
PHYSICAL REVIEW C 88, 035209 (2013)
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The nucleon resonances are investigated within a dynamical coupled-channels model of πN and γN reactions
up to the invariant mass W = 2 GeV. The meson-baryon (MB) channels included in the calculations are
MB = πN , ηN , K�, K�, and ππN that has π�, ρN , and σN resonant components. The meson-baryon
amplitudes TM ′B ′,MB (W ) are calculated from solving a set of coupled-channels integral equations defined by an
interaction Hamiltonian consisting of (a) meson-exchange interactions vM ′B ′,MB derived from phenomenological
Lagrangian and (b) vertex interactions N∗ → MB for describing the transition of a bare excited nucleon state
N∗ to a meson-baryon channel MB. The parameters of vM ′B ′,MB are mainly constrained by the fit to the data of
πN → πN in the low-energy region up to W = 1.4 GeV. The bare masses of N∗ and the N∗ → MB parameters
are then determined in simultaneous fits to the data of πN → πN up to W = 2.3 GeV and those of πN →
ηN, K�,K� and γN → πN, ηN,K�, K� up to W = 2.1 GeV. The pole positions and residues of nucleon
resonances are extracted by analytically continuing the meson-baryon amplitudes TM ′B ′,MB (W ) to the complex
Riemann energy surface. From the extracted residues, we have determined the N∗ → πN, γN, ηN,K�, K�

transition amplitudes at resonance poles. We compare the resonance pole positions from our analysis with those
given by the Particle Data Group and the recent coupled-channels analyses by the Jülich and Bonn-Gatchina
groups. Four results agree well only for the first N∗ in each spin-parity-isospin (J P , I ) channel. For higher mass
states, the number of states and their resonance positions from four results do not agree well. We discuss the
possible sources of the discrepancies and the need of additional data from new hadron facilities such as the Japan
Proton Accelerator Research Complex.
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I. INTRODUCTION

One of the important problems in hadron physics is to
understand the structure of the nucleon within quantum
chromodynamics (QCD). Because the nucleon is a composite
particle, its properties are closely related to the spectrum
and the structure of its excited states. From the available
data, we know that all of the excited nucleon states (denoted
collectively as N∗) are unstable and couple strongly with the
meson-baryon continuum states to form resonances in πN and
γN reactions. Therefore, the study of the N∗ resonances in πN
and γN reactions has been a well-recognized important task
in advancing our understanding of the structure of baryons. It
can also provide important information for understanding how
the confinement and chiral symmetry breaking emerge from
QCD.

In this work, we report on the results from an investigation
of N∗ resonances with an extension of the dynamical coupled-
channels (DCC) model developed in Ref. [1]. Schemati-
cally, the following coupled-channels integral equations in
each partial wave are solved within the DCC model of
Ref. [1],

Tβ,α(pβ, pα; W ) = Vβ,α(pβ, pα; W )

+
∑

γ

∫
p2dpVβ,γ (pβ, p; W )

×Gγ (p; W )Tγ,α(p, pα; W ), (1)

with

Vβ,α(pβ, pα; W ) = vβ,α(pβ, pα) +
∑
N∗

�
†
N∗,β(pβ)�N∗,α(pα)

W − M0
N∗

,

(2)

where α, β, δ = γN , πN , ηN , and ππN that has the unstable
π�, ρN , and σN components, Gδ(p; W ) is the Green’s
function of the channel δ, M0

N∗ is the mass of a bare excited
nucleon state N∗, vβ,α is defined by the meson-exchange
mechanisms, and the vertex interaction �N∗,α defines the
α → N∗ transition. We describe in Sec. II how Eqs. (1) and (2)
can be cast into a form that is most convenient for extracting
the nucleon resonances from the amplitude Tβ,α(pβ, pα; W ).
In the past few years, we have applied this DCC model to
analyze πN and γN reactions with πN [2–4], ηN [5], and
ππN [6,7] final states. The method for extracting the nucleon
resonances within the considered DCC model was developed
in Refs. [8,9] with the results presented in Refs. [9–11].
During this developing stage, the DCC model parameters were
not determined by simultaneous fits to all of the considered
data. In addition, the very extensive data of K� and K�
photoproduction reactions were not included in the analysis.
As a step in improving our analysis, we have extended these
earlier efforts to perform a combined analysis of the available
data for πN , γN → πN , ηN , K�, and K�. The purpose of
this paper is to report on the results from this effort.
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The starting point of our analysis is to extend the model,
defined by Eqs. (1) and (2), to include the K� and K�
channels. We then apply the same numerical procedures
detailed in our previous publications [1–3,8,9] to perform the
calculations. Our main effort is to determine the parameters
of the interactions Vβ,α of Eq. (2) by fitting simultaneously
all of the rather extensive data, as explained later. The
nucleon resonances are then extracted from the resulting
model by using the analytic continuation method developed in
Refs. [8,9].

The extraction of nucleon resonances has a long history
and several different approaches have been developed. To
see the main features of our approach, as well as the other
dynamical models [12–20], we briefly discuss how the nucleon
resonances are extracted by the other analysis groups. It is
common to parametrize [21–29] the partial-wave amplitudes
in terms of polynomial functions, the Breit-Wigner forms, the
tree diagrams of phenomenological Lagrangian, or various
combinations of them. The K-matrix method is used in these
analyses to unitarize the constructed amplitudes. In most
cases, the resulting forms of partial-wave amplitudes depend
algebraically on the energy variable W and hence it is rather
efficient numerically to fit the data and extract the resonances.
The analyses [30–32] based on the unitary Carnegie-Mellon-
Berkeley model also only involve solving algebraic equations
in extracting the resonances from the partial-wave amplitudes.
In an approach based on a DCC model, such as the one defined
by Eqs. (1) and (2), the partial-wave amplitudes are calculated
by solving a set of coupled-channels integral equations. Thus,
the computation effort needed in fitting the meson production
data is considerably more complex than that of the K-matrix
analyses. Furthermore, the resulting partial-wave amplitudes,
defined by the coupled-channels integral equations such as
Eqs. (1) and (2) used in our analysis, have complicated analytic
structure and must be analyzed carefully to develop a correct
procedure for extracting the nucleon resonances.

Compared with the models [21–24,30–32] with polyno-
mial parameterizations of the partial-wave amplitudes, our
approach, as well as all dynamical models, have an important
constraint in fitting the data. In the polynomial fits, the
parameters in each partial wave of each channel are adjusted
independently. However, the dynamical models have much
less freedom in adjusting the parameters to fit the data because
the partial-wave amplitudes in all partial waves and in all
reaction channels are related to the same parameters of the
meson-exchange mechanisms.

Obviously, a DCC approach is much more complex and
difficult than the other approaches [21–32]. This, however, is
needed to investigate the dynamical origin and the internal
structure of the nucleon resonances. As can be seen from
the ingredients of the interaction Vβ,α(pβ, pα; W ) in Eq. (2),
the dynamical model considered in our approach is aimed
at exploring a question whether a nucleon resonance can
be interpreted as a system of a core state surrounded by a
meson cloud, a moleculelike meson-baryon state, or a mixture
of them. Such an interpretation has been obtained for the
� (1232) resonance in various meson-exchange models of
πN and γN reactions up to W = 1.3 GeV. An example
can be found in Ref. [15], where �(1232) was interpreted

as a baryon made of a core state and a pion cloud. The
resulting core state can be identified, qualitatively, with the
� of a hadron structure model with only constituent-quark
degrees of freedom. Our earlier DCC analysis [10,11] has also
provided useful information on the dynamical origin of the
Roper resonance and has provided an interpretation of the
mass of the first excited nucleon state with isospin-spin-parity
I (JP ) = 1/2(1/2+) predicted by most of the hadron structure
models such as the model based on the Dyson-Schwinger
equation of QCD [33]. The DCC analysis performed in this
work is a necessary step toward improving our understanding
of the dynamical origins and the structure of all nucleon
resonances with mass below 2 GeV.

In Sec. II, we briefly describe the formulation of the DCC
model used in our analysis. The formula for extracting nucleon
resonances developed in Refs. [8,9] are reviewed in Sec. III.
The procedures for determining the model parameters are
explained in Sec. IV. The fits to the data are presented and
discussed in Sec. V. The extracted nucleon resonances are
given in Sec. VI. In Sec. VII, we discuss the possible future
developments. For completeness, we also explain the essential
details of our calculations in Appendixes A–D. The determined
model parameters are given in Appendix E.

II. DYNAMICAL COUPLED-CHANNELS MODEL

Because the formulation of the DCC model employed in
this work has been given in detail in Refs. [1–4,6,7], here we
only briefly describe the relevant equations that are needed
to define the notations for presenting our results. We also
indicate several improvements we have made for performing
the combined analysis of pion- and photon-induced πN , ηN ,
K�, and K� production reactions.

A. Hadronic amplitudes

Within the formulation of Ref. [1], we apply the projection
operator method [34] to cast the partial-wave components of
the T -matrix elements of the meson-baryon reactions, M(�k) +
B(−�k) → M ′(�k′) + B ′(−�k′), into the form

TM ′B ′,MB(k′, k; W ) = tM ′B ′,MB(k′, k; W ) + tRM ′B ′,MB(k′, k; W ),

(3)

where W is the total energy, k and k′ are the meson-baryon rel-
ative momenta in the center of mass frame, and MB,M ′B ′ =
πN, ηN, π�, ρN, σN,K�,K� are the reaction channels
included in this analysis. [The label “MB” also specifies
quantum numbers (spin, parity, isospin, etc.) associated with
the channel MB.]

The “nonresonant” amplitude tM ′B ′,MB(k′, k; W ) in Eq. (3)
is defined by a set of coupled-channels integral equations,1

1Because of the perturbative nature of the electromagnetic interac-
tions, it is only necessary to solve the coupled-channels equations
in the channel space excluding the γN channel. The γN → πN

amplitude up to the order of e = √
4π/137 can then be calculated

perturbatively, as can be seen in Sec. II B.
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TABLE I. Branch points of the meson-baryon
Green’s functions GMB (k; W ) for unstable chan-
nels MB = π�, σN, ρN . For the calculation of
the Green’s functions, we take mN = 938.5 MeV
and mπ = 138.5 MeV.

Branch point (MeV)

π� (1211.5 − i55.0) + mπ

σN (483.7 − i185.8) + mN

(1032.3 − i247.7) + mN

ρN (765.5 − i75.0) + mN

tM ′B ′,MB(k′, k; W )

= VM ′B ′,MB (k′, k; W )

+
∑

M
′′
B

′′

∫
CM′′B′′

k′′2dk′′VM ′B ′,M ′′B ′′ (k′, k′′; W )

×GM ′′B ′′ (k′′; W )tM ′′B ′′,MB(k′′, k; W ). (4)

Here CM ′′B ′′ is the integration path, which is taken from 0 to
∞ for the physical W ; the summation

∑
MB runs over the

orbital angular momentum and total spin indices for all MB
channels allowed in a given partial wave; GM ′′B ′′ (k; W ) are
the meson-baryon Green’s functions. Defining Eα(k) = [m2

α +
k2]1/2 with mα being the mass of a particle α, the meson-baryon
Green’s functions in the above equations are

GMB(k; W ) = 1

W − EM (k) − EB(k) + iε
, (5)

for the stable πN , ηN , K�, and K� channels, and

GMB(k; W ) = 1

W − EM (k) − EB(k) − �MB(k; W )
, (6)

for the unstable π�, ρN , and σN channels. The details of the
self-energy �MB(k; W ) in Eq. (6) are given in Appendix A.
The branch points of the meson-baryon Green’s functions
GMB(k; W ), as defined by zeros of the denominator of Eqs. (5)
and (6), are related closely to the search of resonance positions
on the complex energy surface, as explained in Sec. III.
In Table I, we list the branch points of the π�, ρN , and
σN channels within the model considered here.

The driving terms of Eq. (4) are

VM ′B ′,MB (k′, k; W ) = vM ′B ′,MB (k′, k) + Z
(E)
M ′B ′,MB(k′, k; W ).

(7)

Here the potentials vM ′B ′,MB(k′, k) are meson-exchange in-
teractions derived from the tree diagrams, as illustrated in
Fig. 1, of phenomenological Lagrangian. Within the unitary
transformation method [15,35–37] used in the derivation, those

B’B

M M’

B

M

n

n

v v v vs u t c

FIG. 1. Meson-exchange mechanisms.

N

π

Δ

ρ,σΔ

π
Z

(E)

M’B’,MB
= +

FIG. 2. Z-diagram mechanisms.

potentials are energy independent and free of singularities. In
Appendix B, we list the Lagrangian used in our derivations.
The resulting forms of vM ′B ′,MB (k′, k) and their partial-wave
expansions are given in Appendix C.

The energy-dependent Z
(E)
M ′B ′,MB(k′, k; W ) terms in Eq. (7),

as illustrated in Fig. 2, contain the moving singularities owing
to the three-body ππN cut. These Z-diagram terms were
neglected in the fit of Ref. [2] and are now included in this
combined analysis. With this inclusion of the Z-diagram terms,
we have confirmed that our model satisfies the three-body
ππN unitarity perfectly within the numerical accuracy. The
procedures for evaluating the partial-wave matrix elements of
Z

(E)
M ′B ′,MB (k′, k; W ) are explained in detail in Appendix E of

Ref. [1].
The second term on the right-hand-side of Eq. (3) is the

N∗-excitation term defined by

tRM ′B ′,MB(k′, k; W )

=
∑

N∗
n ,N∗

m

�̄M ′B ′,N∗
n
(k′; W )[D(W )]n,m�̄N∗

m,MB(k; W ). (8)

Here the dressed N∗ → MB and MB → N∗ vertices are,
respectively, defined by

�̄MB,N∗ (k; W ) = �MB,N∗ (k)

+
∑
M ′B ′

∫
q2dqtMB,M ′B ′(k, q; W )

×GM ′B ′(q,W )�M ′B ′,N∗ (q), (9)

�̄N∗,MB(k; W ) = �N∗,MB(k)

+
∑
M ′B ′

∫
q2dq�N∗,M ′B ′(q)

×GM ′B ′(q,W )tM ′B ′,MB (q, k; W ), (10)

with �MB,N∗ (k) being the bare N∗ → MB decay vertex [note
that �N∗,MB (k) = �

†
MB,N∗ (k)]; the inverse of the dressed N∗

propagator is defined by

[D−1(W )]n,m = (
W − M0

N∗
n

)
δn,m − [�N∗ (W )]n,m, (11)

where M0
N∗ is the mass of the bare N∗ state and the N∗ self-

energies �N∗ (W ) are given by

[�N∗(W )]n,m =
∑
MB

∫
CMB

k2dk�N∗
n ,MB(k)

×GMB(k; W )�̄MB,N∗
m
(k; W ). (12)

We emphasize here that the N∗ propagator D(W ) can have
off-diagonal terms owing to the meson-baryon interactions.

Equations (3)–(12) define the DCC model used in our
analysis. In the absence of theoretical input, the DCC model,
as well as all hadron reaction models, has parameters that
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can only be determined phenomenologically from fitting the
data. The meson-exchange interactions vM ′B ′,MB depend on
the coupling constants and the cutoffs of form factors that
regularize their matrix elements. While the values of some
of the coupling constants can be estimated from the flavor
SU(3) relations, we allow most of them to vary in the fits. The
s-channel and u-channel mechanisms of vM ′B ′,MB (vs and vu

in Fig. 1) include at each meson-baryon-baryon vertex a form
factor of the form

F (�k,�) =
(

�2

�k2 + �2

)2

, (13)

with �k being the meson momentum. For the meson-meson-
meson vertex of t-channel mechanism (vt ), the form Eq. (13) is
also used with �k being the momentum of the exchanged meson.
For the contact term (vc) we regularize it by F ( �k′,�′)F (�k,�).
The bare vertex functions in Eqs. (9) and (10) are parametrized
as

�MB(LS),N∗ (k) = 1

(2π )3/2

1√
mN

CMB(LS),N∗

×
(

�2
N∗

�2
N∗ + k2

)(2+L/2) (
k

mπ

)L

, (14)

where L and S denote the orbital angular momentum and
spin of the MB state, respectively. All of the possible (L, S)
states in each partial wave included in our coupled-channels

calculations are listed in Table II. The vertex function (14)
behaves as kL at k ∼ 0 and k−4 for k → ∞. The coupling
constant CMB(LS),N∗ and the cutoff �N∗ are adjusted along
with the bare masses M0

N∗ in the fits. It is noted that in our
early analysis [2], the different cutoffs were introduced for
each MB(LS) state of a given bare N∗, and those were allowed
to vary independently in the fit. In this analysis, however, we
use a single cutoff �N∗ for all MB(LS) states. This drastically
reduces the number of parameters associated with the hadronic
interaction of the bare N∗ states.

B. Electromagnetic amplitudes

With the hadronic amplitudes tM ′B ′,MB(k′, k; W ) defined in
Eq. (4), the partial-wave amplitudes for the γ (�q) + N (−�q) →
M ′(�k′) + B ′(−�k′) reactions are expressed as [1]

TM ′B ′,γN (k′, q; W ) = tM ′B ′,γN (k′, q; W ) + tRM ′B ′,γN (k′, q; W ),

(15)

with

tM ′B ′,γN (k′, q; W ) = vM ′B ′,γN (k′, q)

+
∑
M ′′B ′′

∫
p2dp tM ′B ′,M ′′B ′′ (k′, p; W )

×GM ′′B ′′(p; W )vM ′′B ′′,γN (p, q), (16)

TABLE II. The orbital angular momentum (L) and total spin (S) of each MB channel allowed in a given partial wave. In the first column,
partial waves are denoted with the conventional notation l2I2J , as well as (I ,J P ).

l2I2J (I, J P ) (L, S) of the considered partial waves

πN ηN π� σN ρN K� K�

(π�)1 (π�)2 (ρN )1 (ρN )2 (ρN )3

S11 (1, 1
2

−
) (0, 1

2 ) (0, 1
2 ) (2, 3

2 ) – (1, 1
2 ) (0, 1

2 ) (2, 3
2 ) – (0, 1

2 ) (0, 1
2 )

S31 (3, 1
2

−
) (0, 1

2 ) – (2, 3
2 ) – – (0, 1

2 ) (2, 3
2 ) – – (0, 1

2 )
P11 (1, 1

2

+
) (1, 1

2 ) (1, 1
2 ) (1, 3

2 ) – (0, 1
2 ) (1, 1

2 ) (1, 3
2 ) – (1, 1

2 ) (1, 1
2 )

P13 (1, 3
2

+
) (1, 1

2 ) (1, 1
2 ) (1, 3

2 ) (3, 3
2 ) (2, 1

2 ) (1, 1
2 ) (1, 3

2 ) (3, 3
2 ) (1, 1

2 ) (1, 1
2 )

P31 (3, 1
2

+
) (1, 1

2 ) – (1, 3
2 ) – – (1, 1

2 ) (1, 3
2 ) – – (1, 1

2 )
P33 (3, 3

2

+
) (1, 1

2 ) – (1, 3
2 ) (3, 3

2 ) – (1, 1
2 ) (1, 3

2 ) (3, 3
2 ) – (1, 1

2 )
D13 (1, 3

2

−
) (2, 1

2 ) (2, 1
2 ) (0, 3

2 ) (2, 3
2 ) (1, 1

2 ) (2, 1
2 ) (0, 3

2 ) (4, 3
2 ) (2, 1

2 ) (2, 1
2 )

D15 (1, 5
2

−
) (2, 1

2 ) (2, 1
2 ) (2, 3

2 ) (4, 3
2 ) (3, 1

2 ) (2, 1
2 ) (2, 3

2 ) (4, 3
2 ) (2, 1

2 ) (2, 1
2 )

D33 (3, 3
2

−
) (2, 1

2 ) – (0, 3
2 ) (2, 3

2 ) – (2, 1
2 ) (0, 3

2 ) (2, 3
2 ) – (2, 1

2 )
D35 (3, 5

2

−
) (2, 1

2 ) – (2, 3
2 ) (4, 3

2 ) – (2, 1
2 ) (2, 3

2 ) (4, 3
2 ) – (2, 1

2 )
F15 (1, 5

2

+
) (3, 1

2 ) (3, 1
2 ) (1, 3

2 ) (3, 3
2 ) (2, 1

2 ) (3, 1
2 ) (1, 3

2 ) (3, 3
2 ) (3, 1

2 ) (3, 1
2 )

F17 (1, 7
2

+
) (3, 1

2 ) (3, 1
2 ) (3, 3

2 ) (5, 3
2 ) (4, 1

2 ) (3, 1
2 ) (3, 3

2 ) (5, 3
2 ) (3, 1

2 ) (3, 1
2 )

F35 (3, 5
2

+
) (3, 1

2 ) – (1, 3
2 ) (3, 3

2 ) – (3, 1
2 ) (1, 3

2 ) (3, 3
2 ) – (3, 1

2 )
F37 (3, 7

2

+
) (3, 1

2 ) – (3, 3
2 ) (5, 3

2 ) – (3, 1
2 ) (3, 3

2 ) (5, 3
2 ) – (3, 1

2 )
G17 (1, 7

2

−
) (4, 1

2 ) (4, 1
2 ) (2, 3

2 ) (4, 3
2 ) (3, 1

2 ) (4, 1
2 ) (2, 3

2 ) (4, 3
2 ) (4, 1

2 ) (4, 1
2 )

G19 (1, 9
2

−
) (4, 1

2 ) (4, 1
2 ) (4, 3

2 ) (6, 3
2 ) (5, 1

2 ) (4, 1
2 ) (4, 3

2 ) (6, 3
2 ) (4, 1

2 ) (4, 1
2 )

G37 (3, 7
2

−
) (4, 1

2 ) – (2, 3
2 ) (4, 3

2 ) – (4, 1
2 ) (2, 3

2 ) (4, 3
2 ) – (4, 1

2 )
G39 (3, 9

2

−
) (4, 1

2 ) – (4, 3
2 ) (6, 3

2 ) – (4, 1
2 ) (4, 3

2 ) (6, 3
2 ) – (4, 1

2 )
H19 (1, 9

2

+
) (5, 1

2 ) (5, 1
2 ) (3, 3

2 ) (5, 3
2 ) (4, 1

2 ) (5, 1
2 ) (3, 3

2 ) (5, 3
2 ) (5, 1

2 ) (5, 1
2 )

H39(3, 9
2

+
) (5, 1

2 ) (5, 1
2 ) (3, 3

2 ) (5, 3
2 ) – (5, 1

2 ) (3, 3
2 ) (5, 3

2 ) – (5, 1
2 )
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tRM ′B ′,γN (k′, q; W ) =
∑
n,m

�̄M ′B ′,N∗
n
(k′; W )[D(W )]n,m

× �̄N∗
m,γN (q; W ), (17)

�̄N∗,γN (q; W ) = �N∗,γN (q)

+
∑
M ′B ′

∫
p2dp�N∗,M ′B ′ (p)

×GM ′B ′(p,W )tM ′B ′,γN (p, q; W ). (18)

Here vMB,γN is the meson-exchange potential for the γN →
MB processes, and �̄N∗,γN (q; W ) is the dressed γN → N∗
vertex (Fig. 3). The procedures for calculating vMB,γN are
detailed in Ref. [1] and also given here in Appendix D. In the
latter, the ingredients associated with KY channels are newly
added.

For the bare γN → N∗ vertex, we depart from the simple
parametrization given in Ref. [1] and write it in the helicity
representation as

�N∗,γN (q) = 1

(2π )3/2

√
mN

EN (q)

√
qR

|q0|A
N∗
λ δλ,(λγ −λN ), (19)

where λγ (λN ) is the helicity quantum number of the photon
(nucleon) and qR and q0 are defined by MN∗ = qR + EN (qR)
and W = q0 + EN (q), respectively. The helicity amplitudes
AN∗

λ in the above equation are related to the multipole
amplitudes EN∗

l± and MN∗
l± of γN → N∗ processes as

AN∗
3/2 =

√
l(l + 2)

2

[ − MN∗
l+ + EN∗

l+
]
, (20)

AN∗
1/2 = −1

2

[
lMN∗

l+ + (l + 2)EN∗
l+

]
, (21)

for j = l + 1/2, and

AN∗
3/2 = −

√
(l − 1)(l + 1)

2

[
MN∗

l− + EN∗
l−

]
, (22)

AN∗
1/2 = +1

2

[
(l + 1)MN∗

l− − (l − 1)EN∗
l−

]
, (23)

for j = l − 1/2. The multipole amplitudes are parametrized
as

MN∗
l± (q) =

(
q

mπ

)l
((

�e.m.
N∗

)2 + m2
π(

�e.m.
N∗

)2 + q2

)(2+l/2)

M̃N∗
l± , (24)

N N∗

π

π, ρ
ω

π

π

N, Δ

γ

FIG. 3. Dressed γN → N∗ vertex defined by Eq. (18).

EN∗
l± (q) =

(
q

mπ

)(l±1)
((

�e.m.
N∗

)2 + m2
π(

�e.m.
N∗

)2 + q2

)[2+(l±1)/2]

ẼN∗
l± ,

(25)

where the cutoff �e.m.
N∗ and the coupling constants M̃N∗

l±
and ẼN∗

l± are determined in fitting the data. One significant
difference between this work and our previous analysis [3]
is that the multipole amplitudes, or equivalently the helicity
amplitudes, for the γN → N∗ processes now have momentum
dependence. To compare with our previous works [15] on
�(1232), however, we depart from the above parametrization
and use the following forms for the first bare state in P33:

A
1stP33
3/2 = −xA3/2

√
3

2
A

[
GSL

M (0) − (1 − N )GSL
E (0)

]
, (26)

A
1stP33
1/2 = −xA1/2

1

2
A

[
GSL

M (0) − (1 + N )GSL
E (0)

]
, (27)

with

A = e

2mN

√
Wq

mN

W + mN

MN∗ + mN

, (28)

N = 2

(
W − mN

MN∗ − mN

)2

, (29)

where GSL
M (0) = 1.85 and GSL

E (0) = 0.025 [15]. The factors
xA3/2 and xA1/2 in Eqs. (26) and (27) are treated as free
parameters in our fitting processes.

III. EXTRACTIONS OF NUCLEON RESONANCES

We follow the earlier works [38,39] to define that a nucleon
resonance with a complex mass MR is an “eigenstate” of a
Hamiltonian H |ψR

N∗ 〉 = MR|ψR
N∗ 〉 under the so-called outgo-

ing boundary condition. Then from the spectral expansion
of the Low equation for reaction amplitude T (W ) = H ′ +
H ′(W − H )−1H ′, where we have defined H ′ = H − H0, with
H0 being the noninteracting free Hamiltonian, we have

TM ′B ′,MB

(
k0
M ′B ′ , k

0
MB ; W → MR

)
=

〈
k0
M ′B ′

∣∣H ′∣∣ψR
N∗

〉〈
ψR

N∗
∣∣H ′∣∣k0

MB

〉
W − MR

+ · · · , (30)

where k0
MB and k0

M ′B ′ are the on-shell momenta defined by

W = EM

(
k0
MB

) + EB

(
k0
MB

) = EM ′
(
k0
M ′B ′

) + EB ′
(
k0
M ′B ′

)
.

(31)

Therefore, the resonance masses MR can be defined
as the pole positions of the meson-baryon amplitude
TM ′B ′,MB(k0

M ′B ′ , k0
MB ; W ) on the complex Riemann W surface.

Because of the quadratic relation between the energy and
momentum variables, each MB channel for a given W can
have a physical (p) sheet characterized by Im(k0

MB) > 0 and an
unphysical (u) sheet by Im(k0

MB) < 0. Like all previous works,
we only look for the poles close to the physical region and/or
having large effects on scattering observables. All of these
poles are on the unphysical sheet of the πN channel, but could
be on either (u) or (p) sheets of other channels. To find the
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resonance poles, we analytically continue Eqs. (3)–(12) to the
complex W plane by using the method detailed in Refs. [8,9].
The main step is to choose appropriate momentum-integration
paths in solving Eqs. (3)–(12).

As derived in Refs. [8,9], we can write Eq. (30) in
terms of tM ′B ′,MB(k′, k; W ), which is the solution of Eq. (4),
tRM ′B ′,MB (k′, k; W ) defined by Eq. (8), and �̄MB,N∗ [�̄N∗,MB]
defined by Eq. (9) [Eq. (10)]. Explicitly, as the energy
approaches a resonance position in the complex W plane, the
total meson-baryon amplitudes can be written as

TM ′B ′,MB

(
kR
M ′B ′ , k

R
MB ; W → MR

)
= B̃M ′B ′,MB(MR) + R̃M ′B ′,MB(MR)

W − MR

, (32)

where the on-shell momenta kR
MB and kR

M ′B ′ are defined by
Eq. (31) with W = MR , and

B̃M ′B ′,MB(MR)

= tM ′B ′,MB

(
kR
M ′B ′ , k

R
MB ; MR

)
+ d

dW

[
(W − MR)tRM ′B ′,MB

(
kR
M ′B ′ , k

R
MB ; W

)]
W=MR

, (33)

R̃M ′B ′,MB(MR) = �̄R
M ′B ′

(
kR
M ′B ′ ,MR

)
�̄R

MB

(
kR
MB,MR

)
, (34)

with

�̄R
MB

(
kR
MB,MR

) =
∑

i

χi�̄MB,N∗
i

(
kR
MB,MR

)
. (35)

Here χi represents ith “bare” resonance component of the
dressed N∗ and satisfies∑

j

[D−1(MR)]ijχj =
∑

j

[(
MR − MN∗

i

)
δij − �(MR)ij

]
χj

= 0. (36)

If there is only one bare N∗ state, with D−1(W ) = W − MN∗ −
�(W ), it is easy to see that

χ = 1√
1 − �′(MR)

, (37)

where �′(MR) = [d�/dW ]W=MR
.

With the normalizations we employ, the S matrix in each
partial wave is related to TM ′B ′,MB(k0

M ′B ′ , k0
MB ; W ) by

SM ′B ′,MB(W ) = δM ′B ′,MB + 2iFM ′B ′,MB(W ), (38)

where

FM ′B ′,MB(W )

= −[ρM ′B ′ (W )]1/2TM ′B ′,MB

(
k0
M ′B ′ , k

0
MB ; W

)
[ρMB(W )]1/2,

(39)

with

ρMB(W ) = π
k0
MBEM

(
k0
MB

)
EB

(
k0
MB

)
W

. (40)

For the later use, we denote the residue of the
scattering amplitude FM ′B ′,MB(W ) at a resonance pole

as RM ′B ′,MB ,

FM ′B ′,MB(W → MR) = SM ′B ′,MB(W → MR) − δM ′B ′,MB

2i

= −
[
RM ′B ′,MB

W − MR

]
W→MR

. (41)

From Eqs. (32), (34), (38), (39), and (41) we have

RM ′B ′,MB = [ρM ′B ′(MR)]1/2�̄R
M ′B ′

(
kR
M ′B ′ ,MR

)
× �̄R

MB

(
kR
MB,MR

)
[ρMB(MR)]1/2. (42)

Here it is noted that we have fixed a sign freedom of χi in
�̄R

MB(kR
MB,MR) in such a way that �̄R

πN (kR
πN,MR) is given

by [ρπN (MR)]1/2�̄R
πN (kR

πN,MR) = [RπN,πN ]1/2 with −π <
arg(RπN,πN ) < π . The πN elasticity of a resonance is then
defined as

ηe = |RπN,πN |
−Im(MR)

. (43)

With a similar procedure, we have the helicity amplitudes
of γN → N∗ at the resonance pole MR as [9]

A3/2 = C × �̄R
γN (MR, λγ = 1, λN = −1/2), (44)

A1/2 = C × �̄R
γN (MR, λγ = −1, λN = −1/2) , (45)

where λN and λγ are the helicities of the initial nucleon and
photon, respectively, and

C =
√

EN (�q)

mN

1√
2K

√
(2JR + 1)(2π )3(2q0)

4π
, (46)

where JR is the spin of the resonance state, q0 = |�q|, and
K = (M2

R − m2
N )/(2MR).

IV. FITTING PROCEDURES

The model parameters specified in Sec. II are determined by
fitting the data of pion- and photon-induced πN , ηN , K�, and
K� production reactions off a proton. One of the difficult tasks
in the analysis is to decide the data we fit. For the πN → πN
data, we rely on the database of SAID [40]. For simplicity, we
fit their single energy solutions of πN partial-wave amplitudes

TABLE III. Number of the data points of πN → πN amplitudes
included in our fits. The data are from a SAID analysis [40].

Partial wave Partial wave

S11 65 × 2 S31 65 × 2
P11 65 × 2 P31 61 × 2
P13 61 × 2 P33 65 × 2
D13 61 × 2 D33 59 × 2
D15 61 × 2 D35 40 × 2
F15 48 × 2 F35 43 × 2
F17 32 × 2 F37 44 × 2
G17 42 × 2 G37 32 × 2
G19 28 × 2 G39 32 × 2
H19 34 × 2 H39 31 × 2

Sum 994 944 1938
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TABLE IV. Number of data points of hadronic processes included
in our fits. See Refs. [5,23] for the data references.

dσ/d� P β Sum

π−p → ηp 294 – – 294

π−p → K0� 544 262 43 849

π−p → K0�0 160 70 – 230

π+p → K+�+ 552 312 7 871

Sum 1550 644 50 2244

instead of fitting the original πN elastic scattering data. There
is always a question on whether this is a reliable procedure. We
justify this by observing that the πN partial-wave amplitudes
determined by using a very different approach based on the
dispersion-relations [41,42] are not so different from that of
SAID. Thus, the SAID amplitudes, which are extracted from
much more data than the previous analyses, can be considered
as fairly reliable representations of the original πN elastic
scattering data (about 30 000 data points as compiled in SAID).

In this work, we want to determine the spectrum of the
N∗ resonances with masses only up to 2 GeV and widths
less than 400 MeV. Because the N∗ resonances can affect
the observables over the energy range of their widths, we
include the data of πN → πN up to W = 2.3 GeV to make
sure that the N∗ resonances with masses near about 1.9 GeV
are properly identified within our model. In Table III, we
list the data points of the SAID energy-independent solutions
included in our fits. In the fitting process, we check the resulting
parameters by comparing the predicted observables with the
original πN scattering data.

For the data of πN → ηN,K�,K� and γN →
πN, ηN,K�,K�, we use the database of the Bonn-Gatchina
group [23] with some differences: (i) we only include the data
up to W = 2.1 GeV; (ii) following the discussion in Ref. [5]
(the references of the data are also found in Ref. [5]), the
data for π−p → ηn differential cross sections used in our
analysis are different from those of Bonn-Gatchina group;
and (iii) we include the new data of the polarization G of
γp → π0p from CBELSA/TAPS Collaboration [43]. The
data of πN → ηN,K�,K� and γN → πN, ηN,K�,K�
included in our fit are listed in Tables IV and V. It is known
[44,45] that the determinations of the multipole amplitudes
of pseudoscalar meson photoproductions need at least eight
observables, i.e., dσ/d�, �, T , P , and appropriately chosen

four double-spin polarizations. We see from Table V that
the polarization observables, in particular the double-spin
polarizations, do not have enough data points. Thus, it is rather
difficult to fit these data because they have much less weights
in the χ2-minimization processes.

We next discuss how we perform the minimization of χ2.
We follow the most commonly used definition,

χ2 =
∑
O

∑
i,j

[Omodel(Wi, θj ) − Oexp.(Wi, θj )]2

[δOexp.(Wi, θj )]2
, (47)

where Omodel(Wi, θj ) is the observable O at energy Wi and
angle θj calculated from our DCC model, while Oexp.(Wi, θj )
and δOexp.(Wi, θj ) are the central value and the statistical
error of the experimental data, respectively. (Note that the πN
partial-wave amplitudes depend only on the energy.) There
are more sophisticated minimization procedures accounting
separately for the systematic and statistical errors. Thus, some
of the discrepancies between our final results and the data, as
presented in the next section, could be partly attributed to our
use of Eq. (47) for χ2. Such a more careful fitting procedure
will be desirable when we move to our next analysis including
more complete data from future experiments, as discussed
later.

In the absence of theoretical input, our main challenge is to
determine the bare N∗ mass M0

N∗ , the strong N∗ → MB bare
vertex functions defined by Eq. (14), and the electromagnetic
N∗ → γN bare vertex functions defined by Eq. (19). For each
partial wave, the number of the N∗ parameters contained is
NN∗ × (3 + N str.

c.c. + N e.m.
c.c. ). Here NN∗ is the number of the

bare N∗ states included in the partial wave, and the numbers
in the parentheses are those of the parameters each bare N∗
state has: 3 comes from the bare mass M0

N∗ and the cutoffs
�N∗ and �e.m.

N∗ of the hadronic and electromagnetic decay
vertex functions, and N str.

c.c. (N e.m.
c.c. ) is the number of coupling

constants of the hadronic (electromagnetic) interactions, which
can be 5 � N str.

c.c. � 10 (N e.m.
c.c. = 1 or 2). We thus face a many-

parameters problem in fitting the data, which is also present in
all existing coupled-channels analysis of nucleon resonances.
This common problem poses difficulties in assigning the errors
for the determined model parameters.

Here we have additional difficulties owing to the long
computation time in solving the coupled-channels integral
equations (4), as mentioned in the previous sections. We thus
follow all previous works on dynamical model analyses and
do not try to resolve this difficult problem here. We therefore

TABLE V. The number of data points of photoproduction processes included in our fits. See Refs. [23,43] for the data references.

dσ/d� � T P Ê G H Ox′ Oz′ Cx Cz Sum

γp → π 0p 4381 1128 380 589 140 125 49 7 7 – – 6806
γp → π+n 2315 747 678 222 231 86 128 – – – – 4407
γp → ηp 3221 235 50 – – – – – – – – 3506
γp → K+� 800 86 66 865 – – – 66 66 79 79 2107
γp → K+�0 758 62 – 169 – – – – – 40 40 1069
γp → K0�+ 220 15 – 36 – – – – – – – 271
Sum 11 695 2273 1174 1881 371 211 177 73 73 119 119 18166
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FIG. 4. (Color online) Partial-wave amplitudes of πN scattering with isospin I = 1/2. Upper (lower) panels are for real (imaginary) parts
of the amplitudes. Red solid curves, current results; green dotted curves, results from our previous analysis [2].
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are not able to provide the errors of the determined resonance
parameters. This must be improved in the future.

Owing to the many-parameters problem mentioned above
and the limitation of the current computation power in the χ2

minimization, it is practically not possible to get convergent
results if all of the model parameters are allowed to vary
simultaneously in the χ2-minimization processes. We there-
fore take the following strategy. First we determine the
parameters associated with the meson-exchange potentials
vM ′B ′,MB to some extent. The parameters associated with
the bare N∗ states are then determined. In the latter step
the parameters of vM ′B ′,MB may be varied only when it is
necessary to fine tune the fits. This two-step procedure is
essential because the most time-consuming part of the compu-
tation is to calculate the meson-exchange amplitude tM ′B ′,MB

from the meson-exchange potentials vM ′B ′,MB by solving the
coupled-channels equations (4). Hence, the computation time
is drastically increased if the parameters of vM ′B ′,MB are varied
in the χ2-minimization processes.

Concretely, our fitting procedure is as follows. Guided by
the success of the meson-exchange models [12–20] in the
�(1232) region, we first adjust the parameters associated
with the meson-exchange potentials vM ′B ′,MB to fit the data
of the πN partial-wave amplitudes at low energies with
W � 1.4 GeV, where one bare N∗ state in the P33 partial

wave is included to incorporate the �(1232) contribution.
Fortunately, we find that most of the parameters in vM ′B ′,MB

are heavily constrained by the πN partial-wave amplitudes at
low energies and do not have to be varied too much in the later
fitting processes. Once a good πN partial-wave amplitudes in
the W � 1.4 GeV region is obtained, we extend the fits of the
amplitudes to W = 2.3 GeV by including the bare N∗ states
in each partial wave. To minimize the number of the bare N∗
states, we first include only one bare N∗ state in each partial
wave and try to fit the data of the πN partial-wave amplitudes
in the entire considered energy region by adjusting its bare
mass, M0

N∗ , and vertex function parameters, CN∗,MB(LS) and
�N∗ . If this fails, we then also allow the parameters associated
with vMB,M ′B ′ to vary in some limited ranges. If this fails
again, we then include one more bare N∗ state in some partial
waves and repeat the process. After completing the fit of the
πN partial-wave amplitudes, we extend our global fit step
by step: first include the πN reaction data of Table IV, and
then include the γN reaction data of Table V. This procedure
has to be repeated many times to make sure that we have
reached the limitation of the model in the χ2 minimization. The
resulting masses, coupling constants, and cutoff parameters for
the meson-exchange potentials are given in Tables XI–XIII of
Appendix E. We find that the considered data can be fitted
to a very large extent with one or two bare N∗ states in
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FIG. 7. (Color online) Target polarization P of πN → πN . Red solid curves, current results; green dotted curves, results from our previous
analysis [2].

each partial wave. All the resulting cutoff parameters for the
nonresonant and N∗ interactions are in the range of 500–2000
MeV, which are similar to those in typical meson-exchange
models [12–20].

As seen in Tables III–V, the numbers of the data points of
each reaction are very different. The observables with much
fewer data points are hard to fit because they have little effects
on χ2 minimization. Thus, in calculating Eq. (47) for the
fitting, we need to put “artificial” weights on χ2 for those
observables such as polarization observables. This procedure,
which is highly undesirable, is, however, necessary before
those data become more extensive. Also for this reason, we
cannot give meaningful χ2 values. To show the quality of our
fits, in the next section we present detailed comparisons with
the data for all processes considered. Hopefully, the situation,
in particular the scarce data for the pion-induced inelastic
reactions, can be improved with new experiments at the Japan
Proton Accelerator Research Complex (J-PARC).

V. RESULTS

In this section we present the results from our fits to 22 348
data points listed in Tables III–V. The resulting values of
the model parameters are presented in Tables XI–XVI of
Appendix E. The formulas for calculating the considered

observables of the πN, γN → πN, ηN,K�,K� from the
partial-wave amplitudes defined in Sec. II can be straightfor-
wardly derived following the formulas given in Refs. [1,44]
and will not be given here. Here it should be noted that
in the literature various notations have been employed for
the polarization observables of pseudoscalar photoproduction
reactions (see Ref. [46] for the summary of such notations
used by different analysis groups). In this work, we follow the
notation defined in Ref. [44]. In the following sections, we
discuss separately the results for each considered reaction.

A. π N → π N

In Figs. 4 and 5, we present our results for the πN → πN
partial-wave amplitudes up to W = 2.3 GeV. Clearly, very
good fits to the data of SAID [40] have been obtained.
Comparing with the green dotted curves of our previous
analysis (JLMS) [2], which were obtained by the fit to the
data of the πN amplitudes only up to F wave (L = 3)
and W = 2 GeV, there are significant improvements in the
S31, P31, D35 partial waves, as seen in Fig. 5. The large
improvement in the P31 and D35 waves in this analysis is
mainly because we have introduced more bare N∗ states than
JLMS for those partial waves. These improvements are also
perhaps attributable to the change of our fitting strategy by
using the data below 1.4 GeV to constrain the parameters
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FIG. 8. (Color online) dσ/d� of γp → π 0p.

of the meson-exchange potentials vM ′B ′,MB . We also find that
this procedure prevents the model from generating undesirable
bound states through the strong coupling with the bare N∗
states in the low-energy region. We also note that the data of
the G and H partial waves with the orbital angular momentum
L � 4, which were not included in the fit of JLMS, are also
fitted very well. These high-L partial waves become important
in fitting the meson production data in the high-W region.

To test our model directly with the experimental data, we
have also calculated the observables of πN scattering. Some
results of the predicted πN elastic scattering observables are
shown in Figs. 6 and 7. Clearly, good agreements have been
obtained. Thus, our model parameters are consistent with the
∼30 000 data points of πN scattering compiled in SAID.

B. γ N → π N

In our previous analysis [3], we only considered the data
of differential cross section dσ/d� and photon asymmetry �
of the γN → πN reactions. Also, the fits were performed by
only adjusting the bare N∗ → γN parameters, and all other
parameters of the model were fixed at the values determined

in the fits to the πN → πN data [2]. It was found that only
the data below W = 1.6 GeV can be fitted well by using such
a very restricted procedure. In this work, we allow all of the
model parameters to vary to fit simultaneously the data of
πN → πN, ηN,K�,K� and γN → πN, ηN,K�,K�.
This change of the fitting strategy gives us more freedom
to fit the data at higher energies above 1.6 GeV and other
polarization observables comprehensively.

The γN → πN data included in our fits are listed in the
first two rows of Table V. We see that the data points of
dσ/d� and � of γp → π0p are much more than those for
the other considered pion photoproduction observables. Thus,
these two data sets have similar large weights in determining
the parameters in our coupled-channels analysis. In Figs. 8–
11, we see that these rather extensive data below about W =
1.9 GeV can be fitted very well. We, however, are not able to
account for the forward peaks in dσ/d� at W � 1.933 GeV.
Similar difficulty is also encountered in fitting the data of � at
W � 1.9 GeV. We expect that such data in the forward-angle
region are affected mainly by the t-channel processes rather
than the s-channel resonance ones. This might suggest a need
for an incorporation of Regge-type processes at high energies.
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FIG. 9. (Color online) dσ/d� of γp → π 0p (continued).

The fits to the other polarization observables, P , T , Ê, G,
and H , of γp → π0p are shown in Figs. 12–15. [Note that
the beam-target polarization Ê defined in Ref. [44] and the
quantity �31 measured and presented in Ref. [47], which are
used as the data in our fits, are related with each other by Ê =
−(1/2)�31.] As seen in Table V, the numbers of these data
points are much less than those of dσ/d� and �; it is therefore
not easy to improve the fits to these polarization observables,
in particular Ê, G, and H (Figs. 14 and 15). While we need
to improve our fits, more precise data of the polarization
observables are also needed to make further progress.

Our fits to the data of dσ/d� of γp → π+n are shown in
Figs. 16 and 17. The fits are good in most of the considered
energy region. The data at forward angles in the W � 1.8 GeV
region cannot be accounted for. The origin of this difficulty is
perhaps related to the similar problem in dσ/d� for γp →
π0p. Our fits to the polarization observables of γp → π+n
become less accurate as W increases, as seen in Figs. 18–23.

Overall, we are able to fit more data of γp → π0p, π+n
than the JLMS analysis [3]. Not only do we cover the W �
1.6 GeV region, our fits to the data in the low-energy region
with W � 1.2 GeV are much better. We, however, still cannot
fit accurately the data in the W region close to 2.0 GeV. Here

we note that in this high-W region, the data for the ηN,K�,
and K� channels play a very significant role in the analysis
through the coupled-channels effects. Thus, the discrepancies
with the data in the high-W region cannot be trivially removed.

C. π− p → ηn

The π−p → ηn is simpler than πN elastic scattering
because it depends only on the isospin I = 1/2 partial waves.
As mentioned in Sec. IV, the data for this reaction used in our
fits are chosen carefully according to the discussion in Ref. [5]
because some inconsistency exists among the data sets from
different experiments. In Fig. 24, we show our fits to the data
of dσ/d� data of π−p → ηn. Clearly, our results reproduce
the considered dσ/d� data well.

D. γ p → ηp

Our fits to the data of γp → ηp up to W = 2.1 GeV are
shown in Figs. 25–28. Clearly, both the differential cross
sections dσ/d� and the polarization observables � and T can
be described well in the considered energy region. Our results
for � above W = 1.7 GeV are smaller than the data in the
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FIG. 10. (Color online) � of γp → π 0p.

0◦ � θ � 90◦ region, although the positive values of the data
are reproduced to a large extent.

E. π+ p → K+�+

The π+p → K+�+ reaction depends only on the isospin
I = 3/2 partial waves, and hence the I = 1/2 N∗ states cannot
contribute. Our fits to both dσ/d� and P up to W = 2106
MeV are good, as shown in Figs. 29 and 30. In Fig. 31, we
present the spin-rotation β. This quantity is modulo 2π , and
here we plot it in the range [−π, π ]. At present, almost no
data is available for β of this reaction and these few data
points hardly affect the χ2 minimization. We thus are not able
to improve our results shown in Fig. 31.

F. π− p → K 0�0

In contrast with the π+p → K+�+ discussed in the above
section, the π−p → K0�0 only involves the isospin I = 1/2
mechanism. Our fits to dσ/d� and P of this reaction are shown
in Figs. 32 and 33, respectively. Clearly, our fits are very good.
Our results for the spin rotation β (Fig. 34) reproduce the main
feature of the data while these few data points, like those in the
π+p → K+�+ reaction, have practically no effect in the χ2

minimization. More data for β will be necessary to improve
the situation.

G. π− p → K 0�0

The π−p → K0�0 reaction is more complex than π+p →
K+�+ and π−p → K0�0, because it involves interfering
contributions from both the isospin I = 1/2 and I = 3/2
mechanisms. Our fits to the data of dσ/d� and P of this
reaction are shown in Figs. 35 and 36, respectively. We see
that our results reproduce the data to a large extent in the
considered energy region, although the dσ/d� data in the
near-threshold region are underestimated.

Here we note that all of the πN → KY data used in
our fits are from old measurements more than a quarter of
century ago. Their statistical errors are, in general, quite large
compared with the recent photoproduction data. Furthermore,
the amount of data is scarce in the kinematical region relevant
to N∗ above 1.6 GeV, in particular for the π−p → K0�0

reaction. An experiment planned at J-PARC [48] is quite
encouraging, where the high-precision data for πN → ππN
and πN → KY will be obtained in the wide energy region.
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Ê

90
θ (deg)

0 90
θ (deg)

0 90
θ (deg)

0 90 180
θ (deg)

0 90
θ (deg)

-2

0

2

Ê
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H. γ p → K+�

Our fits to the dσ/d� data of γp → K+� are shown
in Figs. 37 and 38. The main features of the data up to
W = 2106 MeV are reproduced reasonably well, in particular
in the 45◦ � θ � 135◦ region where the s-channel processes
with the isospin I = 1/2 N∗ resonances are found to be
important. However, our results at forward and backward
angles underestimate the data in the W � 1.9 GeV high-energy
region. This situation is similar to the γp → πN reactions and
further suggests that the inclusion of additional mechanisms
would be necessary for improving our combined analysis at
high energies.

Because of the self-analyzing property of the recoil �
baryon, the single- and double-polarization observables of
γp → K+� have been extensively measured in recent years.
More data of the polarization observables of γp → K+� will
soon become available from JLab and other photon/electron
beam facilities. Actually, all of the 15 possible polarization
observables for this reaction have already been measured at
CLAS [49].

The fits to the available polarization data, as listed in
Table V, are already highly nontrivial because they are
attributable to delicate interferences between different partial
waves. Nevertheless, as seen in Figs. 39 and 40, our fits can
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FIG. 20. (Color online) P of γp → π+n.
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FIG. 21. (Color online) T of γp → π+n.

reproduce the main features of these polarization data to a very
large extent. Here it is noted that for the double polarizations
Cx and Cz, we have plotted them in the primed coordinate
system as Cx ′ and Cz′ , by using the relation

Cx ′ = +Cx cos θ − Cz sin θ, (48)

Cz′ = +Cx sin θ + Cz cos θ, (49)

as done in the analysis of Ref. [44].

I. γ p → K+�0, K 0�+

It is more difficult to fit the data of γp → K+�0 and γp →
K0�+ than that of γp → K+�0 presented in the previous
section, because here the isospin I = 3/2 N∗ resonances also
contribute. In particular, we have found that the dσ/d� data
for both γp → K+�0 and γp → K0�+ can be fitted well
only when the K�N coupling constant gK�N is allowed to
vary far off the SU(3) relation, as given in Eqs. (B31), in
the fits. This implies that γp → K� reaction could be an
important source of learning about the validity of the SU(3)
relation. This, however, can be done rigorously only when

more complete data for these two photoproduction reactions
become available.

Our fits to the data of differential cross sections dσ/d�
and polarization observables P , �, Cx , Cz of γp → K+�0

are shown in Figs. 41–43. Again we have plotted Cx and Cz as
Cx ′ and Cz′ in the primed coordinate system using Eqs. (48)
and (49). We see that the fits to the data of differential cross
sections (Fig. 41) P and � (Fig. 42) are fairly good. However,
the fits to the data of Cx , Cz (Fig. 43) are very qualitative, in
particular in the high-energy region, W � 1.8 GeV.

We now present our fits to the very limited data of the
γp → K0�+ reaction in Figs. 44 and 45. Clearly, our fits to
the data of dσ/d�, shown in Fig. 44, are qualitative only in
the W � 1.9 GeV region. However, we see in Fig. 45 that our
fits to the data of P and � are reasonable.

VI. RESONANCE PARAMETERS

Once the model parameters are determined by the simul-
taneous fits to all of the considered data, as presented in
Sec. V, we then apply the analytic continuation method of
Refs. [8,9] to find the resonance pole positions and their
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FIG. 22. (Color online) Ê of γp → π+n.

residues. We expect that the resonances with large widths
[the widths are defined to be related to the resonance pole
position MR by �tot = −2Im(MR)] have less influence on
the physical observables, and thus the extractions of these
resonances from fitting the available reaction data, as done by
all analysis groups, are more model dependent. As a result,
the extracted information on those resonances is much less
reliable. We therefore examine only the resonances with the
width less than 400 MeV. Also, as already mentioned in Sec.
IV, the resonances with Re(MR) > 2 GeV, found in F17, G
and H waves, are also not presented here. We will be able to
present those high-mass resonances with confidence only after
extending our analysis to higher energy regions and including
ωN and ππN production data.

As defined in Eqs. (32)–(42), we present our results for
the resonance pole positions MR and residues RMB,πN (MR)
for MB = πN, ηN,K�,K�. Other components of the
extracted residues do not correspond to the reaction data
considered and are not presented. The elasticity ηe [Eq. (43)]
and helicity amplitudes Aλ=1/2,3/2 [Eqs. (44) and (45)] are also
presented. Our results are given and discussed in the following
sections.

A. Resonance pole positions and residues

The N∗ pole positions MR extracted from our analysis
are presented in Table VI and compared with those listed

by Particle Data Group (PDG). The N∗ states are specified
by JP (L2I2J ), where J is the spin, P = ± the parity, I the
isospin, and L the orbital angular momentum of the associated
πN partial wave. Here we list only the three- and four-star N∗
of PDG because their values are rather stable in the past two
decades and most of their widths are all less than 400 MeV that
is the limit set in our search. We see that we agree well with
PDG for the N∗ resonances below 2 GeV except (a) we do not
have a third state in 3/2−(D13), (b) we do not have a third state
in 3/2+(P33), and (c) we have a second state in 3/2−(D33). In
our analysis, a resonance pole with MR = (1429, 147) MeV
in 1/2+(P11) is also found, which turns out to be a “shadow”
of the first 1/2+(P11) resonance with respect to the π� branch
point. However, this pole is far from the physical region and
thus is not listed. Such a shadow pole is also found in other
analyses (e.g., Ref. [20]) as well as our early analyses [10,11].
In Table VI, we also see that the determined elasticities ηe are
rather consistent with the values listed by PDG. However, some
explanation may be required for the result that the elasticity
for the 1st 3/2+(P33) resonance exceeds 100%. The elasticity
ηe is defined by Eq. (43), where −2Im(MR) and 2|RπN,πN | are
interpreted as the total width and the partial width for the decay
to the πN channel, respectively, evaluated at the resonance
pole position in the complex energy plane. As is well known,
the sum of the partial widths defined in this manner does not
agree with the total width defined with the imaginary part of
the resonance pole position.
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In Figs. 46 and 47, we compare our (ANL-Osaka)
values (AO, second column) of the N∗ spectrum with
those from PDG (PDG, first column) and the analyses by
the Jülich [20] (J, third column) and the Bonn-Gatchina
[23] (BG, fourth column) groups. In the figures only the
resonances with the total widths less than 400 MeV are
compared. It is noted, however, that some broad N∗ resonances
with [Re(MR),−2Im(MR)] = (1787, 575) MeV in 1/2+(P31),
(1727, 866) MeV in 3/2+(P33), and (1776, 646) MeV in
5/2−(D35) have also been reported by the Jülich group, while
[Re(MR),−2Im(MR)] = (1660, 450) MeV in 3/2+(P13),
(1770, 420) MeV in 3/2−(D13), and (1990, 450) MeV in
3/2−(D33) have been reported by the Bonn-Gatchina group.

We see in Figs. 46 and 47 that the first N∗ resonances from
four results in each (JP , I ) state agree well, except (a) the
3/2+(P13) from the Bonn-Gatchina analysis is about 200 MeV
higher than the others, (b) the Jülich analysis does not have
1/2+(P31), (c) only the Jülich analysis has 7/2+(F17) below
2 GeV, and (d) the Jülich and Bonn-Gatchina analyses do not
have 5/2−(D35). For higher mass states, the number of states
and their positions from four results do not agree well. Here
we mention that the PDG values are mainly from the earlier
results of πN elastic scattering data. The photoproduction data
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FIG. 31. (Color online) β of π+p → K+�+.

of γp → πN, ηN,K�,K� have not been included in the
Jülich analysis, while the data included in the AO and Bonn-
Gatchina analyses are not too different. As discussed in the
Introduction, the K-matrix model used in the Bonn-Gatchina
analysis is very different from the DCC model used in the
AO and Jülich analyses. In the Bonn-Gatchina analysis, like
other K-matrix model analyses, the parameters in different
partial waves are varied independently in the fits. However,
the parameters of meson-exchange mechanisms in the AO and
Jülich analyses can affect all partial waves and channels. Thus,
the Bonn-Gatchina analysis is more flexible and efficient in
fitting the data; in particular, in the area where the data have
fluctuating structure with large uncertainties.

Thus, the differences between four results seen in Figs. 46
and 47 could be attributed to the differences in the employed
analysis methods and the data included in the analysis. The
much more divergent results for the second and third states
could also be attributed to the fact that in the high W �
1.6 GeV region, the available data are far from complete for
determining the partial-wave amplitudes model independently.
The difficulties in extracting the partial-wave amplitudes
model independently from the data, even when they are
complete, have been investigated recently in Ref. [44].

In Table VII, we list the extracted residues RMB,πN

for MB = πN, ηN,K�,K�. In Table VIII, we compare
the extracted residues RπN,πN with those from the Bonn-
Gatchina and Jülich analyses. Three analyses agree very
well for the well-established �(1211)3/2+(P33). For some
states, three results agree qualitatively. However, the dif-
ferences between three results can be very large for sev-
eral states. This is perhaps attributable to the fact that
the residues are more sensitive to the functional forms of
the amplitudes which are very different between different
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analyses. More detailed investigations of this issue are needed
for advancing the field, but are beyond the scope of this paper.

B. γ N → N∗ helicity amplitudes

To determine the γN → N∗ helicity amplitude, we first
extract the residue RπN,γN (MR) of the γN → πN amplitude
at the resonance pole position MR . By using Eq. (34) of the
factorized form of RM ′B ′,MB(MR), the dressed vertex �̄γN (MR)
can be determined from the extracted RπN,γN (MR) and the
RπN,πN (MR) listed in Table VII. The γN → N∗ helicity
amplitudes can then be calculated from the resulting �̄γN by
using Eqs. (44)–(46).

Our results are listed in Table IX and are compared
with those extracted by the Bonn-Gatchina group. We see
that two results agree very well for the �(1211). For
the N∗ resonances with L � 2 and Re(MR) < 1.7 GeV,
N (1482)1/2−(S11), N (1656)1/2−(S11), N (1374)1/2+(P11),
N (1500)3/2−(D13), N (1650)5/2−(D15), �(1592)1/2−(S31),
and �(1872)7/2+(F37), some qualitative agreements between
the two analyses can be seen. However, it is difficult to compare
the results for other resonance states. Here we note that
the phase of γN → N∗ chosen by different analysis groups
can be different, as discussed in Ref. [51]. This adds other
complications in comparing the results listed in Table IX. Our
choice of the phase has been given below Eq. (42). We do not
compare our results with those from Refs. [52,53], because
their results are from the Breit-Wigner parametrization, which
cannot be related model independently to the residues at
resonance pole, as discussed in Ref. [9].

VII. SUMMARY AND FUTURE DEVELOPMENTS

We have extended the DCC model developed in Refs.
[1–11] to include the K� and K� channels and have
completed a combined analysis of the data of πN, γN →
πN, ηN,K�,K� reactions. The pole positions and residues
of nucleon resonances with masses below 2 GeV and to-
tal widths less than 400 MeV have been extracted. From
the extracted residues, we have determined the N∗ →
γN, πN, ηN,K�,K� transition amplitudes at the reso-
nance positions. How this information can be related to the
results from the hadron models and lattice QCD calculations
is an important challenge in advancing our understanding
of the structure of the nucleon and its excited states. While
some progress in this direction has been made [15,54] for the
�(1232) → γN transitions, much more work is needed.

The N∗ masses extracted from our analysis, PDG, Jülich
analysis, and Bonn-Gatchina analysis agree well only in the
low-mass region. In the higher mass region the differences
among four results are rather large. This could be mainly
attributed to the fact that in the high W � 1.7 GeV region,
the available data of πN and γN reactions are far from
complete to determine the partial-wave-amplitudes model
independently. The difficulties in extracting the partial-wave-
amplitudes model independently from the data, even when they
are complete, have been investigated in Refs. [44,45,55,56].
Of course, the differences in the analysis methods and the
data included in each analysis could also lead to large
disagreements, as discussed in Sec. VI. It is necessary to clarify
the situation.

The extracted residues of πN → πN partial-wave ampli-
tudes are compared with Bonn-Gatchina analysis and Jülich
analysis. Except for the well-established �(1232) resonance,
the three analyses agree only qualitatively even for the cases
that their pole positions are close. A similar situation is
also found in comparing the extracted N∗ → γN helicity
amplitudes with those from the Bonn-Gatchina analysis. This
is perhaps attributable to the fact that the residues are more
sensitive to the model or parametrization used in the analyses.
It is necessary to clarify this issue for advancing the field.

To improve our analysis in the higher mass region, we
need to include the data of πN, γN → ππN reactions that
dominate the πN and γN reaction cross sections at W �
1.6 GeV. To proceed, we need detailed data for these two
processes. For γN → ππN , the precise data of invariant mass
distributions and some polarization observables are becoming
available from facilities such as JLab, Mainz, Bonn, SPring-8,
and ELPH at Tohoku University. For πN → ππN , however,
what is available is only the old data of the total cross sections
with rather large uncertainties and very limited invariant mass
distributions in the energy region above W = 1.6 GeV [6,24].
The situation can be improved greatly when the data from
the new experiments on πN → ππN reactions at J-PARC
[48] become available in the near future. To pin down the
reaction mechanisms associated with the π�, ρN , and σN
channels, the Dalitz plot data of the ππN distributions will
be desirable. The importance of fitting the Dalitz plot data has
been illustrated recently in Refs. [57,58] for the three-pion
decays of heavy mesons. We also need to extend the analysis
to include the ωN channel which has significant contributions
to the πN and γN reaction cross sections at W � 1.7 GeV. It
will be useful if more extensive data of πN → ωN can also
be obtained at J-PARC.
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FIG. 39. (Color online) P , �, and T of γp → K+�.

Our DCC model developed in this work can be readily ap-
plied to the electron- and neutrino-induced meson production
reactions. The application to the electroproduction reactions,

which corresponds to the extension of our early analysis of
p(e, e′π )N [4], is crucial for determining the Q2 dependence
of N -N∗ electromagnetic transition form factors. This analysis
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FIG. 40. (Color online) Cx′ , Cz′ , Ox′ , and Oz′ of γp → K+�.

is a key to understanding the quark-gluon substructure of the
N∗ states [59] and will be closely related to the N∗ program at
JLab after the 12-GeV upgrade [60]. Also, precise knowledge
of the neutrino-nucleon/nucleus reactions in the GeV-energy
region is expected to be very important for determining the
leptonic CP -phase and neutrino-mass hierarchy from the

neutrino-oscillation measurements through the accelerator and
atmospheric experiments [61]. By following the procedure of
Refs. [62,63], the DCC model presented in this work can be
extended straightforwardly to describe the neutrino-induced
reactions in the nucleon resonance region. A first attempt to
study the neutrino-induced reactions within the current DCC
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FIG. 41. (Color online) dσ/d� of γp → K+�0.
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FIG. 42. (Color online) P and � of γp → K+�0.
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FIG. 43. (Color online) Cx′ and Cz′ of γp → K+�0.

model has been done in Ref. [64]. A further extensive study of
the neutrino-induced reactions is ongoing and will be presented
elsewhere.
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APPENDIX A: SELF-ENERGIES IN MESON-BARYON
GREEN’S FUNCTIONS

In this appendix, we give an explicit expression of
the self-energy �MB(k; W ) appearing in the meson-baryon
Green’s function [Eq. (6)] for the unstable channels MB =
π�, ρN, σN .

As for the π� and ρN channels, the self-energies are
explicitly given by

�π�(k; W ) = m�

E�(k)

∫
C3

q2dq
MπN (q)[

M2
πN (q) + k2

]1/2

× |f�→πN (q)|2
W − Eπ (k) − [

M2
πN (q) + k2

]1/2 + iε
,

(A1)
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FIG. 44. (Color online) dσ/d� of γp → K0�+.
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�ρN (k; W ) = mρ

Eρ(k)

∫
C3

q2dq
Mππ (q)[

M2
ππ (q) + k2

]1/2

× |fρ→ππ (q)|2
W − EN (k) − [

M2
ππ (q) + k2

]1/2 + iε
,

(A2)

where m� = 1280 MeV, mρ = 812 MeV, MπN (q) = Eπ (q) +
EN (q), and Mππ (q) = Eπ (q) + Eπ (q). The form factors
f�→πN (q) and fρ→ππ (q) are for describing the � → πN

and ρ → ππ decays in the � and ρ rest frames, respectively.
Those are parametrized as [2,66]

f�→πN (q) = −i
(0.98)

[2(mN + mπ )]1/2

(
q

mπ

)

×
(

1

1 + [q/(358MeV)]2

)2

, (A3)

fρ→ππ (q) = (0.6684)√
mπ

(
q

(461MeV)

)

×
(

1

1 + [q/(461MeV)]2

)2

. (A4)

To construct the σ self-energy in the σN Green’s function,
�σN (k; W ), we first consider a ππ scattering model for the
isospin I = 0 and s wave, described by the following separable
potential in the ππ center-of-mass system:

v(p′, p; E) = g(p′)
1

E − mσ + iε
g(p) + h0h(p′)h(p). (A5)

Here p and p′ are the magnitude of the initial and final
momentum, E is the total scattering energy in the ππ system,
and the form factors are parametrized as

g(p) = g0√
mπ

1

1 + (cp)2
, (A6)

h(p) = 1

mπ

1

1 + (dp)2
. (A7)

FIG. 46. (Color online) N∗ spectrum with the isospin I = 1/2 determined by ANL-Osaka (AO) collaboration. For each N∗ state, Re(MR)
together with the Re(MR) ± Im(MR) band is plotted. The results are compared with four- and three-star states listed by the PDG [50], as well
as the results from Jülich (J) (model A in Ref. [20]) and Bonn-Gatchina (BG) [23] groups. The spin and parity of states are denoted as J P with
P = ± and the associated πN partial wave.
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FIG. 47. (Color online) N∗ spectrum with the isospin I = 3/2 determined by ANL-Osaka (AO) collaboration. For each N∗ state, Re(MR)
together with the Re(MR) ± Im(MR) band is plotted. The results are compared with four- and three-star states listed by the PDG [50], as well
as the results from Jülich (J) (model A in Ref. [20]) and Bonn-Gatchina (BG) [23] groups. The spin and parity of states are denoted as J P with
P = ± and the associated πN partial wave.

With this potential, one can solve the Lippmann-Schwinger
equation to obtain the ππ scattering amplitude T . The solution
is expressed as

T = t + tR, (A8)

where t is the “nonresonant” part of the amplitude given by

t(p′, p; E) = h(p′)τ (E)h(p), (A9)

τ (E) = h0

1 − h0〈hGππh〉(E)
, (A10)

〈hGππh〉(E) =
∫

dqq2h(q)
1

E − Mππ (q) + iε
h(q), (A11)

while tR the “resonant” part is given by

tR(p′, p; E) = �̄σ→ππ (p′; E)�̄ππ→σ (p; E)

E − mσ − �σ (E)
. (A12)

The σ self-energy �σ (E) and the dressed σ → ππ vertex
�̄σ→ππ (p′; E) are then given by

�σ (E) = 〈gGππg〉(E) + τ (E)[〈gGππh〉(E)]2, (A13)

�̄σ→ππ (p′; E) = g(p′) + h(p′)τ (E)〈hGππg〉(E), (A14)

and �̄ππ→σ (p; E) = �̄σ→ππ (p; E). The parameters in
Eqs. (A5)–(A7) are determined by fitting the phase shift
of the I = 0 and s-wave ππ scattering up to E = 1 GeV,
and the resulting values are m0

σ = 700.0 MeV, g0 = 1.638,
h0 = 0.556, c = 1.02 fm, and d = 0.514 fm.

With the above ππ model, the σ self-energy in the σN
Green’s function, �σN (k; W ) in Eq. (6), is obtained by

�σN (k; W ) = 〈gGππg〉(k; W ) + τ (k; W )[〈gGππh〉(k; W )]2,

(A15)

with

τ (k; W ) = h0

1 − h0〈hGππh〉(k; W )
, (A16)

〈hGππh〉(k; W ) =
∫

C3

dqq2 Mππ (q)[
M2

ππ (q) + k2
]1/2

× h(q)2

W − EN (k) − [
M2

ππ (q) + k2
]1/2 + iε

,

(A17)

〈gGππg〉(k; W ) = mσ

Eσ (k)

∫
C3

dqq2 Mππ (q)[
M2

ππ (q) + k2
]1/2

× g(q)2

W − EN (k) − [
M2

ππ (q) + k2
]1/2 + iε

,

(A18)

〈gGππh〉(k; W ) =
√

mσ

Eσ (k)

∫
C3

dqq2 Mππ (q)[
M2

ππ (q) + k2
]1/2

× g(q)h(q)

W − EN (k) − [
M2

ππ (q) + k2
]1/2 + iε

.

(A19)
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TABLE VI. N∗ pole mass MR and πN elasticity ηe extracted in this work. MR is listed as [Re(MR),−Im(MR)] in units of MeV. As a
reference, we also list the PDG values of the N∗ states for which either four- or three-star status is assigned [50]. The N∗ states for which the
asterisk (*) is marked locate in the complex energy plane slightly off the closest sheet to the physical real energy axis, yet are still expected to
visibly affect the physical observables.

J P (L2I2J ) MR MR (PDG) ηe (%) ηe (PDG) (%)

N -baryons
1/2−(S11) (1482, 98)∗ (1490–1530, 45–125) 64 35–55

(1656, 85) (1640–1670, 50–85) 62 50–90
1/2+(P11) (1374, 76) (1350–1380, 80–110) 48 55–75

(1746, 177) (1670–1770, 40–190) 11 5–20
3/2+(P13) (1703, 70) (1660–1690, 75–200) 11 9–14

(1763, 159) (1870–1930, 70–150) 18 ∼10
3/2−(D13) (1501, 39) (1505–1515, 52–60) 67 55–65

(1702, 141)∗ (1650–1750, 50–150) 1 7–17
(1800–1950, 75–125) 2–22

5/2−(D15) (1650, 75) (1655–1665, 62–75) 37 35–45
5/2+(F15) (1665, 49) (1665–1680, 55–68) 69 65–70

�-baryons
1/2−(S31) (1592, 68) (1590–1610, 60–70) 29 20–30

(1702, 193)∗ 10
1/2+(P31) (1854, 184) (1830–1880, 100–250) 12 15–30
3/2+(P33) (1211, 51) (1209–1211, 49–51) 105 100

(1734, 176) (1460–1560, 100–175) 5 10–25
(1850–1950, 100–200) 5–20

3/2−(D33) (1592, 122) (1620–1680, 80–150) 15 10–20
(1707, 170) 7

5/2−(D35) (1936, 105) (1840–1960, 88–180) 2 5–15
5/2+(F35) (1765, 94) (1805–1835, 132–150) 12 9–15
7/2+(F37) (1872, 103) (1870–1890, 110–130) 45 35–45

TABLE VII. Residues for πN → N∗ → MB amplitudes (RMB,πN ) at the N∗ resonance pole position. The listed values of RMB,πN are in
units of MeV. Each resonance is specified by its quantum numbers and the real part of the pole mass Re(MR).

Particle J P (L2I2J ) RπN,πN RηN,πN RK�,πN RK�,πN

Re Im Re Im Re Im Re Im

N (1482)1/2−(S11) 45 −43 – – – – – –
N (1656)1/2−(S11) 18 −49 −31 −21 −2 −10 – –
N (1374)1/2+(P11) 13 −34 – – – – – –
N (1746)1/2+(P11) 20 1 9 −9 4 −10 2 12
N (1703)3/2+(P13) 8 −0 1 −0 0 −0 0 0
N (1763)3/2+(P13) −8 −28 −1 0 0 −8 1 −5
N (1500)3/2−(D13) 25 −5 −0 −1 – – – –
N (1702)3/2−(D13) −0 2 −1 0 −1 1 −0 −1
N (1650)5/2−(D15) 24 −15 −6 5 0 −0 – –
N (1665)5/2+(F15) 32 −12 −1 1 0 −0 – –

�(1592)1/2−(S31) −7 −18 – – – – – –
�(1702)1/2−(S31) 8 18 – – – – 13 −9
�(1854)1/2+(P31) −12 −19 – – – – −18 −30
�(1211)3/2+(P33) 37 −39 – – – – – –
�(1734)3/2+(P33) −4 −7 – – – – −0 −1
�(1592)3/2−(D33) 8 −16 – – – – – –
�(1707)3/2+(D33) 8 9 – – – – 2 −3
�(1936)5/2−(D35) 2 −1 – – – – 2 −3
�(1765)5/2+(F35) 5 −10 – – – – −1 −1
�(1872)7/2+(F37) 38 −27 – – – – 0 −1
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TABLE VIII. Comparison of residue RπN,πN = Reiφ of πN → πN amplitude between existing multichannel analyses.

Particle J P (L2I2J ) ANL-Osaka Bonn-Gatchina [23] Jülich (model A) [20]

R φ R φ R φ

N (1482)1/2−(S11) 63 −44 31 ± 4 −(29 ± 5) 16 −36
N (1656)1/2−(S11) 53 −70 24 ± 3 −(75 ± 12) 46 −42
N (1374)1/2+(P11) 37 −69 48 ± 3 −(78 ± 4) 58 −104
N (1746)1/2+(P11) 20 3 6 ± 4 (120 ± 70) 4 −30
N (1703)3/2+(P13) 8 −3 22 ± 8 −(115 ± 30) 7 −73
N (1763)3/2+(P13) 29 −106 – – – –
N (1500)3/2−(D13) 26 −11 36 ± 3 −(14 ± 3) 32 −11
N (1702)3/2−(D13) 2 104 50 ± 40 −(100 ± 40) – –
N (1650)5/2−(D15) 28 −31 28 ± 1 −(26 ± 4) 24 −19
N (1665)5/2+(F15) 34 −20 43 ± 4 −(2 ± 10) 36 −24

�(1592)1/2−(S31) 20 −111 18 ± 2 −(100 ± 5) 17 −106
�(1702)1/2−(S31) 19 65 10 ± 3 −(125 ± 20) – –
�(1854)1/2+(P31) 23 −123 24 ± 6 −(145 ± 30) 54 −140
�(1211)3/2+(P33) 53 −47 51.6 ± 0.6 −(46 ± 1) 44 −35
�(1734)3/2+(P33) 8 −118 11 ± 6 −(160 ± 33) 20 −158
�(1592)3/2−(D33) 18 −62 – – – –
�(1707)3/2−(D33) 11 49 42 ± 7 −(3 ± 15) 24 −9
�(1936)5/2−(D35) 2 −32 – – 18 −159
�(1765)5/2+(F35) 11 −62 20 ± 2 −(44 ± 5) 17 −59
�(1872)7/2+(F37) 46 −35 58 ± 2 −(24 ± 3) 58 −25

The momentum integral path C3 is appropriately deformed
when we perform the analytic continuation of the scattering
amplitudes. With the self-energies defined above, the branch
points of the π�, ρN , and σN Green’s functions are those as

listed in Table I. Although two branch points are found in the
σN Green’s function, the second one at (1032.3 − i247.7) +
mN MeV hardly affects the resonance properties shown in this
work because of the large imaginary part.

TABLE IX. Helicity amplitudes for γp → N∗. The values are presented in units of 10−3 GeV−1/2. As a comparison, we also list those from
Bonn-Gatchina group [23].

Particle J P (L2I2J ) ANL-Osaka Bonn-Gatchina [23]

A3/2 A1/2 A3/2 A1/2

Re Im Re Im Re Im Re Im

N (1482)1/2−(S11) – – 159 24 – – 115.1 14.1
N (1656)1/2−(S11) – – 29 −28 – – 32.6 −5.2
N (1374)1/2+(P11) – – 49 −10 – – −34.7 27.1
N (1746)1/2+(P11) – – −24 83 – – 54.2 −9.6
N (1703)3/2+(P13) −70 8 234 8 63.4 135.9 110.0 0.0
N (1763)3/2+(P13) −44 1 126 −72 – – – –
N (1500)3/2−(D13) −93 −11 38 2 131.9 4.6 −21.0 0.0
N (1702)3/2−(D13) −40 36 −11 −23 −37 0.0 3.8 43.8
N (1650)5/2−(D15) 30 −13 5 −2 24.6 −8.5 23.1 −6.6
N (1665)5/2+(F15) −38 −2 53 −5 133.9 −4.7 −11.8 5.5

�(1592)1/2−(S31) – – 113 −2 – – 51.4 −8.1
�(1702)1/2−(S31) – – 35 3 – – 29.5 51.1
�(1854)1/2+(P31) – – −51 9 – – 17.6 14.8
�(1211)3/2+(P33) −257 12 −129 34 −250.9 39.7 −123.9 42.6
�(1734)3/2+(P33) −18 −135 −23 −68 −39.6 10.6 −34.1 40.6
�(1592)3/2−(D33) −89 −76 −123 −38 – – – –
�(1707)3/2−(D33) 32 −121 20 −56 120.2 120.2 109.3 130.2
�(1936)5/2−(D35) 34 −9 50 −19 – – – –
�(1765)5/2+(F35) 0 −18 −1 −8 −50.0 0.0 23.0 −9.8
�(1872)7/2+(F37) −76 −2 −61 10 −95.3 11.7 −71.5 8.8
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APPENDIX B: MODEL LAGRANGIAN

In this appendix, we present a set of Lagrangians for de-
riving the meson-exchange potentials vM ′B ′,MB and vM ′B ′,γN .
The details of the Z

(E)
M ′B ′,MB(k′, k; W ) term in Eq. (7) can be

found in Ref. [1] and is not shown here.
It is necessary to define notations associated with isospin

quantum numbers. For the isospin I = 1/2 hadrons, we use
the following field operators:

N =
(

p
n

)
, (B1)

� =
(

�−

�0

)
, (B2)

K =
(

K+

K0

)
, (B3)

Kc =
(

K̄0

−K−

)
. (B4)

For the isovector (I = 1) pion field operator, we use the usual
notations,

�π = (π1, π2, π3), (B5)

with the isospin triplet

π =
⎛
⎝π+

π0

π−

⎞
⎠ , (B6)

where

π± = ∓ 1√
2

(π1 ± iπ2), (B7)

π0 = π3. (B8)

The same definition is also applied to other I = 1 hadron
operators. For � with I = 3/2, we define

� =

⎛
⎜⎝

�++
�+

�0

�−

⎞
⎟⎠ . (B9)

For the doublet states, the isospin operator �τ , with the
spherical components τ± = ∓(τ1 ± iτ2)/

√
2 and τ0 = τ3, is

defined by the matrix elements

〈s ms |τm|s m′
s〉 = 〈s 1 m′

s m|s ms〉〈s||τ ||s〉/√2s + 1, (B10)

where 〈j1 j2 m1 m2|J M〉 is the usual Clebsch-Gordon co-
efficient, m = ±1, 0, and the reduced matrix element is
〈 1

2 ||τ || 1
2 〉 = √

6. The isospin operators �T� for the � → � and
�T for the N → � transitions are defined by

〈j�ms |T�,m|j�m′
s〉 = 〈j�1m′

sm|j�ms〉
× 〈j�||T�||j�〉/

√
2j� + 1, (B11)

〈jms |Tm|j ′m′
s〉 = 〈j ′1m′

sm|jms〉〈j ||T ||j ′〉/
√

2j + 1,

(B12)

where m = ±1, 0 is the spherical component of �T� and �T ,
j� = 3/2, j, j ′ = 1/2 or 3/2, and the reduced matrix elements

are 〈
3
2

∣∣∣∣T�

∣∣∣∣ 3
2

〉 =
√

15, (B13)〈
3
2

∣∣∣∣T ∣∣∣∣ 1
2 〉 = −〈

1
2

∣∣∣∣T ∣∣∣∣ 3
2 〉 = 2. (B14)

With the above definitions of isospin components, we
list all Lagrangian used in our calculations. We follow the
conventions of Bjoken and Drell [67] in defining the metric
tensor gμν and the Dirac matrices γμ and γ5. Also, we set
ε0123 = +1.

1. Hadronic interactions

a. P B B′ interaction

The interaction Lagrangian between a pseudoscalar-octet
meson (P ) and spin- 1

2 octet baryons (B, B ′) is given by

LPBB ′ = −fPBB ′

mP

B̄γμγ5B
′∂μP ×Liso

PBB ′ + [H.c. for B 
= B ′].

(B15)

Here Liso
PBB ′ is the isospin structure of the interactions given

by

Liso
πNN = (N †�τN ) · �π, (B16)

Liso
π�� = (�†�τ�) · �π, (B17)

Liso
π�� = �†( �� · �π ), (B18)

Liso
π�� = i[ ��† × ��] · �π, (B19)

Liso
K�N = ��† · (K†�τN ), (B20)

Liso
K�� = (�†�τK) · ��, (B21)

Liso
K�N = �†(K†N ), (B22)

Liso
K�� = (�†Kc)�, (B23)

Liso
ηNN = (N †N )η, (B24)

Liso
η�� = (�†�)η, (B25)

Liso
η�� = �†�η, (B26)

Liso
η�� = ( ��† · ��)η. (B27)

The coupling constants of PBB ′ are fixed by the SU(3)
relations and the πNN coupling constant:

gπ�� = (1 − 2α)gπNN, (B28)

gπ�� = 2√
3
αgπNN, (B29)

gπ�� = 2(−1 + α)gπNN, (B30)

gK�N = (−1 + 2α)gπNN, (B31)

gK�� = (−1)gπNN, (B32)

gK�N = 1√
3

(−3 + 2α)gπNN, (B33)

gK�� = 1√
3

(+3 − 4α)gπNN, (B34)

gηNN = 1√
3

(+3 − 4α)gπNN, (B35)
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gη�� = 1√
3

(−2α)gπNN, (B36)

gη�� = 1√
3

(+2α)gπNN, (B37)

where gPBB ′ = fPBB ′/mP , α = 0.635, and fπNN =√
4π × 0.08. In this work, however, we do not follow the

SU(3) relations (B31) and (B35) for the ηNN and K�N
couplings, but vary fηNN and fK�N freely in the fit.

b. V B B′ interaction

The interaction Lagrangian between a vector-octet meson
(V ) and spin- 1

2 octet baryons (B, B ′) is given by

LV BB ′ = +gV BB ′B̄

[
�
V − κV BB ′

mB + mB ′
σμν(∂ν �V μ)

]
B ′

×Liso
V BB ′ + [H.c. for B 
= B ′]. (B38)

The isospin structure of the interactions (Liso
V BB ′ ) involving

ρ, K∗, K∗
c , and ω8 is given by the replacement of π → ρ,

K → K∗, Kc → K∗
c , and η → ω8 in Eqs. (B16)–(B27). Here

ω8 is the eighth component of the octet representation of the
vector mesons. Assuming the ideal mixing, it is related to the
physical ω and φ mesons as

ω8 = 1√
3
ω −

√
2

3
φ. (B39)

In this work, only gρNN , κρNN , gωNN , and κωNN are free
parameters for V BB ′ coupling constants determined by the
global fit. As for the other V BB ′ interactions, gV BB ′ is
fixed by the value of gρNN and the corresponding SU(3)
relations to Eqs. (B28)–(B37) with the replacement of π → ρ,
K → K∗, Kc → K∗

c , and η → ω8, while κV BB ′ is fixed with
κV BB ′/(mB + mB ′) ≡ κρNN/(2mN ).

c. SB B′ interaction

The interaction Lagrangian between a scalar meson (S) and
spin- 1

2 octet baryons (B, B ′) used in this work is

LSBB ′ = +gSBB ′B̄B ′S × Liso
SBB ′ + [H.c. for B 
= B ′]. (B40)

The isospin structure of the interactions (Liso
SBB ′) is given by

Liso
σNN = (N †N )σ, (B41)

Liso
f0NN = (N †N )f0, (B42)

Liso
κ�N = �†(κ†N ), (B43)

Liso
κ�N = ��† · (κ†�τN ). (B44)

Other SBB ′ interactions are not considered in this work.

d. AB B′ interaction

As for the interaction between a axial-vector meson (A)
and spin- 1

2 octet baryons (B, B ′), we consider only a1NN

interaction given by

La1NN = +ga1NNN̄γ μγ5 �τN · �a1μ. (B45)

e. P V B B′ and V V B B′ interaction

The following contact terms are also included in the
calculation:

LρπNN = +fπNN

mπ

gρNNN̄γμγ5 �τN · [ �ρμ × �π]
, (B46)

LρρNN = −κρg
2
ρNN

8mN

N̄σμν �τN · [ �ρμ × �ρν

]
. (B47)

Note that these contact terms are derived from applying [∂μ →
∂μ − gρNN �ρμ×] to LπNN and LρNN , respectively. However,
in this work we replace fπNNgρNN [κρg

2
ρNN/8] in Eq. (B46)

[Eq. (B47)] with a new parameter cρπNN [cρρNN ] and vary the
new parameter in the fit.

f. P B D interaction

The interaction Lagrangian involving a pseudoscalar-octet
meson (P ), a spin- 1

2 octet baryon (B), and a spin- 3
2 decuplet

baryon (D) is given by

LPBD = −fPBD

mP

B̄Dμ∂μP × Liso
PBD + [H.c. for B 
= B ′].

(B48)

The isospin structure of the interactions (Liso
PBD) is given by

Liso
πN� = (N † �T �) · �π, (B49)

Liso
π��∗ = �†( ��∗ · �π ), (B50)

Liso
π��∗ = i[ ��† × ��∗] · �π, (B51)

Liso
KN�∗ = (N †�τK) · ��∗. (B52)

g. V B D interaction

As for the interaction involving a vector-octet meson (V ),
a spin- 1

2 octet baryon (B), and a spin- 3
2 decuplet baryon (D),

we consider only ρN� interaction:

LρN� = −i
fρN�

mρ

�̄μγ νγ5[∂μ �ρν − ∂ν �ρμ] · �T N + H.c.

(B53)

h. P D D′ interaction

As for the interaction between a pseudoscalar-octet meson
(P ) and spin- 3

2 decuplet baryons (D,D′), we consider only
the π�� interaction:

Lπ�� = +fπ��

mπ

�̄μγ νγ5 �T��μ · ∂ν �π. (B54)

i. V D D′ interaction

As for the interaction between a vector-octet meson (V ) and
spin- 3

2 decuplet baryons (D,D′), we consider only the ρ��
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interaction:

Lρ�� = +gρ���̄α

[
�
ρ − κρ��

2m�

σμν(∂ν �ρμ)

]
· �T��α. (B55)

j. V P P ′ interaction

The interaction Lagrangian between a vector-octet meson
(V ) and pseudoscalar-octet mesons (P , P ′) used in this work
is given by

Lρππ = +gρππ [�π × ∂μ �π ] · �ρμ, (B56)

LρKK = +igρKK (K†�τ∂μK) · �ρμ + H.c., (B57)

LK∗Kπ = +igK∗Kπ [(K∗μ†�τK) · ∂μ �π
− (K∗μ†�τ∂μK) · �π ] + H.c., (B58)

Lω8KK = +igω8KK [K†(∂μK) − (∂μK†)K]ωμ
8 , (B59)

LK∗Kη = +igK∗KηK
∗μ†[K(∂μη) − (∂μK)η] + H.c. (B60)

In this work, the coupling constant gV PP ′ is fixed by the SU(3)
relation,

gρKK = 1

2
gρππ , (B61)

gK∗Kπ = 1

2
gρππ , (B62)

gωKK = 1√
3
gω8KK = 1

2
gρππ , (B63)

gφKK = −
√

2

3
gω8KK = − 1√

2
gρππ , (B64)

gK∗Kη =
√

3

2
gρππ , (B65)

so that only gρππ is a free parameter for the V PP ′ couplings.

k. SP P ′ interaction

The interaction Lagrangian between a scalar meson (S) and
pseudoscalar-octet mesons (P , P ′) used in this work is given
by

Lσππ = −gσππ

2mπ

(∂μ �π ) · (∂μ �π )σ + g̃σππm2
π

2fπ

�π · �πσ, (B66)

Lf0ππ = −gf0ππ

2mπ

(∂μ �π ) · (∂μ �π )f0, (B67)

LκKπ = −gκKπ

mπ

(∂μK†)�τκ · (∂μ �π ) + H.c., (B68)

LκKη = −gκKη

mη

(∂μK†)κ(∂μη) + H.c. (B69)

l. V V ′ P interaction

As for the interaction between a pseudoscalar-octet meson
(P ) and vector-octet mesons (V , V ′), in this work we consider
only the ωρπ interaction:

Lωρπ = −gωρπ

mω

εμαλν(∂α �ρμ) · (∂λ �π )ων. (B70)

2. Electromagnetic interactions

The electromagnetic interactions are obtained from the
usual noninteracting Lagrangian and the above hadronic La-
grangian by using the minimum substitution ∂μ → ∂μ − ieAμ.
The resulting Lagrangians divided by −e (e = √

4π/137) are
listed below.

a. γ B B′ interaction

The interaction Lagrangian between a photon and spin- 1
2

octet baryons is given by

LγBB ′ = +B̄

[
êBB ′ (Q2) 
A − κ̂BB ′(Q2)

2mN

σμν(∂νAμ)

]
B ′

+ [H.c. for B 
= B ′]. (B71)

Here we have defined

êNN = F1S + F1V τ 3

2
, (B72)

κ̂NN = F2S + F2V τ 3

2
, (B73)

ê�� = 0, (B74)

κ̂�� = −0.61, (B75)

ê�� = T 3
�, (B76)

κ̂�� = κ�
s + κ�

v T 3
�, (B77)

ê�� ∼ (0, 0, 0), (B78)

κ̂�� = (0,−1.61, 0). (B79)

Here F1S = F1V = 1; F2S = μp + μn − 1 ∼ −0.12; F2V =
μp − μn − 1 ∼ 3.7; κ�

s = 0.65; κ�
v = 0.81; and T 3

� =
diag(1, 0,−1).

b. γ P B B′ and γ V B B′ interaction

The following four-point interactions are obtained by
applying the minimum substitution ∂μ → ∂μ − ieAμ to the
PBB ′ and V BB ′ interactions defined in Appendixes B 1 a
and B 1 b:

LγπNN = +fπNN

mπ

[(N̄ 
Aγ5 �τN ) × �π ]3, (B80)

LγKN� = +i
fKN�

mK

[p̄ 
Aγ5K
+� − �̄ 
Aγ5K

−p], (B81)

LγKN� = +i
fKN�

mK

[n̄ 
Aγ5K
+�1+i2 + p̄ 
Aγ5K

+�3

−�̄1−i2 
Aγ5K
−n − �̄3 
Aγ5K

−p], (B82)

LγρNN = +gρNNκρ

2mN

[(
N̄

�τ
2
σ νμN

)
× �ρν

]
3

Aμ. (B83)

Here the symbol [ �A × �B]3 in the above equations means the
third component of the outer product of the isospin vectors �A
and �B. In this work, we multiply the γπNN , γKN�, and
γKN� interactions by additional phenomenological factors
cγπNN , cγKN�, and cγKN� , respectively, and we treat those
factors as parameters in the fit.
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c. γ B D interaction

The following Lagrangian is used for the interactions
involving a photon (γ ), spin- 1

2 octet baryon (B), and a spin- 3
2

decuplet baryon (D):

LγN� = −i�̄μ�em,�N
μν T 3NAν + H.c., (B84)

Lγ��∗ = −i(�̄∗)μ�em,�∗�
μν �Aν + H.c. (B85)

The matrix element of γBD vertex is explicitly given by

〈D(pD)|�em,DB
μν |B(pB)〉

= mD + mB

2mB

1

(mD + mB)2 − q2

×
[(

GDB
M − GDB

E

)
3εμναβP αqβ

+GDB
E iγ5

12

(mD − mB)2 − q2
εμλαβP αqβελ

νγ δp
γ
Dqδ

+ GDB
C iγ5

6

(mD − mB)2 − q2
qμ(q2Pν − q · Pqν)

]
,

(B86)

with P = (pD + pB)/2 and q = pD − pB . Note that the
index μ of �em,DB

μν contracts with the D field and ν with
the photon field. The γN� coupling strength G�N

M = 1.85,
G�N

E = 0.025, and G�N
C = −0.238 are taken from the SL

model [15]. However, for the γ��∗ interactions, in this
work we set G

(�∗)0�0

E,C = G
(�∗)∓�±
E,C = 0, and only G

(�∗)0�0

M and

G
(�∗)±�±
M are treated as free parameters varied freely in the fit.

d. γ P B D interaction

The following four-point interaction is given by applying
the minimum substitution ∂μ → ∂μ − ieAμ to LπN�:

LγπN� = +fπN�

mπ

[(�̄μ �T N ) × �π ]3Aμ + H.c. (B87)

e. γ D D′ interaction

As for the interaction involving a photon (γ ) and spin-
3
2 decuplet baryons (D, D′), we consider only the γ��
interaction,

Lγ�� = +�̄η
(
T 3

� + 1
2

) [−γμgην

+ (
gμηγν + gμνγη

) + 1
3γηγμγν

]
�νAμ. (B88)

f. γ P P ′ interaction

As for the interaction involving a photon (γ ) and pseu-
doscalar octet mesons (P , P ′), in this work only the following
γππ and γKK interactions are considered:

Lγππ = +[�π × (∂μ �π )]3Aμ, (B89)

LγKK = +i[K−∂μK+ − (∂μK−)K+]Aμ. (B90)

g. γ V P interaction

The following Lagrangian is considered for interactions
involving a photon (γ ), a vector octet mesons (V ), and a

pseudoscalar octet mesons (P ):

Lγρπ = +gγρπ

mπ

εαβγ δ(∂αAβ)(∂γ �ρδ) · �π, (B91)

Lγωπ = +gγωπ

mπ

εαβγ δ(∂αAβ)(∂γ ωδ)π3, (B92)

Lγρη = +gγρη

mρ

εαβγ δ(∂αAβ)(∂γ ρ3δ)η, (B93)

Lγωη = +gγωη

mω

εαβγ δ(∂αAβ)(∂γ ωδ)η, (B94)

LγK∗K = +g0
γK∗K

mK

εαβγ δ[K̄0(∂γ K∗0,δ)

+K0(∂γ K̄∗0,δ)]∂αAβ (B95)

+ gc
γK∗K

mK

εαβγ δ[K+(∂γ K∗−,δ)

+K−(∂γ K∗+,δ)]∂αAβ. (B96)

In this work, we treat gγρπ , gγωπ , gγρη, and gγωη as free
parameters in the fit, while we use the fixed values for γK∗K
couplings, i.e., g0

γK∗K/mK = −0.388 GeV−1 and gc
γK∗K =

0.254 GeV−1 [68].

h. γ V P P ′ interaction

The following four-point interaction is given by applying
the minimum substitution ∂μ → ∂μ − ieAμ to Lρππ :

Lγρππ = −gρππ [( �ρμ × �π ) × �π ]3Aμ. (B97)

i. γ AP interaction

As for the interaction involving a photon (γ ), an axial-
vector meson (A), and a pseudoscalar meson (P ), in this paper
only the γ a1π interaction is considered:

Lγa1π = + 1

ma1

(∂μAν − ∂νAμ)

×{2[(∂μ �π ) × �a1ν]3 − 2[(∂ν �π ) × �a1μ]3

+ [�π × (∂μ�a1ν − ∂ν �a1μ)]3}. (B98)

j. γ V V ′ interaction

As for the interaction involving a photon (γ ) and vector
octet mesons (V , V ′), in this paper only the γρρ interaction is
considered:

Lγρρ = +[(∂μ �ρν − ∂ν �ρμ) × �ρν]3Aμ. (B99)

APPENDIX C: MATRIX ELEMENTS OF
MESON-BARYON POTENTIALS

It is convenient to get the partial-wave matrix elements
of the meson-exchange potential vM ′B ′,MB by first evaluating
vM ′B ′,MB in helicity representation and then transforming them
into the usual |(LS)JT 〉 representation with J , T , L, and S
denoting the total angular momentum, isospin, orbital angular
momentum, and spin quantum numbers, respectively. For
each meson-baryon (MB) state, we use k(p) to denote the
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momentum of M(B). In the center-of-mass frame, we thus
have �p = −�k. Following the Jacob-Wick formulation [69],
the partial-wave matrix elements of vM ′B ′,MB can be written as

vJT
L′S ′M ′B ′,LSMB(k′, k,W )

=
∑

λ′
Mλ′

BλMλB

√
(2L + 1)(2L′ + 1)

2J + 1

×〈j ′
Mj ′

Bλ′
M − λ′

B |S ′S ′
z〉〈L′S ′0S ′

z|JS ′
z〉

× 〈jMjBλM − λB |SSz〉〈LS0Sz|JSz〉
× 〈J, k′λ′

M − λ′
B |vM ′B ′,MB |J, kλM − λB〉, (C1)

where jM and jB are the spins of the meson and baryon,
respectively, and λM and λB are their helicities, and

〈J, k′λ′
M − λ′

B |vM ′B ′,MB |J, kλM − λB〉

= 2π

∫ +1

−1
d(cos θ )dJ

λM−λB,λ′
M−λ′

B
(θ )

×〈M ′(�k′, s ′
Mλ′

M )B ′(−�k′, s ′
B,−λ′

B)|
× vM ′B ′,MB |M(�k, sMλM )B(−�k, sB,−λB )〉. (C2)

Here we have chosen the coordinates such that

�k′ = (k′ sin θ, 0, k′ cos θ ), (C3)
�k = (0, 0, k), (C4)

and the helicity eigenstates are defined by

k̂ · �sM |M(�k, sMλM )〉 = λM |M(�k, sMλM )〉, (C5)

[−k̂ · �sB]|B(−�k, sBλB)〉 = λB |B(−�k, sBλB)〉. (C6)

Note the “−” sign in Eq. (C6).

TABLE X. Label n for V̄ (n) in Eq. (C7).

Channel πN ηN σN ρN π� K� K�

πN 1 2 4 7 11 16 19
ηN 3 5 8 12 17 20
σN 6 9 13 – –
ρN 10 14 – –
π� 15 – –
K� 18 21
K� 22

To evaluate the matrix elements in the right-hand side
of Eq. (C2), we define (suppressing the helicity and isospin
indices)

〈k′(j ), p′|vM ′B ′,MB |k(i), p〉

= 1

(2π )3

√
m′

B

EB ′ (p′)
1√

2EM ′ (k′)

√
mB

EB(p)

1√
2EM (k)

× ūB ′ ( �p′)V̄ (n)uB( �p). (C7)

Here the label n indicates the considered MB → M ′B ′
transition as specified in Table X; i, j are the isospin indices of
the mesons. We also use the notation q = k′ − k or q = p − p′
in this Appendix. The expressions of each term in V̄ (n) are
given in the following sections.

1. π (k, i) + N( p) → π (k′, j ) + N( p′)

V̄ (1) = V̄ 1
a + V̄ 1

b + V̄ 1
c + V̄ 1

d + V̄ 1
e + V̄ 1

f , (C8)

with

V̄ 1
a =

(
fπNN

mπ

)2


k′γ5τ
jSN (p + k) 
kγ5τ

i, (C9)

V̄ 1
b =

(
fπNN

mπ

)2


kγ5τ
iSN (p − k′) 
k′γ5τ

j , (C10)

V̄ 1
c =

(
fπN�

mπ

)2

kα(T †)iSαβ
� (p − k′)k′

βT j , (C11)

V̄ 1
d = −CV 1

gρNNgρππ

m2
ρ

[
( 
k+ 
k′) + CV 2

κρ

4mN

{( 
k+ 
k′) 
q− 
q( 
k+ 
k′)}
]

iεjil

τ l

2

+ gρNNgρππ

q2

m2
ρ(q2 − m2

ρ)

[
( 
k+ 
k′) + κρ

4mN

{( 
k+ 
k′) 
q− 
q( 
k+ 
k′)}
]

iεjil

τ l

2
, (C12)

V̄ 1
e = +CS

k · k′

mπ

δij −
(

gσNNgσππ

q2

m2
σ

(
q2 − m2

σ

) + gf0NNgf0ππ

q2

m2
f0

(
q2 − m2

f0

)
)

k · k′

mπ

δij , (C13)

V̄ 1
f = −gσNN g̃σππm2

π

fπ

1

q2 − m2
σ

δij . (C14)

Here one can see that parameters CV 1, CV 2, and CS , which are
somewhat unusual and require some explanation, appear in
the meson-exchange potentials V̄ 1

d and V̄ 1
e . Let us explain this

by taking ρ-meson-exchange potential V̄ 1
d as an example. It is

first noticed that if one takes CV 1 = CV 2 = 1, V̄ 1
d reduces to

the familiar ρ-meson exchange πN → πN potential derived
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from Lρππ and LρNN . In effective theories, the propagator of
heavy mesons M is expanded as

1

q2 − m2
M

= − 1

m2
M

+ O
(

q2

m4
M

)
, (C15)

and the effect of the heavy-particle exchanges is absorbed into
contact terms of the effective theories. We have taken into
account contributions of higher excited ρ meson states phe-
nomenologically by making CV 1 and CV 2 as free parameters
that can be different from CV 1 = 1 and CV 2 = 1, respectively.
Furthermore, we attach different cutoff factors for the first and
second terms of V̄ 1

d . A similar prescription has been applied
also to the scalar-meson-exchange potential V̄ 1

e . In addition,
in this work we include a phenomenological contact potential
V̄ 1 = cS31 in getting a good fit to S31 partial wave. We do not
need this for other partial waves.

2. π (k, i) + N( p) → η(k′) + N( p′)

V̄ (2) = V̄ 2
a + V̄ 2

b , (C16)

with

V̄ 2
a = fπNNfηNN

mπmη


k′γ5SN (p + k) 
kγ5τ
i, (C17)

V̄ 2
b = fπNNfηNN

mπmη


kγ5τ
iSN (p − k′) 
k′γ5. (C18)

3. η(k) + N( p) → η(k′) + N( p′)

V̄ (3) = V̄ 3
a + V̄ 3

b , (C19)

with

V̄ 3
a =

(
fηNN

mη

)2


k′γ5SN (p + k) 
kγ5, (C20)

V̄ 3
b =

(
fηNN

mη

)2


kγ5SN (p − k′) 
k′γ5. (C21)

4. π (k, i) + N( p) → σ (k′) + N( p′)

V̄ (4) = V̄ 4
a + V̄ 4

b + V̄ 4
c , (C22)

with

V̄ 4
a = igσNN

fπNN

mπ

SN (p + k) 
kγ5τ
i, (C23)

V̄ 4
b = igσNN

fπNN

mπ


kγ5SN (p − k′)τ i, (C24)

V̄ 4
c = i

fπNNgσππ

m2
π


qγ5τ
i q · k

q2 − m2
π

. (C25)

5. η(k) + N( p) → σ (k′) + N( p′)

V̄ (5) = V̄ 5
a + V̄ 5

b , (C26)

with

V̄ 5
a = igσNN

fηNN

mη

SN (p + k) 
kγ5, (C27)

V̄ 5
b = igσNN

fηNN

mη


kγ5SN (p − k′). (C28)

6. σ (k) + N( p) → σ (k′) + N( p′)

V̄ (6) = V̄ 6
a + V̄ 6

b , (C29)

with

V̄ 6
a = g2

σNNSN (p + k), (C30)

V̄ 6
b = g2

σNNSN (p − k′). (C31)

7. π (k, i) + N( p) → ρ ′(k′, j ) + N( p′)

V̄ (7) = V̄ 7
a + V̄ 7

b + V̄ 7
c + V̄ 7

d + V̄ 7
e , (C32)

with

V̄ 7
a = i

fπNN

mπ

gρNN�ρ ′SN (p + k) 
kγ5τ
i, (C33)

V̄ 7
b = i

fπNN

mπ

gρNN 
kγ5τ
iSN (p − k′)�ρ ′ , (C34)

V̄ 7
c = fπNN

mπ

gρππεij lτ
l
(q − k) · ε∗

ρ ′ 
qγ5

q2 − m2
π

, (C35)

V̄ 7
d = −fπNN

mπ

gρNN 
ερ ′ ∗γ5εjilτ
l, (C36)

V̄ 7
e = gωNNgωπρ

mω

δij

εαβγ δε
∗α
ρ ′ k′βkγ

q2 − m2
ω

×
[
γ δ + κω

4mN

(γ δ 
q− 
qγ δ)

]
, (C37)

where

�ρ ′ = τ j

2

[

ερ ′ ∗ + κρ

4mN

( 
ερ ′ ∗ 
k′− 
k′ 
ερ ′ ∗)

]
. (C38)

8. η(k) + N( p) → ρ ′(k′, j ) + N( p′)

V̄ (8) = V̄ 8
a + V̄ 8

b , (C39)

with

V̄ 8
a = i

fηNN

mη

gρNN�ρ ′SN (p + k) 
kγ5, (C40)

V̄ 8
b = i

fηNN

mη

gρNN 
kγ5SN (p − k′)�ρ ′ . (C41)
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9. σ (k) + N( p) → ρ ′(k′, j ) + N( p′)

V̄ (9) = V̄ 9
a + V̄ 9

b , (C42)

with

V̄ 9
a = gρNNgσNN�ρ ′SN (p + k), (C43)

V̄ 9
b = gρNNgσNNSN (p − k′)�ρ ′ . (C44)

10. ρ(k, i) + N( p) → ρ ′(k′, j ) + N( p′)

V̄ (10) = V̄ 10
a + V̄ 10

b + V̄ 10
c , (C45)

with

V̄ 10
a + V̄ 10

b = g2
ρNN [�ρ ′SN (p + k)�ρ + �ρSN (p − k′)�ρ ′],

(C46)

where

�ρ = τ i

2

[

ερ − κρ

4mN

( 
ερ 
k− 
k 
ερ)

]
(C47)

and

V̄ 10
c = i

κρg
2
ρNN

8mN

[ 
ερ 
ερ ′ ∗− 
ερ ′ ∗ 
ερ]εij lτ
l. (C48)

11. π (k, i) + N( p) → π (k′, j ) + 	( p′)

V̄ (11) = V̄ 11
a + V̄ 11

b + V̄ 11
c + V̄ 11

d + V̄ 11
e , (C49)

with

V̄ 11
a = fπNNfπN�

m2
π

T j ε∗
� · k′SN (p + k) 
kγ5τ

i, (C50)

V̄ 11
b = fπNNfπN�

m2
π

T iε∗
� · kSN (p − k′) 
k′γ5τ

j , (C51)

V̄ 11
c = i

fρN�fρππ

mρ

εjilT
l

q2 − m2
ρ

× [ε∗
� · q( 
k+ 
k′)γ5 − ε∗

� · (k + k′) 
qγ5], (C52)

V̄ 11
d = −fπ��fπN�

m2
π

[ε∗
�]μ 
k′γ5T

j
�S

μν
� (p′ + k′)T ikν,

(C53)

V̄ 11
e = −fπ��fπN�

m2
π

[ε∗
�]μ 
kγ5T

i
�S

μν
� (p − k′)T jk′

ν .

(C54)

12. η(k) + N( p) → π (k′, j ) + 	( p′)

V̄ (12) = fηNNfηN�

mπmη

T jε∗
� · k′SN (p + k) 
kγ5. (C55)

13. σ (k) + N( p) → π (k′, j ) + 	( p′)

V̄ (13) = −igσNN

fπN�

mπ

T jε∗
� · k′SN (p + k). (C56)

14. ρ(k, i) + N( p) → π (k′, j ) + 	( p′)

V̄ (14) = V̄ 14
a + V̄ 14

b + V̄ 14
c + V̄ 14

d , (C57)

with

V̄ 14
a = −i

fπN�gρNN

mπ

T jε∗
� · k′SN (p + k)�ρ, (C58)

V̄ 14
b = i

fπNNfρN�

mπmρ

T i[ε∗
� · k 
εργ5 − ε∗

� · ερ 
kγ5]

× SN (p − k′) 
k′γ5τ
j , (C59)

V̄ 14
c = −i

fπ��fρN�

mπmρ

[ε∗
�]α 
k′γ5T

j
�S

αβ
� (p′ + k′)

× [kβ 
εργ5 − [ερ]β 
kγ5]T i, (C60)

V̄ 14
d = −i

gρ��fπN�

mπ

[ε∗
�]α

[

ερ − κρ��

4m�

( 
ερ 
k− 
k 
ερ)

]

× T i
�S

αβ
� (p − k′)T jk′

β. (C61)

15. π (k, i) + 	( p) → π (k′, j ) + 	′( p′)

V̄ (15) = V̄ 15
a + V̄ 15

b + V̄ 15
c + V̄ 15

d , (C62)

with

V̄ 15
a =

(
fπN�

mπ

)2

ε∗
�′ · k′T jSN (p + k)ε� · k(T i)†, (C63)

V̄ 15
b =

(
fπ��

mπ

)2


k′γ5T
j
�[ε∗

�′]μS
μν
� (p + k)[ε�]ν 
kγ5T

i
�,

(C64)

V̄ 15
c =

(
fπ��

mπ

)2


kγ5T
i
�[ε∗

�′]μS
μν
� (p − k′)[ε�]ν 
k′γ5T

j
�,

(C65)

V̄ 15
d = igρ��gρππ

εjilT
l
�

q2 − m2
ρ

×
[

( 
k+ 
k′) + κρ��

4m�

(( 
k+ 
k′) 
q− 
q( 
k+ 
k′))
]

ε∗
�′ · ε�.

(C66)

16. π (k, i) + N( p) → K (k′) + �( p′)

V̄ (16) = V̄ 16
a + V̄ 16

b + V̄ 16
c + V̄ 16

d + V̄ 16
e , (C67)
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with

V̄ 16
a = fK�NfπNN

mKmπ


k′γ5SN (p + k) 
kγ5τ
i, (C68)

V̄ 16
b = fπ��fK�N

mKmπ


kγ5S�(p − k′) 
k′γ5τ
i, (C69)

V̄ 16
c = fπ��∗fKN�∗

mKmπ

kαS
αβ
�∗ (p − k′)k′

βτ i, (C70)

V̄ 16
d = −gK∗N�gK∗Kπ

−gμρ + qμqρ/m2
K∗

q2 − m2
K∗

×
(

γ μ − i
κK∗N�

mN + m�

σμνqν

)
(k + k′)ρτ i, (C71)

V̄ 16
e = −gκ�NgκKπ

mπ

k · k′

q2 − m2
κ

τ i . (C72)

17. η(k) + N( p) → K (k′) + �( p′)

V̄ (17) = V̄ 17
a + V̄ 17

b + V̄ 17
c + V̄ 17

d , (C73)

with

V̄ 17
a = fK�NfηNN

mKmη


k′γ5SN (p + k) 
kγ5, (C74)

V̄ 17
b = fη��fK�N

mKmη


kγ5S�(p − k′) 
k′γ5, (C75)

V̄ 17
c = −gK∗N�gK∗Kη

−gμρ + qμqρ/m2
K∗

q2 − m2
K∗

×
(

γ μ − i
κK∗N�

mN + m�

σμνqν

)
(k + k′)ρ, (C76)

V̄ 17
d = −gκ�NgκKη

mπ

k · k′

q2 − m2
κ

. (C77)

18. K (k) + �( p) → K (k′) + �( p′)

V̄ (18) = V̄ 18
a + V̄ 18

b + V̄ 18
c + V̄ 18

d , (C78)

with

V̄ 18
a =

(
fK�N

mK

)2


k′γ5SN (p + k) 
kγ5, (C79)

V̄ 18
b =

(
fK��

mK

)2


kγ5S�(p − k′) 
k′γ5, (C80)

V̄ 18
c = −gω��gωKK

−gμρ + qμqρ/m2
ω

q2 − m2
ω

×
(

γ μ − i
κω��

2m�

σμνqν

)
(k + k′)ρ, (C81)

V̄ 18
d = −gφ��gφKK

−gμρ + qμqρ/m2
φ

q2 − m2
φ

×
(

γ μ − i
κφ��

2m�

σμνqν

)
(k + k′)ρ. (C82)

19. π (k, i) + N( p) → K (k′) + �( p′, j )

V̄ (19) = V̄ 19
a + V̄ 19

b + V̄ 19
c + V̄ 19

d + V̄ 19
e + V̄ 19

f , (C83)

with

V̄ 19
a = fK�NfπNN

mKmπ


k′γ5τ
jSN (p + k) 
kγ5τ

i, (C84)

V̄ 19
b = fπ��fK�N

mKmπ


kγ5S�(p − k′) 
k′γ5δ
ij , (C85)

V̄ 19
c = fπ��fK�N

mKmπ


kγ5S�(p − k′) 
k′γ5iε
ijkτk, (C86)

V̄ 19
d = fπ��∗fKN�∗

mKmπ

kαS
αβ
�∗ (p − k′)k′

βiεijkτk, (C87)

V̄ 19
e = −gK∗N�gK∗Kπ

−gμρ + qμqρ/m2
K∗

q2 − m2
K∗

×
(

γ μ − i
κK∗N�

mN + m�

σμνqν

)
(k + k′)ρτ iτ j ,

(C88)

V̄ 19
f = −gκ�NgκKπ

mπ

k · k′

q2 − m2
κ

τ iτ j . (C89)

20. η(k) + N( p) → K (k′) + �( p′, j )

V̄ (20) = V̄ 20
a + V̄ 20

b + V̄ 20
c + V̄ 20

d , (C90)

with

V̄ 20
a = fK�NfηNN

mKmη


k′γ5SN (p + k) 
kγ5τ
j , (C91)

V̄ 20
b = fη��fK�N

mKmη


kγ5S�(p − k′) 
k′γ5τ
j , (C92)

V̄ 20
c = −gK∗N�gK∗Kη

−gμρ + qμqρ/m2
K∗

q2 − m2
K∗

×
(

γ μ − i
κK∗N�

mN + m�

σμνqν

)
(k + k′)ρτ j , (C93)

V̄ 20
d = −gκ�NgκKη

mπ

k · k′

q2 − m2
κ

τ j . (C94)

21. K (k) + �( p, i) → K (k′) + �( p′)

V̄ (21) = V̄ 21
a + V̄ 21

b + V̄ 21
c , (C95)

with

V̄ 21
a = fK�NfK�N

m2
K


k′γ5SN (p + k) 
kγ5τ
i, (C96)

V̄ 21
b = fK��fK��

m2
K


kγ5τ
iS�(p − k′) 
k′γ5, (C97)

V̄ 21
e = −gρ��gρKK

−gμρ + qμqρ/m2
ρ

q2 − m2
ρ

×
(

γ μ − i
κρ��

m� + m�

σμνqν

)
(k + k′)ρτi . (C98)
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22. K (k) + �( p, i) → K (k′) + �( p′, j )

V̄ (22) = V̄ 22
a + V̄ 22

b + V̄ 22
c + V̄ 22

d + V̄ 22
e , (C99)

with

V̄ 22
a =

(
fK�N

mK

)2


k′γ5τ
jSN (p + k) 
kγ5τ

i, (C100)

V̄ 22
b =

(
fK��

mK

)2


kγ5τ
iS�(p − k′) 
k′γ5τ

j , (C101)

V̄ 22
c = −gω��gωKK

−gμρ + qμqρ/m2
ω

q2 − m2
ω

×
(

γ μ − i
κω��

2m�

σμνqν

)
(k + k′)ρδij , (C102)

V̄ 22
d = −gφ��gφKK

−gμρ + qμqρ/m2
φ

q2 − m2
φ

×
(

γ μ − i
κφ��

2m�

σμνqν

)
(k + k′)ρδij , (C103)

V̄ 22
e = −gρ��gρKK

−gμρ + qμqρ/m2
ρ

q2 − m2
ρ

×
(

γ μ − i
κρ��

2m�

σμνqν

)
(k + k′)ρiεjikτk. (C104)

The baryon propagators for the spin- 1
2 octet baryon B and

the spin- 3
2 decuplet baryon D appearing in Eqs. (C8)–(C104)

are given by

SB(p) = 1


p − mB

, (C105)

S
μν
D (p) = 1

3( 
p − mD)

[
2

(
−gμν + pμpν

m2
D

)

+ γ μγ ν − γ νγ μ

2
− pμγ ν − pνγ μ

mD

]
. (C106)

Equation (C106) is the simplest choice of many possible defini-
tions of the spin- 3

2 propagator. It is part of our phenomenology
for this rather complex coupled-channels calculations.

Although the expressions (C8)–(C104) look like the usual
Feynman amplitudes, the unitary transformation method
[15,35–37] defines definite procedures in evaluating the time
component of each propagator. For each propagator, the vertex
interactions associated with its ends define either a “virtual”
process or a “real” process. The real process is the process
that can occur in free space such as � → πN . The virtual
processes, such as the πN → N , π� → �, and π� →
N transitions, are not allowed by the energy-momentum
conservation. The consequences of the unitary transformation
is the following. When both vertex interactions are “virtual,”
the propagator is the average of the propagators calculated with
two different momenta specified by the initial and final external
momenta. For example, the propagator of V̄ 1

a of Eq. (C9),
which corresponds to the s channel π (k) + N (p) → N →

π (k′) + N (p′), should be evaluated by

SN (p + k)

→ 1

2
[SN (p + k) + SN (p′ + k′)]

= 1

2

{
[EN (p) + Eπ (k)]γ 0 − �γ · ( �p + �k) + mN

[EN (p) + Eπ (k)]2 − ( �p + �k)2 − m2
N

+ [EN (p′) + Eπ (k′)]γ 0 − �γ · ( �p′ + �k′) + mN

[EN (p′) + Eπ (k′)]2 − ( �p′ + �k′)2 − m2
N

}
. (C107)

One sees clearly that the denominators of the above expression
are independent of the collision energy E of scattering equation
and finite in the all real momentum region. This is the
essence of the unitary transformation method in deriving
the interactions from Lagrangian. When only one of the
vertex interactions is “real,” the propagator is evaluated by
using the momenta associated with the “virtual” vertex. For
example, the propagator of V̄ 11

d of Eq. (C53), which corre-
sponds to the s channel π (k) + N (p) → � → π (k′) + �(p′),
is S

μν
� (p′ + k′), but neither S

μν
� (p + k) nor [Sμν

� (p′ + k′) +
S

μν
� (p + k)]/2. We note that there is no propagator in Eqs.

(C8)–(C104), which is attached by two real processes such
as πN → � → πN . Such real processes are included in the
resonant term tRMB,M ′B ′ of Eq. (3).

APPENDIX D: MATRIX ELEMENTS OF
γ N → M B TRANSITIONS

To include the final meson-baryon interactions in the
photoproduction, it is only necessary to perform the partial-
wave decomposition of the final MB state. We thus introduce
the following helicity-LSJ mixed representation

vJT
L′S ′M ′B ′,λγ λN

(k′, q) =
∑
λ′

Mλ′
B

√
(2L′ + 1)

2J + 1
〈j ′

Mj ′
Bλ′

M (−λ′
B)|S ′S ′

z〉

× 〈L′S ′0S ′
z|JS ′

z〉〈J, k′λ′
M (−λ′

B)|
× vM ′B ′,γN |J, qλγ (−λN )〉, (D1)

where 〈J, k′λ′
M (−λ′

B)|vM ′B ′,γN |J, qλγ (−λN )〉 can be evalu-
ated using the same expression as Eq. (C2) but replacing
vM ′B ′,MB with vM ′B ′,γN . To evaluate these quantities with
our normalizations of states, we define for a photon four-
momentum q = (ω, �q)

〈(k′j ), p′|vM ′B ′,γN |q, p〉
= 1√

2q0
〈(k′j ), p′|

∑
n

J μ(n)εμ|q, p〉

= 1

(2π )3

∑
n

√
mB ′

EB ′(k′)

√
1

2EM ′ (k′)

× ūB ′ ( �p′)eI (n)uN ( �p)
√

mN

EN (q)

1√
2q0

, (D2)

where εμ is the photon polarization vector, and n denotes a
given considered process

I (n) = ε · j̄ (n). (D3)
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Here j̄ (n) can be constructed by using the Feynman
rules. The resulting expressions for each of γN →
πN, ηN, σN, ρN, π�,K�,K� are listed below.

1. γ (q) + N( p) → π (k′, j ) + N( p′)

I (1) = I 1
a + I 1

b + I 1
c + I 1

d + I 1
e + I 1

f + I 1
g + I 1

h , (D4)

with

I 1
a = +i

fπNN

mπ


k′γ5τ
j 1


p′+ 
k′ − mN

�N, (D5)

I 1
b = +i

fπNN

mπ

�N

1


p− 
k′ − mN


k′γ5τ
j , (D6)

I 1
c = −fπN�

mπ

�em,�
ν

†
S

νμ
� (p − k′)k′

μT j , (D7)

I 1
d = +fπNN

mπ

εij3τ
i 
εγ γ5, (D8)

I 1
e = −fπNN

mπ


 k̃γ5

k̃2 − m2
π

εij3τ
i(k̃ + k′) · εγ , (D9)

I 1
f = −gρNNgρπγ

mπ

τ j

2

[
γ δ + κρ

4mN

(γ δ 
 k̃− 
 k̃γ δ)

]

× εαβηδk̃
ηqαεβ

γ

1

k̃2 − m2
ρ

, (D10)

I 1
g = −gωNNgωπγ

mπ

[
γ δ + κω

4mN

(γ δ 
 k̃− 
 k̃γ δ)

]

× εαβηδk̃
ηqαεβ

γ δj3
1

k̃2 − m2
ω

. (D11)

In the above equations, we introduced k̃ = p − p′, �N =
êN 
εγ − (κ̂NN/4mN )[ 
εγ 
q− 
q 
εγ ], and �em,�

μ = �em,�
μν εν

γ .

2. γ (q) + N( p) → η(k′) + N( p′)

I (2) = I 2
a + I 2

b + I 2
c , (D12)

with

I 2
a = +i

fηNN

mη


k′γ5
1


p′+ 
k′ − mN

�N, (D13)

I 2
b = +i

fηNN

mη

�N

1


p− 
k′ − mN


k′γ5, (D14)

I 2
c = −gρNNgρηγ

mρ

τ 3

2

[
γ ν + κρ

4mN

(γ ν 
 k̃− 
 k̃γ ν)

]

× εμναβ k̃μqαεβ
γ

1

k̃2 − m2
ρ

. (D15)

3. γ (q) + N( p) → σ (k′) + N( p′)

I (3) = I 3
a + I 3

b , (D16)

with

I 3
a = −gσNN

1


p′+ 
k′ − mN

�N, (D17)

I 3
b = −gσNN�N

1


p− 
k′ − mN

. (D18)

4. γ (q) + N( p) → ρ ′(k′, j ) + N( p′)

I (4) = I 4
a + I 4

b + I 4
c + I 4

d + I 4
e + I 4

f + I 4
g , (D19)

with

I 4
a = −gρNN�ρ ′

1


p′+ 
k′ − mN

�N, (D20)

I 4
b = −gρNN�N

1


p− 
k′ − mN

�ρ ′ , (D21)

I 4
c = +fρN�

mρ

(k′
μ 
ερ ′ ∗− 
k′ε∗

ρ ′μ)γ5T
†j Sμν

� (p′ + k′)�em,�
ν ,

(D22)

I 4
d = −fρN�

mρ

[
�em,�

μ

]†
S

μν
� (p − k′)T j (k′

ν 
ερ
∗− 
k′ε∗

ρ ′ν)γ5,

(D23)

I 4
e = +i

gρNNκρ

8mN

εij3τi( 
ερ ′ ∗ 
εγ − 
εγ 
ερ ′ ∗), (D24)

I 4
f = −i

gρNN

2

[
γμ + κρ

2mN

(γμ 
 k̃− 
 k̃γμ)

] [
ε

μ∗
ρ ′ (k̃ + k′) · εγ

− (k̃ · ε∗
ρ ′ )εμ

γ − (εγ · ε∗
ρ ′)k

′μ] εij3τ
i

k̃2 − m2
ρ

, (D25)

I 4
g = +i

fπNNgρπγ

m2
π

τ j 
 k̃γ5εαβηδk
′ηεδ∗

ρ ′ q
αεβ

γ

1

k̃2 − m2
π

. (D26)

5. γ (q) + N( p) → π (k′, j ) + 	( p′)

I (5) = I 5
a + I 5

b + I 5
c + I 5

d + I 5
e + I 5

f + I 5
g , (D27)

with

I 5
a = +i

fπN�

mπ

ε∗
� · k′T jSN (p′ + k′)�N, (D28)

I 5
b = +i

fπN�

mπ

�em,�
ν εν∗

� SN (p − k′) 
k′γ5τ
j , (D29)

I 5
c = −fπ��

mπ

ε∗
�μ 
k′γ5T

j
�S

μν
� (p′ + k′)�em,�

ν , (D30)

I 5
d = +i

fπN�

mπ

ε∗
�η

(
1

2
+ T 3

�

)
× [−gημ 
εγ + (εγ )ηγ μ

]
S�

μν(p − k′)k
′νT j , (D31)

I 5
e = +fπN�

mπ

εij3T
iεγ · ε∗

�, (D32)

I 5
g = −fπN�

mπ

εij3T
i
[
V 5

g + Z5
g

]
, (D33)

I 5
g = −fρN�

mρ

gρπγ

mπ

T j 1

k̃2 − m2
ρ

× [
k̃ · ε∗

�γ μ− 
 k̃ε
∗μ
�

]
γ5εαβημqαεβ

γ k̃η, (D34)
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where the pion pole term I 5
g consists of energy-independent

interaction V 5
g and energy-dependent interaction Z5

g given as

V 5
g = 1

2Eπ (k′ − q)

ε∗
� · k1(k1 + k′) · εγ

EN (q) − E�(k′) − Eπ (k′ − q)
+ ε0∗

� ε0
γ ,

(D35)

Z5
g = 1

2Eπ (k′ − q)

ε∗
� · k2(k2 + k′) · εγ

E − EN (q) − Eπ (k′) − Eπ (k′ − q) + iε
,

(D36)

with k1 = (Eπ (k′ − q), �k′ − �q) and k2 = ( − Eπ (k′ − q), �k′ −
�q). The on-shell matrix element of V 5

g + Z5
g is given as

V 5 + Z5 = ε∗
� · k̃(k̃ + k′) · εγ

1

k̃2 − m2
π

. (D37)

6. γ (q) + N( p) → K (k′) + �( p′)

I (6) = I 6
a (1/2) + I 6

b + I 6
c + I 6

d + I 6
e + gc

K∗Kγ I 6
f

for γp → �K+, (D38)

= I 6
a (−1/2) + I 6

b − I 6
c + g0

K∗Kγ I 6
f

for γ n → �K0, (D39)

with

I 6
a (tN ) = +i

fKN�

mK


k′γ5SN (p′ + k′)�N (tN ), (D40)

I 6
b = +i

fKN�

mK

��S�(p − k′) 
k′γ5, (D41)

I 6
c = +i

fKN�

mK

���S�(p − k′) 
k′γ5, (D42)

I 6
d = −i

fKN�

mK


εγ γ5, (D43)

I 6
e = +i

fKN�

mK


 k̃γ5

k̃2 − m2
K

(k̃ + k′) · εγ , (D44)

I 6
f = −gK∗N�

mK

[
γ δ + κK∗N�

2(mN + m�)
(γ δ 
 k̃− 
 k̃γ δ)

]

× εαβηδk̃
ηqαεβ

γ

1

k̃2 − m2
K∗

, (D45)

where tN = +(−)1/2 for the proton (neutron).

7. γ (q) + N( p) → K (k′) + �( p′)

I (7) = I 7
a (1/2) + I 7

b + I 7
c + I 7

d + I 7
e + gc

K∗Kγ I 7
f

+ I 7
g (0) for γp → �0K+, (D46)

= −
√

2
[
I 7
a (1/2) + I 7

c + g0
K∗Kγ I 7

f

+ I 7
g (+1)

]
for γp → �+K0, (D47)

=
√

2
[
I 7
a (−1/2) + I 7

c + I 7
d + I 7

e + gc
K∗Kγ I 7

f

+ I 7
g (−1)

]
for γ n → �−K+, (D48)

= −I 7
a (−1/2) + I 7

b − I 7
c − g0

K∗Kγ I 7
f

− I 7
g (0) for γ n → �0K0, (D49)

with

I 7
a (tN ) = +i

fKN�

mK


k′γ5SN (p′ + k′)�N (tN ), (D50)

I 7
b = +i

fKN�

mK

���S�(p − k′) 
k′γ5, (D51)

I 7
c = +i

fKN�

mK

��S�(p − k′) 
k′γ5, (D52)

I 7
d = −i

fK��

mK


εγ γ5, (D53)

I 7
e = +i

fK��

mK


 k̃γ5

k̃2 − m2
K

(k̃ + k′) · εγ , (D54)

I 7
f = −gK∗N�

mK

[
γ δ + κK∗N�

2(mN + m�)
(γ δ 
 k̃− 
 k̃γ δ)

]

× εαβηδk̃
ηqαεβ

γ

1

k̃2 − m2
K∗

, (D55)

I 7
g (t�) = −fKN�∗

mK

[
�em,�∗�

ν (t�)
]†

S
νμ
�∗ (p − k′)k′

μ, (D56)

where �em,�∗�
ν (t�) is the matrix element defined in Eq. (B86),

which contains G
(�∗)0�0

M,E,C for t� = 0 and G
(�∗)±�±
M,E,C for t� = ±1.

The isospin projections for the matrix elements are given
as

j1/2p = 1√
3
〈K+�0|j |p〉 −

√
2√
3
〈K0�+|j |p〉, (D57)

j3/2p =
√

2√
3
〈K+�0|j |p〉 + 1√

3
〈K0�+|j |p〉, (D58)

TABLE XI. Masses appearing in
the meson-exchange potentials. All the
masses are kept constant during the fit
except for the σ and κ masses, mσ and
mκ .

Mass (MeV)

mN 938.5
m� 1115.7
m� 1193.2
m� 1318.1
m� 1236.0
m�∗ 1385.0
mπ 138.5
mη 547.5
mK 495.7
mρ 769.0
mK∗ 893.9
mω 782.6
mφ 1019.5
mf0 974.1
ma1 1260.0
mσ 326.2
mκ 803.6
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TABLE XII. Fitted values of coupling constants associated with
the meson-exchange potentials. Here only the coupling constants
varied and adjusted in the fit are listed. The values of fixed coupling
constants can be found in Appendix B.

Couplings Couplings

fηNN 0.050 fKN� −0.140
gρNN 4.724 gκ�N 2.674
κρNN 1.177 gκ�N 11.823
gωNN 5.483 fπ��∗ 23.060
κωNN 0.944 fKN�∗ 0.039
gσNN 13.453 fπ��∗ 87.891
fπN� 1.256 gκKπ 0.094
gρN� 8.260 gκKη −0.147
fπ�� 0.415
gρ�� 7.576 fKN�∗ × G

(�∗)0�0

M −0.286
κρ�� 4.799 fKN�∗ × G

(�∗)+�+
M −0.156

ga1NN 8.247 fKN�∗ × G
(�∗)−�−
M −2.648

gf0NN × gf0ππ 182.490 cγπNN 0.896
cπρNN 6.910 cγKN� −0.003
cρρNN −1.052 cγKN� 0.001
CV 1 0.786 gγρπ 0.128
CV 2 1.531 gγωπ 0.211
CS × m2

σ 1.683 gγρη 1.150
cS31 −0.152 gγωη 0.237
gρππ 6.938
gσππ 1.173
g̃σππ −3.015
gωπρ 4.486

TABLE XIII. Fitted values of cutoff parameters associated with
the meson-exchange potentials.

Cutoffs (MeV) Cutoffs (MeV)

�πNN 656 �π�� 674
�ηNN 494 �π�� 1716
�ρNN 920 �KN� 1142
�ωNN 768 �KN� 500
�σNN 1209 �K�� 538
�f0NN 680 �K�� 619
�a1NN 658 �η�� 880
�πN� 709 �η�� 1676
�ρN� 1611 �ρ�� 1699
�π�� 703 �ρ�� 1066
�ρ�� 755 �K∗N� 536
�V 1296 �K∗N� 1492
�S 1147 �ω�� 672
�S31 646 �ω�� 601
�ρππ 868 �φ�� 587
�σππ 1242 �φ�� 1089
�′

σππ 1986 �κN� 1381
�f0ππ 1268 �κN� 800
�ωπρ 620 �π��∗ 1582
�em

πNN 527 �KN�∗ 722
�γπNN 883 �π��∗ 814

�ρKK 1600
�K∗Kπ 1455
�ωKK 500
�φKK 500
�K∗Kη 500
�κKπ 1131
�κKη 1490

TABLE XIV. Fitted values of bare
mass M0

N∗ of the N∗ states.

L2I2J M0
N∗ (MeV)

S11 (1) 2400
S11 (2) 2878
P11 (1) 2210
P11 (2) 2440
P13 (1) 2087
P13 (2) 2901
D13 (1) 2480
D13 (2) 3926
D15 (1) 2058
D15 (2) 3258
F15 2292
F17 2629
G17 2785
G19 2733
H19 2967
S31 2100
P31 (1) 2374
P31 (2) 3287
P33 (1) 1600
P33 (2) 2397
D33 (1) 2403
D33 (2) 2564
D35 (1) 2231
D35 (2) 3700
F35 (1) 3131
F35 (2) 3710
F37 (1) 2076
F37 (2) 2698
G37 3218
G39 3541
H39 3400

j1/2n =
√

2√
3
〈K+�−|j |n〉 − 1√

3
〈K0�0|j |n〉, (D59)

j3/2n = 1√
3
〈K+�−|j |n〉 +

√
2√
3
〈K0�0|j |n〉. (D60)

APPENDIX E: MODEL PARAMETERS

In this appendix, we list the model parameters determined
by our global fits to the data of pion- and photon-induced πN ,
ηN , K�, and K� reactions in Tables XI–XVI.

Here it will be worthwhile to mention that the bare N∗
masses (Table XIV) resulting from the current analysis are
larger than those in our early analysis [2] in general. This
increase of the value of the bare masses is mainly attributable to
the KY channels newly included in this analysis. The coupling
of a resonance to a meson-baryon channel produces an
attractive (repulsive) mass shift for the resonance which locates
in the complex energy plane below (above) the threshold
energy of the meson-baryon channel. Therefore, as a general
tendency, the value of the bare mass becomes larger when we
include a new channel whose threshold energy is higher than
the resulting resonance masses.
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TABLE XV. Fitted values of cutoffs and coupling constants of the bare N∗ → MB vertices (MB = πN, ηN, π�, σN, ρN,K�, K�).
The corresponding (LS) quantum numbers of each MB state are shown in Table II. The cutoff �N∗ is listed in units of MeV.

L2I2J �N∗ CMB(LS),N∗

πN ηN (π�)1 (π�)2 σN (ρN )1 (ρN )2 (ρN )3 K� K�

S11 (1) 2000 12.412 6.374 −0.021 – 0.621 0.457 −0.117 – 2.324 0.352
S11 (2) 750 −3.562 7.234 1.124 – −8.903 5.207 −5.024 – −0.371 4.968
P11 (1) 1179 2.809 1.286 0.743 – 0.293 3.209 −0.600 – 1.124 0.441
P11 (2) 517 12.312 −0.479 9.266 – 9.984 12.498 3.210 – 4.545 2.500
P13 (1) 518 7.139 −0.248 8.003 −0.929 −2.089 1.341 0.833 1.487 1.237 0.820
P13 (2) 1170 1.426 0.089 −4.735 0.147 −0.707 −0.931 −0.300 −0.069 0.543 0.406
D13 (1) 1519 0.178 0.125 4.563 −0.040 0.658 0.126 −9.865 −0.230 0.157 −0.063
D13 (2) 1614 0.254 0.234 2.063 0.164 0.333 −0.392 1.554 −0.417 0.154 −0.134
D15 (1) 613 1.006 −0.475 −2.414 0.001 −0.772 −0.808 1.749 0.215 0.011 −0.065
D15 (2) 1286 0.309 −0.004 −0.523 −0.001 −0.084 0.283 −0.182 0.011 0.000 0.086
F15 1003 0.145 −0.010 0.836 −0.178 0.567 −0.161 1.463 −0.005 0.007 −0.017
F17 1028 0.004 0.007 −0.141 0.004 −0.005 0.064 0.025 −0.002 0.046 0.030
G17 1191 0.008 0.001 −0.385 −0.009 0.055 −0.004 −0.436 0.001 0.001 0.003
G19 874 0.013 0.000 −0.081 0.000 −0.000 −0.017 0.019 −0.000 −0.009 0.012
H19 1110 0.002 0.000 −0.043 −0.002 0.010 −0.001 −0.127 0.000 −0.000 0.001
S31 657 0.000 – −3.829 – – −20.000 1.355 – – −1.927
P31 (1) 725 1.205 – 7.353 – – 4.252 0.476 – – 2.386
P31 (2) 2000 1.651 – 1.691 – – 0.607 0.653 – – 1.259
P33 (1) 878 1.038 – −2.662 0.183 – 0.544 6.000 0.033 – −0.005
P33 (2) 739 10.069 – 5.907 0.308 – 1.621 5.346 0.246 – 0.063
D33 (1) 1086 0.512 – 13.498 −0.060 – −0.272 −8.482 0.963 – 0.193
D33 (2) 629 0.144 – −1.599 −0.260 – 0.933 3.901 −2.794 – −0.523
D35 (1) 641 0.573 – −0.527 0.029 – 0.917 −0.312 0.213 – 0.490
D35 (2) 1098 0.602 – −0.268 −0.004 – −0.606 0.543 −0.008 – −0.201
F35 (1) 1026 0.032 – 3.181 −0.284 – 0.114 3.558 0.088 – 0.083
F35 (2) 1631 0.048 – 2.872 0.001 – −0.001 −0.233 −0.005 – 0.006
F37 (1) 778 0.216 – 0.308 0.004 – 0.019 −0.072 0.002 – 0.026
F37 (2) 903 0.145 – 0.208 −0.001 – 0.131 0.110 −0.000 – −0.052
G37 1203 0.006 – −0.384 −0.016 – 0.002 0.480 0.002 – 0.002
G39 874 0.022 – −0.108 0.000 – 0.004 −0.003 0.000 – −0.003
H39 973 0.001 – −0.086 −0.010 – 0.001 0.167 0.001 – 0.004

TABLE XVI. Fitted values of model parameters associated with the bare γN → N∗ helicity amplitudes defined in Eqs. (19)–(25). In the
last column, fixed values of MN∗ that are used for computing qR in Eq. (19) are presented. The helicity amplitudes Ã1/2 and Ã3/2 shown in
the third and the fourth columns, respectively, are A1/2 and A3/2 calculated at q = mπ , where M̃N∗

l± and ẼN∗
l± are obtained with the use of

the relations in Eqs. (20)–(23). As for the first bare P33 state [P33(1)], we list the value of xA1/2 and xA3/2 in the columns of ÃN∗
1/2 and ÃN∗

3/2,
respectively.

L2I2J �e.m.
N∗ (MeV) ÃN∗

1/2 (10−3 GeV−1/2) ÃN∗
3/2 (10−3 GeV−1/2) MN∗ (MeV)

S11 (1) 634 78.79 – 1535
S11 (2) 1595 −2.92 – 1650
P11 (1) 1035 −1.83 – 1440
P11 (2) 1558 56.60 – 1710
P13 (1) 1208 3.07 1.67 1720
P13 (2) 510 258.77 −22.46 1900
D13 (1) 538 27.24 −59.49 1520
D13 (2) 986 −7.53 4.00 1700
D15 (1) 655 0.62 7.40 1675
D15 (2) 1099 5.39 5.03 2200
F15 569 7.22 −10.18 1680
F17 870 0.35 0.12 1990
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TABLE XVI. (Continued.)

L2I2J �e.m.
N∗ (MeV) ÃN∗

1/2 (10−3 GeV−1/2) ÃN∗
3/2 (10−3 GeV−1/2) MN∗ (MeV)

G17 510 4.71 −5.89 2190
G19 505 −3.05 −5.09 2250
H19 1589 0.03 0.03 2220
S31 500 −291.50 – 1620
P31 (1) 1599 6.49 – 1750
P31 (2) 1600 4.04 – 1910
P33 (1) – 1.10 1.36 1238
P33 (2) 1670 −32.08 −59.12 1600
D33 (1) 1615 −11.53 −18.14 1700
D33 (2) 1374 −6.31 −44.47 1940
D35 (1) 826 8.41 8.40 1935
D35 (2) 594 −1.97 −30.00 1935
F35 (1) 1601 1.08 1.84 1905
F35 (2) 1306 −1.01 −1.81 2000
F37 (1) 1562 −0.49 −0.55 1950
F37 (2) 703 −5.36 −8.43 2390
G37 500 12.07 10.74 2200
G39 803 0.75 1.39 2400
H39 518 −2.34 −1.67 2300
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[3] B. Juliá-Dı́az, T.-S. H. Lee, A. Matsuyama, T. Sato, and L. C.
Smith, Phys. Rev. C 77, 045205 (2008).
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[5] J. Durand, B. Juliá-Dı́az, T.-S. H. Lee, B. Saghai, and T. Sato,
Phys. Rev. C 78, 025204 (2008).
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