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Coulomb excitation of neutron-rich Cd isotopes
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The isotopes 122,124,126Cd were studied in a “safe” Coulomb-excitation experiment at the radioactive ion-beam
facility REX-ISOLDE at CERN. The reduced transition probabilities B(E2; 0+

g.s. → 2+
1 ) and limits for the

quadrupole moments of the first 2+ excited states in the three isotopes were determined. The onset of collectivity
in the vicinity of the Z = 50 and N = 82 shell closures is discussed by comparison with shell model and beyond
mean-field calculations.
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I. INTRODUCTION

The region of the nuclear chart around the doubly magic
nucleus 132Sn is of special interest for nuclear physics. Due to
the proximity to the closed shells Z = 50 and N = 82, it is
expected that the structure of these nuclei can be described as
few-particles/holes configurations coupled to the 132Sn core.
When approaching the N = 82 shell closure following the
cadmium isotopic chain (Z = 48), an anomalous behavior of
the energies of the first excited state 2+

1 is observed, with the
energy in 128Cd being lower than the one in 126Cd. On the
other side of Z = 50, the Te isotopes (Z = 52), which have
two valence protons, show the “normal” behavior of increasing
excitation energies when approaching a shell closure. The
comparison between the energies of the 2+ states and model
predictions for Cd may indicate a possible quenching of the
spherical N = 82 shell closure when moving away from the
valley of stability [1]. Besides the nuclear structure interest,
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the understanding of the nuclei around the doubly magic
isotope 132Sn is also important for the understanding of
nucleosynthesis processes. The mass calculations from [2],
which also include shell quenching, led to a considerable
improvement of the solar element abundances in r-process
calculations [3]. The spherical shell quenching in the r-process
waiting point nuclei needs to be confirmed experimentally.

When the N = 82 cadmium isotope 130Cd became exper-
imentally accessible, based on the agreement between the
measured Qβ value with a couple of theoretical calculations,
Dillmann et al. [4] concluded that this is an evidence of shell
quenching. The subsequent measurements of the masses of the
cadmium isotopes at ISOLTRAP, CERN, disagree with this
hypothesis and show no irregularities but a smooth decrease in
the mass excess towards the N = 82 shell closure [5]. Recent
measurements of the excitation scheme of 130Cd following
the decay of the 8+ isomer also showed no evidence of
a reduction of the N = 82 shell gap [6] and shell-model
calculations are able to reproduce these experimental results
very well. Jungclaus et al. [6] propose that the anomaly in the
2+ energy in 128Cd is caused by the presence of quadrupole
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collectivity close to the N = 82 shell closure rather than by
shell quenching. Beyond mean-field calculations are also able
to explain the E(2+) anomaly in the Cd isotopes without using
quenching of the N = 82 shell closure [7]. However, they
predict that the cadmium isotopes are weakly deformed. This
is quite surprising considering the proximity of these isotopes
to the Z = 50 and N = 82 shell closures. For a long time the
cadmium isotopes were considered as a textbook example for
spherical vibrational nuclei based on the existing information
on their excited states [8]. A more detailed recent analysis,
including more data on transition rates and branching ratios
in the midshell region, put some doubt on this simple picture
concerning multiphonon states [9].

To study the evolution of nuclear structure and possible
deformation around the Z = 50 and N = 82 shell closures,
not only the energies of the 2+

1 excited states but also the
evolution of the B(E2; 0+

g.s. → 2+
1 ) values is of paramount

importance. As it is a challenge to produce the neutron-rich
cadmium isotopes towards N = 82, the heaviest isotope with
a known B(E2) value prior to the present experiment was
122Cd. In this work we proceeded further towards the N =
82 shell closure. The development of RIB facilities, such as
REX-ISOLDE at CERN, allows for Coulomb excitation stud-
ies of many new isotopes. In fact, such measurements in heavy-
mass nuclei have become standard within the last decade
[10,11]. Low-energy Coulomb-excitation measurements of
even-even isotopes are sensitive to the 〈2+

1 ||M(E2)||0+
g.s.〉, and

to a certain extent to the 〈2+
1 ||M(E2)||2+

1 〉 matrix elements.
Hence, also information on the shape of the nucleus can
be deduced. In two experimental campaigns, the reduced
transition probabilities in the isotopes 124Cd and 126Cd were
measured for the first time and the already known B(E2) value
in 122Cd [12] was remeasured as a reference.

II. EXPERIMENTAL METHOD

A. Radioactive ion-beam production and experimental setup
for Coulomb-excitation measurements

The two experiments were performed at the ISOL ra-
dioactive ion-beam facility REX-ISOLDE at CERN. For the
production of the cadmium isotopes a heated UCx /graphite
target (≈50 g/cm2 238U and ≈10 g/cm2 carbon) was used. A
1.4 GeV proton beam, provided by the PS-Booster, hit a
tungsten rod, used as a neutron converter to enhance the
Cd yield, and a cocktail of isotopes was produced following
neutron-induced fission of the target. The average intensity of
the proton beam was 3 × 1013 protons/pulse. The isotopes pro-
duced diffuse out of the target at different rates depending on
their chemical properties. For the Cd case, the use of a neutron
converter reduces the amount of isobaric cesium contamina-
tion in the beam. During the second experimental campaign, a
new quartz transfer line was used at the primary target, which
significantly improved the beam quality reducing the cesium
content of the beam to a negligible amount. The suppression
of Cs was proven in a separate measurement with a �E-E
telescope, consisting of an ionization chamber and a silicon
surface barrier detector [11,13]. However, in this measurement
the Cd and In isotopes could not be separated, therefore no

quantitative estimation of the beam composition was possible.
To determine the beam composition other methods were used
(see Sec. II B). The selective ionization of the cadmium atoms
using RILIS (Resonant Ionization Laser Ion Source) enhances
the cadmium content extracted from the primary target [14].
After ionization, the singly charged ions are extracted with
30 kV, mass separated in the general purpose separator (GPS)
and then sent to the REX postaccelerator [15].

At REX-ISOLDE the ions are first cooled and bunched
in a Penning trap (REXTRAP) and then charge bred in the
Electron Beam Ion Source (EBIS) to a mass-to-charge ratio
smaller than ≈4.5, which is the limit of the REX-LINAC.
For the cadmium beams charge states 30+ (124Cd) and 31+
(122Cd and 126Cd) were used. A breeding time of 250 ms was
necessary to reach these charge states. For the most exotic
isotope studied in the present experiment, 126Cd, which has
a half-life of T1/2 = 0.515 s, this leads to about 28% in-trap
decay of the cadmium inside the EBIS. This decay together
with the isobars coming from the primary target contribute to
the contamination in the beam. After a second mass separation,
the beam is postaccelerated in the REX-LINAC up to an energy
of 2.85 MeV/nucleon and then sent to the Miniball setup for
the Coulomb-excitation experiment.

At the Miniball setup [11] (Fig. 1), the emitted γ rays
are detected in a germanium detector array (Miniball) and
the ejectiles and recoils are detected in a double-sided
silicon-strip detector (DSSSD) [16]. Miniball consists of eight
cluster detectors, each of them containing three individually
encapsulated HPGe crystals. The clusters are arranged in a
close geometry (covering ≈60% of the total solid angle)
around a target chamber that contains a target wheel and
the particle detector. The total efficiency of the Ge detector
array is around 7% at 1.3 MeV. The DSSSD consists of four
individual detectors (quadrants) with a thickness of 500 μm.
Each quadrant is segmented on the front side in 16 annular
rings and on the back side in 24 radial strips. Each pair of strips
is coupled together and in total 12 radial read-out signals are
available. This corresponds to an azimuthal angular resolution
in φ of 6.8◦. The rings have a pitch of 2 mm and the innermost
ring has an inner radius of 9 mm. The average distance between
the secondary target and the particle detector was 31 mm which
corresponds to an angular coverage 15◦ < θlab < 50◦.

The first excited states in 122,124,126Cd were populated via
“safe” Coulomb excitation. The beams of 122Cd and 124Cd
bombarded 2 mg/cm2 108Pd and 104Pd targets, respectively.
These targets were chosen because of the optimal Coulomb-
excitation cross section they provide at the energy achievable
with REX-ISOLDE. In the second measurement, a 1.8 mg/cm2

64Zn target was used for the study of 124Cd and 126Cd. Even
though this target does not provide the highest Coulomb-
excitation cross section, it was chosen as it allows a kinematic
separation of particle and target nuclei in the detector setup,
which was not the case with the palladium targets. In a semi-
classical treatment the condition for safe Coulomb excitation
can be interpreted geometrically such that the nuclei should
always be kept at a distance b(θ ) � R1 + R2 + � from each
other, with a safety distance � ≈ 5 fm for heavy systems [17].
The semi-classical treatment of our projectile-target systems
can be justified as the Sommerfeld parameter is η ∼ 130 for
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FIG. 1. (Color online) Miniball setup. (a) Target chamber for the
Coulomb excitation setup, surrounded by the Ge cluster detectors. (b)
Particle detector (DSSSD) and target wheel inside the target chamber.

the Zn target and η ∼ 200 for the Pd target (for “safe” Coulex
it is necessary that η � 1). With our experimental conditions
and for the observable center-of-mass angles � � 15 fm was
always fulfilled and a contribution from nuclear interaction
could be excluded.

B. Data analysis

The beam delivered to the Miniball setup was not iso-
topically pure. Several methods can be used to determine the
amount of isobaric contamination in the beam. The first one
uses the fact that when the RILIS laser is off, due to its higher
ionization potential compared to cesium and indium, almost
no cadmium is extracted from the target. Therefore, only the
isobaric contaminants, which are easily surface ionized, are
present in the beam. In Fig. 2 the prompt γ -ray spectrum
detected in coincidence with particles in the DSSSD for the
A = 122 beam is shown as an example, measured in laser-on
[(blue) solid line] and laser-off [(red) dashed line] mode. The
transition from the deexcitation of the first 2+ state in 122Cd at
569 keV, which is clearly visible in the “laser on” spectrum,
disappears when the laser is off. By comparing the intensity
of the target excitation (γ -ray line at 434 keV) or the number
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FIG. 2. (Color online) Prompt γ -ray spectrum in coincidence
with particles from the 122Cd measurement (no Doppler correction is
applied). The (blue) solid line shows the spectrum taken in laser-on
mode and the (red) dashed one in laser-off mode.

of elastically scattered projectiles in the DSSSD with laser on
and off, the amount of isobaric contamination in the beam can
be determined. For the 126Cd beam, one also has to take into
account the decay of this isotope in the EBIS and correct the
beam composition accordingly.

Another method to determine the beam composition uses
the fact that the isotopes in the provided beam are unstable
and undergo a β decay. This method has higher systematic
uncertainty compared to the previous one, as the γ rays are not
emitted from a point-like source, rather from particles scattered
throughout the target chamber. Therefore, the efficiency
calibration obtained with a point-like 152Eu source cannot be
used for the decay study. However, with a simultaneous fit of
the efficiency and the amount of each isotope to the γ -ray
yields following the β decay, the relative amount of each
isotope in the beam can be determined. The method could
only be used for the 124,126Cd beams because 122Cd decays
directly to the ground state of 122In and no γ rays are observed
in this case. The mean values for the fraction of cadmium ions
in the beam for each mass are given in Table I.

During the experiment it was found that the beam was
not positioned exactly in the center of the target. For the
determination of the scattering angles of the particles, needed
later for Doppler correction and differential cross section

TABLE I. Properties of the beams used. The beam intensity NCd

represents the amount of cadmium isotopes reaching the secondary
target at Miniball. The fraction of cadmium isotopes in the beam is
fCd. The relatively low yield NCd of 124Cd on the 64Zn target is due to
the aging of the production target towards the end of the experiment.

Beam Target Etot (MeV) NCd (pps) fCd (%) Isobaric
contaminants

122Cd 108Pd 347.7 1.0 × 104 58(1) In, Cs
124Cd 104Pd 353.4 2.4 × 103 18(1) In, Cs
124Cd 64Zn 353.4 6.6 × 103 79(4) In
126Cd 64Zn 359.1 1.1 × 104 45(1) In
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FIG. 3. (Color online) Total number of events in the Rutherford
scattering peak in the particle detector as a function of 1/sin4(�c.m./2).
Without an offset the angular ranges correspond to strips numbers 3,
4, 5, and 6 for each quadrant of the DSSSD detector. The lines
are to guide the eye. The shape follows the Rutherford scattering
cross section. (a) With the beam assumed to be passing through the
geometric center of the DSSSD, (b) with the corrected beam position.

(dσ/d
) determination, the exact beam position is necessary.
To determine the beam shift, the number of elastically scattered
particles in several intervals �θlab, corresponding to the width
of one ring in the DSSSD, were compared for the four
quadrants. For each quadrant the numbers should follow the
Rutherford (elastic) cross section and, when the beam is in the
center, the number of events for each interval in the different
quadrants should be the same. In Fig. 3(a) the correlation
assuming that the beam passes through the geometric center
of the target is plotted. Different rates are observed in the four
quadrants, which shows that the beam was off center. The
same correlation, after correcting the beam position, is shown
in Fig. 3(b). In this case the same rates are observed in all
quadrants, as expected. Beam shifts of the order of 1.5 mm
were observed for the different beams.

The finite size of the beam spot also has an effect on the
correct scattering angle determination. With a Monte Carlo
simulation it was estimated that the contribution of this effect is
smaller than the uncertainty arising from the strip size. Hence,
in the following analysis, a point-like beam was assumed.

Data with absolute time stamps from a 40-MHz clock were
collected during the beam time [11]. The data were sorted
offline in particle-γ coincident events within a 6-μs time
window. The particle-γ time-difference spectrum is shown
in Fig. 4. Prompt coincidences were selected using a 220-ns
gate in the particle-γ time spectrum. The γ -ray detection
efficiency was increased by using an offline add-back scheme.
Due to the pulse-height deficit [18] and the dead layer of the
silicon detectors, it is very difficult to make a proper energy
calibration for heavy ions. The energy of the particles, used for
Doppler correction, was calculated from the angles measured
with the DSSSD using the correlations for inelastic scattering
kinematics. The type of the detected particle (ejectile or recoil)
was determined from the deposited energy versus scattering-
angle correlation (Fig. 5). However, this was possible only in
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FIG. 4. (Color online) Particle-γ time-difference spectrum. The
windows of prompt and random coincidences are indicated.

the measurements with 124,126Cd beams on the zinc target. For
the palladium targets no kinematic separation was possible. As
a result, it was not possible to make a good Doppler correction,
which, especially for the 124Cd case where the energies of
the 2+

1 → 0+
1 transitions in the projectile and the target lie

very close, hindered the estimation of the γ -ray yields for the
transitions.

The final results of the analysis are the prompt γ -ray
spectra with subtracted random background (normalized to
the width of the prompt window) shown in Fig. 6. The
energies of the γ rays are Doppler corrected with respect to
the velocity of the emitting nucleus, reconstructed from the
measured scattering angle. The results of the measurement
of the Coulomb excitation reaction of 122Cd on 108Pd target
are shown in Fig. 6(a). The spectrum is free from radioactive
decay background and only the 2+

1 → 0+
g.s. transitions in the

projectile and the target are present. The tail on the cadmium
peak is a result of the incomplete Doppler correction, due to
the insufficient kinematic separation of the projectile and target
nuclei. In Fig. 6(b), the result from the measurement of 124Cd
on a 64Zn target is plotted. Again, only the transitions from
the first excited state to the ground state in the projectile and
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FIG. 5. (Color online) Particle energy vs. scattering angle for the
A = 124 beam on a 64Zn target. The scattered projectiles can be
clearly separated from the recoiling target nuclei.

014313-4



COULOMB EXCITATION OF NEUTRON-RICH Cd ISOTOPES PHYSICAL REVIEW C 89, 014313 (2014)

 0

 20

 40

 60

 80

 100

 120

 0  200  400  600  800  1000  1200  1400

C
ou

nt
s/

2 
ke

V

Eγ (keV)

124Cd
613 keV

64Zn
992 keV

(b)

 0

 20

 40

 60

 80

 100

 0  200  400  600  800  1000  1200  1400

C
ou

nt
s/

2 
ke

V

Eγ (keV)

126Cd
652 keV

126In
243 keV

64Zn
992 keV

(c)

 0

 20

 40

 60

 80

 100

 120

 140

 0  200  400  600  800  1000  1200  1400

C
ou

nt
s/

2 
ke

V

Eγ (keV)

108Pd
434 keV

122Cd
569 keV

(a)

FIG. 6. Background-subtracted projectile Doppler-corrected γ -
ray spectra taken in laser-on mode for the (a) 122Cd, (b) 124Cd, and
(c) 126Cd measurement, respectively. The energies of the 2+

1 → 0+
g.s.

transitions in the projectile and target nuclei are indicated.

target nuclei are present. For the A = 126 beam (see Fig. 6(c)),
besides the γ rays associated with the 2+

1 → 0+
g.s. transition in

64Zn and 126Cd, there is an additional transition at 243 keV
assigned to the Coulomb excitation of the 126In isotope, which
was present in the beam as well. This transition was previously
reported by Hellström et al. [19] and Scherillo et al. [20]
and was tentatively assigned to the decay of a 30 μs isomer
in the indium isotope. In both cases the isomeric state has

TABLE II. Experimental relative γ -ray yields as extracted from
the data.

Measurement γ -ray yield θlab (◦)

projectile target
2+

1 → 0+
g.s. 2+

1 → 0+
g.s.

122Cd + 108Pd 781(28) 1780(45) 15–52
124Cd + 104Pd 82(9) 138(6) 15–32

46(7) 98(5) 33–51
124Cd + 64Zn 63(8) 27(5) 18–24

93(10) 35(6) 27–50
126Cd + 64Zn 235(15) 131(11) 10–24

396(20) 251(16) 20–50

been populated from above. In the present experiment the
transition appears to be prompt (it can be observed when the
spectrum is Doppler-corrected with respect to the projectile
velocity) and it is populated via Coulomb excitation. This
implies that there is another transition (possibly with low
energy) between the isomer and the 243 keV state which
was not seen in the previous measurements. Details on the
observation of the In isotope will be published elsewhere. The
yields for the transitions in projectiles and targets from the
different measurements are summarized in Table II. The con-
version coefficients at the excitation energies in the cadmium
isotopes are much smaller than 0.005 and conversion electron
correction has no impact on our results [21].

III. ANALYSIS AND RESULTS

A. Coulomb-excitation cross section

As a measure for the Coulomb-excitation cross section, the
integrated particle-γ coincidences, detected in the Miniball
setup, are used. The cross section for Coulomb excitation of
the projectile, σP , is determined relative to the cross section
for the target excitation, σT , that is already known, according
to the relation

σP = σT

NP
γ

εP
γ

εT
γ

NT
γ

1

fCd
, (1)

where NP,T
γ are the experimental γ -ray yields for the 2+

1 →
0+

g.s. transitions in the projectile and the target. In Eq. (1), fCd

represents the fraction of cadmium ions in the beam and εP,T
γ

are the relative efficiencies of the Ge detectors at the energies
of the 2+

1 → 0+
g.s. transitions in the projectile and target nuclei,

respectively. This method has the advantage that no absolute
γ -ray detection efficiency or dead-time correction are needed.
The Miniball cluster detectors are placed at angles where the
effect of the deorientation of the nuclear states is the smallest,
therefore, the total yield is not affected by the change in the
angular distribution of the γ rays.

To calculate the Coulomb-excitation cross sections, the
CLX/DCY code [22], which is based on the original Winther and
de Boer code [23], was used. The calculations take into account
the energy loss in the target. The cross section is a function of
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a transition matrix element M20 and a diagonal matrix element
M22, which are connected to the reduced transition probability
B(E2) and the spectroscopic quadrupole moment of the 2+

1
state Qs via the relations

M20 = 〈2+
1 ‖M(E2)‖0+

g.s.〉 =
√

B(E2; 0+
g.s. → 2+

1 )

M22 = 〈2+
1 ‖M(E2)‖2+

1 〉 =
√

7

2π

5

4
eQs(2

+
1 ) .

The Coulomb-excitation cross section for the target is
calculated using the already known matrix elements (see
Sec. III B). Then, using Eq. (1), the experimental cross section
for the projectile excitation is determined. Afterwards, a map
of possible pairs of the transition M20 and diagonal M22 matrix
elements is determined with a fit to the experimental cross
section.

Other matrix elements were not included in the calculation.
At the final beam energy of 2.85 MeV/nucleon, which is
much smaller than the energy for “safe” Coulomb excitation,
deexcitation from higher-lying excited states was not observed
in the data. The effect of this feeding was studied by comparing
the results of the CLX/DCY calculations with and without
higher-lying states included. The contribution to the M22 and
M20 matrix elements is an order of magnitude smaller than
the uncertainty of our measurement. Therefore, feeding of the
2+

1 excited state from above was not taken into account in the
subsequent analysis.

B. Determination of the transition and
diagonal matrix elements

The matrix elements M20 and M22, used to calculate
the Coulomb-excitation cross section for the employed tar-
gets, are listed in Table III. The quadrupole moment of
the 2+

1 state in 108Pd has been studied in a number of
experimental works [24–28]. Two values for the quadrupole
moments were given, one obtained with constructive
interference between the direct excitation of the first 2+ state
and excitation via the second 2+ state and the other one with
destructive interference. The authors of references [24–26]
find that there is more evidence supporting constructive
interference, therefore, for the current analysis the value for
the diagonal matrix element is calculated as a weighted mean
of the quadrupole moments from all the above mentioned
studies obtained with constructive interference. The values
from destructive interference were not taken into account.

TABLE III. Target parameters used for the calculations of the
Coulomb-excitation cross section.

Target d (mg/cm2) M20 (eb) M22 (eb)

104Pd 2.0 0.731(24)a −0.33(12)b

108Pd 2.0 0.872(11)a −0.666(33)c

64Zn 1.8 0.406(4)a −0.013(100)d

aB(E2) value from Ref. [29].
bFrom Ref. [30].
cWeighted mean value from [24–28].
dFrom the results in Ref. [31].

For the 64Zn target, two measurements of the quadrupole
moment of the 2+

1 excited state via Coulomb excitation
with inconsistent results exist. The measurement of Salém-
Vasconcelos et al. [32] resulted in a rather large quadrupole
moment [mean value Qs(2

+
1 ) = −0.29(4) eb], while Koizumi

et al. [31] give a value consistent with zero. We studied the
excitation probability by comparing the number of elastically
scattered particles (Rutherford cross section) with the number
of deexcitation γ rays from the target (Coulomb excitation
cross section) from our measurement. This procedure results
in better agreement of the experimental ratio of the measured
cross sections with the calculated ratio when the quadrupole
moment of the 64Zn is assumed to be zero. For this calculation
it was assumed that the excitation probability for 64Zn does
not change with the charge of the projectile in our case
(Z = 48 and Z = 49). Even though our experiment was not
optimized to extract a precise value of the quadrupole moment
Qs(2+) from the absolute cross section, based on the above
considerations we used a vanishing quadrupole moment for
the 2+state in 64Zn, as given in [31], to obtain the results
presented in this paper. The same analysis with the large
quadrupole moment of the 2+

1 state in 64Zn decreases the
deduced quadrupole moment for the 2+

1 state in the cadmium
isotopes by about an order of magnitude while the determined
B(E2) values for the excitation of this state remain the same
within error bars.

Taking into account the proximity of the cadmium isotopes
studied to the closed shells Z = 50 and N = 82, we first ana-
lyzed the data for each isotope assuming that the quadrupole
moment of the 2+

1 state is zero. The transition matrix element
M20 was varied until the experimental values for the measured
deexcitation rate were reproduced. The results for the three
cadmium isotopes are given in Table IV. The errors include
statistical errors and systematic uncertainties, that are due to
the error in the determined beam composition and the
efficiencies of the Ge detectors.

A more independent approach to determine the transition
M20 and diagonal M22 matrix elements is the maximum
likelihood method [33]. The likelihood function L is defined
as

L(M20,M22) =
N∏

i=1

f (xi ; M20,M22), (2)

TABLE IV. Transition and diagonal matrix elements for the
0+

g.s. → 2+
1 transition in the cadmium isotopes.

Isotope M20 (eb), Estimators

if M22 = 0 (eb) M20 (eb) M22 (eb)

122Cd 0.636(20) 0.64+0.16
−0.17 −0.04+4.0

−2.0

124Cd 0.594(38) 0.59+0.15
−0.18 0.09+3.9

−2.0

126Cda 0.536(17) 0.53+0.07
−0.08 0.10+1.7

−1.1

126Cdb 0.535(17) 0.52+0.05
−0.07 0.35+1.4

−0.9

aWithout lifetime constraint.
bWith lifetime constraint.
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where f (xi ; M20,M22) is the probability density function
(p.d.f.) of the unknown parameters M20 and M22 for i
independent data sets xi . For the p.d.f a Gaussian distribution
with a standard deviation determined from the statistical
error of the γ -ray yields and the systematic errors coming
from efficiency calibration and the uncertainty in the beam
composition was assumed. The effect of the matrix elements on
the Coulomb-excitation cross section is quite different at small
and large center-of-mass angles. Therefore, the measurements
of the cross section at small and large center-of-mass angles
were used as independent data sets. In the cases where the
lifetime of the first 2+

1 state is known, a third independent
distribution was constructed with this data. The maximum
likelihood estimators are found by solving the equation

∂ lnL
∂M20,22

= 0 . (3)

The 1σ contour for the likelihood function is described by the
solution of the equation

lnL = lnLmax − 1/2 . (4)

We applied the maximum likelihood method to the data, but
due to the low statistics quite large 1σ contours are obtained,
what leads to large uncertainties in the determined matrix
elements, in particular the diagonal ones. The description
of this analysis for each isotope follows and at the end the
estimators for M20 and M22 are given.

a. 122Cd The Coulomb-excitation cross section for the
excitation of the 2+

1 state in the 122Cd isotope was calculated
varying the transition matrix element M20 from 0 eb up to
1.2 eb, and the diagonal matrix element M22 from −4 eb
to 4 eb. Sets of matrix elements (M20, M22), that reproduce
the experimental cross section, were determined throughout
these ranges. The experimental cross section was measured
in the range 31◦ < �c.m. < 150◦ (the range limits vary ±4◦
for the different quadrants of the particle detector as the beam
was not passing through the geometric center of the detector)
and it was used to construct the first probability function for
the maximum likelihood analysis. A second function for the
likelihood analysis was constructed assuming a constant M20

matrix element, corresponding to the measured lifetime of
15±7 ps [12] (M20 = 0.670 ± 0.156 eb), for the entire range
of M22 values. The resulting 1σ contour is plotted in Fig. 7(a)
and the values for the estimators are presented in Table IV.
The maximum-likelihood ellipse does not close on the positive
side of M22 values, but as values outside of the plotted range
are unphysical this region was not studied and is not shown in
the figure.

b. 124Cd In the case of 124Cd, the measurements with
different targets provided the possibility for the construc-
tion of several independent probability density functions.
With the 64Zn target, the Coulomb-excitation cross section
was determined for small (54.9◦ < �c.m. < 76.1◦) and large
(79.6◦ < �c.m. < 125.5◦) scattering angles. Ranges that do not
overlap are chosen, so that the effect of the quadrupole moment
of the 2+ excited state on the Coulomb-excitation cross section
is enhanced. The same was done for the data on the 104Pd
target where one function for the ranges 33◦ < �c.m. < 71◦
and 115.6◦ < �c.m. < 148◦, which due to the kinematics could
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M
20
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(a) 122Cd

3 2 1 0 1 2 3 4
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0.7

0.8
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(b) 124Cd
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(c) 126Cd

FIG. 7. (Color online) 1σ regions determined with the
maximum-likelihood approach, for the diagonal M22 and transition
M20 matrix elements for the 2+

1 state in (a) 122Cd, (b) 124Cd, and
(c) 126Cd. The error ellipses determine the possible combinations
of M22 and M20 values for each isotope. For 126Cd two ellipses
are shown—solid line contour, which includes only the Coulomb
excitation data in the likelihood function and a density plot, created
with a likelihood function which contains also the lifetime p.d.f. The
solid lines in (a) and (c) represent the 1σ boundary for M20 derived
from lifetime measurements.
not be separated, was constructed. The second function was for
the range 73.5◦ < �c.m. < 113.7◦. The results are presented
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in Fig. 7(b) and in Table IV. It should be noted that also in this
case the ellipse does not close at high M22 values, due to the
small statistics of the measurement.

c. 126Cd Two of the maximum likelihood functions for 126Cd
were built from the data measured at small (38◦ < �c.m. <
77◦) and large (79.5◦ < �c.m. < 139.5◦) scattering angles. For
the third one, the B(E2) value calculated from the lifetime of
the 2+

1 state was used.
The lifetime of the 2+

1 state was determined in a recent
Coulomb-excitation experiment at Miniball with a 126Cd beam
on a thick 64Zn target using the Doppler-shift attenuation
method (DSAM) [34]. The predictions for the lifetime of
the 2+

1 state are 9.6 ps (using the Raman rule [29]) or 13 ps
(see Sec. IV, Grodzins rule). Hence, this method was chosen
for a first attempt to measure the lifetime directly. For the
measurement only 20 of the Miniball Ge detectors were
working. In a standard DSAM setup all detectors are placed at
the same θ angle and the spectra can be summed which gives
the advantage of having higher statistics. That is an essential
difference to the Miniball setup where all the detectors have
different angles. Thus, the spectra from the different detectors
cannot be added which results in much lower statistics for the
individual angles. However, with the newly developed DSAM-
code APCAD [35] the data from a multi-angle measurement can
be analyzed by simultaneously fitting all the spectra.

The fit of the peak shape was performed using the HYPER-
MET function [36], which consists of a Gaussian function with
an additive tail, as it describes best the detector response. The
lineshape depends on the angle of the emitted photon with
respect to the trajectory of the projectile, the kinetic energy
of the projectile and the lifetime of the excited state. The
angular distribution of the γ rays was taken into account.
The trajectory and the stopping process can be calculated in
a Monte Carlo simulation based on GEANT4, which gives the
stopping matrix. Using this matrix and the θ and φ angles of the
detectors, one can calculate the lineshape of a transition with
the lifetime as a free parameter. The only other free parameter
is the sum intensity of the transition in all the 20 detectors. As
the intensities of the peaks in the different detectors are not
fitted separately and due to the low statistics, the fits at different
angles have different quality and do not always reproduce the
measured intensity. The analysis resulted in a lifetime

τ (2+
1 ) = (

14.9
(+16.8
−5.0

)
stat

± 0.7model
)

ps

and the corresponding χ2 distribution is shown in Fig. 8. The
statistical error is determined by a change in the χ2 values
with one unit. The model error is due to the uncertainty in
the stopping power. The DSAM method is best applicable
for shorter lifetimes of the order of 10 ps or less. Due to the
obviously too long lifetime of 126Cd and the low statistics
of the measurement, the result has a large error. One can
see that only a lower limit of the lifetime of 9.2 ps can be
given with confidence. The upper limit of the lifetime cannot
be determined reliably. Small uncertainties in the calculated
stopping power and the high statistical error lead to big
changes in the upper limit of the lifetime resulting in a flat
χ2 distribution. From this new experimental finding, we can

 1730

 1730.2

 1730.4

 1730.6

 1730.8
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 1731.2

 1731.4

 10  15  20  25  30

χ2

τ (ps)

τ (ps)

Δ 
χ2 =

1
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FIG. 8. χ 2 distribution for the DSAM fits (χ 2
red,min = 1.23). At

τ = 9.9 ps and τ = 31.7 ps the value of χ 2 has changed by 1, which
determines the standard deviation of the lifetime of the 2+ state (τ2+ =
14.9 ps).

conclude that for a more precise lifetime measurement the
recoil-distance Doppler-shift method is much better suited.

Figure 7(c) shows the 1σ contour for the matrix elements
for 126Cd and the estimators are listed in Table IV. A much
smaller B(E2) value as compared to the other two cadmium
isotopes is obtained. Small quadrupole moments consistent
with zero were determined for all three isotopes (Table IV)
and no considerable deformation could be observed.

IV. THEORETICAL INTERPRETATION AND DISCUSSION

The information on the B(E2; 0+
g.s. → 2+

1 ) values in the
neutron-rich Cd isotopes towards the closed shell N = 82 is
summarized in Fig. 9 and in Table V. We determined a tran-
sition strength of 22.7(83) W.u. in 122Cd, which is consistent

 0

 0.1

 0.2

 0.3

 0.4

 0.5

 0.6

 0.7

 68  70  72  74  76  78  80  82

B
(E

2;
0+ gs

→
2 1+

) 
(e

2 b2 )

N

this work
Zamfir 1995

mod. Grodzins rule
SM jj45a
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beyond mean field

FIG. 9. Systematics of the B(E2; 0+
g.s. →2+

1 ) values for the
cadmium isotopic chain as a function of the neutron number. The
results from the shell-model calculation are marked with SM followed
by the name of the interaction used in the calculation; Zamfir 1995
shows the results from Ref. [12].
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TABLE V. Comparison of the experimental transition probabilities B(E2; 0+
g.s. → 2+

1 ) and the spectroscopic quadrupole moments Qs(2
+
1 )

of the 2+
1 excited state in the cadmium isotopes with shell model and beyond mean-field [7] calculations.

Isotope Experimental values Theoretical predictions

Shell model jj45pna Beyond mean field

B(E2) (e2b2) Qs (eb) B(E2) (e2b2) Qs (eb) B(E2) (e2b2) Qs (eb)

122Cd 0.41(20) −0.03+3.0
−1.6 – – 0.390 −0.446

124Cd 0.35(19) 0.07+2.9
−1.5 0.294 0.228 0.335 −0.418

126Cda 0.27(6) 0.27+1.1
−0.7 0.219 0.094 0.267 −0.415

aWith lifetime constraint.

with the previous measurement, and in 124Cd and 126Cd, which
were measured for the first time, strengths of 18.8(75) W.u. and
14.3(24) W.u., respectively. The experimental results from this
work are compared with the systematics values obtained using
a modified Grodzins rule [37] and with several theoretical
calculations.

The Grodzins systematics allows for an estimation of the
collectivity of a state. It relates small transition energies to large
transition probabilities and vice versa. The modified Grodzins
rule gives the B(E2; 0+

g.s. → 2+
1 ) value as

B(E2; 0+
g.s. → 2+

1 )[e2b2]

= 2.57
Z2

A2/3

1

E2+
1
[keV]

(1.288 − 0.088(N − Ñ )) ,

where Ñ is the neutron number for which the mass within
an isobaric chain reaches its minimum and the numerical
coefficients are determined from a fit to the experimentally
known B(E2; 0+

g.s. → 2+
1 ) values in this mass region [37]. The

expected decrease in the transition strength towards the shell
closure is observed. Our results are relatively close to the
systematics and follow the same trend.

The transition strengths B(E2) and the quadrupole mo-
ments Qs(2

+
1 ) in the neutron-rich cadmium isotopes were

calculated using the shell model and a beyond mean-field
approach. Within the shell model, two interactions were used,
namely the jj45pna [38] and Napoli interactions [20,39–41].
For the effective charges eπ = 1.35 and eν = 0.78 were used,
as in Ref. [41]. The results with the two interactions are
identical at the shell closure and the difference increases when
going away from it (Fig. 9).

The beyond mean-field (BMF) calculation was performed
using a symmetry conserving configuration mixing approach
[7]. Particle number and angular momentum restoration, as
well as axial quadrupole shape mixing were taken into account.
The interaction (Gogny D1S [42]) was adjusted to reproduce
global properties (masses and radii) of some selected nuclei but
can be applied along the whole nuclear chart without additional
fine tunings.

The experimental B(E2) values are well reproduced by the
BMF calculations and even by the simple Grodzins systematics
(see Fig. 9). Shell-model calculations, which are available only
starting from 124Cd, are a bit lower than the measured transition
strength. In both 124Cd and 126Cd, a collectivity higher than the
one predicted by the shell model observed, which is surprising

for nuclei that are a small number of valence holes away from
the closed shells Z = 50 and N = 82.

Although successful in the prediction of transition
strengths, the BMF calculations overestimate the quadrupole
deformation in the studied Cd isotopes. They predict a large
prolate deformation of the first excited states in the cadmium
isotopes in the vicinity of the shell closure but experimentally
rather spherical shape is observed. This is in agreement with
the results from a laser spectroscopy measurement of ground-
state quadrupole moments in the odd-mass Cd isotopes [43].
High-precision lifetime measurements for the three isotopes
would help determine the value of the quadrupole moment
of the first excited state with much smaller uncertainty, when
available.

V. SUMMARY

In an experiment at REX-ISOLDE, CERN, the reduced
transition probabilities B(E2; 0+

g.s. → 2+
1 ) for the excitation

of the 2+
1 state in the isotopes 122,124,126Cd were measured

using Coulomb excitation. The obtained values are 0.41(20)
e2b2, 0.35(19) e2b2, and 0.27(6) e2b2, for 122Cd, 124Cd, and
126Cd, respectively. Furthermore, a first attempt to measure
the quadrupole moments of the first 2+ states was made.
The quadrupole moments, although determined with high
uncertainties, are in agreement with the quadrupole moments
observed in the odd-mass cadmium isotopes. Comparison with
several theoretical approaches shows that a beyond mean-field
theory describes experimental observations to a high degree of
agreement. The evolution of the B(E2) values with increasing
neutron number has the expected behavior of decreasing
transition strengths and shows no indication for possible shell
quenching at N = 82. Even though moderate collectivity is
observed, which is unusual for nuclei with so few valence
holes away from the closed shells, the measured quadrupole
moments indicate a spherical rather than deformed shape, as
opposed to the BMF theoretical predictions. To completely
discard the possibility for a reduction of the N = 82 shell gap,
the transition probabilities in the last two cadmium isotopes up
to the shell closure, 128Cd and 130Cd, need to be determined.
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