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Toroidal quadrupole form factor of the deuteron
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We calculate the toroidal quadrupole moment and form factor of the deuteron, which violate time-reversal
symmetry but conserve parity, at leading order in two-flavor chiral effective field theory with perturbative pion
exchange. We take into account time-reversal and parity violation owing to the QCD vacuum angle combined
with parity violation resulting from the weak interaction in the Standard Model. We also consider time-reversal
and parity violation that at the quark-gluon level results from effective dimension-six operators originating from

physics beyond the Standard Model.
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I. INTRODUCTION

It has long been known that particles with nonzero spin
can have “toroidal” electromagnetic form factors that are odd
under charge conjugation C, which implies that they violate
either parity (P) or time reversal (T'), but not both symmetries
simultaneously [1]. The toroidal dipole form factor (TDFF),
also called the anapole [2], requires spin—% or higher, violates P
and conserves T'. The toroidal quadrupole form factor (TQFF),
which requires spin 1 or higher, violates 7" and conserves P,
and so on [3]. Toroidal form factors produce no physical effects
when the photon is on shell and correspond in a classical
picture to fields within the charge distribution [4]. These
features contrast with the more familiar C-even electric and
magnetic form factors, which respect or violate both P and T
simultaneously, and produce effects for on-shell photons. The
only form factors allowed for massive particles that are their
own antiparticles are toroidal [5].

The toroidal form factors do contribute to the short-range
interaction with a charged particle. For nucleons and nuclei, in
particular, they are, in principle, accessible via lepton scatter-
ing. While there exist calculations of the TDFFs of the nucleon
and nuclei, there is apparently no calculation of a nuclear
TQFFE. The TQFF of positronium was calculated in Ref. [6].

The aim of this paper is to provide the first controlled
calculation of the TQFF of the simplest nucleus, the deuteron,
at low momentum. The Lorentz-covariant electromagnetic
current of a particle with spin 1 is described by seven
electromagnetic form factors: charge, magnetic dipole, and
electric quadrupole, which are P- and T-conserving (PT);
electric dipole and magnetic quadrupole, which are P- and T'-
violating (f I'); TDFF, which is P-violating and T -conserving
(PT); and, finally, TQFF, which is P-conserving and T-
violating (PT'). We can write the spatial, P1 component of
the electromagnetic current as [3]
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where |p, i) is a deuteron state with momentum p and polar-
ization 8;‘ in the rest frame, normalized so that (p’, j|p,i) =
J1+p?/m%2r)383(§)8;;, ¢ =p— p' is the (outgoing)
momentum of the photon, my = 2my — y2/my + - - - is the
deuteron mass in terms of the nucleon mass my =~ 940 MeV,
and the binding momentum y =~ 45 MeV. Fpr(q 2) is the
TQFF, which is proportional to the proton charge ¢ = /4w ttery
and has dimensions of mass ™. We express it in units of e fm>.

We denote the corresponding toroidal quadrupole moment
(TQM) by 7; = Fpy(0). It can be viewed as an interaction of
the deuteron d with the second derivative of the magnetic field
B of the form

7, o o
£=d'(S.8)d ViV x B);. 2)

where S denotes the deuteron spin and {., .} denotes
the anticommutator. Using Maxwell’s equations to re-
place the curl of the magnetic field with a current, we
can trade the PT moment for a contact interaction. For
example, the P[T interaction of a nonrelativistic lepton of
mass m; with the deuteron becomes a dimension-eight contact
interaction,

ely B2y A Oz
V= Z_mI{Si’ SiHVi8 (X)) pj + €ikmor Vi V8 (X)]. (3)

The first term is attributable to the lepton kinetic term and
gives rise to a nonlocal interaction involving p = —iV. The
second one comes from the interaction of the lepton spin &
with the deuteron PT form factor. Effects of a TQFF on
polarization observables in lepton-deuteron scattering have
been investigated [7]. There should be similar effects in
proton-deuteron scattering such as in the planned TRIC
experiment at COSY [8], but there they are likely swamped by
nonelectromagnetic interactions.

We work in the framework of chiral effective field theory
(EFT) and take into account the dominant parity and time-
reversal violation in and beyond the Standard Model (SM)
of particle physics. P violation is commonplace in the weak
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interaction of the SM. T violation, however, is small in the
SM, which opens up the possibility that operators involving
the SM fields but having dimension larger than four could
be noticeable. T violation from the CKM quark-mixing
matrix is suppressed with respect to other aspects of weak
interactions by a small combination of matrix elements [9],
Jep >~ 3 x 1073, Moreover, it is loop suppressed in flavor-
conserving quantities, such as T'-violating form factors of
the nucleon and nuclei. This leaves the QCD vacuum angle
0 [10] as the potentially largest dimension-four source of such
form factors. However, the stringent experimental limit on the
neutron electric dipole moment, |d,| < 2.9 x 107 Befm[11],
constrains it to § < 107!, Therefore, we also consider T
violation originating beyond the SM at a high-energy scale My .
The dominant such higher-dimensional T -violating operators
are of effective dimension six.

The TQFF is, in principle, sensitive to P I" physics beyond
the SM. However, the lowest dimension where we find PT
operators is eight, which means that, in the simplest scenarios,
they would be highly suppressed by the presumably high scale
of physics beyond the SM. Discussions and references on P T’
interactions at low energies, including situations where they
could be relatively enhanced, can be found in Ref. [12]. We
focus here on what is likely to be the largest “background” in
the deuteron TQFF: the combination of PT from the ordinary
weak interactions with P from the § term and from the
dimension-six operators. Not surprisingly, we find a very
small background value for the deuteron TQFF, so that any
experimental evidence for a nonzero TQFF likely results from
new P [T physics.

Our discussion is organized as follows. In Sec. II we
construct the effective chiral Lagrangian for the relevant PT,
PT, and PT interactions and currents involving nucleons,
pions, and photons. In Sec. III we calculate the long-range
contributions of these interactions to the deuteron TQFF. In
Sec. IV we discuss our results and compare the deuteron
TQM to its P T electric dipole moment (EDM) and magnetic
quadrupole moment (MQM). Three appendices are devoted
to details of our calculations. In Appendix A the various
PT operators are presented in more detail, and the orders
of magnitude of their contributions are given in Appendix B.
In Appendix C we give the expansion of loop diagrams that
define the deuteron TQFF.

II. THE EFFECTIVE CHIRAL LAGRANGIAN

At a momentum @ much below the characteristic QCD
scale, Mqocp ~ 1 GeV, electromagnetic form factors can be
calculated with low-energy effective field theories (EFTs).
The most predictive such EFT is chiral EFT (for a review,
see Ref. [13]), a generalization to an arbitrary number of
nucleons of chiral perturbation theory (ChPT) (for a review,
see Ref. [14]), where Q ~ m, with m, ~ 140 MeV the pion
mass. In this EFT pion propagation is included explicitly,
and the properties and interactions of the pions are strongly
constrained by the approximate chiral symmetry of QCD.

For the nucleon, form factors can be calculated in pertur-
bation theory as a systematic expansion in Q /Mqcp [14]. The
PT anapole and the PT electric dipole form factor of the
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nucleon have been calculated to next-to-leading order (NLO)
in Refs. [15] and [16], respectively. In nuclei, pions can still be
treated in perturbation theory [17], but then the expansion is in
powers of Q/Myy, where Myy = 4nFj$/mN ~ F, in terms
of the pion decay constant F, ~ 186 MeV. For observables
involving momenta above My, one-pion exchange needs to
be iterated to all orders [18], which complicates renormal-
ization [19]. However, light nuclei are dilute systems and,
unless one is interested in form factors at high momentum,
one can use a chiral EFT with perturbative pions. Indeed, the
C-even electromagnetic form factors of the deuteron, both PT
(charge, electric quadrupole, and magnetic dipole) [20] and
PT (electric dipole and magnetic quadrupole) [21] have been
successfully derived in this EFT. The TDFF of the deuteron
has been calculated at LO in Ref. [22]. Similar calculations
could be performed for other light nuclei.

The relevant low-energy EFT can be written in terms of nu-
cleon, pion, and photon fields. The nucleon field N = (p )7 is
an isospinor bispinor, with isospin 7 /2 and spin $* = (0, 5 /2)
in the rest frame, where the velocity is v* = (1, 6). The pion
field & is an isovector pseudoscalar, for which we choose a
stereographic parametrization (see, e.g., Ref. [23]) of the coset
space SO(4)/SO(3), where SU(2) x SU(2) ~ SO(4) is the
spontaneously broken, approximate chiral symmetry of QCD
and SU(2) ~ SO(3) its unbroken isospin subgroup. We define
D = 1 + n?/F2. The photon field A, ensures electromagnetic
U(1) gauge invariance, appearing in the gauge and chiral
covariant derivatives D, m, = D’I(SG;,BM + e€zqap Ay ), and
DyN =[3, +ieA,(1+13)/2+it-(m x D,m)/F?IN and
in the field strength F,,, = 9, A, — 9,A,. We use the notation
D!, =D} + D", where D} = D* — v*v - D and ND, =
Du_N. The coefficients of interactions constructed with up
to two nucleon fields are estimated, in the absence of
other information from QCD, by naive dimensional analysis
(NDA) [24]. For multinucleon couplings the scaling of a
coefficient on the various scales depends also on the number
of S waves the operator connects [13,17].

In the following we need only a few terms in the leading
pion-nucleon-photon PT chiral Lagrangians, viz.,

£ - lD T D' — m—inz
PT 2 14 2D
= 284 S
+iNv-DN — —(D,m)- NS*TN
Fr
| _ _
— ECO(NN NN —4NSEN -NS,N)+---, (4

where g4 >~ 1.27 is the nucleon axial coupling and C a contact
two-nucleon parameter, and

L) = —ﬁNDiN + ﬁépngWv“N
X {1 + ko + (1+K1)|:‘L'3 — 2 (71!2‘173 — 37T - t)]}
F2:D
X SN+ .-, (®)]

where kg >~ —0.12 and x| =~ 3.7 are, respectively, the isoscalar
and isovector anomalous magnetic moments of the nucleon,
and €18 = 1.
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The PT TQFF vanishes unless there is, in the EFT,
either a P interaction or a combination of PT and PT
interactions between the two nucleons. P operators in the
EFT Lagrangian arise in two ways. First, they represent
dimension-seven P I operators in the quark-gluon Lagrangian
just above Mqcp. These dimension-seven operators, in turn,
can have two origins above the electroweak scale v. On
one hand, they can be generated by possible gauge-invariant
dimension-eight PT operators, in which case they would
be expected to be suppressed by four powers of the high,
new-physics scale My; that is, they would scale as v/ M; . On
the other hand, they can arise from the interplay of PT in
the SM and possible dimension-six P I operators, when one
would expect the suppression scale to be sz% rather than M}‘.
A second way to generate P I" operators in the EFT Lagrangian
isfrom P T and P I interactions in the quark-gluon Lagrangian
atlow energy, when we integrate out nonperturbative dynamics
on a scale on the order of the typical hadronic scale Mqcp.
Again, here we expect a suppression of sz% rather than Mf« .

If the new-physics scale is much higher than the elec-
troweak scale, the contributions from P T and P T interactions
are likely to dominate the PT interactions in the EFT.
Interesting scenarios in which this is not the case are discussed
in Ref. [12]. Here we are interested in the background to
genuine P[T interactions at the high-energy scale. In this
case, as discussed in Appendix B, the contributions from P T
interactions in the EFT are likely smaller than the long-range
components from P T and P I interactions, which we can, and
will, calculate.

PT interactions in chiral EFT have been discussed, for
example, in Refs. [15,25,26]. They originate at the QCD scale
from four-quark interactions proportional to the Fermi constant
Gr~1.2x 107 GeV~2. A dimensionless measure of the
relative strength of the weak interactions at low energies is
GrF? ~ 4 x 1077. The most important interaction is the PT
pion-nucleon interaction

_ hy _
(rl):F_lN(nXT)3N+"" ©)
T

with h; = O(G r F2Mqcp). The PT pion-nucleon coupling /;
is not well known. In LO of the EFT with perturbative pions,
which we are employing, the PT asymmetry in n + p —
d+vyis A, =0.24h,/F; [27], so the recent experimental
result A, =[—1.2 4 2.1(stat) £ 0.2(sys)] x 1077 [28] gives
a bound |h;|/F, < 1075, which is the order of magnitude
expected by NDA. A first lattice QCD calculation at a
pion mass m, =~ 389 MeV gives, in our convention for Ay,
V2h/Fy = [1.099 £ 0.505700°8] x 1077 [29].

PT interactions are expected to be due, mostly, to the
dimension-four QCD 6 term, parameterized by 6 < 1, and
the dimension-six operators that result from integrating out
physics at the scale My and the heavy degrees of freedom
in the SM. The complete set of PT dimension-six operators
at the electroweak scale has been given in Ref. [30], and the
relevant operators at the hadronic scale have been summarized
in Ref. [31]. They are the isoscalar and isovector quark EDM
(qEDM) and quark chromo-EDM (qCEDM), the Weinberg
operator, which gives rise to a gluon chromo-EDM (gCEDM),
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and four PI' four-quark operators. Two of these four-quark
operators are invariant under the SM gauge group and can
be generated directly at the electroweak scale. Their effect in
the chiral EFT at low energy cannot be separated from the
gCEDM and we refer to these collectively as chiral-invariant
sources (xISs). The other two four-quark operators break
isospin and result from integrating out the weak gauge bosons
and running to low energy. Because these operators mix
left- and right-handed quarks we denote them as four-quark
left-right (FQLR) operators. The various PJT sources are
further discussed in Appendix A .

The dimension-four and -six P operators have different
transformation properties under the chiral group SU(2) x
SUg(2), which has consequences for the PI couplings in
chiral EFT [31,32]. The interactions relevant to the rest of the
paper are

80 - 81 -
=—>-Nm-TN — >=mNN
Loy 3 T T3

T

o iDY
—2N(dy + dy13)S* (v" + L) NF,,

my
1. _ _ _ _
+ZCO[NN B,L(NS“N) — NN - DM(NS“‘[N)], @)

where gy (g;) is the isoscalar (isovector) P pion-nucleon
coupling, dy (d)) is a short-range contribution to the isoscalar
(isovector) nucleon EDM, and Cy is a short-range PT two-
nucleon interaction. The term proportional to 1/my is a
recoil correction and depends on the sum of the incoming
and outgoing nucleon momenta. Other P I interactions, some
expected to be of comparable size, will not be needed below
because of the quantum numbers of the deuteron.

The relative importance of the operators in Eq. (7) depends
on the chiral properties of the P T source at the quark-gluon
level. As described in Appendix B, the dimensionless one-
nucleon couplings go.1/Mqcp and Mqcpdo,1/e are given by
the dimensionless strengths of the underlying I interactions,
multiplied by factors of (m,/ MQCD)2 that depend on the
chiral transformation properties of the source. For the QCD
0 term, the qCEDM, and the FQLR, which violate chiral
symmetry, nonderivative pion-nucleon couplings such as gg
can appear in the chiral Lagrangian at LO. In this case
80/Mqcp = (’)(MQCD& 1/e) and pion effects tend to dominate
because of the low mass. In contrast, xISs can generate pion-
nucleon nonderivative couplings only through insertion of the
quark mass, which costs two powers of m;/Mqcp, so that,
for example, gO/MQCD = O[(mn/MQCD)zMQCDd] /6‘] The g()
term still appears in the LO Lagrangian, but it is accompanied
by the equally important two-nucleon and electromagnetic
operators, whose construction does not require any insertion
of the quark mass. Finally, the presence of a photon field
causes the gEDM to contribute mainly to the photon-nucleon
sector, purely hadronic operators being suppressed by powers
of e /4.

The interactions in Egs. (6) and (7) can be used to compute
the PT,PT,and P form factors of nuclei. The nucleon does
not possess a P form factor. We summarize here the results
for the nucleon TDFF and electric dipole form factor (EDFF),
which are needed for the calculation of the deuteron TQFF in
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Sec. III. The PT and PT currents are written as, respectively,
" 2 2 2
Jpr(q) = m—z(ﬁyr, o(—=gq°) + Fpr,1(—q")13)
N

x[Shq* — S - qq" + -] (8)
and

Iy (@, K) = 2i(Fpr.o(=q%) + Fpr.1(—¢")13)

K. K#
X[S“(v-q—i— q)—S~q(v“+—)
my my

+} ©

where g denotes the four-momentum of the photon and 2K is
the sum of the nucleon momenta. We write

Fyr.i(—q*) = @i fi(—q> [4m?) (10)
and
Fpr.i(=q¢*) = di — ¢ S{(—q* [4m3), (11)
where ay and a; (dy and d,) are the nucleon isoscalar and
isovector anapole (electric dipole) moments, f;(0)=1, and S;(0)
is finite.

At LO, the nucleon TDFFs come entirely from pion
loops, in which one vertex is the PT pion-nucleon coupling
hi. By NDA one expects a;/m3 = O(ehl/mnMéCD). The
calculation of Ref. [15] shows that the nucleon anapole form
factor is, at LO, isoscalar and finite;

2
(LO) _ egAh]mN

O T 24w F2m,’ 1)
Loy, 2 31447 LO)
fo T(x7) = 32 arctanx — 1|, a; " =0.
X X

The isovector anapole form factor appears only at NLO, where
short-range contributions to the moments also are present.
Neglecting O(1) numbers, the result (12) for a(()LO) is a factor of
4 larger than the NDA estimate, as often happens in baryon
ChPT.

The nucleon EDFF was computed in Ref. [16] to NLO for
all PI' sources of dimension up to six. For the QCD  term, the
qCEDM, and the FQLR, the isovector nucleon EDM receives
a one-loop contribution from gy at LO. At the same order
there are also short-range isoscalar (dy) and isovector (d,)
contributions, the latter being required by renormalization-
group invariance. The isoscalar and isovector nucleon EDMs
are given by [33]

4 = &,

] ) (13)
€8A802 <L —In m_,2,> ’

(27 Fr) Iz

where we used dimensional regularization in d space-time

dimensions, with L =2/(4 —d) — yg + In4m, and p is the

renormalization scale. In this case there is no 4 enhancement,

and the nucleon EDM is suppressed by the loop factor

(27 Fr)* ~ M{cp, with respect to the pion nucleon coupling

go. The momentum dependence of the EDFF is purely

isovector in LO and governed by the scale m,, as is the case for

d"” = di(w +
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the isoscalar TDFF (12), but it is not needed in the following.
For the qEDM and the xISs, ego/m? is at most as large as
the short-range coupling d;, and the loop suppression makes
its contribution negligible. The EDFF is then momentum
independent at LO and completely determined by the low-
energy constants dj 1,

dy = doy. S V() =0. (14)

In this case the momentum dependence appears in higher order
and is determined by short-range physics.

The PT couplings g, d;, and C are not known and, to
estimate the magnitude of the TQFF they induce, we need
to make some reasonable assumptions. First, we assume that
there are no cancellations between d(()LO) and deO) , so that,
for P violation from the gEDM and xISs, the bound on
the neutron EDM |d,| can be directly translated into the
bound |d;| < 2.9 x 1073 ¢ fm. Second, as pointed out in
Ref. [33], we should not expect any cancellation in Eq. (13)
between pieces that are nonanalytic and analytic in m2.
With the reasonable value u = my, the same bound applies
for |di(my)| in the case of @ term, qCEDM and FQLR.
Moreover, because the long-range contributions give the
estimate |d;| ~ 0.13(|go|/ Fr) e fm, the existing experimental
bound on the neutron EDM yields an approximate bound on
the P pion-nucleon coupling, |go|/F, < 2 x 10712,

~

III. TQFF OF THE DEUTERON

With the interactions described in Sec. II, we can calculate
the long-range contributions to the deuteron TQFF, using the
techniques of Refs. [20-22]. As usual in such a calculation,
the orders of magnitude of the various contributions can be
found by combining the power counting rules of ChPT based
on NDA with the rules for two-nucleon states as summarized,
for example, in Ref. [13]. A pion propagator scales as 1/Q?. A
loop involving a single nucleon contributes a factor Q*/(4r)?
from the integration and a factor 1/Q from the nucleon
propagator. The infrared enhancement of a loop involving
two nucleons gives a factor Q°/4wmy from the integration
and a factor my/Q> from each nucleon propagator. The
deuteron wave function contributes an overall normalization
factor 47 Q/m?%,.

The deuteron itself is built out of the two-nucleon contact in-
teraction with coefficient Cy = O(4mw/myy) and the nucleon
kinetic terms in Egs. (4) and (5). Pion exchange originating
from the pion kinetic terms and pion-nucleon coupling in
Eq. (4) contributes to the deuteron structure at relative
O(Q/Mnyy), together with a two-derivative contact interaction
that accounts for short-range energy dependence in the on-shell
two-nucleon amplitude [17]. Because we calculate the TQFF
to LO only, y is the sole PT two-nucleon input needed.

The P TQFF is an intrinsically two-nucleon observable,
which requires at least one symmetry-violating interaction
between the two nucleons. We argue in Appendix B that PT
interactions are much smaller than contributions from separate
PT and P interactions. The lowest-order diagrams involving
the PT vertex h; and one of the PT couplings are shown
in Figs. 1-3. In these figures, only one possible ordering is
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SuEREae A
SEEREe

FIG. 1. Two-pion-exchange (TPE) contributions to the deuteron
TQFF, Fpy(g?). Nucleons, pions, and photons are represented by
solid, dashed, and wavy lines, respectively. LO PT, PTI', and
PT interactions are denoted by circles, squares, and triangles,
respectively. An NLO PT interaction is denoted by a circled circle.
Deuteron states obtained from the iteration of the leading PT
two-nucleon interaction are represented by hatched circles.

shown. Circles, triangles, and squares denote the leading PT,
PT,and PT interactions in Egs. (4), (6), and (7), respectively;
a circled circle, the PT magnetic photon-nucleon interactions
in Eq. (5); a twice circled triangle, the P T anapole moment of
the nucleon in Eq. (12). The hatched circles denote deuteron
states obtained from the iteration of the leading two-nucleon
interaction, which brings in dependence on the binding
momentum y. The natural scale for momentum dependence
of the TQFF is 4y, so we express our results in terms of X =
G/4y. We also define the ratio £ = y/m,; of low-momentum
scales.

Let us first consider a photon which interacts without
breaking P and T. In this case the photon couples to the
nucleon via the magnetic couplings in Eq. (5) or to a pion via
interactions obtained by gauging the derivatives in the pion
kinetic energy and pion-nucleon axial coupling in Eq. (4).
Diagrams with only one pion exchange and g( and /; vertices
on each end vanish. This can be understood from the fact that
such diagrams do not have enough powers of momentum in the
vertices to generate a form factor of the form of Eq. (1), and it
agrees with the more general analysis of the P T two-nucleon
interaction [34]. This leaves three-loop diagrams, containing
either two pion exchanges (TPEs) or one pion exchange and
a short-range P I two-nucleon interaction (4N), Figs. 1 and 2,
respectively. Using the power-counting rules outlined above,

(a)
TN

< AR .

(b) (©

FIG. 2. Short-range two-nucleon (4N) contributions to the
deuteron TQFF, Fpy(g 2). The notation is as in Fig. 1.
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e

FIG. 3. Nucleon anapole form factor (TDFF) and electric dipole
moment (EDM) contributions to the deuteron TQFF, Fpy (>). The
twice-circled triangle stands for the anapole form factor. The other
notation is as in Fig. 1.

the sizes of the diagrams in Figs. 1 and 2 are

. eh, 80 )
Fig. 1=0 (2L _8 ) (15)
s <Q2M12w Maqcp
h Co OM
Fig.2:(9< el mnyCo L NN). (16)
Q MNN 4 MQCD

Whether the diagrams in Figs. 1 or 2 are more important
depends on the PT source. For the § term, the qgEDM, the
qCEDM, and the FQLR operator the contributions from the
short-range interaction Cy are always suppressed, in this case
by Q/Myy, with respect to TPE, because for these sources
g = O(MJZVNmNyC_’o/4JT); see Appendix B. For xISs, the
opposite is true because of the extra (Q/Mqcp)* suppression
of 2o/ Mqcp, which makes the short-range contributions larger
by a factor of O(Myy/ Q). The diagrams in Fig. 1 are formally
the leading contributions for the QCD & term, the qCEDM,
and the FQLR, while those in Fig. 2 are leading for the xISs.
Note that for the isovector qCEDM and the FQLR, one should
consider not only the isoscalar pion-nucleon coupling g, but
also the isovector pion-nucleon coupling g, but such diagrams
vanish.

Alternatively, the photon can interact with the nucleon with
a PT or PT interaction, in which case a single two-nucleon
interaction, PI" or P T, respectively, is sufficient to produce a
TQFF; see Fig. 3. In Figs. 3(a) and 3(b) one of the nucleons
couples to the magnetic field via its anapole moment, with
PT coming either from pion exchange or from a two-nucleon
interaction. Here the anapole “vertex” stands for a one-loop
diagram, which produces the result (12). In Fig. 3(c) the photon
couples to the nucleon through a recoil correction to the
PTI EDM, with PT coming from pion exchange. By power
counting, the contributions of Figs. 3(a) and 3(b) to the TQFF
are

Fig. 3(a) = (9( 4 _ 8 )

m_%vQMNN
ehy oMy
:0<—Q2M2 o e > a7
~ Maep

; C
Fig. 3(b) = O (a—sz °>
m 47

N
h Co OM?
o g e )
NN

where we used the NDA expectation for the anapole moment.
The diagrams in Figs. 3(a) and 3(b) are thus suppressed by one

2
Mgep
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power of Myy/Macp ~ 1/4m compared to the contributions
of Figs. 1 and 2. However, ap in Eq. (12) is a factor of
4m larger than the NDA estimate, making the corresponding
contributions to the TQFF competitive with LO. Again, of
other possible PT couplings, only g, and Cy contribute.
Figure 3(c) represents contributions to the TQFF coming from
the nucleon EDFF. It scales as

Fig.3(c) = O

alQMNN> (19)

( 8/’11

Q2M12VN e MQCD
and there is no contribution from dy at this order. For the
# term, qCEDM, and FQLR, d,/e = O(go/MéCD) and this
contribution is suppressed by Q/Mqcp (a factor coming from
the recoil) compared to the analogous anapole diagram in
Fig. 3(a). For xISs, this contribution is comparable to Fig. 2,
while for the gEDM it is the sole leading contribution, because
numerically em/47 ~ (Q/Mqocp)’.

To summarize these power-counting arguments, we expect
the TQFF induced by the § term, the qCEDM, and the FQLR
to be dominated by the TPE diagrams in Fig. 1, with possibly
large corrections from the nucleon TDFF [Fig. 3(a)]. For xISs,
the dominant contribution should come from the diagrams
involving the P I' short-range two-nucleon interaction in Fig. 2
and from the nucleon EDFF [Fig. 3(c)], with a sizable
correction from the nucleon TDFF [Fig. 3(b)]. For the gEDM
only the nucleon EDFF contribution [Fig. 3(c)] should be
important.

We now proceed to the evaluation of diagrams in Figs. 1, 2,
and 3. We find that only the isovector magnetic moment gives
a nonvanishing contribution to Figs. 1(a) and 2(a). Diagrams
with other photon-nucleon interactions (the isoscalar magnetic
moment and the minimal coupling through the covariant
derivative in the nucleon kinetic term) vanish. Similar dia-
grams where pion exchanges and contact interaction occur
both before or after the insertion of the photon coupling also
vanish. The diagrams in Figs. 1(b) and 1(c) and Figs. 1(d)
and 1(e) differ only by an isospin factor.

The diagrams in Fig. 1 are finite in four (and three)
dimensions. We express the result for their contribution to
the TQFF as

egigohi  my

1+ 1<3>< Z’)
mi (4nF2)’ [( < T4y

2
4 1“)( Yy 4 )} (20)
mgy 4)/

in terms of two three-loop integrals / ,1(5 X). Likewise, the
results for the TQFF in Fig. 2 are expressed in terms of two
two-loop functions 1 (z,i(é ,X) as

egahy my p—vy oY ZI
Col(1 I,
my, 4nF2 4m 0|:( +) 4)/

FEP e

where we have used power-divergence subtraction [17]. The
wn dependence is absorbed in Cj itself, because here it appears
in the same combination as in the magnetic quadrupole form

factor [21]. The expansions to order ¢ 2 of the integrals [ ;,253)

FIPG2) = —

F(4N)(—) 2)
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are given in Appendix C. The resulting contributions to the
TQM, defined as 7; = Fpy(0), are

h
T™E ~ [0.8(1 + &) — 0.9] x 1072 g;‘efm3 (22)

T

and
TN ~ [1.0(1 4 &1) — 0.7]

CO hyefm’. (23)

xlszmNM _

Finally, we consider Figs. 3(a)-3(c). For isoscalar P I', only
the isoscalar TDFF Fyr o contributes in Figs. 3(a) and 3(b).
Isospin-breaking P I', for example from insertions of g;, would
contribute to Fig. 3(a) together with the isovector TDFF Fpr ;.
However, the isovector TDFF is suppressed by O/Macp
(and by a factor of 47) with respect to the isoscalar TDFF.
Therefore, even for sources that generate gy and g; at the same
level, g, contributions to the TQFF are subleading. Figure 3(c)
is leading only for the qEDM and x ISs, for which the isovector
EDFF is momentum independent and coincides with the
EDM. Figures 3(a)-3(c) result in contributions to the TQFF

given by
@ Y g
¢ my 7 4y

+ (1= y)Co 1V (%)} (24)

(TDFF)(—>2) _ Fpr.0(?) |: 82480
drmy | myF?

and

(EDM) , - 2 )4 ZI
Fr ™ 2>—Wh1dl ’()(m,,ﬂ>’ (25)

respectively. The expression for the one-loop integral IV
along with the expansions to order ¢ > of two-loop integrals
1 6(2; can be found in Appendix C. Numerically, this gives

TTOFP) [3 5F +27m Nu;yéo}xlozhlefm3
T

(26)
and
TP ~ 1.3 x 1072 dyhy fmP. (27)

The result (26) shows that the TDFF contribution, though
expected to be suppressed by the factor Myy/Mqcp, is
comparable to the LO values in Egs. (22) and (23), in line
with the 47 enhancement in the TDM. For the QCD 6@
term, the qCEDM, and the FQLR, we can assess the impor-
tance of the EDM contribution to the TQFF by substituting
in Eq. (27) the estimate for the nucleon EDM in terms
of 8o, |di| ~ 0.13(|20|/Fyx)e fm. We find T,""™ ~ 0.2 x
10-2(goh1/F2) e fm3, which is numerically small compared
to Egs. (22) and (26), as expected by power counting.

‘We can now combine the results found so far. For the QCD
6 term, the qCEDM, and the FQLR, the TPE contributions
from the diagrams in Fig. 1 and the TDFF contributions in
Fig. 3(a) have comparable size. For all these sources the TQM
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has the same expression,

(T2)6. ocEDM, FOLR = 6.3 X 1072 g;—? efm’.  (28)
This number is within a factor ~2 of the power counting
estimate in Eq. (17), indicating that the power counting works
well (apart from the 47 in the anapole moment).

For xISs, by power counting the leading contributions are
expected to come from the diagrams in Fig. 2, with insertions of
the four-nucleon coupling Cy, and from the EDM in Fig. 3(c).
Also in this case, the contribution of the TDFF in Fig. 3(b)
is numerically important. The contribution to the TQM from
xISs is, instead of Eq. (28),

H=Y
4

_ d
(T2) 4185 =~ [6.7mN Co+1.3 —1} x 1072 ) e fm’.
e

(29)

If Cy and d, have their NDA values, their respective contribu-
tions are numerically comparable.

In the case of the qEDM, the TQFF is dominated by the
contribution from the nucleon EDM. The gEDM contribution
to the TQM is

(/]ZJ)qEDM ~ 13 x 10_2 d_]h] fm3. (30)

Because of dimensionless numerical factors this value is about
an order of magnitude smaller than expected by the power-
counting estimates based on NDA.

IV. DISCUSSION AND CONCLUSION

Itis interesting to compare our results for the deuteron TQM
in Egs. (28), (29), and (30) with the largest ' moment of the
deuteron, EDM or MQM, for the respective P I sources. In
Ref. [21] power-counting estimates and LO results were given
for the deuteron EDM, d,;, and MQM, M, in chiral EFT with
perturbative pion exchange.

For sources that break chiral symmetry and generate
nonderivative P T pion-nucleon couplings in LO, d; and M,
are expected to be dominated by two-body effects and be
enhanced with respect to the nucleon EDM. In the case of
the QCD & term, M, is expected to be the largest moment
(in natural units), because at LO gy, does not contribute to
dy [except through the nucleon EDM; Eq. (13)]. However,
the qCEDM and the FQLR, which generate also the isovector
coupling g; in LO, induce d; and M, of the same size. For
xISs, d; and M, are also expected to be of the same size
and of similar size as the nucleon EDM. The deuteron EDM
is, in fact, expected to be well approximated by (twice) the
isoscalar nucleon EDM, while the deuteron MQM, in the
perturbative-pion counting, receives the largest contribution
from the four-nucleon coupling C. For all these sources, we
compare the deuteron TQM to its MQM, given by [21]

egago 1 &1 1+§&
= 1 —(1 —_—
My iy 272 [( +x0) + 3§0( +K1)i| 1+ 287
+e(l + ko)L . 31)
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We consider the dimensionless ratio F,7;/M,, which, by
power counting, is expected to be of order /1 /F;;.

For the § term, qCEDM, and FQLR, Cj is subleading in
Eq. (31), so that from Eq. (28)

1y
My

80
8o+ 1.8g;

ﬂ (32)
F,

~

4, qCEDM, FQLR

Fr

For the § term, one can neglect g; and the P T couplings drop
out of the ratio, which is approximately |h; |/ F;, as expected by
power counting. For the qCEDM the ratio in Eq. (32) depends
on |go/&1|, which by NDA is expected to be order one. For the
FQLR, as discussed in Ref. [31], gy is somewhat suppressed
with respect to g1, further suppressing the deuteron TQM with
respect to the MQM. In the case of xISs, Cy is expected to be
the leading term in Eq. (31); if we neglect the contribution of
the nucleon EDM in Eq. (29), we get

7

d

|h1]
~ 02—, (33)

Fr
xIS F7T

which is also in good agreement with the NDA expectation.
For the remaining dimension-six source, the qgEDM, d; is
also well approximated by the isoscalar nucleon EDM,

dy = 24, (34)

while M is suppressed by one power of Q /M yy with respect
to the EDM [21]. Therefore, for the gEDM we compare the
deuteron TQM with its EDM using the dimensionless ratio
my F;7;/d,. From Eq. (30),

di

do

Il
F,’

T,
- ~0.03

d |qEDM

my Fy (35)

which is a bit smaller than naively expected.

Equations (32), (33), and (35) make it explicit that the
deuteron TQFF, in natural units, is suppressed roughly by a
factor of hy/F, ~ GpMéCD/4rr ~ 1076 with respect to the
largest PT moment. The lack of any significant numerical
enhancement thus leads to a very small TQFF. The bounds on
2o, d,, and h; inferred in Sec. II allow us to estimate the size
of the TQM. For the QCD 4 term, the qCEDM, and the FQLR
we find

17419, qcepM, FQIrR S 1.2 X 1077 e fm?, (36)
while for the gEDM we find the even smaller value
|Zalqepm S 3.5 x 107! e fm?. (37)

For xISs, one expects a similar value, but to be more precise
a bound on €y is needed.

These estimates have been obtained in chiral EFT with
perturbative pions. Iterating pions one can extend the regime
of validity of the theory beyond Myy at the cost of much
more complicated renormalization [19]. Because the binding
momentum of nucleons in the deuteron is y < Myy, we do
not expect drastic changes in the quantities calculated here. In
the case of our comparison P I' moments, this expectation has
been checked [35] and shown to be reasonable.

‘We conclude that the value of the deuteron TQM from parity
violation in the SM and parity- and time-reversal violation
owing to the SM 8 term or dimension-six operators originating
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beyond the SM is, not surprisingly, tiny. Evidence for a
nonzero value for the deuteron TQM that is larger than the
“background” value ~10~'? e fm* would likely be attributable
tonew P [T interactions.
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APPENDIX A: DIMENSION-SIX OPERATORS

The P T operators of dimension four and six, after integrating out physics at the scale My and the heavy degrees of freedom
in the SM, are given by [31]

- I_ . | . dw .. .
Loy = m.0Giysq — X (do + dst3)ic""ysq Fp — 4 (do + dst3) ic"Vysi%q Gy, + ?fabcfwaﬁGgﬁGﬁchup
ImGE .. . , ImZE .. . ,
+—— gty Griyysg + —— € gTytatq gy ysq
ImEl - . _ _ . Ing —va = a _ a _ . a
+——@qaiysqa — qrq - qrivsq) + —— (g1q Giysiiq — GTaq - GTiysiq). (A1)

The first operator is the QCD @ term, where m, denotes the reduced light-quark mass m, = m,my/(m, + my;). We assume
that § < 1. In the second and third operators, dy (d3) and dj (d3) are the isoscalar (isovector) components of the gEDM and
qCEDM, respectively. In the fourth term, dy represents the gCEDM. The remainder consists of P I four-quark operators. The
ones with coefficients X; g are invariant under the SM gauge group and can be generated directly at the electroweak scale. The
isospin-breaking four-quark operators (FQLR) with coefficients &, g, however, are generated by integrating out the weak gauge
bosons and running to low energy.

The importance of the dimension-six P T operators depends on the high-energy scale My, on the detailed mechanism of P
and T breaking in new physics, and on the running to the QCD scale (for the latter, see Ref. [36] and references therein). We
hide all the model dependence by introducing the dimensionless parameters &g 3, 30,3, w, &, and o, g for (isoscalar and isovector)
qEDM and qCEDM, gCEDM, and isospin-breaking and invariant four-quark operators, respectively. We write [31]

80,31 . 80,317 47r)? 477)?
doy = o(e °*32’"), dos = o<4n °'3;"), dw = 0(47:%), Eis= 0(( ”)f), is = 0(“”#) (A2)
MT MT MT MT MT

Naively, one expects 8 3, 80.3, w, &, and o7 g to be O(1), O(g,/4m), O((gs/47)*), O(1), and O(1), respectively, but they could
be significantly smaller or larger, depending on the new-physics model. As in the case of electroweak interactions, the relative
strength of P I interactions at low energies is expressed by the ratio of a low-energy scale and the characteristic scale where
P and T violations arise. The dimension-four # term is not suppressed by any high-energy scale, and its reduced coupling is
émi/ MéCD, where the pion mass is a reminder of the intimate relationship between the # term and the quark masses. In the
case of dimension-six operators, the gEDM and qCEDM require an insertion of the Higgs vacuum expectation value, which
can be traded for the quark mass. A dimensionless measure of their importance is then (50,3, 50,3)’";21 / M%. For the remaining

dimension-six P I operators the relevant low-energy scale is Mqcp, and the reduced couplings are (w, o1 5, & )MéCD / M%.

APPENDIX B: ORDERS OF MAGNITUDE

In terms of the dimensionless parameters defined in Appendix A, we can estimate [31,32] the size of the couplings g, and d
in Eq. (7) using NDA as

2 2 3 2 2
_ 5 m . MzMqcp M m; Mqocp ®em My Mqcp
go=0(eM” . (5o, £83) ”MS , ek Aj;),(w,ol,g>’”M—§, mﬁ”M—S : (B1)
Qcp T 7 7 T 7
d_l = m2 ~ m2 M, CD M CD m2 m2
= =00—F, So3——T—s, 22, (W, 015) 250, | 80— 83 . (B2)
e MQCD MQCDMT MT MT MQCD MQCDMT
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Here ¢ is related to the light quark mass difference by my — m, = e(m, + my). In the case of the QCD @ term, chiral symmetry
relates g to the strong contribution to the neutron-proton mass difference by [32,33] gy = émy (1 — )8 /2¢ ~ 36 MeV, using
results from a lattice QCD calculation [37]. For the dimension-six operators, going beyond NDA requires additional input from
lattice QCD or other nonperturbative techniques. The contributions to gy from the isovector component of the qCEDM and the
FQLR, which break isospin, are suppressed by the quark-mass difference. These two sources, as well as the xISs, generate at
leading order also the isovector pion-nucleon coupling g;. However, as we discuss in the main text, such a coupling does not
contribute to the TQFF at LO. For all sources there is also an isoscalar EDM component d;, but this term is not relevant here
either.

The estimate of the LEC C, associated with the four-nucleon operator in Eq. (7) requires more care [21,38]. In the EFT
where pion exchange is treated perturbatively, pions with momentum above My are integrated out, which induces contributions
to multinucleon interactions. In particular, Cy can be generated by a high-energy pion exchange between two nucleons with
one vertex originating in g4 and the other in gy. For xISs a larger contribution to Cy is generated if one uses, instead of
2o, (21/Fx)(D?’m) - NTN, where {; = O((w, UI,S)MQCD/M%) [31]. Application of the NDA rules at the scale My then gives
Co = O(gugodr/myM ,3\,,\,) or Co = O(ga&1 4 /my Myy). However, this naive scaling is altered because the operator connects

to an S wave. As discussed in Ref. [17], this enhances the scaling by a factor Myy/Q owing to nonperturbative renormalization
by the leading-order PT two-nucleon interaction. One finds

2 2 3 2
mNy - m - mMCD MCD MCD (04 mMCD
Co=0 02—, (5, e8) -T2 Y2 (w,018) 25", p3— 20D (B3)
47 M2, Mocp MM}~ M}y M M} 4m M M7

Combining the scaling of these low-energy constants with the power-counting rules outlined in Sec. III, we find for the size of
the diagrams in Figs. 1-3:

. eGr QCD MéCD MéCD Glem M(Z)CD
Fig. 1=0 8, (5. 8 , , (w, .8 , B4
1g <47TMNN) ( (b0, £03) 2 23 0212 (w, 018) 2 03 7z (B4)
G M M3,y M3 om M3
Fig.2 = <e FQ) 8. 3. £83) QCD, 653D (w, 01 ) — 9D 5, Zem ZQCD )| (BS)
T M Vom? 4t M3
M M3 ey M2
. QCD QCD QCD em QCD
Fig. 3 8, (5, &8 , L (W, 018 —22 | §p3—= , B6
ig. 3(a) = (47TMQCD> ( (5, £83) 7 23 0212 (w, 01,8) 7 03 7 ) (B6)
G M M2, M3 M3
Fig. 3(b) = __cGr@ G (G by a0 o Moen (o MinMac o oo Macn) )
47TMNNMQCD MT QZMT ’ QZMT A MT
G . M M M 2 M2
Fig. 3(c) = O % x O |8, 83 Q(Z:D, § ZQCDZ, (w, o18) ZQCDz . | €0 n;” , 03 Q(Z:D : (B3)
4 M, M; " Q*M; Q-My Macep My

Various statements made in the text about relative magnitudes of the P I sources follow straightforwardly from these relations.

The same NDA technique can be used to estimate the size of other P[I contributions. For example, the contributions of
short-range P I' nucleon-nucleon-photon interactions to the P 1" form factor of the deuteron are, for all sources, subleading with
respect to Figs. 1, 2, and 3. Likewise, short-range P T nucleon-nucleon interactions contribute to the P T two-nucleon potential
at higher order than one-pion exchange diagrams involving /; [26]. As a consequence, diagrams involving these interactions
are also suppressed compared to the diagrams discussed here. The same holds for diagrams with P T nucleon-nucleon-photon
(NNNN y) interactions [22].

In addition, one can understand why effective P [T interactions contribute at higher orders. One-pion exchange with a PT
coupling does not contribute to the P potential in the two-nucleon sector [34]. The latter is dominated by exchanges of
heavier mesons, such as the p and the a;, which, at low energy, appear as two-nucleon contact interactions with at least two
derivatives (see, e.g., Ref. [39]). The size of these two-nucleon operators can be again estimated in NDA by multiplying the
reduced couplings for the PT and PT interactions. For example, for the § term a PT two-nucleon coupling would scale as
0GrQ/(4mrm NMéCD)' Inserting this coupling into a two-loop diagram with the photon interacting on a nucleon line via the
nucleon magnetic moment gives rise to a TQM of order 7; = O(efG r Q*/ ((47{)2M5CD)). Such a contribution is much smaller
than the long-range component that results from the pion-nucleon couplings /; and gy in Fig. 1, as can be seen from comparison
with Eq. (B4). Similar power-counting estimates indicate that contributions from diagrams with short-range P 1" NNNN y vertices
are smaller than the contributions in Eqs. (B4)—(B8) by at least a factor Q?/ M,%,N

For dimension-six sources, we can neglect P operators in the EFT as well. For nonelectromagnetic sources such as the
qCEDM, the FQLR operators, and the xISs the argument is analogous to the one used for the § term. For the gEDM one might
think that P T pion-nucleon-photon interactions could be relevant. Indeed, a PT" operator of the form D, 7 - NS'TN eF),, gives
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a nonzero contribution to the deuteron TQM via a two-loop diagram. However, by power counting we find this diagram to be
smaller by a factor Q2/ MéCD compared to the diagram in Fig. 3, which provides the dominant contribution for the gEDM.

APPENDIX C: FORM FACTOR INTEGRALS

In Sec. III the results for the deuteron TQFF Fpy (g %) were expressed in terms of L = 1, 2, 3 loop integrals IX)(£, X), where
& =y/my and X = g /(4y). We list here the form and expansions of these integrals to terms of order x>, where x = |x|.

The one-loop integral in Eq. (24) is standard, appearing, for example, in the deuteron magnetic quadrupole form factor [21].
It has the simple closed form

N arctan x
1M (X) = :

(ChH

The integrals appearing in the two- and three-loop diagrams are more complicated. We express them in terms of the

dimensionless variables y;, obtained by rescaling the loop momenta, k; = m, ;. They can be conveniently calculated in coordinate
space [18,40].
The two-loop functions in Egs. (21), (24), and (25) depend on three two-loop integrals,

‘ x2(2m)* Y2+ 1 I +E Gi+ 52’ +E2 Gi +260)° + 2
1 x2 1 1 1 1
PED = / Py d®y, <§2 T -ﬁ) . . N (e))
’ x4@2m)* 3 VEAE G+t + 825+ 1 (5 + 260 + 82
D= o [enan (5055505 o 1 ! !
T e G N 37 ) A GiA T HE G+ 26D+ 1 Ga— 26D+ 1
(C4)
Expanding in X 2 and retaining the first two terms in the expansion, we find
- 1+& 10 + 65& + 1442 4 7283
19¢E 3 = _ 42 O (x*), C5
6= e Y 360(1 + 26 +0 () €5
. 10 + 27¢ + 18¢2 70 + 595& 4 1918£2 + 24003 + 960&*
1P %) = — § f x? 5 d - d d +0 (x4, (C6)
540(1 + 2&) 12600(1 + 2§)
@ = §@+21E + 30£%) &7 (684 5905 + 18205% + 2100&* + 8405*) .
L7, x) = 3 x S + O (e0))
540(1 4 2¢) 4725(1 + 2¢)

The two-loop functions 7, ;226 4 are obtained from / 1(22)3 by multiplying them by prefactors that take into account spin and isospin
factors and the symmetry factor of each diagram:

IPE ) = 1217, %) + 417, 7). (C8)
1€, %) = 2417 (€, %), (C9)
12, %) = 4811V (€, %), (C10)
1P, ) = —4817(€, %) — 817(&, 3). (C11)

Similarly, the three-loop functions that enter in Eq. (20) are defined in terms of two three-loop tensor integrals,

1P, %) = ;/Cﬁyl d*y, d’ys <§2 XYy X — X—Zﬁz . ?3) L
s 26x*2m)P 3 FEAE2 41
1 1 1 1
AR R S R T IPE 5 (C12)
Or+y3)"+8 y; + 1. (1 +26x)" +8> 01+ 2 +286x)" + &
&, %) = ;/d*gm d’y, d’y; <§2 XYy X — x—Zﬁz . ?3) v
2 %6 26x*2m)P 3 VP +E2 P41
1 1 1 1 13

X 9
Gr 473 +E2 (h +260)2+1 G — 2657 + 1 (51 + 32)* + £2
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which are finite in three and four dimensions. Again, retaining terms up to order O(x?),

19, %) =

154756 + 11082 + 308° — 126* + 865 — 48¢°

216065(1 + 2¢)3

<2(1+$))
In
1+ 2¢

L 154656 + 7582 + 7£3 — 3064 — 1265 — 24£6 1

4320£4(1 + &)(1 + 26)°

_xz[ !
37800£5(1 + 2£)°

—160£° + 80&7 — 4320£% — 9024£° — 5760£'%) In <

1
T 5600651 + £)(1 + 267

2
()4 D)
288¢ 1+26) " 12

(105 + 945¢ + 3290£2 + 5390¢° + 3836&* + 560¢°

2(1+§)>
1+ 2¢

(105 + 1085& + 4260£2 + 103743 4 12789¢*

+ 676585 — 52026° — 1005287 + 5400£8 + 24 384£° + 20 544£1° 4 57608 )

1 . 1 7?2 4
~ 72066 <L12 (_1 +2s) - E) ] O,

and

1 %) =

(C14)

2 3
3 [7+44§+58.§ + 20& _(1+6$)1n<2(1+§)>]
540(1 4 2&)3 414¢)y 1+ 2¢
, & [5+50§+116§2+72$3 1n<2(1+é)>
90(1 + 2£)3 3 1+ 2¢

205 + 2494 + 1229082 + 2947283 + 37 5408* + 256728 + 87206 + 1120&7

+
280(1 + £)*

+x

] +0GY,  (C15)

where Liy(x) is the dilogarithm function. The function 12(3) vanishes in the limit of vanishing binding momentum, § — 0./ 1(3)(5 ,0)
consists of the sum of three terms, each of them divergent for £ — 0. Because of cancellations between these terms, / 1(3)(3,? , 0) has
a finite limit for vanishing &, 1 fS)(O, 0) = —1/162. However, this limit is not a good approximation to the value of the three-loop
function at the physical value of £, £ ~ 0.3. One needs to keep at least terms up to &' to obtain an approximation of I 1(3)(0.3, 0)

at the 10% accuracy.

As before, lumping spin, isospin, and symmetry factors in the definitions of / a(%z we have

19(5,%) =36 17(8, %),

1€, %) =240 I (€, ¥).
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