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Compound nucleus aspect of sub-barrier fusion: A new energy scaling behavior
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It has been shown on selected data that heavy ion sub-barrier fusion is of compound nucleus nature. Data
subjected to a simple energy scaling demonstrate either the lack of or greatly reduced fusion enhancement. Within
the proposed approach, the sub-barrier fusion cross-section could be easily predictable.
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Fusion of two atomic nuclei occurs when the interacting
bodies can overcome the barrier formed by the sum of the
attractive nuclear and the repulsive Coulomb and centrifugal
potentials. If the center of mass (c.m.) of kinetic energy is
below the barrier height, classically forbidden fusion can
occur as an instantaneous act of barrier quantum tunneling.
The tunneling probability depends on the barrier parameters.
However, the fusion cross-sections of some nuclei, despite
being isotopes of the same element and thus having almost the
same barrier, very often differ dramatically. This effect, known
as sub-barrier fusion enhancement, is hitherto explained as
being caused by the intrinsic properties of individual nuclei,
their susceptibility to collective excitations, and nucleon or
cluster transfers [1,2]. These direct reactions could modify
the barrier through a coupling mechanism of the reaction
channels and would lead either to fusion enhancement or to
the hindrance of fusion, depending on the specific situation.
We intend to show that the opportunity for sub-barrier fusion
is determined by the compound nucleus characteristics and
that its likelihood is decided mainly by general properties of
the participating colliding nuclei. The heavy ion sub-barrier
fusion cross-section could be predictable without involving
any structural effects of the colliding nuclei.

A vast body of high quality data for sub-barrier fusion cross-
sections has become available in recent years. Precise fusion
cross-section measurements down to a level of 1 mb and below,
which have been obtained at Canberra, Legnaro, Beijing,
Argonne, and other facilities, allow comparative studies. The
effect of static deformation on fusion probability has been
evidenced by the early measurements of the 16O + ASm fusion
reactions [3] (ASm denotes different samarium isotopes). A
large enhancement of the sub-barrier fusion of deformed 154Sm
was observed, compared with the spherical 144Sm. The data
points obtained for 148Sm were found to lie between the
limits for the spherical and statically deformed nuclei. Late
experimental results for these systems [4], completed with the
17O + 144Sm data [5], are shown in Fig. 1.

An example of particularly large sub-barrier enhancement
effects can be seen in Fig. 2, which shows the experimental
fusion cross-sections for four pairs of Ca and Zr isotopes [6–8].
The data seem difficult to comprehend. All these nuclei are
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rather spherical ones. Therefore, their statical deformations
could not be responsible for the observed effects.

Moreover, the cross-section for 48Ca on 90Zr is higher than
for 40Ca on the same target, while the opposite is true for
the 96Zr target. This means that not only the properties of
individual nuclei, but also their mutually dependent excitations
should be taken into account in a complicated way in attempts
to describe the data. The experimental results presented
in Fig. 2 have been compared with the calculations of
the improved quantum molecular dynamics model [8]. The
authors show in a juxtaposition that the dynamical effects
play an important role in the sub-barrier fusion reactions. In
addition, a significant effect of neutron transfer with positive
Q values has been pointed out [7,8].

A simple inspection of the data shown in Figs. 1 and 2
reveals an apparent correlation. The system of the largest
Q value has the largest sub-barrier fusion probability and
vice versa. Q is the energy gain in fusion defined by Mc =
m1 + m2 + Q, where Mc, m1, and m2 are the masses of the
compound nucleus and the two colliding partners, respectively.
We believe this dependence is a general one. The few excep-
tions that could be found among the available data systematics
deserve special consideration and a re-examination of the
relevant experimental data. The greater the difference in Q
values for similar systems, the bigger the observed sub-barrier
enhancement is. This means that the phase-space available
in fusion is an important factor that governs this process in
the sub-barrier energy region. To our knowledge, the Q-value
impact on sub-barrier fusion has been ignored in all barrier
penetration models, which is equivalent to a tacit assumption
of Q = 0.

There is a physical reason to incorporate the Q-value
dependence in sub-barrier fusion models. This process is
a rather slow one. For colliding nuclei with energy below
the Coulomb barrier, their relative velocity decreases to its
minimum at the distance of closest approach. Estimations have
been made for the cases of 4He + 208Pb and 40Ca + 40Ca
scattering occurring with asymptotic energy equal to 0.75 of
the respective Coulomb barrier heights. The relative motions
of the considered nuclei appear to be much lower than the
typical nucleon velocity inherent to a nucleus. This means that
during the contact time between two nuclei, there is enough
opportunity for interaction between their nucleons. Thus,
the situation arising at the sub-barrier approach resembles
that of the double-nuclear adiabatic system formed at higher
energies [9]. The system undergoes mutual excitations and
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FIG. 1. Fusion excitation functions for 16O + 144,148,154Sm [4]
and 17O + 144Sm [5] systems, Q stands for energy gain in fusion.

equilibration of collective degrees of freedom. Eventually,
the double-nuclear system evolves towards the most probable
deep-inelastic channels and towards fusion. According to that
concept, fusion is a long-lasting process and its probability
is determined by a phase-space availability, which is the
trait for the compound nucleus mechanism. If some kind of
equilibration could take place in the sub-barrier fusion, then the
appropriate experimental data should also exhibit phase-space
sensitivity.

The fusion cross-section σF has to obey two obvious
asymptotic boundary conditions: for Ec.m. → −Q, σF → 0
and for Ec.m. > VC , σF = πR2(1 − VC/Ec.m.), where Ec.m.,
VC , and R are the center of mass energy, Coulomb barrier
height, and interaction radius, respectively. At an energy below
the low energy boundary condition, in fact below an energy
threshold, i.e, when Ec.m. < −Q, the energy conservation
makes σF = 0, although for negative Q, which is a very
frequent case, the barrier-penetration models yield finite values
for σF . The higher energy boundary condition Ec.m. > VC

gives a geometrical limit for fusion, which holds at the absence
of both the direct processes and the upper limit for angular
momentum in the fused system.

To compare the cross-sections for various fusion systems,
because of the lack of a suitable model for sub-barrier fusion, a
simple energy scaling is introduced. The experimental energy
Ec.m. has to be replaced by a reduced energy parameter Er ,
which is given by

Er = Ec.m. + Q

VC + Q
. (1)

In the above parametrization, the only free parameter is the
barrier height VC . Among the many model approximations
for VC existing in the literature, the simplest one is taken
here as VC = e2Z1Z2/R, and the interaction radius R is given
by R = r0(A1/3

1 + A
1/3
2 ). Here, e, Z1, Z2, A1, and A2 are the

elementary charge, and the atomic and mass numbers of the
fusing nuclei, respectively; r0 is the reduced radius.

An example of the suggested data reduction application can
be seen in Fig. 3, where 12 data sets are plotted against the

FIG. 2. Experimental fusion data for the combination of
40,48Ca + 90,96Zr nuclei [6–8], Q stands for fusion Q values.

reduced energy of Eq. (1). The data from Figs. 1 and 2 are
completed here by the fusion data for 36,32S + 110Pd [10],
40Ca + 124Sn [11], and 48Ca + 124Sn [12]. All data points
shown in Fig. 3 as open symbols are for the data of Figs. 1
and 2, semi-closed symbols are for the other data points. The
reduced radius parameter r0 has been varied within 3.2%, from
0.95 × 1.44 fm for the 40Ca + 90Zr system to 0.92 × 1.44 fm
for the 48Ca + 96Zr one. Actually, it should not be expected
that the applied parametrization for R with unvarying r0 would
be adequate for the large neutron excess of the last system.
The data points in Fig. 3 scatter within a band with a width
corresponding to a factor of 2–3 for the fusion cross-section.
This could be either due to the omittance here of other fusion
data reduction procedures and the neglect of structural effects,
or to the limitations of the used scaling prescription, and
because of experimental uncertainties. By analyzing a variety

FIG. 3. Experimental fusion data presented in Figs. 1 and 2 and
data for 36,32S + 110Pd [10], 40Ca + 124Sn [11], and 48Ca + 124Sn
[12] systems in terms of the reduced c.m. energy. The open symbols
show data of Figs. 1 and 2, whereas the semi-closed ones are for all
other data, see text.
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FIG. 4. Sub-barrier fusion cross-section predictions for α + 206Pb
and α + 207Pb systems from the energy scaling of the α + 208Pb
data [13].

of fusion data, we found that the scaling, Eq. (1), fails to
satisfactorily reduce the data if fusing systems differ very
much with respect to the total mass and Q value, in terms
of Vc. Definitely, a more refined approach to the definition of
the Coulomb barrier Vc is desirable, in addition to a scrutiny
of the possible fusion probability dependence on the total
mass, mass asymmetry, and/or the value of Z1Z2 product.
Nevertheless, even with these limitations, it remains evident
that the long discussed fusion cross-section enhancement is
reduced greatly for the selected data set, as seen in Fig. 3,
and in some instances by two orders of magnitude. We can
conclude that the observed enhancement is predominantly
of compound nucleus nature with little room left for other
mechanisms that could contribute to the observed cross-section
variations.

A straightforward implication of the proposed scaling is
its predictive power. The sub-barrier fusion cross-section for
a pair of nuclei could be predicted easily if the cross-section
data measured for a neighboring system are known. Let us
consider the fusion of 4He nuclei with different lead isotopes.
The enhancement for the α + 206,207Pb fusion cross-sections
with respect to the α + 208Pb fusion is expected owing to
larger Q values for the first two.

Such estimations made with a barrier height equal to
20.5 MeV for all Pb nuclei are shown in Fig. 4, together
with the 208Pb(α, n)211Po reaction data [13]. The cross-section
for this reaction at sub-barrier energies almost completely
exhausts the total fusion cross-section for that system.

On the grounds of a Q-value criterion suggested here,
an even bigger effect on the sub-barrier fusion cross-section
should be observed for 3He ions, as well as for weakly
bound neutron-rich light projectiles, such as 6He and 8He,
hitting Pb and Bi target nuclei because of the much larger
fusion Q values. It would be interesting to compare yields of
these highly exothermic sub-barrier fusion reactions induced
by light nuclei of entirely different structures. Some data

FIG. 5. Reduced cross-section of fusion data for 3He + 58Ni [14],
8B + 58Ni [15], 16O + 58Ni [16], 6Li + 59Co [17], and 6He + 209Bi
[18] systems vs the reduced c.m. energy parameter, Eq. (1). Q stands
for fusion Q values.

on exotic ion fusion do show the enhancement, whereas
an anticipation concerning 3He is waiting an experimental
verification.

The proposed treatment of the fusion experimental data
seems to be appropriate for sub-barrier fusion measurements.
It can be seen in Fig. 2, for example, that some data only
below 10 mb obey our Q-value rule. The suggested scaling is
not the unique one which takes into account the phase-space
available in fusion. More involved algorithms for the energy
scaling could be developed and applied. However, even at
this stage, Eq. (1) can be useful for comparing fusion data
measured at energies close to the barrier. To demonstrate this
we took the fusion data for 3He + 58Ni [14], 8B + 58Ni [15],
16O + 58Ni [16], 6Li + 59Co [17], and 6He + 209Bi [18]
systems. The first three sets of the data are presented in Fig. 4
of [14] in terms of the reduced fusion cross-section σF /(A1/3

1 +
A

1/3
2 )2 against the energies scaled by a factor of Z1Z2/(A1/3

1 +
A

1/3
2 ). We show in Fig. 5 the reduced fusion cross-sections for

these five different systems versus our reduced energy scaling
parameter Er .

The reduced radius r0, needed for the barrier height
estimations, was taken equal to 0.96×1.44 fm for all five
analyzed data sets. Although our data reduction presented in
Fig. 5 is not perfect and could be improved, we do not see in
Fig. 5 distinct differences between the exotic systems 3He,8B
+ 58Ni fusion data and the data for a reference 16O + 58Ni
system. We are confident that the Q-value effect should
be taken into account when comparing various fusion data,
otherwise the comparison may lead to unjustified physical
conclusions.

The author is indebted to Yu. M. Tchuvil’sky for discussions
and to G. M. Ter-Akopian for reading the manuscript. Polish
Plenipotentiary at JINR supporting grant is appreciated. The
experimental data compilation of http://nrv.jinr.ru/ has been
used, in spite of some inconsistencies found.

041603-3



RAPID COMMUNICATIONS

ROMAN WOLSKI PHYSICAL REVIEW C 88, 041603(R) (2013)

[1] M. Dasgupta, D. J. Hinde, N. Rowley, and A. M. Stefanini,
Annu. Rev. Nucl. Part. Sci. 48, 401 (1998).

[2] A. B. Balantekin and N. Takigawa, Rev. Mod. Phys. 70, 77
(1998), and references therein.

[3] R. G. Stokstad, Y. Eisen, S. Kaplanis, D. Pelte, U. Smilansky,
and I. Tserruya, Phys. Rev. Lett. 41, 465 (1978).

[4] J. R. Leigh, M. Dasgupta, D. J. Hinde, J. C. Mein, C. R. Morton,
R. C. Lemmon, J. P. Lestone, J. O. Newton, H. Timmers, J. X.
Wei, and N. Rowley, Phys. Rev. C 52, 3151 (1995).

[5] C. R. Morton, M. Dasgupta, D. J. Hinde, J. R. Leigh, R. C.
Lemmon, J. P. Lestone, J. C. Mein, J. O. Newton, H. Timmers,
N. Rowley, and A. T. Kruppa, Phys. Rev. Lett. 72, 4074
(1994).

[6] H. Timmers, D. Ackermann, S. Beghini, L. Corradi, J. H. He,
G. Montagnoli, F. Scarlassara, A. M. Stefanini, and N. Rowley,
Nucl. Phys. A 633, 421 (1998).

[7] H.-Q. Zhang, Z.-H. Liu, F. Yang, C.-J. Lin, M. Ruan, Y.-W. Wu,
Z.-X. Li, X.-Z. Wu, K. Zhao, and N. Wang, Chin. Phys. Lett. 72,
3048 (2005).

[8] A. M. Stefanini, F. Scarlassara, S. Beghini, G. Montagnoli,
R. Silvestri, M. Trotta, B. R. Behera, L. Corradi, E. Fioretto,
A. Gadea, Y. W. Wu, S. Szilner, H. Q. Zhang, Z. H. Liu,
M. Ruan, F. Yang, and N. Rowley, Phys. Rev. C 73, 034606
(2006).

[9] V. V. Volkov, Phys. Rep. 44, 93 (1978).

[10] A. M. Stefanini, D. Ackermann, L. Corradi, J. H. He,
G. Montagnoli, S. Beghini, F. Scarlassara, and G. F. Segato,
Phys. Rev. C 52, R1727 (1995).

[11] F. Scarlassara S. Beghini, G. Montagnoli, G. F. Segato,
D. Ackermann, L. Corradi, C. J. Lin, A. M. Stefanini, and
L. F. Zheng, Nucl. Phys. A 672, 99 (2000).

[12] J. J. Kolata, A. Roberts, A. M. Howard, D. Shapira, J. F. Liang,
C. J. Gross, R. L. Varner, Z. Kohley, A. N. Villano, H. Amro,
W. Loveland, and E. Chavez, Phys. Rev. C 85, 054603 (2012).

[13] A. R. Barnett and J. S. Lilley, Phys. Rev. C 9, 2010 (1974).
[14] E. F. Aguilera, E. Martinez-Quiroz, R. Chavez-Gonzalez,

P. Amador-Valenzuela, D. Lizcano, A. Gomez-Camacho, J. J.
Kolata, L. O. Lamm, A. Roberts, T. Spencer, F. D. Becchetti,
H. Jiang, M. Ojaruega, P. A. DeYoung, G. F. Peaslee, and
J. Brown, Phys. Rev. C 87, 014613 (2013).

[15] E. F. Aguilera et al., Phys. Rev. Lett. 107, 092701 (2011).
[16] N. Keeley, J. S. Lilley, J. X. Wei, M. Dasgupta, D. J. Hinde, J. R.

Leigh, J. C. Mein, C. R. Morton, H. Timmers, and N. Rowley,
Nucl. Phys. A 628, 1 (1998).

[17] C. Beck et al., Phys. Rev. C 67, 054602 (2003).
[18] J. J. Kolata, V. Guimaraes, D. Peterson, P. Santi, R. White-

Stevens, P. A. DeYoung, G. F. Peaslee, B. Hughey, B. Atalla,
M. Kern, P. L. Jolivette, J. A. Zimmerman, M. Y. Lee, F.
D. Becchetti, E. F. Aguilera, E. Martinez-Quiroz, and J. D.
Hinnefeld, Phys. Rev. Lett. 81, 4580 (1998).

041603-4

http://dx.doi.org/10.1146/annurev.nucl.48.1.401
http://dx.doi.org/10.1103/RevModPhys.70.77
http://dx.doi.org/10.1103/RevModPhys.70.77
http://dx.doi.org/10.1103/PhysRevLett.41.465
http://dx.doi.org/10.1103/PhysRevC.52.3151
http://dx.doi.org/10.1103/PhysRevLett.72.4074
http://dx.doi.org/10.1103/PhysRevLett.72.4074
http://dx.doi.org/10.1016/S0375-9474(98)00121-3
http://dx.doi.org/10.1103/PhysRevC.73.034606
http://dx.doi.org/10.1103/PhysRevC.73.034606
http://dx.doi.org/10.1016/0370-1573(78)90200-4
http://dx.doi.org/10.1103/PhysRevC.52.R1727
http://dx.doi.org/10.1016/S0375-9474(00)00056-7
http://dx.doi.org/10.1103/PhysRevC.85.054603
http://dx.doi.org/10.1103/PhysRevC.9.2010
http://dx.doi.org/10.1103/PhysRevC.87.014613
http://dx.doi.org/10.1103/PhysRevLett.107.092701
http://dx.doi.org/10.1016/S0375-9474(97)00597-6
http://dx.doi.org/10.1103/PhysRevC.67.054602
http://dx.doi.org/10.1103/PhysRevLett.81.4580



