec. V), as
well as astrophysical S factors (Sec. VI) and enhancement
factors (Sec. VII) for our model. In Sec. VIII we discuss
our main results and propose a combined analytic model
for strong plasma screening in the thermonuclear regime; we
conclude in Sec. IX. Some technical details are presented in
the Appendices.

II. PLASMA PARAMETERS

Atomic nuclei in dense stellar matter are fully ionized
by enormous electron pressure, and the electrons are so
energetic that they constitute almost a rigid background of
negative charge in which the ions move. Generally, we have a
multicomponent ion mixture because we study nuclear fusion
reactions involving equal or different nuclei, and the reaction
products (daughter nuclei) are also present there. We consider
amixture of ion species j = 1,2, ..., with atomic numbers A ;
and charge numbers Z;. Let n; be the number density of ions
J - The total number density of ionsisn = ) i the electron
number density isn, = Y~ Z;n;.

It is convenient to introduce the Coulomb coupling param-
eter I'; for ions j (e.g., Ref. [10]), given as

AT 73832
ri=—_=_7
J CljkBT ClekBT’
3\ 1/3
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where T is the temperature, kp is the Boltzmann constant, a,
is the electron-sphere radius, and a; is the ion-sphere radius
(for a sphere around a given ion, where the electron charge
compensates the ion charge). Therefore, I'; is the ratio of the
typical electrostatic energy of the ion to the thermal energy.
If I'; <« 1 then the ions constitute an almost ideal Boltzmann
gas, while for I'; 2 1 they are strongly coupled by Coulomb
forces (constituting either a Coulomb liquid or solid).

The strongly coupled plasma is accurately described as an
ensemble of closely packed ion spheres. The Coulomb energy
of the ion sphere (including the electrostatic energy of the
electron cloud and the energy of electron-ion interaction) is
9 272 9 2733

W(Z)=—— =__
2 10 a; 10 a,

3

Let us consider a fusion reaction (A1,Z1) + (A>,Z;) —
(A¢,Z.), with A, = Ay + Ay and Z, = Z + Z, (where sub-
script ¢ refers to a compound nucleus), and introduce the
parameters

ar+a Z1Z,€?
a. = ancl./3, ap = T Ep = “Qa “4)
12
ro— E _ 277 23 Z5e* 1/3 3
P ks 2kpTh? ST T

(&)

Here, 1 = mymy/(my + m,) is the reduced mass of the
reactants, E, is a convenient unit of their electrostatic energy,
T is the basic parameter of thermonuclear reactions, and ¢
measures the importance of quantum effects in ion motion
for thermonuclear reactions. In stellar matter one usually
has 7 > 1; exp(—7) determines the probability of quantum
tunneling through the Coulomb barrier with plasma screening
neglected. Let E be the center-of-mass energy of the nuclei.
Then the typical (Gamow-peak) energy which contributes to
the thermonuclear reaction with plasma screening neglected
is E,0 = kpTt/3. Introducing a convenient dimensionless
center-of-mass energy € we obtain

e=E/Ep, €p=Ep/En=1/. (6)

We consider thermonuclear burning with strong plasma
screening in which both reacting ions are strongly coupled
('t > 1 and ', > 1; liquid or solid) but quantum effects
are relatively weak (¢ < 1). For a one-component ion plasma
(Zy = Z,, A| = A,) this would correspond to the range of
temperatures 0.34 T, < T < T, where T; is the temperature
of strong coupling (I' >~ 1), and T, = hw,/kp is the ion
plasma temperature determined by the ion plasma frequency
w, = /4w Z?e’>n/m (close to the Debye temperature of the
one-component Coulomb crystal). The temperature range
under discussion spans typically over 1-2 orders of magnitude.

For example, Fig. 1 shows the temperature-density diagram
for a '>C plasma. The upper thick line is the temperature
T; of strong Coulomb coupling. Above this line (weakly
dashed region in the upper left corner) carbon is burning in
the classical thermonuclear regime where plasma screening
is weak. The lower thick line is T = 0.34 T, below which
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FIG. 1. (Color online) Temperature-density diagram for a '>C
plasma. Shaded is the temperature-density domain for '2C matter
where carbon burns in the thermonuclear regime. The domain of dense
shading refers to the thermonuclear regime with strong screening. Its
upper boundary is determined by the temperature 7; at which ions
become strongly coupled, while the lower boundary is taken to be
0.34T,. The four thin solid lines are those at which characteristic
carbon burning time is £, = 10'°, 10°, 1, and 107> years; the four thin
dashed lines are the same but with plasma physics effects neglected
(see text for details).

(in the nondashed region) pycnonuclear effects in carbon
burning become important. The densely shaded area is the
domain where the burning is thermonuclear with strong plasma
screening—the main subject of our study. To illustrate the
efficiency of carbon burning, four thin solid curves show
the lines along which the carbon burning time, defined as
t, = n/R, is constant (from bottom to top), #, = 10'°, 10°, 1,
and 10~ years. The reaction rate R is calculated using the
formalism of Ref. [11]. The plasma physics effects [of strong
screening and pycnonuclear (“pycno”) burning] are included
and cause the bend of the 7, curves at high densities and low
temperatures. Carbon burning is extremely slow below the
t, = 10'% year line and fast above the #, = 107 year line. The
four thin dashed lines are the same as the thin solid lines but
do not include plasma physics effects. One can see that at
high densities and not too high temperatures these effects are
most important. More information on the efficiency of carbon
burning in the different regimes can be found, for instance, in
Ref. [11].

III. MODEL

Let us formulate our model for thermonuclear reactions
with strong plasma screening.

At the first stage (Sec. IV) we introduce the Coulomb
potential Uc(r) for pointlike colliding atomic nuclei in the
standard form

Z12262
Uclr) = —— - H), (N

where H (r) is the mean-field plasma screening potential to be
determined. We will calculate H(r) in the spirit of the ion-
sphere model suggested by Salpeter [9]. We assume that H(r)
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FIG. 2. (Color online) Simulated shapes of the electron drops
around two colliding nuclei for Z, = Z, at inter-ion distances of
(a) 2.1ay,, (b) 1.5ay,, and (¢) 0 and for Z, = 10 Z, at inter-ion
distances of (d) 2.1 ay», (€) 1.5 aj,, and (f) 0.

is produced by an electron cloud around the reactants. Such
systems of ions surrounded by electron clouds in dense matter
are sometimes called Onsager molecules (e.g., Ref. [12], and
references therein). We assume rigid electron charge density,
and we view the electron cloud as an incompressible uniformly
charged liquid drop. The electron drop has constant volume;
its charge fully compensates for the electric charge of the
reactants. However, it has variable shape, which minimizes
the Coulomb energy of the system (of the electron drop and
the two reactants). It acts as a Wigner-Seitz cell in which the
ions tunnel. In Fig. 2 we show the calculated electron drop
shapes for several inter-ion distances and charge ratios.

This model for H (r) is expected to be adequate in the regime
of strong Coulomb coupling. For weak coupling, the plasma
screening would be too weak to be described by an electron
drop with a sharp boundary; anyway, it would have no strong
effect on thermonuclear burning rates—see, e.g., Ref. [9]. Our
model, like the Salpeter model [9], is so simple that it does not
distinguish the cases of strong coupling in Coulomb liquid and
solid (since the effects of background ions are tacitly described
by the electron drop).

At the next stage (Sec. VI) we calculate the astrophysical
S factors for thermonuclear reactions by adding the screening
potential to the total potential in which the nuclei fuse. In this
way we include the screening effect into the S factor, so that
the modified S factor becomes determined not only by nuclear
interactions but also by the parameters of dense matter.

Finally, in Sec. VII we calculate the reaction rates R for
thermonuclear reactions with the modified astrophysical S
factors in a standard way, assuming a Maxwellian velocity
distribution of the reactants. With these rates we determine the
plasma screening enhancement factors f from Eq. (1).
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Our model is well defined and easily realized. It will
be compared with other available models for thermonuclear
reactions with strong plasma screening.

IV. PLASMA SCREENING POTENTIAL

Let us calculate the screening potential H (r) in the electron
drop model. At large separations we have
2
H(r) = =2,

Uc(r)y=0 at r > (a; + a). (8)

In this case each reacting ion is surrounded by its own
ion sphere of radius a; or a,. The electrons within these ion
spheres fully compensate for the ion charges, making the ion
spheres electrically neutral (and, hence, noninteracting). The
electrostatic energy of these two spheres is

0.9¢2

de

Wio = W(Z)) + W(Zy) = — (ZP+ 727, ©

At smaller separations, r < (a; + a»), the two ion spheres
merge, forming one common electron drop, so that Uc(r)
becomes finite.

It is convenient to write

,
x=—, (10)
ar

H(r) = Epxh(x),

where A(x) is a dimensionless function of a dimensionless
radial coordinate x. The critical separation r = (a; + a»)
corresponds to x = 2, and at x > 2 we have h(x) = 1/x. At
x « 2 the function h(x) is expandable as

h(x) = by + byx? + bax* + -+ - . (11)

The expansion coefficients by, by, ba, . .. appear to depend on
only one parameter:

Z:Zz/Z], (12)

with z = 1 for equal charges Z; = Z,,and z # 1 for Z, # Z,.

The normalized potential i(x) is symmetric with respect to

z — 1/z, so that it is sufficient to consider the case of z > 1.
The first expansion coefficients are (see Appendix A)

0.9
bo= S+ —1=2F1a+27), (%)

1 (1+ 7733
by=——-—> "~ 14
2 16 1+z (14
z (14753
N e (1s)
64 (1+ )V

The expression for by was obtained by Salpeter [9]; b, for
z = 1 was derived by Jancovici [13] and was generalized for
z # 1 by Ogata et al. [14]. The expression for by seems to
be original. For z = 1 we have by =~ 1.0573, b, = —0.25, and
by ~ 0.0394.

Although Egs. (13)—(15) are derived within the electron
drop model, they accurately describe the real potential /(7).
The applicability of Eq. (13) has been confirmed by numerous
Monte Carlo (MC) simulations. The coefficient b, is basically
the contribution from the electron background. As shown by
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Jancovici [13], neighboring ions do not contribute to this order,
making Eq. (14) quite robust.
The leading term in the expansion (11) gives [9]

H@0)=Hy=Ejnby=W(Z;) — Wi, (16)

which is the difference of electrostatic ion-sphere energies for
the compound nucleus and the two reacting nuclei.

It is important that H(0) be accurately determined from nu-
merous MC simulations of strongly coupled multicomponent
ion mixtures. These simulations are superior to the electron
drop model. The results indicate that strongly coupled mixtures
obey a linear mixing rule (see, e.g., Ref. [10]), according to
which

H(Owc/ksT = fc(T'1) + fe(T2) — fe(Te), a7

where fc (') is the Coulomb free energy per ion in units of
kgT in a strongly coupled one-component plasma. Then the
MC value of by is

BYC = [fe(T1) + fe(T2) — fe(THl/ T (18)

The function f-(I") has been accurately calculated by various
methods and fitted by analytic expressions. For instance, one
can use a fit from Ref. [15] (for a one-component ion gas and
liquid),

fe@@) = A, [W—Azln( /ALJr /1+AL>]
2 2

+ 2A3(x/F — arctan\/F)

r
+ By |:F — ByIn (1 + —>:|
B,

B; r?
+ 2 1n(l+B4>, 19)
where A} = —0.907, A, = 0.62954, B; = 0.00456, B, =
211.6, By = —0.0001, B, = 0.00462, and A3 = —/3/2 —
A/ Ay =0.2771.

Now let us return to the electron drop model. In addition to
the analytic small-x expansion (11), we have calculated h(x)
numerically. The numerical algorithm is as follows. First, two
pointlike ions are set at a given separation, surrounded by an
electron liquid drop of compensating charge symmetrical with
respect to the inter-ion axis. Then several thousand passes are
run. At each pass we calculate the electrostatic potential and
optimize the drop shape by rearranging small portions of the
electron liquid.

Calculations have been done for the values of z ranging
from 1 to 10 with a step size of 0.5. Numerical errors have
been estimated by comparing with the exact analytic results at
r = 0andr = a; + a,. We have also compared the numerical
results at low » with the analytic expansion (11) [including the
three terms, Eqs. (13)—(15)]. The estimated numerical errors
are <0.2%.

For convenience of applications we have approximated the
numerical data (0 < x < 2) by the analytic expression

—-12

. (20)

2\ 2
h(x) = [(1 - %) (po + pax* + pax®) + x21|
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with
1
P0=b—(2),
po  2by
=2 =, 21
2= n 21
3b5 2bs  po . P2
pi="2-—S -+

by b} 6 2’

with by, b, and b4 being given by Eqgs. (13)—(15). For z =1
we have po = 0.8945, p, = —0.1297, and ps = —0.0374.
The analytic fit is constructed in such a way that it correctly
reproduces the small-x expansion (11) (including three terms);
it also reproduces the correct value h(2) = 1/2, smoothly
matching 1/x at x = 2. The formal fit errors are less than
0.2% (comparable with the numerical errors).

We have also considered some other 4 (x) approximations.
In particular, we have tried a polynomial expansion (11) in x?
keeping five terms. The coefficients by, b,, and b4 have been set
equal to their exact analytic values, while bs and bg have been
chosen in such a way to match smoothly 2(x) = 1/x atx > 2.
This approximation is as accurate as (20); the expressions for
be and bg are cumbersome (and not presented here).

The screening potential has been studied and approximated
by a number of authors (e.g. [14,16—19], and references
therein). Itoh ez al. [18] used a not very accurate approximation
matching the 1/x behavior with 2(0) by linear functions.
Ogata et al. [14] (OII91) determined the potential from MC
simulations. Their 4(0) was improved later in MC calculations
by Caillol and Gilles [19], as well as by DeWitt and Slattery
[20] and Caillol [21]. Itoh et al. [17] (ITWNO3) used h(0)
obtained by Jancovici [13]; relying on the expression (14)
for b, they matched the linear behavior of the potential near
x = 2. Chugunov, DeWitt, and Yakovlev [16,22] (CDW09)
constructed the screening potential from the results of Ref. [15]
and from their own MC data.

In Fig. 3 we compare our electron drop results with those
obtained previously (for a one-component strongly coupled
plasma of ions). At x > 1 all curves are in good agreement but
slightly differ from our electron drop fit. At smaller x the OII91
data deviate from others (due to poor MC statistics in OII91
at small x). Our results differ due to simplicity of the electron
drop model. The combined curve, obtained from our fit (20)
with by given by Eq. (18) instead of the electron drop value,
Eq. (13), closely reproduces the data of CDW(9 and ITWNO3.
The combined approximation is also discussed in Sec. VIIIL.
From the insert (b) we see that MC-based results (CDW(09
and OII91) deviate from others. While these results for the
mean-field potential are superior to other fits, this discrepancy
only occurs at distances x = 1.2, whereas for the discussed
case of ¢ < 1 all turning points at Gamow-peak energies have
x < 1. Note that for ¢ 2 1 our consideration of thermonuclear
burning becomes questionable (Secs. V and VI).

V. SALPETER’S MODEL

Before we focus on the full electron drop model we outline
a simpler (basic) model for plasma screening in thermonuclear
reactions. We will do it in the spirit of Salpeter’s model [9]
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FIG. 3. (Color online) Screening potential h(x) vs x at z = 1.
Solid lines show our electron drop (e-drop) fit; dot-dashed lines are the
fits by Chugunov and DeWitt [16]; long-dashed lines are from Ogata
et al. [14], dotted lines are from Itoh et al. [17]; short-dashed lines
represents the combined fit. Inserts are expanded regions showing the
behavior of 4(x) at x >~ 0.25 (a) and at larger x >~ 1.65 (b). See text
for details.

of ion spheres and call it Salpeter’s model. The quantities
calculated within this model will be labeled by the index S. In
this model, the screening potential is replaced by the constant
potential Hy, which is given by Eq. (16) and corresponds to
the leading term A(x) = by in the expansion (11). Then the
Coulomb energy (7) becomes

712,62
Udr ===

— Hp. (22)

This constant (r-independent) screening potential Hj is deter-
mined by the density of the matter. For a reaction between
identical nuclei, Hy = 1.0573Z%¢?/a,. The respective plasma
screening does not change the shape of Uc(r) but simply
lowers the pure Coulomb potential Z,Z,e?/r by Hy, which
enhances naturally the nuclear fusion rate.

The well-known expression for a thermonuclear reaction
rate adopted here is

o0 E
R = xninyl, 1:/ dE S(E)exp| —2nn— — ),
0 kBT
(23)

where x is a symmetry factor (x = % for a reaction with
identical nuclei, and x = 1 otherwise), n = lezez/hv is

the Sommerfeld parameter, and v = \/2E/u is the relative
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collision velocity (with kinetic center-of-mass energy E) at
large separations. The factor —27r 7 in the exponent argument
comes from the definition of the astrophysical S factor [i.e., it
determines the penetration through the pure Coulomb barrier
Uéo)(r) = Z,Z»¢*/r], and the factor — E / k3 T comes from the
Maxwellian distribution of reactants over E.

In the absence of plasma screening we have R = Ry =
xninily, where the normalized reaction rate I = I is

00 E
I = / dE Sy(E) exp (—2m7 - —) . (28
0 kgT

and So(E) is the standard astrophysical S factor calculated
without any screening. In many cases the integral over E can
be taken quite accurately using the saddle-point method, and
this well-known result is

[2E 0 So(E )
Iy=4 P P - 25
) 3 ke exp(—1), (25)

where Epo = kpT1/3 is the Gamow-peak energy, and 1 is
given by Eq. (5).

Now we calculate Salpeter’s rate, R = Ry = yninyls,
including plasma screening under the following simplified
assumptions:

(1) The screening potential is given by (22).

(2) The Coulomb barrier is thick; the barrier penetration is
calculated in the WKB approximation.

(3) The barrier penetration is the same as in the s wave
€ =0).

The normalized reaction rate Ig is then given by the same
equation (24) as I but with So(E) replaced by Sg(E) to account
for the plasma screening in Salpeter’s model. The function
Ss(E) is determined by the quantum barrier penetration times
exp(2mn), and the WKB penetration factor is (see Sec. VI)

exp (—% /rz dr 2pu(Uege(r) — E)) . (26)

In this case U.g(r) is the s-wave effective potential, which
includes the nuclear and Coulomb components, while r; and
r, are the classical inner and outer barrier penetration (turning)
points, respectively. If we include Salpeter’s screening, we
have Uegt(r) — Uege(r) — Hp. Therefore, replacing E — E' =
E 4+ H, we keep the expression for the factor (26) unchanged.
With this in mind it is easy to show that

o0 E
Ig = / dE Ss(E) exp | —2nn — —= ) = fels. (27)
A kpT
with
[es) E’
Ig = f dE’ So(E') exp <—27rr;(E/) — —) (28)
e kT

and

£ Ho 29)
=exp|l——).

s p kT

In Eq. (27) we have introduced

Ss(E) = So(E + Ho) exp[2nn(E) — 2nn(E + Ho)], (30)
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which can be called Salpeter’s S factor corrected for plasma
screening effects (within Salpeter’s model). Notice that
Salpeter did not directly include plasma screening into S(E)
but his calculations can be treated in this way.

Now the enhancement factor fs of nuclear reactions in
Salpeter’s model becomes

=R _pks (31)
TR Ly

If the integral (28) can be calculated by the standard saddle-
point method and the integrand function has a traditional
Gamow-peak shape with the Gamow-peak window above Hj,
we can shift the lower integration limit to 0 and immediately
obtain I¢ = Iy. Then the enhancement factor acquires the
standard Salpeter’s form [9]

/ H,
fs = fs =exp| — | = exp(I'i2bo). (32)
kgT
In the regime of strong Coulomb coupling this factor can be

huge.

As a byproduct of the saddle-point integration in Eq. (28)
we obtain that the Gamow-peak energy in Salpeter’s model
is E;,S = E,s+ Hy = E,o, and the outer turning point is
unaffected by the screening. Then

TkBT _ 3212262

— 110 r =
’ kBT'L'

Therefore, when the temperature decreases, E,s goes down
and (formally) can become negative. The Gamow-peak win-
dow moves then out of the integration region E > 0 in
Eq. (27) and the saddle-pint method becomes inapplicable. The
condition E,s = 0 corresponds to ¢ ~ 1, with ¢ defined by
Eq. (5). At these low temperatures the thermonuclear reaction
regime breaks down and the present formalism becomes
questionable. Accordingly, in Fig. 1 we restrict the domain of
thermonuclear burning by the { = 1 line (T ~ 0.34 T,,, where
the ion plasma temperature T, is defined in Sec. II).

For illustration, Fig. 4 displays the effective potential U ()
for the '>C+ '2C reaction in dense carbon matter (in the
£ = 0 channel) including the nuclear and Coulomb potentials.
The solid line is the standard theoretical potential, which is
taken from Ref. [23] and neglects plasma screening effects.
It is almost a pure Coulomb potential at » = 9 fm but it is
strongly dominated by nuclear attraction at lower r. The three
lower lines (long-dashed, dashed-dot, and short-dashed) are
obtained by taking into account the plasma screening in the
regime of strong Coulomb coupling (the dashed domain in
Fig. 1) at p = 108, 10°, and 10'° g cm™3. The Coulomb part
of U(r) is corrected for plasma screening. For the displayed
conditions, Salpeter’s Eq. (22) is an excellent approximation
for Uc(r). At p =108, 10°, and 10'° g cm™> the plasma
screening reduces the potential by Hy = 0.151, 0.326, and
0.702 MeV, respectively. The higher the density, the stronger
the screening effect (the larger the enhancement factor).

The thin vertical lines in Fig. 4 position the outer turning
points r,, Eq. (33), for the barrier penetration with the
Gamow-peak energy at T = 8 x 108, 4 x 108, and 2 x 108 K
(ry = 24.88, 39.49, and 62.69 fm, respectively). The Gamow-
peak energies for these temperatures are £ ,5 = 2.08,1.31, and

pS = (33)

PHYSICAL REVIEW C 89, 015802 (2014)

8 H I

- 12C +12C .

6 - no screening

- ——- p=10%8 g cm™3 4
——————— - p=10° g cm™3

p=10'% g cm™3 N

------------- pure Coulomb T

Uy [MeV]
N
\

FIG. 4. (Color online) Effective potential for the '>C + >C reac-
tion in carbon matter. The solid line is the potential with plasma
screening effects neglected. The long-dashed, dot-dashed, and short-
dashed lines are the potentials reduced by plasma screening in
the regime of strong Coulomb coupling at p = 108, 10°, and
10'° g cm™3, respectively. The dotted line is the pure Coulomb
potential for pointlike nuclei. The three thin vertical lines position
the outer turning point 7, Eq. (33), for barrier penetration with the
Gamow-peak energy E,s in Salpeter’s model at (from left to right)
Ty = T/(10® K) = 8, 4, and 2, respectively. See text for details.

0.827 MeV. Figure 4 clearly shows the ranges of sub-barrier
distances which regulate the barrier penetration in the WKB
approximation. Only these distances are important for the
nuclear reaction problem, and in all the displayed cases the
Salpeter’s potential (22) serves as a very good approximation.
It would not be distinguishable from the exact screened
potential in Fig. 4. At larger r, Salpeter’s potential would
be noticeably different from the exact one, especially at the
highestassumed p = 10'” gcm™3 (in which case the difference
would be pronounced at » 2 80 fm). However, these large r
could contribute to the nuclear reaction rates only at lower T
at which our approach becomes invalid (where pycnonuclear
effects, which we neglect, would become strong).

In Fig. 5 we show the astrophysical S factor for the
12C 4 12C reaction in carbon matter as calculated in Salpeter’s
model from Eq. (30). The solid line is the standard theoretical
S factor unaffected by plasma screening. The long-dashed,
dot-dashed, and short-dashed lines are the S factors calculated
with account for plasma screening at p = 108, 10°, and
10'° g cm™3, respectively. The screening effects increase the
transparency of the Coulomb barrier in dense plasma (Fig. 4).
These effects are especially pronounced at low energies E
and high densities p where the S factor is enhanced by
many orders of magnitude. Naturally it dramatically enhances
nuclear reaction rates.

Figure 6 presents the '2C+'2C reaction rate in carbon
matter as a function of temperature for the same three values of
p. Again, the long-dashed, dot-dashed, and short-dashed lines
refer to p = 108, 10°, and 10'° g cm3, respectively. As seen
from Fig. 1, the ranges of T" and p chosen in Fig. 6 correspond
to thermonuclear burning with strong plasma screening. The
thin lines show the rates calculated with screening neglected.

015802-6



STRONG PLASMA SCREENING IN THERMONUCLEAR ...

80 rer
§ i
L \ 12C+12C _
L no screening |
= '\'\_ ‘\\ ——- p=10%8 g cm™3 -
S 25 &—‘v\‘\ \\ _______ _ p:109 g cm-3 __
- Ny N oo =109 g cm™3 |
> \ AY

é AT N R
= -\\ NN _

2] \ ~
n 20 . So -
s LN e e ]
ED I \\\\\'\-‘. \\\\‘~~ 1
L \\\‘ ~»~.‘\‘_\.::\‘_
15 - —
-I 1 I 1 1 1 1 I 1 1 1 1 I 1 1 1 I-
1 2 3 4

E [MeV]

FIG. 5. (Color online) Astrophysical S factor as a function of the
center-of-mass energy E of reactants for the '>C 4 '?C reaction in
carbon matter calculated in Salpeter’s model. The solid line is the
standard S factor with plasma screening neglected. The long-dashed,
dot-dashed, and short-dashed lines are the S factors enhanced by
plasma screening in the regime of strong Coulomb coupling at p =
108, 10°, and 10'° g cm ™3, respectively.

The thick lines include the screening in Salpeter’s model. The
screening always enhances the rate but does not prevent the
decrease of the rate with the fall of 7' as long as the burning
regime is thermonuclear (i.e., the rate becomes temperature
independent only in the pycnonuclear regime). It is seen that
the screening enhancement of the thermonuclear reaction rate
increases at lower T. For p = 103 g cm™3 the screening effect
is not very strong but at p = 10'° g cm™ and the lowest
displayed T ~ 1.5 x 108 K it is tremendous: it enhances the
reaction rate by more than 20 orders of magnitude (also see
Sec. VIII).
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FIG. 6. (Color online) '>C 4 '>C thermonuclear reaction rate in
carbon matter as a function of temperature. The long-dashed, dot-
dashed, and short-dashed lines correspond to p = 108, 10°, and
10" g cm™3, respectively. Thin lines are calculated with plasma
screening neglected, while thick lines include the screening in
Salpeter’s model (see text for details).
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VI. ASTROPHYSICAL S FACTOR

A. Screening effects on S factor

At the next step we use the liquid drop model and
calculate astrophysical S factors and thermonuclear reaction
rates beyond Salpeter’s model.

In the barrier penetration model the astrophysical S factor
is given by

h2
S(E) = exp(277) ’;—M S @+ DTAE)PAE),  (34)
14

where 7 is defined in Sec. V, T; is the barrier penetration
probability, P, is the nuclear fusion probability, and the sum
is over angular momenta ¢. For low energies of astrophysical
interest it is usually sufficient to set Py(E) = 1.

At sub-barrier energies the barrier penetration probability
is small and can be described by the WKB formula

Ty(E) = exp[—se(E)],

2 [ h2ee +1
se(E) = ﬁ_/ dr \/2/1, <Ueff(r) + % — E), 35)

where U (r) is the effective potential at £ = O (Fig. 4). The
potential contains the standard potential, in which plasma
screening is neglected, minus H(r) given by Egs. (10) and
(20).

As discussed in Sec. V, one of the screening effects on S(E)
would be to shift E — E + Hj, which corresponds to

S(E) = So(E"), E' =E + H,. (36)
Therefore, we can write
S(E) = So(E")q(E), (37)

where ¢(E) is an extra correction factor to be analyzed.
Introducing dimensionless units (Sec. II) we rewrite
Eq. (35) as

T3+ 1)
se(€) = é_2/2 f dx \/U(x) +——— AT,

where v(x) = Ueg(r)/E12, € = E/E1», and x = r/aj», with
v(x) =0and h(x) = 1/x forx > 2.
According to Eq. (34) we can write

q(€) = qo(e)qr(e), (39)

where go(¢€) and g, (€) include the corrections due to ¢ =0
and £ > 0 channels, respectively. Using (35), we have

—€, (3%)

qo(€) = exp(2n — 27" — 50 + 500) (40)
and
> (28 + 1) exp(so — s¢)
3,20+ 1) exp(syy — So0)°
where summation is over all £ > 0, n = n(¢), n’ = n(€’), sy =
se(€), and s, = s0(¢’), with s(, and s, being the quantities
calculated with screening neglected.

Evidently, the S factors are affected by nuclear physics
and plasma physics effects. In the thermonuclear regime these

(41)

qr(e) =
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effects are usually decomposed and studied separately. We
will mainly focus on the plasma screening effects, which are
determined by differences like sy, — so. They are expressed
as integrals whose integrands are small at those conditions at
which nuclear forces are significant. To analyze these integrals,
it is sufficient that we neglect the nuclear potential in Ueg(r)
in the expressions for g(E), assuming thus Ugg(r) = Uc(r).
In this approximation the inner turning point goes to zero:
ry —> 0 (x 1 —> 0)

B. Screening correction in the s wave

Here we study the factor g¢ given by Eq. (40). We have

50 = so0 = T2t 72[F(€) — Fo(eN], 42)
where
Fo(e) 4/x°2d ! 2 “3)
€)= — Xy T —€e=—F,
0 7 Jo x NG

F(e) = %/Xz dx Ge(x), Ge(x)= ,/% —h(x)—€. (44)
0

The term I'j,¢ ~3/2 Fy(€’) cancels —27n’ in Eq. (40), so that
qo(€) = exp{—T1¢ 2[F(e) — Fo(e)l}.  (45)

The higher the energy € (or €’), the lower the turning point
x; in Eq. (44). Therefore, we can derive the high-€ expansion
corresponding to the small-x expansion (11). For this purpose
we rewrite the integral (44) in the form

F(e) = i/ x(G? 4+ €)dG, (46)
T Jo

where x,(1) is the solution to the equation A — €’ = 1/x, —
h(x;) — €. Taking A = ¢’ we see that x,(¢”) (at G = 0)isindeed
the turning point x,, justifying the notation. The equation for
x>(X) can be rewritten as

_ 1—b2)€§—b4x§—~'~

= , 47
X2 T 47)

which is easily iterated to obtain the series expansion

1 by by  3b3

XQ()&)ZX—F—F—F?‘F"'. (48)

Substituting it into Eq. (46) and integrating we obtain

5b, 63b4 693b3
F(e) = Fy(e |1 — — 24
(€) = Fol€) [ 16€3 ~ 256€5 | 1024 €0

(49)

We have not rigorously examined the convergence of this
series, but it seems asymptotic. In any case, for the low energies
of interest, the higher-order terms do not considerably increase
the accuracy. Thus we can safely omit the last term.

To have an accurate expression for F(e) we also have
calculated F(€) numerically and fitted the results by

5b, 63b, 69312 }

F(e) = Fo(e) |1 -
© 0(6)[ 163 12565 1024 €0

(50)
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where ¢; = 3.662 and ¢, = 2.762 are two fit parameters. The
ranges of € and z employed in the fit are 0.00025 < e <9
and 1 < z < 10. The maximum relative fit error is 1.6% (at
z=1 and € ~ 0.00025) and the absolute rms error is 10~*.
For 0.05 < € < 2.0 and the same z the maximum relative error
is 0.6%. Nevertheless, we will not use this fit formula further
but restrict ourselves by the analytic expansion (49).

Note that Eq. (45) with F(e) = Fy(¢’) corresponds to
Salpeter’s model, while the bracketed factors in Egs. (49) and
(50) are the corrections provided by the electron drop model.

C. Screening correction due to higher-£ waves

Here we analyze the factor gy (¢) which is given by Eq. (41)
and provides the screening correction to S(E) due to £ > 1
reaction channels.

We expand (38) in powers of centrifugal energy, keeping
the first-order term:

Cmee+ 1) .

So(€) = se(e) = T (e), 6D
12
where
i dx
0= [ sepm= 2

Higher-order terms in (51) are suppressed by extra powers of
Fle. In this approximation the turning points x; and x, in g(€)
are the same as for the s wave. Now we treat the exponent
arguments in (41) as small and replace the sums by integrals.
It turns out to be a good approximation for the ratio (but a
poorer approximation for the sums themselves). We obtain

go(e’)= go(€")
gle)  gole") +38g(e)’

where go(€) is given by the same Eq. (52) as g(e) but with
plasma screening neglected and §g(e) = g(€) — go(€’). The
function 8g(€) can be calculated by neglecting the nuclear
interaction and taking x; — 0. In this approximation it is
universal—independent of a particular reaction. The function
go(e) is independent of plasma screening; it can be calculated
for a given reaction by using a suitable model of the nuclear
interaction (for instance, employing the same formalism as in
Refs. [23,24]).

In analogy to (49), we have derived a high-e expansion for
8g:

qr(e) = (53)

3wby  35mby  3157b}
C8eS2 T 64€M2 T 256¢11/2

Let us restrict ourselves to ¢ < 1. For ¢ = 1 and z = 1 the
Gamow-peak energy is about €, 2~ 0.24 [see Eq. (60) below].
In this case the above expansion gives §g ~ 0.19, while the
integral (52) gives dg ~ 0.21. For smaller ¢ and higher €, the
expansion is even more exact.

While 0 < §g < 0.2-0.3, go is typically greater than one.
To verify the last statement we have taken the reaction database
from Ref. [24]. It contains about 5,000 reactions involving
stable and unstable isotopes of 10 elements (Be, B, C, N,
O, F, Ne, Na, Mg, and Si). We have checked directly that
go 2 1 for the reactions between nuclei which are close

5g(e) =

Fo (54
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to the stability valley at those densities and temperatures
where Gamow-peak energies are lower than barrier hight (for
otherwise the reactions are so fast that the nuclei do not exist
in dense matter). Therefore, for many reactions of practical
interest gz, does not deviate from g; = 1 by more than ~ 20%,
which is well within expected uncertainties in the S factors and
reaction rates. To avoid unnecessary complications we suggest
disregarding screening corrections due to higher-¢ waves and
setqr = 1.

VII. PLASMA SCREENING ENHANCEMENT OF
REACTION RATES

As seen from Eq. (23), the plasma screening enhancement
factor of the thermonuclear reaction rate is

f =1/, (55)

where I, expressed in our dimensionless units (Sec. II), is
given by

I = Elzf So(eexp[—T12(. 32 F(e) + €)lde.  (56)
0

Generally, one can calculate f numerically from Eq. (55).
Instead, we analyze f analytically by employing the traditional
Gamow-peak formalism. With decreasing temperature, the
Gamow peak becomes narrower, which makes the formalism
more accurate. On the other hand, the peak energy decreases,
andat¢ ~ 1 (i.e.,at T ~ 0.34 T,) the peak energy goes to zero
(Sec. V), which manifests the breakdown of the thermonuclear
burning regime and the transition to pycnonuclear burning.
We will restrict ourselves to ¢ < 1; at higher ¢ the present
formalism can be considered as an approximation.

In the Gamow-peak formalism we can decompose f as

f = fscrfoact’ 57

where fy is calculated from Eq. (55) by neglecting the
dependence of the astrophysical S factor on energy €, while

foact = SO(GE;)/SO(GpO) (58)

takes into account that plasma screening (beyond Salpeter’s
model) shifts the Gamow peak (from € to €,).

We will mainly focus on fy. and discuss fgg briefly in
Sec. VIIL. It is traditional to express fi as

fscr = exp [hO(FIZ) + hl(FIng)] . (59)

Here, ho(I'12) = '1obo = H(0)/(kpT) is the leading term of
the normalized screening potential #(x). This term includes
quantum tunneling in a Coulomb potential lowered by a
constant value H(0) (equivalent to Salpeter’s approximation;
Sec. V). This term does not change the Coulomb potential
shape, and therefore it does not affect the dynamics of quantum
tunneling. The next term 4(I"},,¢) in the exponent of Eq. (59)
is the correction to ho(I'}2); it is produced by the variation
of the mean-field potential shape due to screening over the
quantum tunneling path; it is generally smaller than 4o(I"17).
Let us take Eq. (56) and use the expansion (49) (treating the
1/€” and 1/€” terms in the parentheses as small corrections
and neglecting the 1/€’® term). Furthermore, we ignore the
dependence of Sy on €, and we take the integral / by the
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FIG. 7. (Color online) The function —h(I"2,¢)/ 12 vs ¢ in the
regime of strong Coulomb coupling at Z; = Z,. The thin solid line
(J77) corresponds to the leading term of Eq. (61) derived by Jancovici
[13]; thick lines of various types are calculations by different authors
(AJ78: [25]; O97: [26]; OII91: [14]; CDWYO0T7: [22]; e-drop: present
work). The insert is an expansion showing the behavior of the different
curves at ¢ ~ 1 (see text for details).

standard saddle-point method. This gives the dimensionless
Gamow-peak energy

35 231
— = b? = ——byt. (60
a8~ g et (60)
The leading term 1/¢ corresponds to Salpeter’s approximation
[see Egs. (6) and (33)], while d¢, is a small correction beyond
this approximation.
With such a correction the saddle-point method gives

h(T1,8) =T (3 b20% + 2 bag?). (61)

Equations (60) and (61) represent truncated expansions in
powers of ¢. Higher-order terms (starting with ¢3) can
be determined but seem unimportant for applications. The
advantage of these equations is that they are derived from
first principles. They are valid for any mean-field screening
potential (not only for the electron drop model). In order to use
them one needs the three coefficients by, b,, and by, for a given
mean-field model. Note that the leading termin 2 (I"12,¢)/ 12
is %bzgz; it is well known [25]; the second term seems
original.

By way of illustration, in Fig. 7 we present the function
hi(T'12,8)/ Ty, versus ¢ at Z; = Z, and strong Coulomb
coupling as calculated by several authors. The insert shows
details of the behavior of the different curves at ¢ ~ 1. The
thin solid curve J77 shows the leading term in Eq. (61); it was
derived by Jancovici [13]. The thick solid curve (e-drop) is
our electron drop model; the dotted curve AJ78 is derived by
Alastuey and Jancovici [25]; the short-dashed curve O97 is by
Ogata [26]; the long-dash curve OII91 is by Ogata, Iyetomi
and Ichimaru [14]; and the dot-dashed curve CDWYO07 is by
Chugunov, DeWitt and Yakovlev [22]. In the electron drop
model /1(I"12,¢)/ 12 is independent of I'1,. For other models
it is a slowly varying function of I'j,. In these cases, we set
I';; = 150. Although the present formalism is strictly valid
at £ <1, we extend the plot to { =2 to demonstrate the
diversity of results by different authors. These results are

e’p = E +38¢,, &€, =
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TABLE 1. Parameters of electron drop and combined models.

Model bo bz b4
Electron drop Eq. (13) Eq. (14) Eq. (15)
Combined Eq. (18) Eq. (14) Eq. (15)

usually presented as analytic fits to numerical calculations
by various methods. We see that our analytic Eq. (61) at
¢ <1 agrees very well with other results. The divergency of
the results at { = 2 is unimportant for us because we restrict
ourselves to the thermonuclear reaction regime at { < 1.

VIII. DISCUSSION

The main practical outcome of our consideration is that
the enhancement factor of a nonresonant fusion reaction due
to strong plasma screening is given by Egs. (59) and (61).
Combined with /y(I"12) = ['12by, these equations give

fscr = eXp [F12 (bO + %b2§2 + 16_238 b4§4)] s (62)

expressing f;. through three coefficients (b, b,, and b4) which
can be slowly varying functions of plasma parameters and
charge numbers Z, and Z, of the reactants. This formula is
derived from first principles in the mean-field approximation;
it is expected to be valid for any mean-field model of the
screening potential. Its applicability is restricted by strong
screening (I';p 2 1; T < T; in Fig. 1) and the thermonuclear
burning regime (¢ S1; T 20347, in Fig. 1). The by
(Salpeter’s) term in Eq. (62) is leading while other terms are
relatively less important.

We can point out two mean-field models of the screening
potential: the electron drop model and the model which we
call combined. The former is simple and uniform while the
latter is more accurate. Their parameters are listed in Table 1.

In the electron drop model, by, by, and by depend on
z = Z,/Z, but are independent of density and temperature.
These coefficients are given by Eqgs. (13)-(15). The main
disadvantage of this model is that by is actually a slowly
varying function of the Coulomb coupling parameter, which
is neglected.

In the combined model, by is given by Eq. (18), while b,
and b4 are again given by Eqs. (14) and (15). Equation (18)
is based on extensive MC simulations and is, therefore, more
accurate than (13); Eq. (14) provides a robust value of b,
(Sec. IV), while b, is relatively unimportant, so that the use of
the electron drop value (15) is sufficiently accurate.

In Fig. 8 we illustrate the efficiency of the plasma screening
as a function of temperature for the '2C + '>C reaction in
carbon matterat p = 10'° gcm~2 (also see Fig. 6 to understand
how this efficiency affects the reaction rate). At the highest
displayed temperature, we have log;, T[K] = 9.6, I';» = 2,
and ¢ ~ 0.1, while at the lowest temperature log,, T[K] =
8.15, ', &~ 55,and ¢ ~ 1.

We present the four curves which correspond to different
models and approximations. The thin short-dashed curve refers
to Salpeter’s model where only the Ay term is included in
Eq. (59), with by given by Eq. (13). This is equivalent to

PHYSICAL REVIEW C 89, 015802 (2014)

25 ;\I LA L L L L R LB B B B B
| RCHRC pe10% g omt
20 A\ ---- Salpeter (h,) ]
....... e—drop (h,+h,) ]
N '_\\\ — — Combined (h,) ]
o 150 \\ —— Combined (hy+h,) ]
s [\ ]
%D - \ ]
—~ 10 - E
5 | =55 -
P [ ¢=t ]

O I T R S S S |
:'\ LA L B B S IR L B B N | ]
NN (b) 4
o . : N~ ]
— ~ 3
SRR :
1 E ]
o0& ;

log,, T (K]

FIG. 8. (Color online) Enhancement of the >C + '2C thermonu-
clear reaction rate in carbon matter at p = 10'° g cm~> as a function
of temperature. (a) Logarithm of the enhancement factor in Salpeter
model [short-dashed line, with only /¢ included in Eq. (59)], the
electron drop model (dot-dash line, with A and &, included), and
in the combined model including and excluding A, (solid and
long-dashed lines, respectively). The numbers give the values of
I' =T, and ¢ at the lowest and highest temperatures displayed.
(b) The same enhancement factors divided by Salpeter’s factor on a
linear scale (see text for details).

using Eq. (62), where the b, and b4 terms are dropped. The
thick dot-dashed curve is for the full electron drop model
[Ap and h; terms are included in Eq. (59); all terms are
included in Eq. (62)]. The thin long-dash curve is similar
to Salpeter’s model but b, is given by Eq. (18). The thick
solid curve is the full combined model [all terms included in
Eq. (59) or (62)].

Figure 8(a) shows the logarithm of f while Fig. 8(b)
presents f/fs on a linear scale for the four approximations.
When the temperature drops to log,, 7 = 8.15 the plasma
screening enhancement intensifies and exceeds 20 orders
of magnitude. It greatly slows down the decrease of the
thermonuclear reaction rate (cf. Fig. 6). As long as { < 1
(T 2 10° K, for a given p = 10'" g cm™?), the screening
enhancement is mainly provided by Salpeter’s term (ko).
However, at lower T the correction #; becomes progressively
more important. It suppresses Salpeter’s screening enhance-
ment (by about three orders of magnitude at log,, T’ ~ 8.15
in Fig. 8). In this way it does not allow the plasma screening
enhancement at low temperatures to become too strong (for
otherwise the reaction rate would start growing with the
temperature fall). It looks as if the &; correction “anticipates”
the onset of the pycnonuclear burning regime at lower
temperatures and “prepares” the temperature independence
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of the reaction rate in the pycnonuclear regime. This indepen-
dence of temperature at lowest temperatures of thermonuclear
burning has been obtained earlier by Chugunov and DeWitt
[16] (who calculated the plasma screening enhancement
factors based on extensive MC calculations of screening
potentials).

Neglecting the h; term, we would obtain [Fig. 8(b)] a
factor of 4 difference of the enhancement factors in Salpeter’s
model and the combined model at the lowest 7. Although
this difference can be regarded as substantial, it is actually
not very important for two reasons. First, the enhancement
factors become huge by themselves [and the difference by
a factor of 4 is really insignificant; see Fig. 8(a)]. Second,
the inclusion of the /| correction strongly affects the plasma
screening enhancement at lowest temperatures and reduces this
difference. Therefore, even if the combined screening model is
more accurate than the electron drop one, the difference does
not seem important for applications.

Our final result, Eq. (62), is obtained by neglecting
the energy dependence of the astrophysical factor Sy. This
approximation corresponds to fspe = 1 in Eq. (57). We have
checked the validity of this assumption for the '2C 4+ '2C
reaction at p = 10'© g cm™3 as an example, by using Eq. (58)
for calculating fsser and Eq. (60) for finding the shift of the
Gamow-peak energy. This shift appears to be relatively small;
Fsact stays smaller but fairly close to 1 for all temperatures
displayed. The maximum difference (of about 5%) from
fsract = 1 occurs at the lowest temperature log;, T = 8.15
shown in Fig. 8. Therefore, fgsp = 1 is, indeed, a good
approximation.

Let us stress that nuclear reaction rates in stellar matter are
also uncertain due to rather poor knowledge of the factors Sy
at low energies of astrophysical interest; see, e.g., Ref. [24]
and references therein. These factors are difficult to calculate
accurately and to measure in the laboratory; they may have
resonant behavior which requires special consideration (even if
the strengths and positions of resonances were known—which
is usually not the case; see, e.g., Refs. [27,28] in which the
12C 4 12C reaction is analyzed at low energies).

We add that we have studied plasma screening effects
under the assumption of a rigid (incompressible) electron
background. The corrections due to finite polarizability of the
electron gas slightly increase the screening enhancement (see,
e.g., Refs. [29,30], and references therein), which we neglect
here.

All these factors prevent exact calculation of thermonuclear
reaction rates in dense stellar matter. However, in many cases
the exact rates are not vitally important because of the strong
temperature dependence of the rates—their uncertainties are
easily absorbed by small temperature variations, making
modeling of nuclear burning phenomena almost unchanged
(see, e.g., Ref. [31]).

‘We have not focused on plasma screening of thermonuclear
reactions in the regime of weak Coulomb coupling (T 2 T,
in Fig. 1). One can use our formulas in this regime; they
would predict weak plasma screening, f — 1. Although
such a description of weak screening is approximate, it
should not noticeably affect physical results. More reliable
plasma screening corrections for weak and moderate Coulomb
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coupling can be obtained by using recent advances in this
field [32-34].

At low temperatures (¢ 2 1, T <0.347, in Fig. 1) the
present results [Eq. (62)] become invalid because of the onset
of the pycnonuclear burning regime. Pycnonuclear burning
has been studied in many publications (e.g., Refs. [1,16,22]
and references therein) but we believe that the theory of
pycnonuclear reactions is still far from being complete.

IX. CONCLUSIONS

We have developed a simple model for plasma screening
in thermonuclear reactions in dense stellar matter. In this
model, the screening is produced by an electron cloud
around the reacting nuclei. The cloud’s charge is assumed
to compensate for the charge of the reactants and the cloud’s
shape corresponds to the minimum electrostatic energy of the
reacting system (two nuclei+-electron cloud). This model is the
extension of the well-known Salpeter’s model of ion spheres
[9].

The electron drop model is based on the mean-field
screened Coulomb potential H (), which has been calculated
for different nuclear charge numbers Z; and Z, (Sec. IV). We
have analyzed the low-r expansion of H(r) in powers of r>
and derived (for the first time) the r* expansion term, Eq. (15).
We have computed H(r) and obtained a simple fit, Eq. (20).
In passing, we have calculated H(r) for the model in which
the electron cloud is approximated by a prolate Maclaurin
ellipsoid (Appendix B).

At the next step we have added the plasma screening
Coulomb potential to the total effective potential Ug(r),
which governs nuclear reaction. With this new potential we
have calculated the astrophysical S factors (Sec. VI). Our
generalized S factors include the effects of nuclear and plasma
screening interactions on the same footing. In the regime of
strong Coulomb coupling of atomic nuclei in dense matter,
they depend on the density of the matter, p. We have analyzed
the properties of such § factors and presented simple analytic
approximations. These generalized S factors are strongly
modified by plasma screening at low energies E and high
densities p. For “ordinary” nuclear reactions such as '>C + 1>C
the inclusion of plasma screening into S factors is equivalent to
introducing traditional plasma screening enhancement factors
in the reaction rates. However, generalized S factors would be
more natural for those reactions for which the effective plasma
screening length is comparable to the sizes of the reacting
nuclei. Such reactions could occur at high temperatures in the
inner crust of neutron stars; nuclear and plasma physics effects
would be not separated there.

Finally, we have used the electron drop model and cal-
culated thermonuclear reaction rates, studied their plasma
screening enhancement, and approximated the enhancement
factors by analytic expressions (Sec. VII). We have analyzed
the properties of plasma screening enhancement and proposed
a combined analytic model for strong plasma screening in
thermonuclear reactions (Sec. VIII).

Our results are in good agreement with those obtained by
other techniques. The advantage of our model is that it is well
formulated, physically transparent, and easily formalized in
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terms of analytic approximations at every step of investigation
(for the effective potentials, astrophysical S factors, and
enhancement factors of nuclear reactions). The results can be
used to model various astrophysical manifestations of nuclear
burning and nucleosynthesis in white dwarfs and neutron stars.

Strictly, our results cannot be used in the thermonuclear
regime with weak plasma screening (high temperatures and
low densities) but in that case the plasma screening has
almost no effect on the reaction rates. Equally, the results
are inapplicable at very low temperatures and high densities,
where the pycnonuclear effects (zero-point vibrations of the
reacting nuclei) become pronounced.

So far almost all the calculations of the reaction rates
in dense matter have been performed within the mean-field
potential. However, the plasma potential created by neighbor-
ing plasma particles is actually fluctuating (depending on the
specific configuration of neighboring particles). Our model
can be generalized to the case of fluctuating potential by
introducing an ensemble of electron drops (of different shapes)
around the reactants and probabilities of their realizations. This
can offer perspective on the study of the effect of plasma field
fluctuations on the reaction rates in dense matter.

ACKNOWLEDGMENTS

We are grateful to H. DeWitt and A. Chugunov for useful
comments. D.G.Y. acknowledges partial support from RFBR
(Grants No. 14-02-00868 and No. 13-02-12017-0fi-M), RF
Presidental Program NSh 294.2014.2, and the Ministry of
Education and Science of the Russian Federation (Agreement
No. 8409, 2012).

APPENDIX A: COULOMB ENERGY

In the Appendices we show how to derive the first three
coefficients by, b, and by in the small-x expansion (11) of
the screening potential in the electron drop model (Sec. III).
To obtain these coefficients the shape of the electron drop
can be approximated by a prolate Maclaurin ellipsoid for
which the electrostatic problem is solved analytically (see, e.g.,
Ref. [35]). First, we define the main quantities, then present the
equations for the Maclaurin ellipsoid (Appendix B) and build
the desired expansion (Appendix C). Here we use standard
physical units.

At r < (a; + a) the Coulomb potential Uc(r) in Eq. (7)
can be written as

212262
Uc(r) =

+ W)= Wi, W)= We(r)+Weilr),

(AD)
where W(r) is the electrostatic energy of the drop (excluding
direct Coulomb interaction of pointlike ions). It contains the
interaction energy of the ions (positioned at r; and r;) with
the electron drop,

Wei(r) = Z1e®(r1) + Z2eP(r2), (A2)
and the electrostatic energy of the drop,
en,
Wee(r) = — > / dV ®(r). (A3)
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In this case

O(r) = —en, / av’ (Ad)
1%

r =7

is the electrostatic potential created by the drop. The integra-
tion in Eqs. (A3) and (A4) is carried over the volume V of
the electron drop confined within the surface 0V = S(r). The
term Wi, in Eq. (Al) is given by Eq. (9); it is introduced to
satisfy the condition Uc(r) = 0 atr > (a; + a,) (Sec. III).

At r < (a; + ap) the screening energy H(r) in Eq. (7) is
given by

—H(r)=W(r) — Wip. (AS5)

APPENDIX B: MACLAURIN ELLIPSOID MODEL

Atsmall » we approximate the electron drop by a Maclaurin
ellipsoid prolate along the z axis. The radial coordinate r;(6)
of the surface S is then given by

1 cos2@  sin?6
r2(0) aﬁ ai

, (B

where a and a, are the ellipsoid semiaxes (along the z axis
and in the perpendicular plane, respectively) and 6 is the polar
angle.

The electron charge within the ellipsoid should compensate
for the charge of the ions. This gives

4,
Z. = —ajain, =

3

2
qay |

5L (B2)

a, and Z, are defined in Sec. II. Introducing the ellipticity of

the ellipsoid, € = /1 — (ay/a))?, we have

aj=a.(1-€)"7 a =a(1-e)", (B3
where a, is given by Eq. (4).
The potential ®(r) within the ellipsoid is
O(r) = —mwen (I — Ayz> — Aix* — A1 y?), (B4)

with

1—¢€2 1 1
Ap=2 26 (L-1), L=—ln< +6>, (BS)
€ 2¢ 1—¢

I =2a%L,and A =1 — Aj/2.Integrating the potential ®(r)
one obtains the Coulomb energy of the electron drop,

3 (4’
W, = 3 (%) eznfaia“L.

(B6)
In our case the ions are placed at the z axis, so that
W) = —7'[e2ne[ZL.I - ZlA”Z% — ZZAHZ%] + Wee. (B7)
These formulas give Uc(r) for any electron drop in the form
of Maclaurin ellipsoid.

APPENDIX C: SMALL-r EXPANSION

At r < (a; + ay) the electron drop shape is well approxi-
mated by an ellipsoid with ellipticity ¢ <« 1. From Eq. (B1)
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the shape becomes
rs(0) = ac (1+ 1 €*Py(cos9)), (C1)

where P>(x) = %(sz — 1). Higher-order terms are unimpor-
tant for our problem.

In the expression for the electrostatic energy, we expand A,
I, and W,, in powers of €2, keeping first- and second-order
terms, and obtain

A||=%—i€2—i€4, (C2)
3 15 35
I =2ad> 1—ie4 , (C3)
¢ 45
4 1
W,, = ?T[Zcezne a? <1 T 64) . (C4)

Placing the coordinate origin in the center of the electron
drop, we have
2u=—2w|Z:, 22=21r/Z.. (C5)

Now € is the only free parameter. We will see that € o r;

accordingly, we expand W(r), keeping the terms r*, €*, and
€2r?, which gives
W) = 2mae’ 3Z, N 3Z.€*
= 4LTT _——
r ace Nne 5 225
N Z1Zyxr  2Z1Zpx%e? ©6)
3Z. 157, ’
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where x = r/a.. The optimal value of € is found by minimizing
W (r), which gives

€2 =52,2,x*/ 7> (C7)
At this €,
2 2 272 4
woy= S | —09zny Al (I _ AL (1)
ae 2Z. \a, 2713 \ a,
(C8)

Substituting this into Eq. (A1), we reproduce Eq. (11).

We have derived the interaction energy for a specific
choice of the ellipsoid center; it satisfies the minimum energy
requirement with respect to variations of €. Now we sketch the
proof that this solution is exact up to the > order and minimizes
energy with respect to any perturbations of the drop’s shape.

Note that the minimum energy requirement is equivalent to
the condition of constant (zero) total potential on the S surface.
We have explicitly checked that this condition is satisfied.
Moreover, we find that the potential induced by the ion charges
and the unperturbed electron spherical drop on the surface of
the exact perturbed electron drop is ~r2. It is important that
the shape is spherical in the r order (with our specific choice of
the coordinate origin). Therefore the deviation of the perturbed
surface from the unperturbed one is ~r2. Since the potential
mentioned above is ~r2, the shape correction ~r3 contributes
only to the energy corrections ~r> and higher. However, it is
easily seen that there are no odd-order energy terms; hence
the expansion is correct up to the terms ~r>. The absence
of the odd-order terms is intuitively obvious, because all the
intermediate equations respect the symmetry transformation
r — —r, 8 - m — 6, and 6 is then integrated out in order to
obtain the energy. Note that this symmetry is consistent with
the Widom expansion [36].
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