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Nuclear structure (energy levels, elastic and inelastic electron-nucleus scattering, and transition probability) of
23Na, 25Mg, 27Al, and 41Ca nuclei have been studied using shell-model calculations. A set of two-body interactions
are used in this paper. The universal sd of the Wildenthal interaction in the proton-neutron formalism, universal
sd-shell interaction A, universal sd-shell interaction B, and GXFP1 interaction for the fp shell is used with the
nucleon-nucleon realistic interaction Michigan three-range Yakawa as a two-body interaction for core-polarization
calculations. Two shell-model codes, CPM3Y and NUSHELL for Windows, have been used to calculate the results.
The wave functions of radial single-particle matrix elements have been calculated with harmonic-oscillator and
Woods-Saxon potentials. The level schemes are compared with the experimental data up to 5.776, 5.251, and
4.51 MeV for 23Na, 25Mg, and 27Mg, respectively. Very good agreements are obtained for all nuclei in this
study. Results from electron scattering form-factor calculations have shown that the core-polarization effects are
essential to obtain a reasonable description of the data with no adjustable parameters.
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I. INTRODUCTION

The two-body effective interaction is a key ingredient for
the success of the nuclear shell model, which determines
the accuracy of the shell-model calculations that assume an
appropriate core to be inert and a limited space (the so-called
model space and sufficient computing methods). The
effective interaction is used to understand nuclear properties
microscopically by starting with the realistic nucleon-nucleon
(NN) interaction and using quantum-mechanical many-body
theory. The earliest shell-model calculations [1] used a
simple square well potential between nucleons, but 50 years
of research have led to better interactions. The established
shell-model codes require an interaction to be constructed from
single-particle energies (SPEs) and two-body matrix elements
(TBMEs), given by 〈ab|V |cd〉JT ,where a, b, c, and d are
single-particle orbits, V is an effective two-body interaction,
and J and T are the spin and isospin of the coupled nucleons.
In shell-model calculations, to solve the eigenvalue problem,
many shell-model codes have been developed, such as OXBASH

[2], ANTOINE [3], NUSHELL [4], and NUSHELLX [5]. The effects
of core polarization (CP) on the nuclear form factor were found
to be necessary for enhancing the calculations to compare
with the experimental data [6,7]. The Michigan three-range
Yukawa (M3Y) interaction [8] has been derived from the
realistic NN interaction by fitting the Yukawa functions to
the G matrix. Represented by the sum of the Yukawa
functions, the M3Y-type interactions will be tractable in
various models. It has been shown that the M3Y interaction
gave matrix elements similar to some reliable shell-model
interactions [9]. Moreover, with certain modifications,
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M3Y-type interactions have successfully been applied to
nuclear reactions [10], including electron scattering. A class
of the M3Y-type interactions can be applied to the electron
scattering form-factor calculations by utilizing Elliott fitting.
In this paper, we will use the M3Y-Elliott-type interaction as a
residual interaction and will investigate the modification in the
calculations. The universal sd of the Wildenthal interaction
(USD) Hamiltonian [11] has provided realistic sd-shell
(0d5/2,0d3/2,1s1/2) wave functions for use in nuclear structure
models, nuclear spectroscopy, and nuclear astrophysics
for over two decades. It is also an important part of the
Hamiltonian used for the p-sd [12] and sd-pf [13–15] model
spaces [16]. The USD Hamiltonian is based on 63 TBMEs and
three SPEs given in Table I of Ref. [8]. The universal sd-shell
interaction B (USDB) and the universal sd-shell interaction A
(USDA) in the proton-neutron formalism are a new USD-type
Hamiltonian based on 66 parameters to fit 608 energy data
in sd-shell nuclei (A= 16–40) with a root-mean-square
deviation of 130 and 170 keV, respectively [16,17]. These new
interactions have clearly resolved the fluorine problem as well
as all of the oxygen isotopes [16]. The single-particle energies
for the 0d3/2, 0d5/2, and 1s1/2 orbitals are (in MeV) −1.9798,
−3.9436, and −3.0612 for the USDA interaction and
−2.1117, −3.9257, and −3.2079 for the USDB interaction.

Recently, electron scattering form factors with transition
probabilities have been calculated [18] for different states
in 10B, 32Sc, and 48Ca nuclei by using nuclear shell-model
calculations. The results with the inclusion of CP effects mod-
ify the form factors markedly and describe the experimental
values very well in the range of the momentum transfer (q)
values. Transverse electron scattering form factors of the first
three levels of the 25Mg nucleus have been calculated [19]
by using the Nilsson model of deformed nuclei with and
without collective contributions. The results for the energy
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levels considered give good overall agreement, although there
is no clear distinction between the various approximations for
the rotational current in the experimental data.

The present study is divided into two parts; the first part
is to calculate the energy levels and the probability current
density with different two-body effective interactions as a
residual interaction by using the shell-model code NUSHELL

for Windows. The USD-type Hamiltonians USDA and USDB
and the USD [20] interaction have been used to give the (0d5/2,
1s1/2, and 0d3/2) shell-model wave function for 23Na, 25Mg,
and 27Al. GXPF1 [21] has been used to give the (0f7/2, 0f5/2,
1p3/2, and 1p1/2) shell-model wave functions for 41Ca. The
second part is to calculate the longitudinal and transverse
electron scattering form factors from sd- and fp-shell nuclei
(23Na, 25Mg, 27Al, and 41Ca) by using the shell-model codes
CPM3Y (with and without inclusion core-polarization effects)
and NUSHELL. The modern M3Y nucleon-nucleon interaction
is used for CP effect calculations [8]. The single-particle matrix
elements have been calculated with harmonic-oscillator (HO)
and Woods-Saxon (WS) potentials.

The aim of the present paper is to consider the particle-hole
excitation of the core and the model space to calculate the
electron scattering form factor. We adopt the USD and USDA
wave functions for the zero-order wave functions and examine
the effects of the core polarization with the M3Y interaction.
Within this model, we do not introduce any state-dependent
effective charges, effective g factors, or any adjustable param-
eters. Also, we make a comparison between the experimental
data and the theoretical calculation for the energy levels and
B(E2) by using the above three effective interactions.

II. THEORY

The reduced matrix elements of the electron scattering
operator T̂

η
� consist of two parts, one is for the model-space

(MS) matrix elements, and one is for the CP matrix elements
[22],

〈Xf |∥∥T̂
η
�

∥∥|Xi〉 = 〈Xf |∥∥T̂
η
�

∥∥|Xi〉MS + 〈Xf |∥∥δT̂
η
�

∥∥|Xi〉·CP,

(1)

where states |Xi〉 and |Xf 〉 are described by the model-space
wave functions. Greek symbols are used to denote quantum
numbers in coordinate space and isospin, i.e., Xi ≡ JiTi ,
Xf ≡ Jf Tf , and � ≡ JT .

The MS matrix elements are expressed as the sum of the
product of the one-body density-matrix elements (OBDMs)
times the single-particle matrix elements, which is given by

〈Xf |∥∥T̂
η
�

∥∥|Xi〉MS =
∑
α,β

OX
XiXf

(α,β)〈α|∥∥T̂
η
�

∥∥|β〉MS, (2)

where α and β denote the final and initial single-particle states,
respectively (isospin is included) for the model space. OX

XiXf

are the OBDM elements.
Similarly, the CP matrix element can be written as

〈Xf |∥∥δT̂
η
�

∥∥|Xi〉CP =
∑
α,β

OX
XiXf

(α,β)〈α|∥∥δT̂
η
�

∥∥|β〉CP. (3)

By using the first-order perturbation theory, the single-particle
matrix element for the higher-energy configurations outside
the core and MS is given by [23]

〈α|δT̂ η
�|β〉 = 〈α|V12

P

Ei − H (0)
T̂

η
�|β〉

+ 〈α|T̂ η
�

P

Ef − H (0)
V12|β〉, (4)

where P is the projection operator onto the space outside the
model space and V12’s are adopted as a residual two-body
interaction. Ei and Ef are the energies of the initial and
final states, respectively. H (0) is the unperturbed Hamiltonian.
Equation (4) is written as [23]

〈α|‖δT̂�‖|β〉

=
∑

α1,α2,�

(−1)β+α2+�

eβ − eα − eα1 + eα2

(2� + 1)

{
α β �
α2 α1 �

}

×〈αα1|V12|βα2〉X〈α2|
∥∥T̂

η
�

∥∥|α1〉
×√

(1 + δα1α)(1 + δα2β) + A, (5)

where A represents additional terms with α1 and α2 exchanged
with an overall minus sign. The indices α1 and α2 run over
particle and hole states, respectively, and e is the single-particle
energy. The CP parts allow particle-hole excitations from the
core and model space into higher orbits. These excitations are
taken up to 4�ω.

The reduced single-particle matrix element becomes

〈α2|‖T̂ η
JT ‖|β1〉 =

√
2T + 1

2

∑
tz

IT (tz)
〈
α2

∥∥T̂
η
J tz

∥∥α1
〉
, (6)

where

IT (tz) =
{

1 for T = 0,

(−1)1/2−tz for T = 1,
(7)

and tz = 1/2 and −1/2 for the proton and neutron, respectively.
Elastic and inelastic electron scattering form factors in

terms of angular momentum J and momentum transfer q,
between the initial and final states of spin Ji,f and isospin
Ti,f , are given by [24]

∣∣Fη
J (q)

∣∣2 = 4π

Z2(2Ji + 1)

∣∣∣∣∣∣
∑

T =0,1

(−1)Tf −Tzf

⎛
⎝ Tf T Ti

−TZf MT TZi

⎞
⎠ 〈Xf |∥∥T

η
J,T (q)

∥∥|Xi〉
∣∣∣∣∣∣
2

|Fcm(q)|2 × |Ffs(q)|2, (8)

where Tz is the projection along the z axis of the initial and
final isospin states. Ffs(q) = exp(−0.43q2/4) is the nucleon
finite-size (fs) form factor and Fcm(q) = exp(q2b2/4A) is the

correction for the lack of translation invariance in the shell
model. A and b are the mass number and the harmonic-
oscillator size parameter, respectively.
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The single-particle energies are given by [23]

enlj = (
2n + l − 1

2

)
�ω

+
{

− 1
2 (l + 1)〈f (r)〉nl for j = l − 1

2 ,
1
2 l〈f (r)〉nl for j = l + 1

2 ,
(9)

with

〈f (r)〉nl ≈ 20A−2/3MeV,
(10)

�ω = 45A−1/3 − 25A−2/3.

The realistic M3Y effective NN interaction, which is used in
the electron scattering v12, is expressed as a sum of the central
potential part vC

12, spin-orbit potential part vLS
12 , and long-range

tensor part V T N
12 as follows [25]:

V12 = V
(c)

12 + V
(LS)

12 + V
(T N )

12 . (11)

The two-body matrix elements of the realistic M3Y effective
NN interaction consist of three parts: the central matrix
element, the spin-orbit matrix element, and the tensor matrix
element,

〈j1j2|V12|j3j4〉� = 〈j1j2|V c
12|j3j4〉� + 〈j1j2|V LS

12 |j3j4〉�
+〈j1j2|V T N

12 |j3j4〉�. (12)

The reduced transition probability is related to the form factor
at the photon point, which is given by [26]

B(CJ ) = |(2J + 1)!!|2
4π

Z2e2

k2L

∣∣F Co
J (q = k)

∣∣2
, (13)

where q = k = Ex

�c
is the momentum transfer and the term

|F Co
J (q = k)|2 is the longitudinal (Coulomb) form factor at

k = q, which is given by

∣∣F Co
J (k)

∣∣2 = 4π

(2Ji + 1)

1

Z2

∣∣∣∣
∫ ∞

0
dr r2jJ (kr)ρJ (i,f,r)

∣∣∣∣
2

.

(14)

Here ρJ (i,f,r) is the transition charge density for the initial
and final states.

For the two-body matrix elements of the residual interaction
〈αα2|V12|βα1〉� , which appear in Eqs. (5) and (11), the M3Y
interaction of Bertch et al. [8] is adopted. The interaction is
taken between a nucleon in any core orbit and a nucleon that
is excited to higher orbits with the same parity and with the
required multipolarity (�) and between a nucleon in any sd
orbits and that is excited to higher orbits with the same parity
and with the required multipolarity. This interaction is given
in the LS coupling.

III. RESULTS AND DISCUSSION

A. Energy levels and probability current density

The energy levels and probability current density calcu-
lations have been performed in the sd model space with
the shell-model code NUSHELL since we are interested in the
positive-parity states of 23Na, 25Mg, and 27Al for the valance
neutrons and protons states (0d5/2,0d3/2,1s1/2) outside the core

FIG. 1. Energy levels of the 23Na nucleus from the experimental
data in Ref. [27] are compared to the shell-model results with three
effective interactions USD, USDA, and USDB.

16O for shell nuclei. Theoretical energy levels for the 23Na
nucleus are plotted in the second (USDA), third (USDB), and
fourth (USD) columns in Fig. 1 and are compared with the
experimental spectrum [27] in the first column. The agreement
is excellent for Jπ = 3/21

+ and 5/21
+ states when compared

with the experimental data. The energy differences between
the 7/21 and the 1/21

+ states are 0.048 and 0.004 MeV with
USDA and USDB effective interactions, respectively, whereas,
the experimental energy difference is 0.31 MeV. The second
3/2+ is predicted at 2.771 MeV by USDA, 2.723 MeV by
USDB, and 2.743 MeV by USD interactions, whereas, the
corresponding experimental value is 2.98 MeV. The 5/22

+,
1/22

+, and 7/22
+ excited states are predicted at about 3.887,

4.307, and 4.632 MeV, respectively. In our calculation, a 5/23
+

level is predicted at 5.513, 5.423, and 5.242 MeV for USDA,
USDB, and USD, respectively. The 11/21

+ also is very well
predicted by USDA and USDB interactions. The calculated
9/21

+ state is at 6.098, 6.023, and 5.945 MeV for USDA,
USDB, and USD interactions, respectively, compared to the
experimental value (Ref. [27]) of 6.114 MeV.

The energy levels of the three lowest states in the 25Mg
scheme are calculated with the NUSHELL code and are
compared with the experimental data [28]. We are inter-
ested in five neutrons and four protons in the model space
(0d5/2,1s1/2,0d3/2) outside the 16O core. Figure 2 shows the
calculated energy levels by the three different interactions
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FIG. 2. Energy levels of the 25Mg nucleus from the experimental
data in Ref. [28] are compared to the shell-model results with three
effective interactions USD, USDA, and USDB.

compared with the experimental data. The 5/2+ ground state
is reproduced correctly by all of the interactions. The energy
levels are well predicated for states 1/21

+ and 3/21
+ by USDA

and USDB, whereas, the USD interaction predicts 0.734 and
1.186 MeV for the 1/21

+ and 3/21
+ states, respectively,

higher than the experimental values of 0.585 and 0.974 MeV.
Good agreement is obtained between the calculated results
and experimental data for states 7/2+, 5/23

+, and 3/23
+,

respectively. The calculated 1/22
+ state is at 2.723 MeV

for USDA, 2.583 MeV for USDB, and 2.519 MeV for USD
interactions compared to the experimental value of 2.563 MeV.

Nuclear structure studies on the 27Al nucleus are interesting
because this nucleus lies in a transitional region of mass
number where the nuclear deformation changes from prolate
(for 26Mg) to oblate (for 28Si) [29]. In Fig. 3, we have shown
the comparison of the experimental values with those predicted
for the three different interactions. The 5/2+ ground state is
reproduced correctly by the USDA, USDB, and USD inter-
actions. The 3/21

+ state is very well predicted by the USDA
and USDB interactions, whereas, the USD interaction predicts
a higher energy than the experimental value. The calculated
energy levels of states 5/22

+, 9/21
+, and 3/23

+ for all the
three effective interactions are in very good agreement with
the experimental data. The USD interaction gives very good
agreement for state 1/22

+, whereas, the USDA and USDB
interactions predict the 3.833- and 3.724-MeV energies,

FIG. 3. Energy levels of the 27Al nucleus from the experimental
data in Ref. [30] are compared to the shell-model results with three
effective interactions USD, USDA, and USDB.

respectively, higher than the experimental data. The energy
of the 5/23

+ state deviates from the experimental value by
9% and 13% for USDA and USDB interactions, respectively,
whereas, the USD interaction deviates by 35%. The agreement
is excellent for states 11/21

+ for both the USDA and the
USDB interactions, whereas, the USD interaction predicts it
0.051 MeV higher than the experimental value.

The calculated transition probability B(E2) results for
different states of some sd-shell nuclei are compared with
the experimental data, which are given in Table I . The B(E2)
values for (1/21

+ → 5/21
+) and (3/21

+ → 5/21
+) transitions

of the 25Mg nucleus give much closer to the experimental
values for all effective interactions. In our calculations, the
B(E2)↓ (7/21

+ → 5/21
+) transition probabilities for the

23Na nucleus are predicted at 62.1, 67.470, and 22.44 e2 fm4

for the USDB, USD, and USDA interactions respectively,
whereas, the experimental value is at 64.489 e2 fm4. The
B(E2) transition probabilities for the (1/21

+ → 5/21
+) and

(3/21
+ → 5/21

+) transitions of 27Al with the USD interaction
give good agreement with the experimental value.

B. Electron Scattering Form Factor

A computer program, CPM3Y in FORTRAN 90 was written
to calculate the model-space form factors (zeroth-order) and
the first-order CP effects of the M3Y interaction. The OBDM
elements are calculated by using the shell-model NUSHELL

code with USD and USDA effective interactions.
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TABLE I. Experimental [27,28,30] and theoretical reduced
transition probabilities, B(E2)↓ for the positive-parity states in
23Na, 25Mg, and 27Al nuclei calculated with the effective charges
ep = en = 0.35e for protons and neutrons. The theoretical B(E2)↓
values have been calculated by using the NUSHELL code.

Nuclei Ji → Jf B(E2) (e2 fm4)

Expt. USDA USDB USD

23Na 7/21
+ → 3/21

+ 49.338 (11) 41.47 40.440 42.520
7/21

+ → 5/21
+ 64.489 (22) 56.69 62.100 67.470

25Mg 1/21
+ → 5/21

+ 2.444 (10) 3.704 2.964 2.425
3/21

+ → 1/21
+ 47.758 (5) 35.690 67.770 67.500

3/21
+ → 5/21

+ 3.95 (13) 4.795 4.103 4.255
27Al 1/21

+ → 5/21
+ 37.524 (23) 49.450 50.320 46.470

3/21
+ → 5/21

+ 37.524 (7) 52.630 51.320 50.450
5/22

+ → 3/21
+ 41.854 (18) 35.090 34.210 33.600

Elastic longitudinal C0 + C2 form factors for the 3/2+
(0.0-MeV) state of the 23Na nucleus calculated with CP
effects on the sd-shell model wave function are shown
in Fig. 4. The CP effects with the M3Y realistic interac-
tion are included by allowing particle-hole excitation from
(0s1/2,0p1/2,0p3/2,0d5/2,1s1/2,0d3/2) shells up to higher shells
with 6�ω excitations. The USDA interaction has been used to
calculate the multipole decompositions C0 and C2. The total
form factor with CP effects is shown by the solid curve where
the data are in very good agreement for the whole momentum-
transfer range (0–2.5 fm−1). All calculations were performed
using the HO wave function with size parameter b = 1.80 fm
[31]. The experimental data are taken from Ref. [32]. The
contributions of M1 and M3 form factors and their sum are
shown in Fig. 5 where the solid curve represents the calculation

FIG. 4. Elastic longitudinal C0 + C2 form factors for the 3/2+

(0.0-MeV) state in the 23Na nucleus, calculated with core-polarization
effects on the sd-shell-model wave function. The experimental data
are taken from Ref. [32].

FIG. 5. Elastic transverse M1+ M3 form factors for the 3/2+

(0.0-MeV) state in the 23Na nucleus, calculated with core-polarization
effects on the sd-shell-model wave function. The experimental data
are taken from Ref. [32].

of the sd-shell model space with core-polarization effects by
using the USDA effective interaction for the model space
and the M3Y realistic interaction as a residual interaction
for the CP effect calculation, the dashed curve represents
the calculation of the transverse M1, and the dotted curve
represents the transverse M3. A congruency in the form factors
is noticed in comparison with the experimental data, although
only a few experimental values are available.

The electron excites the 25Mg nucleus from the ground state
to the 7/21

+ state with an excitation energy of 1.698 MeV.
The transverse form factor for this transition has mixed
multipolarities M1 + E2 + M3 + M5. The total transverse
form-factor isovector transition is shown in Fig. 6. The
individual multipoles also are shown. The main contribution
in most of the regions of q comes from M1 and M5. M1
has the dominant contribution in the region between 0 and 1.2
fm−1, and M5 has the dominant contribution in the range
of momentum transfer from 0.5 to 3.0 fm−1. The results
of the total transverse form factor (as a solid curve) give
good agreement, compared with the available experimental
data [19].

Figure 7 shows the calculation of the total contribution of
E2, M3, and M5 multipoles for the USDA effective interaction
for the 9/2+ (3.515 MeV) state in the 25Mg nucleus by using
the HO wave function. The individual multipoles also are
shown in the same figure. One can see that the M5 (as a
dashed curve) is more sensitive to the experimental data [19]
and describes it very well in the momentum-transfer range
from 1 to 3 fm −1.

Figure 8 shows the calculated inelastic form factors with
the inclusion of the CP effect by using the CPM3Y (as the
solid curve) and the NUSHELL codes with HO (as the dashed
red curve) and WS potential (as the dotted line curve) with
three effective interactions (USDA, USDB, and USD) of the
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FIG. 6. (Color online) Inelastic transverse form factors for the
transition to the 7/2+ (1.698-MeV) state in the 25Mg nucleus,
calculated with core-polarization effects on the sd-shell-model wave
function. The experimental data are taken from Ref. [19].

27Al nucleus. It is seen that the effect of these interactions
does not significantly affect the calculation of the Coulomb
C2 form factors as shown in Figs. 8(a)–8(c). The form-factor
calculation with the WS potential enhances the form factor
and describes the experimental data [33] very well for the
minimum diffraction for scattered electrons at the higher
momentum-transfer range from 2 to 3 fm−1. The form factors
with the inclusion of the CP effect that use CPM3Y are in
agreement with the experimental momentum transfer up to
1.7 fm−1 but overestimate the data for the momentum transfer

FIG. 7. (Color online) The transverse form factors for the transi-
tion to the 9/2+ (3.515-MeV) state in the 25Mg nucleus, calculated
with core-polarization effects on the sd-shell-model wave function.
The experimental data are taken from Ref. [19].

FIG. 8. (Color online) The longitudinal C2 form factors for the
transition to the 1/2+ state in the 27Al nucleus. The upper panel
(a) represents the calculated form factors with the USD effective
interaction for the sd shell, whereas, the lower panels (b) and
(c) represent those of the USDA and USDB effective interactions,
respectively. The experimental data are taken from Ref. [33].

higher than q = 1.7 fm−1. The form-factor calculations that
use NUSHELL take into account the collective modes of the
nuclei; the CP effects are evaluated by adopting the purely
empirical Tassie model [34] together with the calculated
ground-state charge-density distribution obtained for the low
mass (1s-0d)-shell nuclei by using the occupation number of
the states where subshell 1s is included with the occupation
number of the protons. The Tassie results shifted the position of
the diffraction maximum to lower values. This means that the
microscopic CP evaluation with M3Y gives a better agreement
with the experimental data than the Tassie model.

The longitudinal form factors for the 3/2+ (1.069-MeV)
state and 7/2+ (2.304-MeV) states of the 27Al nucleus are
shown in Fig. 9. The maximum diffraction is at q = 0.9 and
1 fm−1 and for the 3/2+ and 7/2+ states, respectively.
The minimum diffraction for scattered electrons occur at
the momentum-transfer values q = 2.1 and 2.2 fm−1 for the
3/2+ and 7/2+ states, respectively. The form factors with the
NUSHELL code overestimate the experimental data in the first
maximum up to q = 1.6 fm−1. Beyond that, the calculation
with the WS potential gives a better agreement compared to
the calculation with the HO potential that uses the CPM3Y code.
The (sd + CP) calculations are in slightly better agreement
with the experimental data. CP effects enhance the form factor
and reproduce the measured form factor in the maximum
region of (0.5 < q < 1.6) fm−1, but the calculation with only
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FIG. 9. (Color online) The longitudinal form factors for the tran-
sition to the 3/2+ at 1.069-MeV [panel (a)] and 7/2+ at 2.304-MeV
[panel (b)] states in the 27Al nucleus, calculated with core-polarization
effects on the sd-shell-model wave function by using the USDA
effective interaction. The experimental data are taken from Ref. [29].
The solid curves and dotted curves represent the calculation with
and without inclusion, respectively, of the CP effect by using the
CPM3Y code. The dashed curves represent the calculation that uses
the NUSHELL code with the WS potential.

the sd model space, without any inclusion of the CP effects
in the 3/2+ state, gives good agreement with the experimental
data for the second minimum region of (1.6 < q < 2.7) fm−1.
In this isoscalar transition, the CP effect leads to an increase in
the C2 longitudinal form-factor component by about a factor
of 2 over the 1p-shell calculation.

Figure 10 shows that the Coulomb multipoles which
contribute to the scattering are C0, C2, and C4 of 27Al for state

FIG. 10. (Color online) The longitudinal (C0 + C2 + C4) form
factors for the transition to the 5/22

+ (2.706-MeV) state in the 27Al
nucleus, calculated with core-polarization effects on the sd-shell-
model wave function by using the USDA effective interaction. The
experimental data are taken from Ref. [29].

FIG. 11. (Color online) The total transverse form factors for the
transition to the 7/2− (MeV) state in the 41Ca nucleus, calculated
with core-polarization effects on the sd-shell-model wave function
by using the GXPF1 effective interaction. The experimental data are
taken from Ref. [36].

5/22
+ with an excitation energy of 2.706 MeV. The USDA

effective interaction for the sd model space with HO wave
functions is chosen for the calculation of the Coulomb multi-
poles in the CPM3Y code. The total form factor (C0 + C2 + C4)
with the inclusion of the CP effects gives remarkably good
agreement with the experimental data in all regions of
the momentum transfer q. The use of the USDA effective
interaction for the sd model space that uses the realistic
M3Y as a residual interaction of the CP effect enhances
the total longitudinal form factor compared with other
studies [35].

The total magnetic form factor that represents the total
contribution of M1, M3, M5, and M7 for the 41Ca (7/2−)
state is shown in Fig. 11. The GXFP1PN effective interaction
has been used in the fp-shell-model wave function. It is clear
that the total form factor is in very good agreement with the
experimental data [36] in the momentum-transfer range from
0.6 to 3.5 fm−1. The M7 multipole can be seen to be dominant
in the momentum-transfer region covered by the Baghaei et al.
data [36], especially in the 1.5–3.5-fm−1 region. Baghaei et al.
[36] rightly remarked that the M5 component could contribute,
but our result shows that M1 and M3 contribute significantly
as well. M1 is dominant in the low-momentum region, less
than 0.5 fm−1 in which experimental data are not available
to make a comparison. The distribution of the individual
total form factors of different multipolarities indicates that,
for the distribution of the form factors with respect to the
momentum transfer, there is shifting and quenching in
the increase in the q values with the increase in the J values.
The experimental data are taken from Ref. [36]. In Figs. 5 and
11, the E2 contribution is very small compared with the other
multipoles, and for this reason, its effect is not observable in the
figures.
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IV. CONCLUSION

The nuclear structure (energy levels, reduced transition
probabilities, and form factors with and without CP effects)
has been calculated for different states in some sd- and
fp-shell nuclei by using new effective interactions as a
residual interaction, namely, the USDA, USDB, and USD
interactions for the 23Na, 25Mg, and 27Al nuclei in the
proton-neutron formalism and GXFP1PN for the 41Ca nucleus.
These three residual interactions have been used to calculate
the sd-model space wave function and have improved, in
general, the calculated quantities towards better agreement
with the available data for energy levels and form factors
at lower values of q, especially for the 23Na and 25Mg
nuclei. The energy-level calculation for the 3/21

+ and 5/21
+

states gives good agreement for 23Mg for the three effective
interactions. The USD interaction produces good agreement
for states 7/21

+, 1/21
+, 5/22

+, 1/22
+, and 7/22

+ when
compared with the experimental data, whereas, the USDB and
USDA interactions make predictions for the two states 5/23

+
and 11/21

+, respectively. For 25Mg nuclei, all the effective
interactions agree with the experimental data, whereas, these
effective interactions give the best prediction for states 5/21

+,
1/21

+, 3/21
+, 7/21

+, 5/22
+, 3/22

+, and 11/21
+ for the 27Al

nucleus.
The use of a modern interaction, such as USDA, USDB,

and USD, for model-space calculations and the realistic
interaction M3Y in CP effect calculations may give a better
description of the form factors. The effect of core polarization
is found to be essential for both the transition strengths
and the momentum-transfer dependence and gives a good
description of the data without any adjustable parameters. The
Coulomb (C2) form factors at high-q values are successfully
described in the 27Al nucleus where the radial part of the
single-particle wave function is of the WS potential, rather
than the HO potential. Elastic longitudinal (C0 + C2) form
factors for the 3/2+ (0.0-MeV) state in the 23Na nucleus,
calculated with core polarization on the sd-shell-model wave
function, by incorporating the USDA, give a good description.

The longitudinal form factor for the 3/2+ (1.069-MeV) and
7/2+ (2.304-MeV) states of the 27Al nucleus that use the
NUSHELL code overestimates the experimental results of the
first maximum up to q = 1.6 fm−1; the calculations with
the WS potential give a good agreement at high-q data
compared to the results with the HO potential that use the
CPM3Y code. CP effects enhance the form factor and reproduce
the experimental data for all momentum transfers. For the
9/2+ (3.515-MeV) state of 25Mg, we can conclude that M5
is more sensitive to the experimental data, and it describes it
very well in the momentum-transfer range from 1 to 3 fm−1.
The total magnetic form factors (M1, M3, M5, and M7)
for the 41Ca (7/2−) state that uses the GXFP1PN effective
interaction agree well with the experimental data in the
momentum-transfer range from 0.6 to 3.5 fm−1. The M7
multipole is, thus, dominant in the momentum-transfer region
between 0.5 and 3.5 fm−1 where a large contribution from
the M5 component could also be expected. The M1 form
factor is dominant in the low-momentum region less than
0.5 fm−1, which does not have any experimental data in this
area.
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