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Lorentz violation in neutron decay and allowed nuclear β decay
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Background: The search for violations of Lorentz invariance is nowadays motivated by attempts to unify
the standard model of particle physics with general relativity. Such theories of “quantum gravity” predict
Lorentz-violating signals that could be detected in low-energy precision experiments. In this context, Lorentz
invariance has been tested poorly in the weak interaction.
Purpose: We explore the possibility that the weak interaction violates Lorentz, and in particular rotational,
invariance in neutron and allowed nuclear β decay.
Method: A broad class of Lorentz-violating effects is considered in an effective field theory approach, wherein
the standard propagator of the W boson acquires an additional Lorentz-violating tensor.
Results: The general decay rate for allowed β decay that incorporates the modified W -boson propagator is
derived. The resulting Lorentz-violating signals are discussed for the different types of β-decay transitions: Fermi,
Gamow-Teller, and mixed. We study the implications of our formalism for dedicated β-decay experiments. We
give a short overview of the few relevant experiments that have been performed in the past or are ongoing.
Conclusions: Our work provides a general theoretical framework that should be used for designing and
interpreting β-decay experiments that search for Lorentz violation. In particular, it determines the kind of
experiments that are necessary to probe different parameters that quantify Lorentz violation, and it establishes
their sensitivity.
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I. INTRODUCTION

Symmetries of space time, and Lorentz and CPT symmetry
in particular, are at the root of our present understanding
of nature [1–3]. The best theories of nature we have today,
the standard model (SM) of particle physics and general
relativity, conserve these symmetries. Unification of these
theories is a major goal of theoretical high-energy physics.
Different approaches have been put forward, but none of these
is completely satisfactory. One of the problems is that the
energies relevant for the unification of quantum mechanics
and general relativity are far out of reach of present-day
experiments.

An opportunity may lie in the possibility that Lorentz
and/or CPT symmetry are broken at high energy. In some
candidate theories of quantum gravity, mechanisms of Lorentz
violation have been identified (see, e.g., Refs. [4–7]). The
phenomenological consequences at low energy of such a
breakdown of Lorentz symmetry have been studied over the
past few decades. It has become clear that it is possible
to constrain violations of Lorentz symmetry with enormous
precision [8]—to such precision, in fact, that the relevant
effects have been termed “windows on quantum gravity.” Since
the underlying theory of quantum gravity is unknown and no
compelling evidence of Lorentz violation has been found, the
approach one should arguably take to investigate the possibility
of Lorentz violation is that of an effective field theory
that encompasses all possible Lorentz-violating operators. In
this respect, the Lorentz-violating standard model extension
(SME) [9–11] has become an influential and indispensable
tool in the search for Lorentz violation.

The first discovery of a violation of a presumed (discrete)
space-time symmetry was that of parity violation in nuclear
β decay [12,13]. This discovery led to the understanding that

the weak interaction has a “V -A” structure, i.e., it is mediated
by the W boson that couples only to left-handed fermions.
Experiments on neutron and allowed nuclear β decay have
contributed much to the development of the SM in the 1960s
and 1970s. In the last decade, we witnessed a renaissance of
nuclear β decay due to the novel experimental techniques
of laser cooling and atom trapping, which enabled a new
generation of β-decay experiments, wherein the momentum
of the recoiling daughter nucleus could be detected and
new observables became accessible. The motivation for these
modern experiments is to search for physics beyond the SM,
in particular so-called non-V -A (right-handed vector, scalar,
and tensor) currents [14–16]. In this work, we want to study in
a general way the possibility that the weak interaction violates
Lorentz symmetry, and in particular rotational invariance [12],
in β decay. Such Lorentz violation would give rise to unique
signals with no SM “background,” which, even when tiny,
could be experimentally detectable.

We will consider a general Lorentz-violating correction to
the propagator of the W boson and calculate its effect on the
“allowed” β-decay rate of a nucleus. The Lorentz-violating
propagator at low energies that we will use is given by

〈Wμ+(p)Wν−(−p)〉 = −i(gμν + χμν)

M2
W

, (1)

where gμν is the Minkowski metric and χμν is a general
Lorentz-violating (complex, possibly momentum-dependent)
tensor. Calculations comparable to ours have been done in
Refs. [17,18]; however, these were restricted to a real, traceless,
and rotationally invariant tensor. The effect on β decay of
Lorentz violation in neutrinos is considered in Ref. [19].

At this point, we place no restrictions on χμν other than
tracelessness. A trace part of the tensor does not violate Lorentz
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symmetry and can be absorbed in the coupling constant. The
result we get in terms of χμν is quite general and can be used
to read off results for any SME parameter that shows up in
the propagator of the W boson. Effects that we are missing
at tree level by restricting ourselves to Eq. (1) come from
the Lorentz-violating contributions to the free Dirac equation,
which modify the asymptotic in- and out-states. For the
nucleon, electron, and positron, they can be constrained better
by QED observables, while we focus on the weak interaction,
for which much less is known in the context of Lorentz
violation. Exceptions to the expectation of higher sensitivity
of QED tests to free-fermion parameters are parameters that
can be removed from the free theory by field redefinitions [20]
and show up in the interaction with W or Z bosons only. A
complete list of parameters, or combinations thereof, that show
up as χμν in Eq. (1) lies beyond the scope of this paper.

The organization of this paper is as follows. In Sec. II we
derive in a general way the rate of allowed β decay, including
the effects of Lorentz violation. In Sec. III we analyze the
structure of the tensor χμν that supplements the standard
propagator of the W boson and argue that it represents a broad
class of Lorentz-violating effects. In Sec. IV we study the
implications of our formalism for experiments. We discuss the
possible signals in the different types of allowed β decays, and
we give a short overview of the few relevant experiments that
have been performed or are ongoing. Three appendices are
devoted to intermediate or detailed results of the derivations
or discussions in the main text.

II. ALLOWED β-DECAY RATE INCLUDING
LORENTZ VIOLATION

Our calculation parallels the standard calculations of (po-
larized) β decay in the conventional V -A framework. We will
discuss the derivation of the β-decay rate to make clear where
the Lorentz violation enters and how it modifies the standard
results. We follow the conventional notation for β-decay
calculations [21–24]. We use units such that h̄ = c = 1, our
metric is “mostly minus” and γ 5 ≡ iγ 0γ 1γ 2γ 3. The effective
β-decay Hamiltonian density that follows from V -A theory,
including the Lorentz-violating W -boson propagator Eq. (1),
is given by

Hβ = (gρσ + χρσ )[ψ̄p(x)γ ρ(CV + CAγ 5)ψn(x)]

× [ψ̄e(x)γ σ (1 − γ 5)ψν(x)] + H.c., (2)

where CV and CA are real constants that determine the relative
amplitude of the vector and axial-vector interaction, and the
γ matrices are in the Dirac basis; H.c. denotes Hermitian
conjugation.

We make two approximations that are customary in β-decay
calculations. In the first place, we evaluate the lepton current
at the nuclear center, because the de Broglie wavelengths of
the leptons are much larger than the nuclear radius and the
current is practically constant over that range. This implies
that the leptons take away zero orbital angular momentum.
Second, since the nuclei are nonrelativistic, the “small” lower
two components of the nuclear wave function can be neglected.
These two approximations comprise allowed β decay. With

these approximations, we can write the squared matrix element
that follows from Eq. (2) as

|M|2 = |CV 〈1〉J 0
∓ − CA〈σ 〉 · J∓|2, (3)

where J∓ is the lepton current for β∓ decay evaluated at the
nuclear center, into which we absorbed the Lorentz violation,

J
ρ
− = (gρσ + χρσ )ψ̄e− (0)γσ (1 − γ 5)ψν̄(0), (4a)

J
ρ
+ = (gρσ + χρσ∗)ψ̄ν(0)γσ (1 − γ 5)ψe+ (0), (4b)

and 〈1〉 = 〈f |1|i〉 and 〈σ 〉 = 〈f |σ |i〉 abbreviate the transition
matrix elements of the nucleus.

The charged lepton wave function is not given by the plane-
wave solution of the free Dirac equation, since the β particle
feels the positive charge of the daughter nucleus after the decay.
We take the spinor for allowed β decay from Ref. [25] (our
normalization differs by a factor

√
2Ee); it reads

ψs
e− (r → 0) = N (Z)

√
Ee + me

(
ηs

M σ ·p
Ee+me

ηs

)
, (5)

where

|N (Z)|2 = Ee + γme

Ee + me

F (Ee,Z), γ =
√

1 − (Zα)2, (6)

and

M = Ee + me

Ee + γme

(
1 + i

Zαme

|p|
)

. (7)

Here Ee, me, and p are the electron energy, mass, and
momentum, respectively, and ηs is a Pauli spinor. Z is the
atomic number of the daughter nucleus, α the fine-structure
constant, and F (Ee,Z) the usual Fermi function, which is in
essence the probability to find an electron in the interior of
the nucleus relative to the probability to find it at the same
position without a nucleus present. The spinor of the positron
is the charge conjugate of Eq. (5), which amounts to

ψs
e+ (r → 0, Z) = iγ 2(ψs

e− (r → 0,−Z)
)∗

. (8)

The wave function of the neutrino is just the solution of the
free massless Dirac equation.

Since there is no Lorentz violation in the hadronic current,
the evaluation of nuclear transition matrix elements proceeds
as usual through the Wigner-Eckart theorem [26], which allows
one to write the matrix elements of the operators 1 and σ , given
in terms of their spherical tensor components, as a product
of Clebsch-Gordan coefficients and matrix elements that are
independent of the spin projection quantum number m. The
result is that we can write the squared matrix element Eq. (3) as

|M|2 = {
C2

V 〈1〉2δjj ′ |J 0|2 + 1
3C2

A〈σ 〉2(|J+1|2 + |J−1|2 + |Jz|2)

+ 1
2C2

A〈σ 〉2�(1)(|J+1|2 − |J−1|2)

+ 1
2C2

A〈σ 〉2�(2)(|J+1|2 + |J−1|2 − 2|Jz|2)

−CV CA〈1〉〈σ 〉δjj ′�z(J
0J ∗

z + JzJ
0∗)

}
, (9)

where the space components of the lepton current are now
given in spherical coordinates as

J±1 = ∓ 1√
2
(J 1 ± iJ 2), and Jz = J 3; (10)
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j and j ′ denote the initial and final nuclear spin, respectively,
〈1〉 and 〈σ 〉 are the reduced matrix elements independent of
the spin projection, while the � coefficients come from com-
binations of Clebsch-Gordan coefficients. They are given by

�(1) =

⎧⎪⎨⎪⎩
〈m〉
j

(j ′ = j − 1)
〈m〉

j (j+1) (j ′ = j )
−〈m〉
j+1 (j ′ = j + 1)

,

(11)

�(2) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
〈m2〉− 1

3 j (j+1)
j (2j−1) (j ′ = j − 1)

−〈m2〉+ 1
3 j (j+1)

j (j+1) (j ′ = j )
〈m2〉− 1

3 j (j+1)
(j+1)(2j+3) (j ′ = j + 1)

,

and

�z = 〈m〉
j

√
j

j + 1
. (12)

Here the notation 〈m〉 and 〈m2〉 means that m and m2 must
be averaged (incoherently) over the populations of the states
m = ±j,±(j − 1), . . . . For a completely polarized source
this implies that 〈m〉 = j . We denoted the m = 0 component
of the current in spherical coordinates by Jz to distinguish it
from the time component of the current Jμ.

The first term in Eq. (9) corresponds to a Fermi transition,
which has 
j = j − j ′ = 0. This Fermi term is isotropic and,
in particular, independent of the nuclear polarization. The
terms including the factor C2

A give Gamow-Teller transitions
with 
j = 0,±1. The first of these Gamow-Teller terms has

j = 0 and is also isotropic. The second term proportional to
C2

A is “first-order anisotropic,” characterized by the fact that
it is proportional to �(1) ∝ 〈m〉 /j . This term gives transitions
with 
j = 0,±1. The third Gamow-Teller term, following
�(2), is “second-order anisotropic” and also has 
j = 0,±1.
Finally, the last term proportional to CV CA causes a so-called
“mixed” transition. It is first-order anisotropic and gives

j = 0. All anisotropic terms average to zero for randomly
oriented nuclei.

Up to this point, the calculation is identical to the Lorentz-
symmetric case, except for the presence of the Lorentz
violation in the lepton current Eqs. (4a) and (4b). To work out
Eq. (9) we need products of different components of the lepton
current, by evaluating the general product JμJ ν∗. Since the
electron and positron spinors Eqs. (5) and (8) can be written as

ψs
e− (0) = N (Z)

2
[(1 + γ 0) + M(1 − γ 0)]us(p), (13a)

ψs
e+ (0) = N∗(−Z)

2
[(1 − γ 0) + M(1 + γ 0)]vs(p), (13b)

with us(p) and vs(p) the free Dirac spinors for the electron
and positron, respectively, it is straightforward to show that

for the electron∑
ν spin

J
μ
−J ν∗

− = F (Ee,Z)(gμρ + χμρ)(gνσ + χνσ∗)Tr

× [ /P −γρ/kγσ (1 − γ 5)], (14a)

while for the positron∑
ν spin

J
μ
+J ν∗

+ = F (Ee,−Z)(gνρ + χνρ)(gμσ + χμσ∗)Tr

× [ /P +γρ/kγσ (1 − γ 5)], (14b)

where the neutrino four-momentum is kμ. We sum over the
neutrino polarizations in Eqs. (14a) and (14b), because these
are unlikely to be measured in the foreseeable future. P

μ
∓ is

given by

P 0
∓ = Ee ∓ p · ŝe, (15a)

P i
∓ =

[
1 ∓ (p · ŝe)(Ee − γme)

|p|2
]

pi

∓meγ ŝi
e ∓

√
1 − γ 2me(p̂ × ŝe)i , (15b)

with i running over the spatial indices 1, 2, 3, and ŝe the unit
vector in the direction of the polarization of the β particle.
The upper (lower) signs correspond to the electron (positron).
Notice that P

μ
∓ does not transform as a four-vector, because

the Coulomb corrections are included in a boost noninvariant
way in Ref. [25]. At present, this does not concern us, since
we will mainly consider the effects of rotations. Neglecting
the Coulomb corrections (Zα → 0) gives P

μ
∓ → pμ ∓ mes

μ
e ,

with sμ the conventional spin four-vector.
It now becomes a simple matter of trace technology to

calculate the different products of lepton currents needed
in Eq. (9). Although this calculation is straightforward, the
results are rather lengthy and not very illuminating. Their
exact form is given in Appendix A. Substituting the results for
the currents in Eq. (9) and remembering that the differential
decay rate is given by

dW = δ(Ee + Eν − E0)

(2π )52Ee2Eν

∑
ν spin

|M|2d3p d3k, (16)

where E0 is the total energy available in the decay, we find the
general Lorentz-violating result for allowed β decay, including
Coulomb corrections and to first order in χμν , given by

dW = 1

(2π )5
d3p d3k δ(Ee + Eν − E0)F (Ee,±Z)ξ

((
1 ∓ p · ŝe

Ee

)[
1

2

(
1 + B

k · Î
Eν

)
+ t + w1 · k

Eν

+ w2 · Î

+ T km
1 Îk Îm + T

kj
2 Îkkj

Eν

+ S
kmj
1 Îk Îmkj

Eν

]
+

{[
1 ∓ (Ee − γme)(p · ŝe)

E2
e − m2

e

]
pl

Ee

∓ γme

Ee

ŝl
e ∓ me

Ee

√
1 − γ 2(p̂ × ŝe)l

}
×

[
1

2

(
A − 3c

k · Î
Eν

)
Îl + 1

2
(a + c)

kl

Eν

+ wl
3 + T

lj
3 kj

Eν

+ T lk
4 Îk + Slmk

2 ÎmÎk + S
lmj
3 Îmkj

Eν

+ Rlmkj ÎmÎkkj

Eν

])
, (17)
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where Î is the nuclear polarization axis. The Latin indices run over the three spatial directions and summation over repeated
indices is implied. The upper sign corresponds to β− decay, while the lower sign corresponds to β+ decay. The different
Lorentz-violating quantities are defined as

t = (
a − 1

2c
)
χ00

r , w
j
1 = −xχ0j

r − ğ
(
χ̃

j
i − χj0

r

)
, wk

2 = K̆
(
χk0

r − χ0k
r

) − L̆χ̃ k
i , wl

3 = xχ0l
r + ğ

(
χl0

r + χ̃ l
i

)
,

T km
1 = 3

2cχkm
r , T

kj
2 = 1

2Aχ00
r δjk + L̆

(
χjk

r + χs0
i εsjk

) − K̆
(
χkj

r + χ0s
i εsjk

)
,

T
lj

3 = (x + ğ)χ00
r δlj − (

xχ0s
i + ğχs0

i

)
εsjl − ğ

(
χjl

r + χlj
r

)
, T lk

4 = 1
2Bχ00

r δlk − L̆
(
χlk

r − χs0
i εksl

) − K̆
(
χkl

r − χ0s
i εksl

)
,

S
kmj
1 = − 3

2c
(
χk0

r δmj − χms
i εsjk

)
, Slmk

2 = − 3
2c

(
χm0

r δkl + χms
i εslk

)
,

S
lmj
3 = L̆

(
χl0

r δjm − χsl
i εsjm − χj0

r δml + χ̃m
i δjl − χ

sj
i εlms

) + K̆
(
χ00

i εljm − χ0l
r δjm − χ0j

r δml + (
χ0m

r + χm0
r

)
δjl − χms

i εsj l
)
,

Rlmkj = 3
2c

(
χm0

i εlkj − χmk
r δlj + χml

r δkj + χmj
r δkl

)
, (18)

with the subscripts r and i denoting the real and imaginary parts of χμν , respectively, χ̃ l = εlmkχmk , and the different constants
are given by

ξ = 2
(
C2

V 〈1〉2 + C2
A〈σ 〉2

)
, x = 2C2

V 〈1〉2

ξ
, y = 2CV CA〈1〉〈σ 〉

ξ
, a = 1

3
(4x − 1),

c = (1 − x)�(2), A = ∓(1 − x)�(1) − 2y�zδjj ′ , (19)

B = ±(1 − x)�(1) − 2y�zδjj ′ , ğ = 1

3
(1 − x)

(
1 + 3

2
�(2)

)
, K̆ = −y�zδjj ′ , L̆ = ±1

2
(1 − x)�(1);

again, upper (lower) signs refer to β−(β+) decay.
The nomenclature of the constants in Eq. (19) is such

that the quantities without a “breve” occur in standard β
decay, while the ones with a “breve” are Lorentz violating.
Capital letters signal terms which are first-order anisotropic
and the other terms are in small script. Our expressions are
compatible with the existing literature for the coefficients that
occur in the SM case as well (except that, for convenience, we
absorbed a factor 1

3�(2) in c). The A, for example, denotes the
conventional “Wu parameter” that quantifies the correlation
between the momentum of the β particle and the polarization
of the parent nucleus. Furthermore, we gave some thought to
the order of the terms in Eq. (17). First, the second line contains
terms that can experimentally be tested without referring to
the electron spin or momentum. For the other terms, one does
need information about the electron spin or momentum. Apart
from this division, we have put conventional terms that do not
violate Lorentz symmetry in the front. Finally, we ordered the
terms according to their need for the knowledge of the neutrino
momentum (or recoil of the daughter nucleus), nuclear spin,
or both, to be experimentally accessible.

III. CONTRIBUTIONS TO χμν

In this section we discuss what kind of Lorentz-violating
parameters in an effective field theory are accessible through a
general Lorentz-violating tensor χμν that corrects the effective
interaction Hamiltonian for β decay as in Eq. (2). We consider
two kinds of contributions to this tensor. First, we discuss
direct contributions to the propagator of the W boson coming
from the kinetic gauge sector and the Higgs-gauge sector of an
effective field theory. Second, we discuss contributions coming
from vertex corrections.

To discuss contributions to the W -boson propagator we
first consider the SME due to Colladay, Kostelecký, and
collaborators [9–11]. The SME is a general framework that in
principle contains all effects of spontaneous Lorentz violation
that can be incorporated into an effective field theory, while
preserving all the symmetries of the SM except Lorentz and
CPT symmetry. All terms up to mass dimension four are
given explicitly in Ref. [11]. This renormalizable part of the
SME we call the minimal SME (mSME). Lorentz-violating
contributions to the W -boson propagator at tree level come
from the gauge sector and the Higgs sector of the mSME.
Restricting ourselves to these sectors, we can obtain an
expression for the W -boson propagator to first order in Lorentz
violation and in unitarity gauge. It is given by

〈Wμ+(p)Wν−(−p)〉

= −i

p2 − M2
W

{
gμν − pμpν

M2
W

+ M2
W

p2 − M2
W

(
k

μν
φφ + i

2g
k

μν
φW

)
− 1

p2 − M2
W

[
2k

ρμσν
W pρpσ + pμpρ

(
k

ρν
φφ + i

2g
k

ρν
φW

)
+pνpρ

(
k

ρμ
φφ + i

2g
k

ρμ
φW

)] + k
ρσ
φφpρpσpμpν

M2
W

(
p2 − M2

W

)}
. (20)

All coefficients that break Lorentz invariance are defined as
in Ref. [11]. The coupling constant g that appears in the
denominator of the kφW terms is the SU(2) coupling contant.
From this the relevant parameters for β decay can be identified.
Comparing the low-energy approximation of Eq. (20) to Eq. (1)
we see that

χμν = −k
μν
φφ − i

2g
k

μν
φW + 2pρpσ

M2
W

k
ρμσν
W . (21)
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Other terms are suppressed by powers of the four-momentum
over MW relative to these.

Lorentz-violating terms of mass dimension higher than four
will also give contributions to the propagator. In Ref. [27]
a classification is given of dimension-five Lorentz-violating
operators that are irreducible to lower-dimensional operators
by the equations of motion. As an example of a dimension-
five contribution to χμν , we consider the Lorentz-violating
operator coming from the pure gauge sector

L5 ⊃ Cμνρ trWμλDνW̃
λ

ρ , (22)

where Wμν is the SU(2) gauge field strength and W̃μν is its dual.
The tensor Cμνρ is symmetric in all its indices and has mass
dimension −1. (As discussed in Ref. [28] for the photon, there
are additional operators that contribute when the gauge boson
is off-shell, as is the case for the W boson in β decay.) When
including only the term in Eq. (22), the W -boson propagator
to first order and in unitarity gauge reads

〈Wμ+(p)Wν−(−p)〉

= −i

p2 − M2
W

[
gμν − pμpν

M2
W

− 4ερμανCλβ
ρpλpβpα(

p2 − M2
W

) ]
.

(23)

Apart from the corrections in Eq. (23) and the preceding
discussion, there are also corrections from the dimension-
five Higgs-gauge sector and higher-dimensional operators.
Lorentz-violating operators of dimension six and higher have
not been fully classified [29,30]. However, the general tensor
χμν in principle includes the effects of all Lorentz-violating
contributions to the propagator. If all contributions to χμν

come from the W -boson propagator directly (i.e., not from the
vertex), we can write

χμν
p =

∞∑
n

Yμνα1···αn
n pα1 · · ·pαn

, (24)

where the subscript p on χ
μν
p signals that we only consider

contributions coming directly from the tree-level propagator.
The mass dimension of Yn is −n, which implies that χ

μν
p

is dimensionless. This does not necessarily mean that Yn is
suppressed by n powers of the mass scale at which Lorentz
symmetry is broken (e.g., the Planck mass), since it can contain
powers of the W -boson mass. From Eq. (23), for example, we
obtain Y

μνλβα
3 = 4ερμανCλβ

ρ/M
2
W , which is suppressed by one

power of the Lorentz-breaking scale, through the C coefficient
of mass dimension −1.

If we neglect terms that are suppressed by powers of
the four-momentum over the W -boson mass with respect to
other terms containing the same Lorentz-violating parameter,
hermiticity of the Lagrangian implies that

χμν∗
p (p) = χνμ

p (−p). (25)

This relation can be useful to limit the number of terms
in Eq. (17) for a particular Lorentz-violating operator. The
dimension-five operator in Eq. (22), for example, has χμν∗ =
−χνμ. Since the μ and ν indices are on the epsilon tensor, χμν

is antisymmetric and real. This severely reduces the number

of terms in Eq. (18). When the number of occurrences of p in
χ

μν
p is odd, CPT is violated.

We now look at contributions to χμν coming from Lorentz-
violating corrections to a vertex connecting a left-handed
fermion current and a W boson. In general, the vertex will
have the form

−iγν

(
gμν + χμν

v

)
, (26)

where the subscript v means “vertex.” When contracting this
corrected vertex with a Lorentz-symmetric propagator at low
energy, this will give the same correction to β decay as Eq. (1).
In the following, we will consider only the quark vertex, since
parameters from the quark sector of the mSME have been
much less constrained than those that contribute to the lepton
vertex. The analysis is completely analogous, however.

We consider gauge-invariant terms that can contribute to the
vertex containing a few ingredients. First, the terms contain the
left-handed quark doublet

Qi =
(

ui
L

di
L

)
,

where the index i runs over the three quark generations
(although for β decay we only need the first generation). Sec-
ond, we consider covariant derivatives of the quark doublets
DμQ. Finally, the terms under consideration may contain the
SU(2) gauge field strength Wμν and its covariant derivatives.
However, the gauge field strength can be present only once,
since otherwise the term no longer describes a three-point
interaction. One could also use the Higgs doublet to build
terms contributing to the vertex (see Ref. [27] for examples),
but since our goal is to illustrate the generality of the use of χμν ,
and not to give an exhaustive list of all terms contributing to it,
we will settle for the previously mentioned ingredients. Using
these ingredients, we can build two types of terms. The first
type does not contain the gauge field strength and looks like

Ln+3 = T
μα1···αn

ij Q̄iγμ(iDα1 ) · · · (iDαn
)Qj , (27)

where n + 3 is the mass dimension of the operator and Tij is a
Hermitian matrix in generation space of mass dimension 1 −
n. The γ -matrix structure is limited to an odd number of γ ma-
trices, because the term is built out of a left-handed quark dou-
blet and its conjugate. This was already mentioned in Ref. [27]
and it means that the γ -matrix structure in Eq. (27) is exhaus-
tive. As an example, we mention that at mass dimension four
the type of term as given in Eq. (27) is the only gauge-invariant
term that gives a contribution to the vertex correction Eq. (26)
for quarks. It is part of the mSME and was given in Ref. [11].
Adapted to our notation, this dimension-four term looks like

L4 ⊃ i(cQ)μα
ij Q̄iγμDαQj . (28)

The second type of terms that contribute to Lorentz
violation in the vertex contains one instance of the SU(2) field
strength or its covariant derivatives and looks like

Lm+n+5 = F
μνρα1···αnβ1···βm

ij Q̄iγμ

× [
Dα1 · · · Dαn

Wνρ

](
iDβ1

) · · · (iDβm

)
Qj. (29)

Here m + n + 5 is the mass dimension of the operator and Fij

is again a Hermitian matrix in generation space. An example
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of a term like this can be found in Ref. [27] and it looks like

L5 ⊃ (cQ,3)μij Q̄iγ
λWμλQj . (30)

It is clear from Eqs. (27) and (29) that a general contribution to
the parameter χμν coming from the vertex will have the form

χμν
v =

∞∑
n=0

∞∑
m=0

V μνα1···αnβ1···βmpα1 · · · pαn
qβ1 · · · qβm

, (31)

where p is the W -boson momentum and q is the momentum
of one of the quarks (the momentum of the other quark can
be eliminated by using momentum conservation). Including
terms containing the Higgs doublet will not change this form
of the vertex contribution.

There is one problem with the first type of terms, given in
Eq. (27). These terms always contain a part that is a kinetic
quark term. These kinetic terms should be taken into account
in a calculation of β decay. It is not clear, however, how
such terms manifest themselves in effective parameters for
the nuclei. Therefore, in principle, we cannot fully treat the
kind of terms given in Eq. (27) in β decay, at least not in the
way we discussed in the previous sections.

A way around this problem in some cases may be found in
field redefinitions. As was shown in Ref. [20], some Lorentz-
violating parameters have no observable consequences and can
be removed from the Lagrangian by suitable field redefinitions.
Some parameters can be removed from a free-field theory,
but as soon as interactions are included, the interaction terms
prevent their removal. This means that they can be removed
from the noninteracting part of the Lagrangian, but the field
redefinition used to do this will make the interaction terms
Lorentz noninvariant. What can be accomplished, therefore, is
that these parameters are moved from the free-field equations
to the interactions. However, this is not possible for all
parameters and a full analysis of this issue lies outside the
scope of this paper.

From the preceding considerations, it is clear that using
χμν is a general approach to Lorentz violation in β decay.
Moreover, the propagator in Eq. (1) is, to first order in
Lorentz violation, compatible with the low-energy limit of
the propagator of massive photons given in Ref. [31]; cf.
also Ref. [32]. It has become clear that χμν can depend
on the W boson or quark momenta. Although this does not
matter for Eq. (17), the results after integrating over momenta
(of the neutrino or the β particle) will differ for different
momentum dependencies of χμν . Since it is the dominant
contribution, we will only consider a momentum-independent
χμν when performing an integration in the following sections.
In Appendix B we will work out an example where χμν

depends on the momentum of the W boson.

IV. DISCUSSION

In this section we explore the experimental signatures of
Eq. (17). We first discuss the difference between observer
and particle Lorentz transformations, then we give expressions
for decay rates that might be of interest to experiments, and,
finally, we explore some dedicated experiments relevant for
testing Lorentz violation in β decay. A complete overview of

the observable Lorentz-violating effects in different β-decay
transitions (Fermi, Gamow-Teller, or mixed) is delegated to
Appendix C, where a table is given that contains the full set
of Lorentz-violating vectors and tensors of Eq. (18) and their
observability in different transitions.

A. Particle and observer Lorentz transformations

To understand what the expressions for the Lorentz-
violating decay rates imply for experiments, it is impor-
tant to differentiate between observer and particle Lorentz
transformations [9]. All Lorentz-violating (tensor) coefficients
in the SME can be viewed as constant background fields.
In an “observer Lorentz transformation” one transforms all
quantities, including the background fields. This is merely a
coordinate transformation and the physics should be invariant
under it. Indeed, observer Lorentz invariance is built into
the SME. In practice, it means that all Lorentz indices
are contracted. Doing a “particle Lorentz transformation,”
however, transforms all quantities, except the background
fields. This corresponds to physically boosting or rotating
the experiment with respect to the background. This happens,
for example, when the Earth moves through space and the
experiment moves with it. As seen from the laboratory frame,
the values of χμν will change as the Earth changes its
orientation. These values will, thus, oscillate with the rotation
frequency of the Earth. Because a priori there is no preferred
frame (except perhaps that defined by the cosmic microwave
background), we have to choose a standard reference frame.
In this frame we then compare bounds on Lorentz-violating
parameters from different experiments. The customary choice
is the Sun-centered inertial reference frame [8]. We have to
express the Lorentz-violating quantities in Eq. (18), which
are given in the laboratory frame (denoted by χμν), in terms
of Lorentz-violating coefficients in this Sun-centered inertial
reference frame (denoted by Xμν). This is accomplished by
using a rotation matrix R,

χμν = Rμ
ρR

ν
σXρσ , (32)

with R given by

R(ζ, t) =

⎛⎜⎜⎜⎝
1 0 0 0

0 cos ζ cos �t cos ζ sin �t − sin ζ

0 − sin �t cos �t 0

0 sin ζ cos �t sin ζ sin �t cos ζ

⎞⎟⎟⎟⎠ ,

(33)

where ζ is the colatitude of the experiment and � 

2π/(23h 56m) is the Earth’s sidereal rotation frequency. This
form of R is correct if the laboratory coordinate axes (x̂, ŷ, ẑ)
are defined such that ẑ is perpendicular to the Earth’s surface,
x̂ points in the north-south direction, and the laboratory ŷ
direction completes the right-handed coordinate system by
pointing from west to east. Further details on the Sun-centered
inertial reference frame are given in Ref. [8] and references
therein.

It is now easy to see that the parts of Eq. (17) that depend
on the χ0j or χj0, with j a space index, will oscillate with
a frequency equal to the rotation frequency of the Earth,
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while quantities depending on χjk in addition have parts that
oscillate with twice this frequency. Because Eq. (33) contains
no boost, the isotropic coefficient χ00 is the same in frames
related by a rotation. This parameter is, thus, accessible only
if one measures the decay rate at velocities high enough
for the relativistic gamma factor to become significant. For
Earth-bound neutron and nuclear β-decay experiments χ00

is therefore irrelevant, but it could affect accelerator-based
experiments and cosmic rays.

B. Sample decay rates

In this section we work out some key examples of decay
rates, a pure Fermi transition, a pure Gamow-Teller transition,
and neutron decay (an example of a mixed transition). For
the neutron we will work out the decay rate in terms
of Lorentz-violating coefficients, given in the Sun-centered
intertial reference frame, to explicitly show the oscillations
with time due to the rotation of the Earth.

We start with a pure Fermi transition, which has 〈σ 〉 = 0.
Integrating over neutrino energy and direction and summing
over electron polarization gives

dWF = dW 0

[
1 + 2χ00

r + 2χ0l
r pl

Ee

]
, (34)

with

dW 0 = 1

8π4
|p|Ee(Ee − E0)2dEed�eF (Ee,±Z)ξ. (35)

Therefore, measuring the β-decay rate in different directions
gives access to χ0l

r .
For a Gamow-Teller transition in randomly oriented nuclei,

after summing over electron polarization and integrating over
neutrino energy and momentum, we get

dWGT = dW 0

[
1 − 2

3
χ00

r + 2

3
(χl0

r + χ̃ l
i )

pl

Ee

]
. (36)

Measuring Fermi transitions and Gamow-Teller transitions
gives access to different parameters. In the former one
measures χ0l

r , while in the latter bounds on a combination
of χl0

r and χ̃ l
i are possible. In the case that (χμν)∗ = χνμ, it

follows that χ0l
r = χl0

r , so one can disentangle the bounds on
χl0

r and χ̃ l
i .

For other parts of χμν it is necessary to have more
directional information from the experiment. One way to
accomplish this is by polarizing the parent nuclei. The relevant
expression for the Gamow-Teller transition rate of polarized
nuclei is

dWGT

= dW 0

[
1 − 2

3
χ00

r + 2

3

(
χl0

r + χ̃ l
i

) pl

Ee

]
∓�(1)

[(
1 − χ00

r

)p · Î
Ee

+χ̃ l
i Îl + χlk

r pl Îk

Ee

− χl0
r (p × Î)l

Ee

]
+�(2)

[
−χ00

r + (
χl0

r + χ̃ l
i

) pl

Ee

+ 3χkl
r Îk Îl

− 3χl0
r Îl

p · Î
Ee

− 3χml
i Îm

(p × Î)l

Ee

]
. (37)

By combining, for example, an asymmetry measurement for
spin-up and spin-down, with measurements of Eqs. (34) and
(36), one can extract bounds on χlk

r , χ0l
r , and χ̃ l

i (again
assuming (χμν)∗ = χνμ). In Appendix C we relate χμν to
observables in Fermi, Gamow-Teller, and mixed transitions
with respect to the decay parameters in Eqs. (17) and (18).

As a final example we look at polarized neutron β decay.
We assume that one measures the direction and energy of the
outgoing electron. An experiment relevant for this example is
described in Ref. [33]. For the neutron, the ratio of CV and CA

has been experimentally determined to be CA/CV = −1.27.
Since 〈1〉 = 1 and 〈σ 〉 = √

3 for neutron decay, it follows
that x = 0.17 and y = −0.37. By using these values, the
differential decay rate of polarized neutrons becomes

dW = dW 0

{
1 − 0.21χ00

r + [
0.34χ0l

r + 0.55
(
χl0

r + χ̃ l
i

)] pl

Ee

+ 〈m〉
j

Îk
[

0.43
(
χk0

r − χ0k
r

) − 0.55χ̃ k
i

− (
0.12 − 0.99χ00

r

)pk

Ee

− 0.99
(
χlk

r − χs0
i εksl

) pl

Ee

]}
.

(38)
There are no second-order anisotropic contributions for the
neutron, because �(2) = 0 for particles with spin- 1

2 .
To determine the Lorentz-violating decay rate of the neutron

in terms of coefficients defined in the Sun-centered inertial
reference frame we use Eq. (32). We take the quantization
axis of the nuclear spin to be in the +ẑ direction and we
assume that the electrons are measured in the x̂-ẑ plane and that
p · Î = vEe cos θ , with v = |p|/Ee the velocity of the electron,
while P is the polarization of the parent nuclei. The resulting
expression reads

dW = dW 0
[
1 − 0.12Pv cos θ − XT T

r (0.21 − 0.99Pv cos θ )

+Z1 + Z2 cos(�t) + Z3 sin(�t) + Z4 cos(2�t)

+Z5 sin(2�t)
]
, (39)

where the quantities Zi , depending on the colatitude of the
experiment, are given by

Z1 = v
(
0.55

(
XXY

i − XYX
i + XZT

r

) + 0.34XT Z
r

)
cos(θ + ζ )

+P{[
0.55

(
XYX

i − XXY
i

) + 0.43
(
XZT

r − XT Z
r

)]
cos ζ

− 0.99vXZZ
r cos(θ + ζ ) cos ζ − 0.50v

(
XXX

r + XYY
r

)
× sin(θ + ζ ) sin ζ

}
, (40a)

Z2 = 0.55v
[(

XYZ
i − XZY

i + XXT
r

) + 0.34XT X
r

]
sin(θ + ζ )

+P{[
0.55

(
XZY

i − XYZ
i

) + 0.43
(
XXT

r − XT X
r

)]
sin ζ

− 0.99v
(
XXZ

r + XZX
r

)
cos θ sin ζ cos ζ

− 0.99v
(
XYT

i + XXZ
r cos2 ζ − XZX

r sin2 ζ
)

sin θ
}
,

(40b)

Z3 = 0.55v
[(

XZX
i − XXZ

i + XYT
r

) + 0.34XT Y
r

]
sin(θ + ζ )

+P{[
0.55

(
XXZ

i − XZX
i

) + 0.43
(
XYT

r − XT Y
r

)]
sin ζ

− 0.99v
(
XYZ

r + XZY
r

)
cos θ sin ζ cos ζ

+ 0.99v
(
XXT

i − XYZ
r cos2 ζ + XZY

r sin2 ζ
)

sin θ
}
,

(40c)
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Z4 = 0.50vP(
XYY

r − XXX
r

)
sin(θ + ζ ) sin ζ , (40d)

Z5 = −0.50vP(
XXY

r + XYX
r

)
sin(θ + ζ ) sin ζ . (40e)

We see indeed that Eq. (39) has parts (Z2 and Z3) that oscillate
with a period of one sidereal day and it has parts (Z4 and Z5)
that have half this oscillation period.

C. Relevant experiments

To put bounds on χμν it is necessary to measure a direction,
i.e., p̂, Î , k̂, or ŝe. The only exception is the purely timelike
part of χμν . To get a limit on χ00 one would have to compare
experiments that have relative velocities large enough to get
sizable relativistic γ factors. It is, in general, necessary to
measure over longer periods of time and record data with “time
stamps.” In this way, one can search for oscillatory effects with
periods of one or one-half sidereal day, which arise in the case
of Lorentz violation.

These considerations imply that almost all β-decay exper-
iments that have been performed in the past are irrelevant to
the question of Lorentz violation. In the 1970s, however, two
experiments were performed to test the rotational invariance of
β decay [34,35]. These experiments were done by using nuclei
that have “forbidden” β-decay modes [36], assuming Lorentz
violation would manifest itself in angular-momentum viola-
tion. As mentioned earlier, at PSI in Switzerland, experiments
on the β decay of polarized neutrons were performed. The
data were time stamped and an analysis looking for Lorentz
invariance violation was performed [33]. In the light of our

result for neutron decay in Eq. (38), we believe that a more
complete analysis could be performed, from which bounds on
Lorentz-violating parameters in the SME could be obtained.
Finally, we mention the ongoing experiment performed at our
accelerator facility KVI in Groningen, which will search for
Lorentz-violating effects in the Gamow-Teller β decay of 20Na
[37]. This experiment is designed to be sensitive to Lorentz-
violating effects arising from first-order anisotropic terms in
Eq. (17) by controlled flipping of the spin of the parent nucleus.
The theoretical framework developed in this paper will be used
in the analysis and interpretation of this experiment.
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APPENDIX A: LEPTON CURRENTS

Omitting the factor F (Ee,±Z) and the subscript ∓ on P∓,
the different combinations of lepton currents are given by

1
8 |J 0|2 = P 0( 1

2

(
1 + 2χ00

r

)
k0 − χ0l

r kl
) − P l

( − 1
2

(
1 + 2χ00

r

)
kl − χ0l

r k0 + χ
0j
i εjmlkm

)
, (A1)

1
8 (|J+1|2 + |J−1|2 + |Jz|2) = P 0

[(
3
2 − χ00

r

)
k0 + (

χl0
r − χ̃ l

i

)
kl

] − P l
[(

1
2 − χ00

r

)
kl − (

χl0
r + χ̃ l

i

)
k0

+ (
χml

r + χlm
r + χ

j0
i εljm

)
km

]
, (A2)

1
8 (|J+1|2 − |J−1|2) = ±P 0

[(
1 − χ00

r

)
(k · Î) + χl0

i (k × Î)l − k0(χ̃i · Î) + χlm
r kl Îm

]
∓P l

[(
1 − χ00

r

)
k0Îl − k0εmklχk0

i Îm + χm0
r km Îl − kl(χ̃i · Î) − χl0

r (k · Î) + k0χlm
r Îm

+χml
i (k × Î)m + εljmχmk

i kk Îj
]
, (A3)

1
8 (|J+1|2 + |J−1|2 − 2|Jz|2) = P 0[(3χlm

r Îl Îm − χ00
r

)
k0 + (

χl0
r − 3χm0

r Îm Îl − χ̃ l
i

)
kl + 3χml

i Îm(k × Î)l
]

−P l
[
3(k · Î)Îl − (

χl0
r + χ̃ l

i − 3χm0
r ÎmÎl − 3χ

mj
i εjlk Îm Îk

)
k0

− (
1 + χ00

r − 3χmj
r ÎmÎj

)
kl + 3χm0

i Îm(k × Î)l

+ (
χml

r + χlm
r + χ

j0
i εljm − 3χjl

r Îj Îm − 3χjm
r Îj Îl

)
km

]
, (A4)

1
8 (J 0J ∗

z + JzJ
0∗) = P 0

[(
1 + χ00

r

)
(k · Î) + (

χm0
r − χ0m

r

)
Îmk0 − χml

r Îmkl − χ0l
i (k × Î)l

]
−P l

[ − (
1 + χ00

r

)
Îlk0 + χ0l

r (k · Î) − (
χ0m

r + χm0
r

)
Îmkl + χ0m

r km Îl

+χml
r Îmk0 − χ0k

i εmkl Îmk0 + χ
mj
i εjklkk Îm − χ00

i (k × Î)l
]
, (A5)

where the subscripts r and i label the real and imaginary parts of χμν , while χ̃ j = εjmkχmk , the upper (lower) signs in Eq. (A3),
refer to the case of the electron (positron), the Latin indices run over the spatial components 1, 2, 3, and summation over repeated
indices is understood.

APPENDIX B: MOMENTUM-DEPENDENT χμν

In Sec. III we noted that it is possible for χμν to depend on the W -boson momentum or on the momentum of one of the quarks.
We can just substitute any form of χμν in Eq. (17), but the integrals over momentum will become more complicated when χμν
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depends on these momenta. In particular, we will get integrals over the angular coordinates of the momentum. A useful relation
in doing such integrals is∫

d� T i1···in k̂i1 · · · k̂in =
{

4π
(n+1)!!T

i1···in(δi1i2 · · · δin−1in + all possible contractions
)

(n even)

0 (n odd)
, (B1)

where T is an arbitrary tensor with n indices and k̂ = (sin θ cos φ, sin θ sin φ, cos θ ) and all the i indices are spatial indices
running from 1 to 3.

As an example we work out the result for Fermi decay (x = 1, y = 0) with χμν coming from the CPT even gauge sector of
the mSME. In that case, χμν can be read of from Eq. (21) and is given by

χμν = 2qρqσ

M2
W

k
ρμσν
W , (B2)

where q is now the W -boson momentum, which, due to momentum conservation, is equal to the sum of the momenta of the β
particle and the neutrino. Summing over electron polarization and noting that in this case χ

μν
i = 0, the Fermi decay rate can be

written as

dWF = dW 0d�ν

4π

[(
1 + p · k̂

Ee

)(
1 + 2χ00

r

) + 2χ0l
r

(
pl

Ee

− k̂l

)]
. (B3)

Performing the integral over the neutrino angles will give a nonzero result only if there is an even number of unit vectors in the
direction of the neutrino momentum. By using Eq. (B1) we find that the decay rate integrated over the neutrino momentum is
given by

dWF = dW 0

{
1 + 4

3M2
W

[
ki0i0
W Ee(Ee − E0) + k

i0ij
W

E0(E0 − Ee)pj

Ee

+ k
i0j0
W

(Ee + 5E0)pipj

Ee

]}
, (B4)

with summation over repeated indices implied, as usual.

APPENDIX C: EXPERIMENTAL SENSITIVITIES

In Table I we give an overview of the observability of the
Lorentz-violating parameter χμν in the different types of β-
decay transitions, Fermi, Gamow-Teller, or mixed. Although
Table I contains the same information as Eqs. (17) and (18),
it provides an clearer overview of which Lorentz-violating
parameters are accessible in which kind of experiments.

On the top line of Table I are the different parts of χμν

that are independent under the action of rotations, in particular
Eq. (32). If we assume that χμν∗ = χνμ, the last three columns,
corresponding to χ00

i , χl0
r , and χl0

i , are redundant. The first of
these three columns should then be removed, since χ00

i = 0 if

we assume χμν∗ = χνμ. In addition, the entries in the columns
of χl0

r and χl0
i should be added to the columns of χ0l

r and χ0l
i ,

respectively.
In the leftmost column, the Lorentz-violating quantities

which are defined in Eq. (18) are listed. In the second column
we give the minimal directional information one needs to
be able to see effects of the corresponding Lorentz-violating
vector or tensor. Notice that the polarization of the β particle
does not appear. This is because it can be seen from Eq. (17)
that by measuring the electron direction one has access to
the same Lorentz-violating observables as by measuring the
polarization of the β particle. An asterisk on Î means that

TABLE I. Observability of the Lorentz-violating parameter χμν in different β-decay transitions.

χ 00
r χ 0l

r χml
r χ 0l

i χml
i χ 00

i χ l0
r χ l0

i Comments

t X
w1 k̂ F GT GT χ

(ml)
i not accessible

w2 Î M GT M If χ [μν]
r = 0, χ 0k

r cancels

χk0
r χ

(ml)
i not accessible

w3 p̂ F GT GT χ
(ml)
i not accessible

T1 Î ∗ GT Vanishes for j = 1
2

T2 Î , k̂ GT GT M GT
T3 p̂, k̂ X GT F GT χ [ml]

r not accessible
T4 p̂, Î GT GT M GT
S1 Î ∗, k̂ GT GT Vanishes for j = 1

2
S2 p̂, k̂ GT GT Vanishes for j = 1

2
S3 p̂, Î , k̂ M GT M GT
R p̂, Î ∗, k̂ GT GT Vanishes for j = 1

2

055502-9



NOORDMANS, WILSCHUT, AND TIMMERMANS PHYSICAL REVIEW C 87, 055502 (2013)

it occurs twice in the corresponding term in Eq. (17), and
therefore it does not change sign if one flips the nuclear spin.
The entries in the table show what is the relevant β-decay
transition. F means that the component of χμν occurs in the
Lorentz-violating quantity on the left in a Fermi or a mixed
transition. GT has the analogous meaning for a Gamow-Teller

or mixed transition. X means that the part of χμν on the
top of the column shows up in the quantity in the first
column in every kind of transition, while an M signals that
it only is visible in a mixed transition. Finally, we used the
notations χ (μν) = 1

2 (χμν + χνμ) and χ [μν] = 1
2 (χμν − χνμ) in

the rightmost comments column.
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[28] V. A. Kostelecký and M. Mewes, Phys. Rev. D 80, 015020

(2009).
[29] D. Mattingly, arXiv:0802.1561 [gr-qc].
[30] S. Liberati and L. Maccione, Annu. Rev. Nucl. Part. Sci. 59, 245

(2009).
[31] M. Cambiaso, R. Lehnert, and R. Potting, Phys. Rev. D 85,

085023 (2012).
[32] B. Altschul, Phys. Rev. D 86, 045008 (2012).
[33] A. Kozela et al., CPT and Lorentz Symmetry 5, 174 (2011).
[34] R. Newman and S. Wiesner, Phys. Rev. D 14, 1 (1976).
[35] J. D. Ullman, Phys. Rev. D 17, 1750 (1978).
[36] J. P. Noordmans, H. W. Wilschut, and R. G. E. Timmermans (in

preparation).
[37] S. E. Müller, Hyperfine Interact. 210, 33 (2012); H. W.

Wilschut et al., arXiv:1303.6419 [nucl-ex]; S. E. Müller et al.
(in preparation).

055502-10

http://dx.doi.org/10.1002/andp.19053221004
http://dx.doi.org/10.2307/1968551
http://dx.doi.org/10.1103/PhysRevD.39.683
http://arXiv.org/abs/gr-qc/9909085
http://dx.doi.org/10.1088/1126-6708/2002/03/043
http://dx.doi.org/10.1103/PhysRevD.59.124021
http://dx.doi.org/10.1103/RevModPhys.83.11
http://dx.doi.org/10.1103/PhysRevD.55.6760
http://dx.doi.org/10.1103/PhysRevD.58.116002
http://dx.doi.org/10.1103/PhysRevD.58.116002
http://dx.doi.org/10.1103/PhysRev.104.254
http://dx.doi.org/10.1103/PhysRev.105.1413
http://dx.doi.org/10.1016/S0146-6410(01)00149-1
http://dx.doi.org/10.6028/jres.110.070
http://dx.doi.org/10.6028/jres.110.070
http://dx.doi.org/10.1103/RevModPhys.78.991
http://dx.doi.org/10.1103/RevModPhys.78.991
http://dx.doi.org/10.1146/annurev-nucl-102010-130410
http://dx.doi.org/10.1146/annurev-nucl-102010-130410
http://dx.doi.org/10.1016/0370-2693(82)90133-2
http://dx.doi.org/10.1016/0370-2693(83)90542-7
http://arXiv.org/abs/1305.4636
http://dx.doi.org/10.1063/1.1477938
http://dx.doi.org/10.1103/PhysRev.106.517
http://dx.doi.org/10.1103/PhysRev.106.517
http://dx.doi.org/10.1016/0029-5582(87)90019-8
http://dx.doi.org/10.1016/0029-5582(87)90019-8
http://dx.doi.org/10.1016/0029-5582(87)90020-4
http://dx.doi.org/10.1007/BF01340460
http://dx.doi.org/10.1007/BF01340460
http://dx.doi.org/10.1103/PhysRevD.77.025022
http://dx.doi.org/10.1103/PhysRevD.77.025022
http://dx.doi.org/10.1103/PhysRevD.80.015020
http://dx.doi.org/10.1103/PhysRevD.80.015020
http://arXiv.org/abs/0802.1561
http://dx.doi.org/10.1146/annurev.nucl.010909.083640
http://dx.doi.org/10.1146/annurev.nucl.010909.083640
http://dx.doi.org/10.1103/PhysRevD.85.085023
http://dx.doi.org/10.1103/PhysRevD.85.085023
http://dx.doi.org/10.1103/PhysRevD.86.045008
http://dx.doi.org/10.1142/9789814327688_0034
http://dx.doi.org/10.1103/PhysRevD.14.1
http://dx.doi.org/10.1103/PhysRevD.17.1750
http://dx.doi.org/10.1007/s10751-012-0566-y
http://arXiv.org/abs/1303.6419



