
PHYSICAL REVIEW C 88, 054322 (2013)

Collective degrees of freedom of neutron-rich A ≈ 100 nuclei and the first mass measurement
of the short-lived nuclide 100Rb
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The mass surface in the A∼ 100 region of the nuclear chart is extended by the measurement of the 98–100Rb
isotopes with the Penning-trap mass spectrometer ISOLTRAP at ISOLDE/CERN. The mass of 100Rb is determined
for the first time. The studied nuclides mark the known low-Z frontier of the shape transition at N = 60. To
describe the shape evolution towards the krypton isotopic chain, a theoretical analysis is presented in the
framework of the Hartree-Fock-Bogoliubov approach. The importance of the pairing interaction for describing
the extent and strength of the region of quadrupole deformation is emphasized. A later transition to large prolate
deformation or, alternatively, the predominance of oblate deformation is proposed as explanation for the different
behavior of the krypton isotopes. Octupole collectivity is explored as a possible mechanism for the evolution of
two-neutron separation energies around N = 56.
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I. INTRODUCTION

Changes in nuclear structure in the neutron-rich region of
the nuclear chart around A = 100 are reflected in a wide range
of experimental observables. Mean-square charge radii and
nuclear moments, extracted from isotope-shift and hyperfine-
structure measurements by laser spectroscopy, show a sudden
increase at N = 60 in the isotopic chains above krypton
(Z = 36) and below molybdenum (Z = 42) [1–6]. The en-
ergies of the first 2+ excited states in the even-even nuclides
of the region show a sudden drop at N = 60 in the strontium
(Z = 38), zirconium (Z = 40), and molybdenum (Z = 42)
isotopic chains [7]. The correlation of the two pictures [8]
suggests the sudden onset of quadrupole deformation at
N = 60. In the mass surface, this is observed by the increase in
two-neutron separation energy between N = 59 and N = 60,
qualitatively understood by the fact that the N = 60 isotones
gain extra binding through deformation. The ratios between
the energies of the first 4+ and the first 2+ excited states
(the so-called R4/2 ratios) of the isotopes with N > 60 in
the deformation region come close to the condition of the
rigid rotor (R4/2 = 3.33), suggesting the static character of the
quadrupole deformation.

The lower border of this region of deformation has been the
subject of recent debate in the literature. Despite claims that the
nucleus 96Kr might be deformed, based on an assumed energy
of the first 2+ excited state of only 241 keV [9], evidence from
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Coulomb-excitation spectroscopy [10] and mass spectrometry
[11] supports the fact that 96Kr is almost spherical. This
conclusion is consistent with charge-radii results [1].

On the one hand, the possibility of sudden structural
changes in unexplored regions of the nuclear chart challenges
our theoretical understanding of the atomic nucleus. On the
other hand, various nucleosynthesis processes involve nuclei
in such exotic regions. Their description requires input nuclear
properties such as the β-decay half-lives or binding energies.
Many of the needed nuclei, however, remain inaccessible at
present radioactive beam facilities and their properties have
to be obtained from model calculations. In the neutron-rich
A∼ 100 region, sudden changes in the mass surface make
extrapolations hazardous [12] and alter the predicted natural
abundance of the elements [13].

The neutron-rich A∼ 100 region has thus been extensively
studied theoretically, in order to associate the pronounced
signatures in the experimental observables with structural
changes in the single-particle or collective nuclear degrees
of freedom. Models agree that the neutron-rich A∼ 100
nuclei undergo a nuclear-state transition with the addition
of neutrons between the N = 50 and N = 82 shells. In the
single-particle picture, this is represented by the fact that the
ground state of the nuclei in the region changes from a pure to
a mixed configuration of spherical single-particle states. In the
macroscopic picture, this translates into a change of the nuclear
shape from spherical to deformed, which signals a breaking
of the rotational symmetry. Both pictures come together in
the quantum Jahn-Teller effect of spontaneous symmetry
breaking [14], in which the nuclear ground state can acquire
a symmetry-breaking shape as a consequence of the coupling
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between degenerate single-particle states and collective modes
of the nucleus. The analogy between the resulting nuclear
shapes, or the coexistence and transition between them, and
quantum phases, has led to the description of shape-evolution
in the formalism of quantum phase transitions (for a recent
review, see [15]).

The role of the residual proton-neutron interaction to
produce the systematics of experimental observables in the
neutron-rich A∼ 100 region was recognized in early shell-
model calculations [16,17], especially the interaction between
protons and neutrons occupying orbits with large spatial
overlap, as emphasized by Federman and Pittel [16]. In this
picture, the quantitative aspects of the onset of quadrupole
deformation are the result of the fine balance between the pair-
ing interaction, which favours spherical shapes, and the p-n
interaction, which drives collectivity and hence deformation.

Theoretical approaches such as the interacting boson model
(IBM) [18] and Hartree-Fock-Bogoliubov (HFB) [19,20] are
widespread approaches to illustrate the onset of collectivity
and its consequences on the nuclear observables. The intrinsic-
state formalism is used to reconcile the symmetry-breaking
concept of nuclear deformation with the requirement of
describing the nuclear ground state by eigenfunctions of the
total angular momentum. It also allows for going beyond
the static picture of deformation by including the effects of
dynamic correlations on the ground-state energy. Calculations
using the HFB formalism and the Gogny interaction [19,20]
describe the systematics of two-neutron separation energies
and charge radii in the region as the result of quadrupole
deformation. The results show the fine interplay between
oblate and prolate shapes in the region, in some cases almost
degenerate in energy, as well as the role of triaxiality. HFB
calculations using the Skyrme SLy4 interaction [21] and
including configuration mixing by the generator coordinate
method (GCM) [22] also predict the onset of quadrupole
deformation, although earlier than observed experimentally.

In this work we report the determination of the masses of
98-100Rb with the Penning-trap mass spectrometer ISOLTRAP
at ISOLDE/CERN [23]. The paper is organized as follows.
In Sec. II we present the ISOLTRAP setup and the results of
the rubidium mass-spectrometry experiment. In Sec. III A we
compare the systematics of two-neutron separation energies
and charge radii in the region with the results of HFB
calculations, aimed at connecting the distinctive features of the
experimental observables to the underlying nuclear structure,
both from the macroscopic (shape) and single-particle points of
view. The changes between the rubidium and krypton isotopic
chains are discussed. In Sec. III B we extend our analysis to the
N ∼ 56 region and investigate the role of dynamic octupole
correlations in explaining the global picture of the mass surface
around A = 100.

II. EXPERIMENT

The rubidium isotopes measured in this work were pro-
duced by the ISOLDE radioactive ion-beam facility [23]
at CERN, as fission products from the reaction between a
1.4-GeV proton beam and a thick uranium carbide target. The
initially neutral fission products were extracted from the hot

target (ca. 1800 ◦C) by the processes of thermal effusion and
diffusion, then surface ionized in a heated (ca. 1800–2000 ◦C)
tantalum cavity. The obtained flux of singly charged ions was
accelerated to a kinetic energy of 50 keV and transported
through the ISOLDE high-resolution separator (HRS). The
continuous ion beam was normally blocked by the ISOLDE
beam gate, which is an electrostatic deflector connected
to a TTL-controlled high-voltage switch. By switching the
deflection voltage the beam gate was opened, i.e., the ion
beam was allowed to pass through the gate only for the
duration of the applied TTL control pulse. This way one
could adjust the number of ions (nuclide of interest and
isobaric contaminants) which were transported in a single
pulse to the ISOLTRAP setup. In the case of the present
experiment, due to a favourable combination of production
cross-section and ionization efficiency, the rubidium beam
arriving at the ISOLTRAP setup had negligible amount of
isobaric contaminations.

The schematic of the ISOLTRAP experiment [24] is
presented in Fig. 1 (for a recent review, see [25]). Due to the
short half-life of the rubidium isotopes, the experimental cycle
of the ISOLTRAP experiment was synchronized to the impact
of the proton pulse on the target. After each proton pulse, the
ISOLDE beam gate was opened for a certain period of time
and the rubidium beam was accumulated, cooled by collisions
with helium buffer gas and bunched in a linear radiofrequency
quadrupole (RFQ) [26]. The resulting bunch of rubidium ions
was subsequently trapped in the multireflection time-of-flight
mass separator (MR-TOF MS) [27,28] and the preparation
Penning trap [29], both of which were operated with a short,
low resolving-power cycle (2.5 ms and 110 ms, respectively)
due to the high purity of the ISOLDE beam.

After axial cooling and mass-selective buffer-gas centering
cycle [30] in the preparation Penning trap, the rubidium
ions were transported to the precision Penning trap, where
their cyclotron frequency was measured by the time-of-
flight ion-cyclotron-resonance (TOF-ICR) technique [31]. The
cyclotron frequency νc of an ion is connected to its mass
mi by

νc = 1

2π

qB

mi

, (1)

where q is the ion’s charge and B is the magnetic-field
strength. Since the rubidium ions were singly charged, q
is equal to the elementary charge and mi = ma − me, with
ma the atomic mass of the species of interest and me the
electron mass. Measuring the cyclotron frequency of the ion
of interest and of a reference ion of well-known mass (in
the present case, 85Rb+ from the off-line alkali ion source
of the ISOLTRAP setup) one obtains the cyclotron-frequency
ratio:

r = νc,ref/νc = mi/mref,i , (2)

from which the mass of the ion of interest can be determined,
with a typical relative uncertainty better than 10−7. The atomic
mass of the species of interest ma is then given by

ma = r(mref,a − me) + me, (3)

where mref,a is the atomic mass of the reference species.
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FIG. 1. Schematic view of the ISOLTRAP experiment. For details, see text.

In the present experiment we have determined the masses
of 98–100Rb (for a summary of the results see Table I). The
mass of 100Rb was determined for the first time. The mass of
99Rb agrees with the previous value from the mass evaluation
[32] (based on [33,34]), but the uncertainty was significantly
reduced. The 98Rb measurement provides a second frequency-
ratio value, of similar uncertainty but 2σ away from the
value determined in [13]. Due to the low yield and short
half-life of the rubidium isotopes, the Ramsey-type TOF-ICR
method [36,37] was used to measure the cyclotron frequencies
of 99,100Rb+, ensuring a lower statistical uncertainty than the
conventional TOF-ICR for the same number of events and
excitation time. Figure 2 presents a Ramsey-type TOF-ICR
spectrum of 100Rb+. With this measurement, 100Rb becomes
the shortest-lived nuclide measured using the ISOLTRAP
Penning-trap mass spectrometer (half-life of 48(3) ms, ac-
cording to NUBASE2012 [35]). In the case of 98Rb, we have
performed conventional TOF-ICR measurements, in order to
look for the possible presence of an isomeric state, recently
sought after but not observed during a Penning-trap experiment
at TITAN [13]. However, the 98Rb isomeric state was also not
observed during our experiment.

III. DISCUSSION

A. Quadrupole deformation around N = 60

As shown in Fig. 3, the masses of the measured rubidium
isotopes, together with the known charge radii [2], suggest
that the sudden shape transition at N = 60 extends at least as
far as Z = 37, while for Z = 36 the measured masses [11]
and radii [1] suggest that no such shape transition takes place
for 96Kr. This latter conclusion is supported by the recently
proposed energy of the first 2+ excited state in 96Kr [10].
Nevertheless, the available experimental data do not rule out
the possibility that the shape transition is still present in the
krypton isotopic chain, but shifted to higher neutron numbers.

Therefore, in order to investigate the shape evolution in
the A∼ 100 region of the nuclear chart, we have performed
Hartree-Fock-Bogoliubov (HFB) calculations [38] in the
isotopic chains between krypton and zirconium, using the
symmetry-unconstrained HFODD code [39] and the SLy4
interaction [21]. A contact volume-pairing force was used.
The HFODD solver uses the expansion of the wave function
in a harmonic-oscillator (HO) basis. Due to the arbitrariness
of choosing a specific shape for the HO generating the basis,

TABLE I. Frequency ratios and mass excess (ME) values of the rubidium isotopes measured in this work. The half-lives of the isotopes
from NUBASE2012 [35] and the mass excess values from AME2012 [32] are also given (# indicates extrapolated values). The last column
specifies the references contributing to the AME2012.

Isotope Half-life (ms) r = νc,ref/νc MEISOLTRAP (keV) MEAME2012 (keV) Refs.

98Rb 114(5) 1.153453259(51) −54309.4(4.0) −54318(3) [13]
99Rb 54(4) 1.165270584(57) −51120.3(4.5) −51210(110) [33,34]
100Rb 48(3) 1.17710920(25) −46247(20) −46550#(200#)
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FIG. 2. (Color online) Ramsey-type time-of-flight ion-cyclotron
resonance of 100Rb+ ions with fit curve for determining the cyclotron
frequency [37,41].

we used a spherical basis of maximum 300 HO functions,
which proved to give satisfactory results within reasonable
computational time. The broken symmetries of the calculation
were chosen such that solutions with quadrupole and octupole
deformation are possible. Odd-A and odd-odd nuclei were
calculated in the so-called false vacuum approximation, i.e.,
considering the ground-state wave function as a fully paired
HFB vacuum [40]. Since in this work we are only interested in
describing two-neutron separation energies and charge radii,
not the odd-even staggering phenomenon or the empirical
pairing gap, we consider this approximation suitable. An
extension of the present calculations would be to treat odd-A
and odd-odd nuclei in the blocking approximation.

A spherical solution to the HFB problem was obtained
by constraining the leading (dipole, quadrupole and octupole)
moments to zero. The deformed solution was obtained by the
so-called kick-off method. For each nucleus, ten HFB itera-
tions were performed constraining the quadrupole moment to
have a high (positive or negative) value, after which the rest
of the iterations until convergence were left unconstrained.
This significantly improved the convergence of the deformed
solutions with respect to the fully constrained calculation.

In general, the effect of static deformation, as well as
the effect of zero-point fluctuations (dynamic correlations)
on the nuclear ground state is to provide an enhanced
binding (equivalently, to lower the ground-state energy).
This is not true for deformed excited states of the nucleus,
which correspond to locally stable configurations at higher
energy than the ground state (which can itself be deformed
or spherical). In the following, we will not be referring
to these latter configurations. Naming the enhanced-binding
contribution εcorr, the total ground-state energy Etot can be
written

Etot(Z,N ) = Eβ=0(Z,N ) + εcorr(Z,N), (4)

where E and ε are chosen as negative quantities. Eβ=0 is the
ground-state energy of the spherical nucleus. The definition of

the two-neutron separation energy S2N is

S2N (Z,N ) = Etot(Z,N − 2) − Etot(Z,N) ≡ �2N [Etot(N )],

(5)

where we have named the above algebraic operation (mass
filter) �2N . To emphasize the effect of correlations on the
two-neutron separation energy, we need to calculate S2N from
Eq. (4):

S2N (Z,N ) = �2N [Eβ=0(Z,N ) + εcorr(Z,N)]

= S2N,β=0(Z,N) + �2N [εcorr(Z,N)], (6)

which shows that the two-neutron separation energy is the sum
of the value in the absence of correlations/deformation and the
derivative (in the sense of �2N ) of the correlation/deformation
energy.

The nuclear charge radii (plotted as δ〈r2〉N,50 = 〈r2〉N −
〈r2〉N=50) and two-neutron separation energies resulting from
our HFB calculations are compared in Fig. 3 to the available
experimental data from the literature and this work, for
different values of the proton (Vπ ) and neutron (Vν) pairing
interactions. We pay special attention to the pairing force
due to its essential role in the Federman-Pittel mechanism
of deformation, proposed in [16] for explaining the onset of
deformation at N = 60 in the zirconium isotopic chain. In
the Federman-Pittel mechanism, the main driving force for
configuration mixing and collectivity is the residual interaction
between protons and neutrons in orbits with large spatial
overlap. The effect of the n-n and p-p pairing interaction is
opposite, favoring a spherical shape of the nucleus. Following
Ref. [16], the competition between the two contrary forces is
what determines the fine details of the evolution of collectivity
with the addition of protons and neutrons to the nucleus. For
the neutron-rich A∼ 100 nuclei, the spatial correlation of the
πg9/2 and νg7/2 orbits translates into a strongly attractive
p-n interaction. Filling the νg7/2 orbital favors the excitation
of protons to the normally unoccupied πg9/2 level, leading
to a phenomenon of mutual p-n polarization. Shell-model
calculations including this mechanism for the zirconium
isotopes predict almost pure ground-state configurations up
to N = 58 [16]. However, the low-lying first excited 0+ state
approaches the ground state towards N = 60 and displays a
strongly mixed configuration. At N = 60, the configuration of
the ground state changes from pure to mixed, signaling that
the intruder 0+ state has become the ground state.

Both oblate and prolate solutions were found in our
calculations, lying close in energy, in agreement with the HFB
results presented in Refs. [19,20] for a Gogny-type interaction.
The spherical solution is also shown in Fig. 3 to emphasize
the effect of deformation in connection to Eq. (6), where it
corresponds to S2N,β=0. For each of the deformed solutions,
only the values lower in energy than the spherical solution
are shown. With εcorr representing the difference in energy
between the spherical solution and the deformed one, Eq. (6)
explains the signature in the two-neutron separation energies
with the onset of quadrupole deformation at N = 60: the
increase in deformation energy is large enough at N = 60
[the second term in Eq. (6)], that S2N is greater for N = 60
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(a) (b)

(c) (d)

(e) (f)

FIG. 3. (Color online) Experimental two-neutron separation energies (left column) and changes in mean-square charge radii δ〈r2〉N,50

relative to the respective N = 50 isotopes (right column) of A∼ 100 nuclei [1–6,32] compared to predictions of HFB calculations with the
SLy4 potential and different strengths of the proton and neutron pairing interactions. The spherical solution is shown (blue dashed line), as
well as the prolate-deformed (green thick line) and the oblate-deformed (red thin line) solutions. Only the deformed solutions lower in energy
than the spherical one are considered. The experimental values influenced by the reported rubidium masses are represented with open symbols.
For clarity, the δ〈r2〉N,50 are plotted with an arbitrary offset with respect to the krypton chain. Note that for the experimental charge radii, the
uncertainty in the slope for each isotopic chain can reach several percent. However, it does not change the fine details, such as sudden changes
in radii.

than for N = 59. In the HFB approach, the separation of
Eq. (4) thus emerges naturally. One notices in Fig. 3 also the
reverse effect to the enhancement of S2N at N ∼ 60: a decrease

of the correlation energy leads to values of S2N lower than
the corresponding spherical solution (effect observed towards
N = 66).
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The prolate solution describes best the observed systematics
of two-neutron separation energies and charge radii beyond
N = 60, irrespective of the used pairing interaction. In general,
two prolate minima were found: one at lower deformation,
mainly stable for N < 60 and one at larger deformation,
emerging around N = 60. The green line in Fig. 3 represents
the lowest-energy prolate configuration obtained, which from
N ∼ 60 onward is the strongly deformed one. Figure 3 thus
shows that the shape transition at N = 60 can be qualitatively
explained either as a change between an oblate and a prolate
shape, or as the change between a low-deformation and a
high-deformation prolate shape. The offset of the calculated
results from the experimental values close to N = 50 can
be explained by missing dynamic correlations, which should
be included in the HFB calculation beyond the static mean
field. Their effect is to produce a dynamic contribution to the
nuclear charge radius and to the binding energy even when
the static nuclear shape is spherical. In order to account for
this contribution, the generator coordinate method (GCM) is
a widespread approach for treating the mixing of the different
deformed configurations [22,38] in the nuclear ground state.

The prolate-deformed single-particle picture (Nilsson lev-
els) resulting from our calculations is presented in Fig. 4 for
the rubidium isotopes between N = 54 and N = 60, using
for the pairing interactions Vπ = Vν = −200 MeV fm3. The
spherical single-particle energies of the magic 87Rb are also
shown. Unlike the typical Nilsson diagrams, Fig. 4 shows
the single-particle energies as a function of neutron number.
As such, they are not only modified by the evolution of
deformation along the isotopic chain, but also by the change
of the energies of the spherical shells with the addition of
neutrons. The quadrupole deformation parameter, β2, obtained
for each of the isotopes considered, is specified on the upper
abscissa of the diagrams. One notices that, when passing from
N = 59 to N = 60, the rubidium isotopes exhibit a jump from
moderate to pronounced quadrupole deformation.

With the increase of quadrupole deformation intruder orbits
from the πg9/2 and νh11/2 spherical shells are gradually
lowered in energy and eventually mix in the ground-state
configuration. The last occupied levels of the N = 60 isotones
are 1

2 [4, 4, 0], 3
2 [4, 3, 1] (for protons) and 9

2 [4, 0, 4], 1
2 [5, 5, 0],

3
2 [5, 4, 1] (for neutrons). Together with the normally occupied
orbits, they create a configuration of enhanced binding which
drives the shape transition at N = 60, as discussed in [10,42].

In Fig. 3, one notices that the beginning of the region
of deformed nuclei depends significantly on the strength
of the pairing interaction. One also observes that moderate
quadrupole deformation starts to set in earlier than N = 60,
which is also in agreement with the systematics of experimen-
tal charge radii, exhibiting a small change of slope at N = 57
(which can be observed, for example, in the zirconium isotopic
chain). A rather specific choice of the pairing interaction
(Vπ = Vν = −200 MeV fm3) is required to reproduce the
border of the region of large deformation and the strength
of the observed signatures in the experimental observables
down to rubidium, including 98−100Rb [see Figs. 3(c) and 3(d)].
With this choice one also obtains that the prolate solution,
which offers the best agreement, is energetically favoured
(has lower energy) for N > 60 with respect to the oblate

(a)

(b)

FIG. 4. (Color online) Single-particle energies of protons (upper
panel) and neutrons (lower panel) in the rubidium isotopic chain,
presented as a function of the neutron number for the corresponding
prolate-deformed solutions. The obtained quadrupole deformation
parameter β2 is specified for each N value.

solution (as opposed, for example, to Vπ = −250 MeV fm3,
Vν = −200 MeV fm3, for which the oblate solution is always
favored).

For this choice of pairing strength, the calculation also
correctly predicts that 96Kr is not in the region of strong
deformation, as was shown from measurements of charge
radii [1] and binding energies [11]. However, the transition
between weakly deformed and strongly deformed shape is still
predicted to take place in the prolate solutions of the krypton
isotopes, but for higher neutron numbers (N = 61 and 62). The
actual behavior of the ground-state observables is determined
by the ordering in energy between the oblate and the prolate
configurations. For Vπ = Vν = −200 MeV fm3, between the
rubidium and zirconium chains the oblate configuration is
energetically favoured up to N = 59, the two configurations
are almost degenerate at N = 60 and the strongly deformed
prolate configuration is favoured for N > 60. In the krypton
chain, the position of this equilibrium is shifted towards
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N = 62, 63, with the two configurations remaining almost
degenerate in energy for N > 63.

The different behavior of the two-neutron separation ener-
gies and charge radii in the krypton isotopic chain can thus
be explained by a transition to the strongly deformed prolate
shape after N = 61 (the most neutron-rich isotope measured
so far), or by a persistence of the oblate shape in the nuclear
ground state. Measurements of the more neutron-rich krypton
isotopes (98Kr and further) are thus required to clarify their
shape evolution towards the neutron midshell (N = 66) and
to establish whether the krypton chain is indeed the critical
boundary of the prolate shape transition in the neutron-rich
A∼ 100 region of the nuclear chart [11].

The results shown in Fig. 3 also underline the importance
of the properties of deformed nuclei in designing precise
nuclear interactions. Some of the sharp signatures in the trends
of experimental observables in shape-transition regions can
constitute reference observables for fitting the parameters of
the nucleon-nucleon potential or the strength of the pairing
interaction, which are often adjusted only to the properties
of spherical nuclei [38] and to the odd-even staggering of
masses [43], respectively.

B. Dynamic octupole correlations around N = 56

A distinctive feature of the mass surface in the here-
investigated region is the drop of the two-neutron separation
energies after N = 56 between rubidium and molybdenum,
as can be partly seen from Fig. 3. The effect is maximal
in the yttrium (Z = 39) and zirconium (Z = 40) isotopic
chains and has been interpreted as due to the crossing of the
neutron subshell N = 56 [11,44] (similar, but weaker, to the
effect observed at the crossing of the N = 50 shell). This
hints at an enhanced N = 56 subshell, which is supported
by the high energy of the first 2+ excited state in 96Zr [7].
The disappearance of the kink in the two-neutron separation
energies of the krypton isotopes was interpreted as a reduction
of the N = 56 subshell gap [44].

The HFB calculations presented in Fig. 3 do not show any
change in the trend of the two-neutron separation energies at
N = 56. While the results obtained in the spherical approxi-
mation do exhibit slope changes at the filling of the neutron
subshells, these weak effects are washed out, even in the most
pronounced case of Fig. 3(a), by the contribution of quadrupole
correlations. There is also no change of slope in the trend of
the experimental charge radii corresponding to the drop of the
two-neutron separation energies at N = 56, as is on the other
hand observed for the case of N = 50. The g factor of the first
2+ excited state in 96Zr is consistent with the interpretation
of this state being the result of the excitation of two protons
across the Z = 40 gap, between the opposite-parity orbitals
πp1/2 and πg9/2 [45], which underlines the closure of the
N = 56 subshell (no neutron excitations contribute to the
2+ state). As same-parity proton excitations become possible
in the neighboring N = 56 isotones of 96Zr, the closure of
the N = 56 subshell no longer produces an increase of the
energy of the first 2+ state [7]. This suggests that the N = 56
subshell is not particularly enhanced and draws attention
to the possible evolution of proton effective single-particle

energies [46]. Calculations using the IBM [18] do not predict
the drop in two-neutron separation energies at N = 56 in
the zirconium chain, but describe rather well the onset of
quadrupole collectivity at N = 60, although the Hamiltonian
is fitted to reproduce, among others, the energy of the first
2+ excited state. This can be a sign of the necessity to define
the valence space with respect to the N = 56 closure, or of
ingredients missing from the IBM description. The evolution
of nuclear structure around 96Zr is not completely understood
and the above observations raise the question whether the
N = 56 subshell can by itself explain the extended effect in
the two-neutron separation energies.

The nucleon (proton or neutron) number 56 is one of the
numbers favoring an enhancement of octupole collectivity, due
to the coupling of the opposite-parity h11/2 and d5/2 orbitals,
which differ by three units of angular momentum [47]. The
presence of octupole collectivity in the nuclides around 96Zr
is reflected in the existence of a 3− level in the low-energy
excitation spectrum of the even-even nuclei in the region.
The transition rate from the 0+ ground state to this 3− level
in 96Zr is remarkably high [45]. The reproduction of the
experimental B(E3; 0+ −→ 3−) through random-phase ap-
proximation calculations leads to its description as a collective
state, dominated by the configurations π (g9/2) ⊗ π (p3/2)−1

and ν(h11/2) ⊗ ν(d5/2)−1 (excitation of a proton from the πp3/2

to the πg9/2 orbital and of a neutron from the νd5/2 to the νh11/2

orbital, respectively) [48].
The HFB calculations presented in Fig. 3 predict no static

octupole deformation around N = 56 in any of the isotopic
chains between krypton and zirconium. The predicted trends
of two-neutron separation energies below N = 58 are rather
linear and their departure from the experimental values reflects
the contribution of dynamic correlations missing from the HFB
calculation, which can be quadrupole, as well as octupole in
nature. In Fig. 4 one notices the large gap between the νd5/2

and the νh11/2 shells, as well as between πp3/2 and πg9/2,
at the level of the spherical mean field (β = 0). These large
gaps make octupole vibrations unlikely in the ground-state of
a spherical nucleus. Nevertheless, as was mentioned already in
the previous section, the emergent quadrupole collectivity for
N > 50 lowers the energy of intruder orbits from the νh11/2

and πg9/2 shells, thus reducing the effective energy gap for
octupole excitations. We mention that a similar reduction of
the gap takes place also for the oblate-deformed solutions,
not shown in Fig. 4. For example, in the case of rubidium,
the 11

2 [5, 0, 5] and the 5
2 [4, 1, 3] orbits, originating from the

octupole-coupled (�J = 3) neutron shells, cross already at
N ∼ 57 for the oblate-deformed solution. Quadrupole collec-
tivity can thus dynamically provide the conditions allowing
for zero-point octupole fluctuations around N = 56.

Returning to Eq. (6), the trends of two-neutron separation
energies are sensitive to the correlation energy from zero-point
quadrupole and octupole fluctuations. An increase in the ab-
solute value of the correlation energy (�2N [εcorr(Z,N )] > 0)
would determine a rise in the trend of S2N . To illustrate that this
is the case in the studied region, Fig. 5 shows the two-neutron
separation energies between the krypton (Z = 36) and the
ruthenium (Z = 44) isotopic chains. The red lines mark the
linear trend of S2N in the krypton isotopic chain, fitted between
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FIG. 5. (Color online) Experimental two-neutron separation ener-
gies from the literature [32] and from this work (symbols connected
by lines), compared to the linear trend of the 88–94Kr52–58 isotopes
(straight red lines). The continuous or dashed character of the lines is
chosen to facilitate comparison.

N = 52 and N = 58. The fit line is then translated to match,
for each of the other isotopic chains, the S2N of the N = 52
isotone, thus allowing for comparison. One notices that the
N = 58 isotones fall on the same trend up to niobium
(Z = 41), until, for larger Z, quadrupole deformation sets in
already at N = 58. Between N = 52 and N = 58, however,
the S2N values show a parabolic rise above the linear trend,
peaking at N = 56. The effect is maximum for Z between
39 and 41, but is still present for the strontium (Z = 38)
and molybdenum (Z = 42) isotopes. This effect fades away
for higher proton numbers and the two-neutron separation
energies return in the ruthenium isotopic chain to the linear
trend of the krypton isotopes.

The behavior of the two-neutron separation energies be-
tween Z = 36 and 44 is compatible with the gradual increase
of the correlation energy in the ground state of the N ∼ 56
isotones, peaking for Z = 40. The energy of the first 2+ excited
state of the N = 56 isotones is maximum at Z = 40, while
the energy of the 3− state is minimum [7], which suggests
that, while quadrupole correlations are diminished for Z = 40,
octupole collectivity is enhanced.

Hartree-Fock-Bogoliubov calculations using the Gogny
D1S interaction and accounting for octupole correlations by
the generator coordinate method (GCM), published in [49],
also predict the nuclei in the region to have no static octupole
deformation. Nevertheless, the energy of octupole vibrations
around the nondeformed ground state can be significant. In the
GCM formalism of [49], this dynamic octupole correlation en-
ergy can be quantified by the difference in energy between the
static and the dynamic (in the sense of GCM) self-consistent
solutions. The results of [49] presented in Fig. 6 show that the
octupole correlation energy is enhanced for Z between 38 and
42, peaking at Z = 40 and N ∼ 56. While the total predicted
enhancement is not sufficient to explain the observed strength
of the effect in the two-neutron separation energies, it offers
a plausible explanation, alternative (or complementary) to the
closure of the N = 56 subshell. Further refinements of the
description of dynamic octupole correlations are necessary in
order to clarify its impact on the mass surface around N = 56.

FIG. 6. (Color online) Energy of octupole correlations around
N = 56 from HFB calculations using the Gogny-D1S potential,
treated in the generator coordinate method approach [49].

IV. CONCLUSIONS AND OUTLOOK

In the present work we have reported the determina-
tion of the masses of the neutron-rich 98–100Rb isotopes
with the Penning-trap mass spectrometer ISOLTRAP at the
ISOLDE/CERN facility. The mass of 100Rb was determined for
the first time and the mass of 99Rb was significantly improved.
No signs of the 98Rb isomer were observed.

The measured masses confirm that the rubidium isotopes
follow the trend of the isotopic chains with higher proton
numbers, unlike the known krypton isotopes, for which no
shape transition was found at N = 60 [10,11]. Thus, while
99,100Rb are in the region of strong quadrupole deformation,
the shape of their isotones 98,99Kr is currently not known.

To understand the evolution of nuclear shapes in this region,
we have performed HFB calculations with the SLy4 [21]
interaction, using the HFODD code [39]. The results show that
the studied nuclei exhibit a complex deformation landscape,
with stable prolate and oblate configurations lying close in
energy, in agreement with other HFB results from the literature
[19,20]. The single-particle structure is consistent with the
Federman-Pittel mechanism of nuclear collectivity [16], the
driving force of which is the residual interaction between
protons and neutron in orbits with large overlap, in competition
with the pairing interaction, to produce the fine balance
between spherical and deformed configurations.

The prolate configuration describes best the observed
systematics of two-neutron separation energies and charge
radii beyond N = 60 and down to Z = 37. As such, the sharp
changes in the trends of experimental observables determined
by the onset of quadrupole deformation pose strong constraints
on the parameters of the nucleon-nucleon potential. In particu-
lar, we have shown that the pairing interaction has a significant
impact on the predicted position of the shape transition, as well
as the absolute values of the two-neutron separation energies
and charge radii of the deformed nuclei. The ordering in
energy between the prolate and the oblate configuration is
also affected. This recommends the ground-state properties of
nuclei in shape-transition regions as reference observables for
fitting the parameters of the nuclear potential, in particular of
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the pairing interaction, complementary to the commonly used
properties of magic nuclei [38] and odd-even staggering of
masses [43], respectively.

The HFB calculations predict that the transition to larger
deformation also takes place in the prolate solution of the
krypton isotopes (Fig. 3), but at higher neutron number than
in the isotopic chains between rubidium and zirconium. This
possibility is not excluded by the available experimental data,
which only extend to N = 61. The oblate configuration also
becomes energetically favoured with respect to the prolate one
up to N = 62–63, the two remaining almost degenerate in
energy for higher neutron numbers. A prolate shape transition
for higher N than the most neutron-rich krypton isotope
measured so far or a persistence of the oblate configuration
are both possible explanations for the different behavior of
the experimental observables in the krypton isotopic chain.
Measurements of more neutron-rich krypton isotopes, such as
98,99Kr, are necessary to clarify if the krypton chain is indeed
the critical boundary of the prolate shape transition in the
neutron-rich A∼ 100 region of the nuclear chart.

The lowering of intruder orbits as the result of quadrupole
collectivity favours the development of dynamic octupole
correlations in the N ∼ 56 region. The drop in two-neutron
separation energies at N = 56, previously explained as the
result of the enhancement of the N = 56 subshell gap [44],
can also be the effect of an enhancement of the energy of
octupole correlations in that region, determining the increase

of S2N at N = 56 and an apparent drop towards N = 58. On
the S2N landscape shown in Fig. 6, the N = 59 isotonic line
would mark a valley between a hill of octupole vibrations
and a plateau of static quadrupole deformation. Recent HFB
calculations with the Gogny D1S interaction and the generator
coordinate method [49] suggest an increase of the energy of
octupole correlations around N = 56, supporting this picture.
This reinforces the importance of dynamic correlations in
the mean-field approach for describing the fine details of
ground-state observables and of precise mass measurements
for revealing the small effects of such correlations on the mass
surface, which mean-field theory can most easily access.
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