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Rotational properties of the superheavy nucleus 256Rf and its neighboring even-even nuclei
in a particle-number-conserving cranked shell model
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The ground state band was recently observed in the superheavy nucleus 256Rf. We study the rotational
properties of 256Rf and its neighboring even-even nuclei by using a cranked shell model (CSM) with the pairing
correlations treated by a particle-number conserving (PNC) method in which the blocking effects are taken
into account exactly. The kinematic and dynamic moments of inertia of the ground state bands in these nuclei
are well reproduced by the theory. The spin of the lowest observed state in 256Rf is determined by comparing
the experimental kinematic moments of inertia with the PNC-CSM calculations and agrees with previous spin
assignment. The effects of the high order deformation ε6 on the angular momentum alignments and dynamic
moments of inertia in these nuclei are discussed.
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I. INTRODUCTION

In recent years, the in-beam spectroscopy of the nuclei with
Z ≈ 100 has become a hot topic [1–5]. These transfermium
nuclei bring important information for the structure of su-
perheavy nuclei. Experimental results show that these nuclei
are well deformed. Due to deformation effects, the orbitals
originating from spherical subshells which are important to
the magic number in superheavy nuclei may come close to
the Fermi surface in these deformed nuclei. For example, the
π1/2−[521] and π3/2−[521] orbitals are of particular interest
since they stem from the spherical π2f5/2,7/2 orbitals; the
splitting between these spin doublets is very important to
the location of the next proton shell closure. The high spin
rotational states of these transfermium nuclei can give valuable
information about the single particle orbitals near the Fermi
surface, especially the high-j intruder orbitals (νj15/2 or πi13/2)
which are sensitive to the Coriolis interaction.

In a recent work [6], the spectroscopy of the nuclei with
Z ≈ 100 is systematically investigated by a particle-number
conserving (PNC) method based on a cranked shell model
(CSM) [8,9] with a new Nilsson parameter set which is
obtained by fitting the experimental single-particle spectra
in these nuclei. The calculated band-head energies of the
one-quasiproton and one-quasineutron bands in odd-A nuclei
are improved dramatically comparing with those calculated by
using the traditional Nilsson parameter [10]. In contrary to the
conventional Bardeen-Cooper-Schrieffer (BCS) or Hartree-
Fock-Bogoliubov (HFB) approach, in the PNC method, the
CSM Hamiltonian is solved directly in a truncated Fock-space
[11]. Therefore the particle number is conserved and the
Pauli blocking effects are taken into account exactly.
The experimental kinematic moments of inertia (MOI’s) for
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the rotational bands in even-even, odd-A, and odd-odd nuclei
with Z ≈ 100 are reproduced quite well by the PNC-CSM
calculations. The PNC scheme has also been implemented
both in relativistic and nonrelativistic mean field models
[12,13] in which the single-particle states are calculated from
self-consistent mean field potentials instead of the Nilsson
potential.

Quite recently, the ground state bands (GSB’s) were
observed in the even-even nuclei 246Fm (Z = 100) [14] and
256Rf (Z = 104) [15]. It is worthwhile to mention that Rf is the
first element whose stability is entirely due to the quantum shell
effects and it marks the gateway to superheavy elements [16].
The spectrum and MOI’s of 256Rf can give information about
the single-particle structure and the pairing interaction of the
superheavy nuclei and provide a test for current nuclear mod-
els. 246Fm has been included in our systematic investigation
[6,7]. In this paper, we extend the PNC-CSM to the study of
the rotational properties of 256Rf and its neighboring even-even
nuclei. The spin of the experimentally observed lowest-lying
state in 256Rf will be determined by comparing the kinematic
MOI’s with the PNC-CSM calculations. We further study the
effects of high order deformation ε6 on the angular momentum
alignment and dynamic MOI’s in these nuclei.

The paper is organized as follows. A brief introduction
of the PNC-CSM is presented in Sec. II. The results and
discussions are given in Sec. III. Finally we summarize our
work in Sec. IV.

II. THEORETICAL FRAMEWORK

The cranked Nilsson Hamiltonian of an axially symmetric
nucleus in the rotating frame can be written as

HCSM = H0 + HP = HNil − ωJx + HP, (1)
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where HNil is the Nilsson Hamiltonian, −ωJx is the Coriolis
interaction with the cranking frequency ω about the x axis
(perpendicular to the nuclear symmetry z axis). HP = HP(0) +
HP(2) is the pairing interaction,

HP(0) = −G0

∑
ξη

a
†
ξ a

†
ξ̄
aη̄aη, (2)

HP(2) = −G2

∑
ξη

q2(ξ )q2(η)a†
ξ a

†
ξ̄
aη̄aη, (3)

where ξ̄ (η̄) labels the time-reversed state of a Nilsson state ξ
(η), q2(ξ ) = √

16π/5〈ξ |r2Y20|ξ 〉 is the diagonal element of the
stretched quadrupole operator, and G0 and G2 are the effective
strengths of monopole and quadrupole pairing interactions,
respectively.

Instead of the usual single-particle level truncation in con-
ventional shell-model calculations, a cranked many-particle
configuration (CMPC) truncation (Fock space truncation) is
adopted [9,17]. An eigenstate of HCSM can be written as

|�〉 =
∑

i

Ci |i〉, (Ci real), (4)

where |i〉 is a CMPC (an eigenstate of the one-body operator
H0). By diagonalizing the HCSM in a sufficiently large CMPC
space, sufficiently accurate solutions for low-lying excited
eigenstates of HCSM are obtained [6]. The angular momentum
alignment for the state |�〉 is

〈�|Jx |�〉 =
∑

i

C2
i 〈i|Jx |i〉 + 2

∑
i<j

CiCj 〈i|Jx |j 〉. (5)

Considering Jx to be a one-body operator, the matrix element
〈i|Jx |j 〉 for i �= j is nonzero only when |i〉 and |j 〉 differ by
one particle occupation [9]. After a certain permutation of
creation operators, |i〉 and |j 〉 can be recast into

|i〉 = (−1)Miμ |μ · · ·〉, |j 〉 = (−1)Mjν |ν · · ·〉, (6)

where the ellipsis “· · ·” stands for the same particle occupation
and (−1)Miμ(ν) = ±1 according to whether the permutation is
even or odd. Therefore, the kinematic MOI J (1) of |�〉 can be
separated into the diagonal and the off-diagonal parts

J (1) = 1

ω
〈�|Jx |�〉 = 1

ω

(∑
μ

jx(μ) + 2
∑
μ<ν

jx(μν)

)
,

(7)

jx(μ) = 〈μ|jx |μ〉nμ, (8)

jx(μν) = 〈μ|jx |ν〉
∑
i<j

(−1)Miμ+Mjν CiCj , (9)

where nμ = ∑
i |Ci |2Piμ is the occupation probability of

the cranked Nilsson orbital |μ〉 and Piμ = 1 (0) if |μ〉 is
occupied (empty). The expression of the dynamic MOI J (2) =
d 〈�|Jx |�〉 /dω is similar.

III. RESULTS AND DISCUSSIONS

The parameters used in this work are all taken from Ref. [6].
We note that due to the velocity-dependent l2 term, the
MOI’s of very high-spin states can not be well described by

a cranked Nilsson model [18–25]. However, we are mainly
focusing on relatively low-spin states. The MOI’s are mainly
determined by the pairing interaction and the single particle
levels near the Fermi surface, especially the location of
the high-j intruder orbitals. As will be seen in the following,
the calculated MOI’s with our model agree well the experi-
ment. The traditional Nilsson parameters (κ and μ) [10,23] are
optimized to reproduce the experimental level schemes for the
rare-earth and actinide nuclei near the stability line. However,
this parameter set cannot describe well the experimental
level schemes of transfermium nuclei. Therefore the new
set of Nilsson parameters (κ and μ) obtained by fitting the
experimental single-particle spectra in these nuclei in Ref. [6]
is adopted here. Note that this set of parameters has been used
to study rotational bands in 247,249Cm and 249Cf in Ref. [26].

The experimental values of the deformation parameters for
the transfermium nuclei are very scare and the predictions of
different theories are not consistent with each other [27–29].
In the PNC-CSM calculations, the deformations are chosen to
be close to existing experimental values and change smoothly
with the proton and the neutron numbers. The deformation
parameters of 256Rf can be extrapolated from Table II in
Ref. [6] as ε2 = 0.255 and ε4 = 0.025.

The CMPC space in this work is constructed in the
proton N = 4, 5, 6 shells and the neutron N = 6, 7 shells.
The dimensions of the CMPC space are about 1000 both for
protons and neutrons. The effective pairing strengths are Gp =
0.40 MeV, G2p = 0.035 MeV, Gn = 0.30 MeV, and G2n =
0.020 MeV, which are the same for all even-even nuclei in this
mass region (see Table III in Ref. [6]).

Figure 1 shows the calculated cranked Nilsson levels near
the Fermi surface of 256Rf. The positive (negative) parity
levels are denoted by blue (red) lines. The signature α = +1/2
(α = −1/2) levels are denoted by solid (dotted) lines. From
Fig. 1 it can be seen that there exist a proton gap at Z = 100
and a neutron gap at N = 152, which is consistent with
the calculation by using Woods-Saxon potential [28,30]. The
Z = 104 proton energy spacing in our calculation is about
0.5 MeV, which is much larger than that of Z = 102. This

FIG. 1. (Color online) The cranked Nilsson levels near the Fermi
surface of 256Rf (a) for protons and (b) for neutrons. The positive
(negative) parity levels are denoted by blue (red) lines. The signature
α = +1/2 (α = −1/2) levels are denoted by solid (dotted) lines. The
deformation parameters ε2 = 0.255 and ε4 = 0.025.
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situation is the opposite in Ref. [28]. Nevertheless, the Z =
104 gap in our calculation is not very significant comparing
with that calculated by the self-consistent mean field models
[29,31], which is usually larger than 1 MeV. For protons, the
sequence of single-particle levels near the Fermi surface in
our calculation is quite similar with that determined from the
experimental information of 255Lr [32], in which the energies
of π1/2−[521] and π7/2−[514] are nearly degenerate. For
neutrons, it is shown experimentally that the ground state of
255Rf is ν9/2−[734] [33], which is also consistent with our
calculation.

Because of the dominance of internal conversion, the lowest
γ transitions in 256Rf were not detected and spins of states
in the observed rotational band were not determined experi-
mentally. There are many ways to make spin assignments by
fitting the rotational band with various empirical rotational
formulas or models [34–41]. The ab formula [35–38] and
the Harris formula [34] have been used to assign the spin
and to extrapolate the energies corresponding to unobserved
transitions in 246Fm and 256Rf. The spin assignment for the
rotational band observed in 253No [42] has already been made
in Ref. [43] by using the ab formula which supports the config-
uration assignment of ν7/2+[624] for this rotational band. The
kinematic MOI’s depend sensitively on the spin assignment;
this feature can also be used to make spin assignments for
those rotational bands whose spins are not experimentally
determined. In Fig. 2 we show the comparison of experimental
kinematic MOI’s of the GSB in 256Rf extracted from different
spin assignments with the PNC-CSM calculations. The red up-
triangles, black solid circles, and blue down-triangles denote
the experimental MOI’s extracted by assigning the observed
lowest-lying 161 keV transition as 8+ → 6+, 6+ → 4+, and
4+ → 2+, respectively. Our calculation agrees very well with
the 6+ → 4+ assignment, and is also consistent with the spin
assignment using the Harris formula [15]. So in the following
calculations, the 161 keV transition is assigned as 6+ → 4+
and the deduced energies of 4+ → 2+ (104 keV) and 2+ → 0+
(44 keV) in Ref. [15] are also used to calculate the experimental
kinematic and dynamic MOI’s in the GSB of 256Rf. This

FIG. 2. (Color online) The comparison of experimental kinematic
MOI’s of the GSB in 256Rf with the PNC-CSM calculations. The red
up-triangles, black solid circles, and blue down-triangles denote the
experimental MOI’s extracted by assigning the 161 keV transition as
8+ → 6+, 6+ → 4+, and 4+ → 2+, respectively. The data are taken
from Ref. [15].

FIG. 3. (Color online) The experimental (solid circles) and
calculated kinematic MOI’s J (1) with (solid black lines) and without
(dotted blue lines) pairing correlations for 256Rf and the neighboring
even-even nuclei 250Fm [44] and 252,254No [45,46].

method has also been used to make the spin assignment for
the ground state band established in 246Fm and the spin of the
lowest state (fed by the 167 keV transition) is determined to
be 4h̄ [7], which is consistent with Ref. [14].

To study the influence of pairing correlations on rotational
properties, experimental (solid circles) and calculated kine-
matic MOI’s J (1) with (solid black lines) and without (dotted
blue lines) pairing correlations for 256Rf and the neighboring
even-even nuclei 250Fm [44] and 252,254No [45,46] are shown in
Fig. 3. The pairing interaction is very important in reproducing
the experimental MOI’s. It can be seen that the MOI’s of these
four nuclei are roughly overestimated by a factor of two at the
band head when the pairing interaction is switched off. When
the pairing interaction is switched on, the observed MOI’s are
reproduced quite well, especially for 256Rf. This indicates that
the single-particle levels we adopted here are reasonable in
this mass region, which shows that there exist a proton gap at
Z = 100 and a neutron gap at N = 152 and the proton gap at
Z = 104 is not so pronounced.

In Fig. 4 we show the experimental (solid circles) and
calculated (solid black lines) dynamic MOI’s J (2) for 256Rf
and the neighboring even-even nuclei 250Fm [44] and 252,254No
[45,46]. The experimental dynamic MOI’s J (2) for 256Rf are
reproduced perfectly by the PNC-CSM calculation. For the
other three nuclei the results are also satisfactory compared
with the experiment though there are some deviations. As
pointed out in Ref. [15], the alignment of N = 150 isotones
(250Fm and 252No) occurs a little earlier than that of N = 152
isotones (254No and 256Rf) and is delayed in 254No relative to
256Rf. The upbending mechanism in this mass region has been
investigated in detail in our previous work [6]. Similar results
have been achieved by other models [29,47]. However, we
cannot reproduce the alignment delay in 254No. In N = 150
isotones, more shape degrees of freedom other than ε2 and ε4,
e.g., the Y32 correlation and nonaxial octupole deformation
may play important roles [48,49]. In particular, Liu et al.
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FIG. 4. (Color online) The experimental (solid circles) and
calculated (solid black lines) dynamic MOI’s J (2) for 256Rf and the
neighboring even-even nuclei 250Fm [44] and 252,254No [45,46]. The
red lines are the results when the high-order deformation parameter
ε6 is considered in the PNC-CSM calculation. ε6 for 250Fm, 252,254No,
and 256Rf are 0.044, 0.040, 0.042, and 0.038, respectively, which are
taken from Ref. [27].

explained the fast alignment in 252No and slow alignment in
254No in terms of β6 deformation which decreases the energies
of the neutron j15/2 intruder orbitals below the N = 152
gap [50]. Here in Fig. 4 we show our results for the dynamic
MOI’s after considering this high order deformation. The red
lines are the results when ε6 is considered in the PNC-CSM
calculation. The values of ε6 for 250Fm, 252,254No, and 256Rf are
0.044, 0.040, 0.042, and 0.038, respectively, which are taken
from Ref. [27]. It can be seen that the ε6 deformation has
prominent effect in the high rotational frequency region. The
results are improved after considering this deformation in the
PNC-CSM. Note that the deformation parameter ε6 is fixed in
our calculation while it changes with the rotational frequency
in the total Routhian surface (TRS) calculation in Ref. [50].
We expect that after considering this effect, the results can be
improved further.

It should be stressed that although the similar effects of
ε6 deformation on MOI’s are obtained by both TRS method
and PNC-CSM, the upbending mechanisms are different. The
contribution of each proton and neutron major shell to the
angular momentum alignment 〈�|Jx |�〉 for the GSB in 256Rf
is shown in Fig. 5 to illustrate this point. The left (right) part of
Fig. 5 is the result without (with) ε6 deformation. The diagonal
parts

∑
μ jx(μ) calculated from Eq. (8) and off-diagonal parts∑

μ<ν jx(μν) from Eq. (9) for the proton N = 6 and the
neutron N = 7 shells are shown by dashed lines. It can be
seen from the left part of Fig. 5 that the alignments of protons
and neutrons take place simultaneously in 256Rf and the
neutron contribution seems just a little larger than the proton,
which is due to the off-diagonal part of the neutron N = 7
major shell. After considering the ε6 degree of freedom, both
the contribution from protons and neutrons are reduced, but
the competition of alignments still exists. The conclusion by

FIG. 5. (Color online) Contribution of each proton and neutron
major shell to the angular momentum alignment 〈�|Jx |�〉 for the
GSB in 256Rf. The left (right) part is the result without (with) ε6

deformation. The diagonal
∑

μ jx(μ) calculated from Eq. (8) and
off-diagonal parts

∑
μ<ν jx(μν) from Eq. (9) for the proton N = 6

and neutron N = 7 shells are shown by dashed lines.

the TRS method in Ref. [50] is different, which indicate that
the neutron νj15/2 orbital contributes a lot to the alignment,
while the contribution from proton πi13/2 is very small.

The single particle levels near the Fermi surface of 256Rf
as a function of ε6 deformation is shown in Fig. 6. The proton
and neutron intruder orbital are denoted by blue and red lines,
respectively. It can be seen that the ε6 deformation lowers not
only the neutron νj15/2 intruder orbitals below the N = 152
subshell, but also the proton πi13/2 intruder orbitals below the
Z = 100 subshell. This is the reason why both proton and
neutron contributions to the upbending are reduced when the
ε6 deformation is included in the PNC-CSM.

FIG. 6. (Color online) The single particle levels near the Fermi
surface of 256Rf as a function of ε6 deformation. The deformation
parameters ε2 = 0.255 and ε4 = 0.025. The proton and neutron
intruder orbital are denoted by blue and red lines, respectively.
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IV. SUMMARY

The recently observed high-spin rotational ground state
band in 256Rf [15] and those in its neighboring even-even
nuclei are investigated by using a cranked shell model with
pairing correlations treated by a particle-number conserving
method in which the blocking effects are taken into account
exactly. Both the experimental kinematic and dynamic MOI’s
are reproduced quite well by the PNC-CSM calculations. The
spin of the experimentally observed lowest-lying state in the
GSB of 256Rf is determined by comparing the MOI’s extracted
from different spin assignments with the calculations. Thus
determined spin for the observed lowest-lying state is 4h̄
and consistent with the spin assignment made by using the
Harris formula in Ref. [15]. We paid much attention to the
different rotational behaviors among 256Rf and its neighboring
even-even nuclei and the effects of the high order deformation
ε6 on the angular momentum alignment. The ε6 deformation
has a noticeable effect on the dynamical moments of inertia
in the high rotational frequency region. The calculation results
for the dynamical moments of inertia are improved after
considering this high order deformation in the PNC-CSM.

In present calculation, the Nilsson potential has been used,
it will be interesting to perform similar investigation with
a Woods-Saxon potential to generate the basis states in the
future.
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H. Kettunen, P. Kuusiniemi, M. Leino, A. P. Leppänen,
M. Muikku, P. Nieminen, P. Rahkila, C. Scholey, J. Uusitalo,
E. Bouchez, A. Chatillon, A. Hürstel, W. Korten, Y. L. Coz,
C. Theisen, D. Ackermann, J. Gerl, K. Helariutta, F. P.
Hessberger, C. Schlegel, H. J. Wollerscheim, M. Lach,
A. Maj, W. Meczynski, J. Styczen, T. L. Khoo, C. J.
Lister, A. V. Afanasjev, H. J. Maier, P. Reiter, P. Bednarczyc,
K. Eskola, and K. Hauschild, Phys. Rev. C 73, 024308
(2006).

[45] R.-D. Herzberg, N. Amzal, F. Becker, P. A. Butler, A. J. C.
Chewter, J. F. C. Cocks, O. Dorvaux, K. Eskola, J. Gerl,
P. T. Greenlees, N. J. Hammond, K. Hauschild, K. Helariutta,
F. Heßberger, M. Houry, G. D. Jones, P. M. Jones, R. Julin,
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