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Processes of e+e− → [η, η′, η(1295), η(1405)]γ in the extended Nambu–Jona-Lasinio model
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In the extended Nambu–Jona-Lasinio (NJL) model the total cross sections of the processes e+e− →
[η, η′, η(1295), η(1405)]γ at energies up to 2 GeV are calculated. The intermediate vector mesons ρ(770),
ω(782), φ(1020), ρ ′(1450), ω′(1420), and φ′(1680) are taken into account. The latter three mesons are treated
as the first radial excited states. They are incorporated into the NJL model by means of polynomial form factors.
The calculation results are in satisfactory agreement with the experimental data obtained with the SND detector
at VEPP-2M, Novosibirsk. The predictions given for the process e+e− → [η′, η(1295), η(1405)]γ have not been
experimentally tested yet.
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I. INTRODUCTION

Recently in Refs. [1–5], it has been shown that in the
framework of the extended chiral Nambu–Jona-Lasinio (NJL)
model [6–8] the e+e− → [π0, π0′

(1300)], [π0, π0′
(1300)]γ ,

π [π, π ′(1300)], π0ω, and π0ρ0 processes are satisfactorily
described at energies up to 1.6 GeV. The contributions from
the intermediate vector mesons in both the ground and radially
excited states were taken into account. Radially excited states
of mesons were introduced in the standard NJL model with the
polynomial form factor of the second order in the transverse
momentum of quarks [6–8]. In this case, the slope parameter
of this form factor was defined by the condition that the quark
condensate did not change after the introduction of excited
meson states in the standard NJL model. In contrast with other
phenomenological models used for description of low-energy
interactions of mesons, the extended NJL model does not
need to introduce additional arbitrary parameters for the above
processes (see, for instance, [9,10]). Up to now the processes
with pion production, as well as ρ, ω, and γ in the final state,
have been considered. To do this, it was sufficient to use the
SU (2) × SU (2) NJL model. To consider the processes with
production of η and η′ mesons in the final state, one has
to use the extended U (3) × U (3) NJL model. In Ref. [11],
the photoproduction of η(550), η′(950), η(1295), and η(1405)
in colliding electron-positron beams was studied. Unlike the
previous works, here we had to use the mixing matrix of the
four isoscalar states of η mesons [12].

In this work, we will continue investigation in this direction;
namely, we will calculate the total cross section of the pro-
cesses e+e− → [η, η′, η(1295), η(1405)]γ , with intermediate
states of vector mesons, in both the ground and radial-
excited states in the energy region up to 2 GeV. Our results
for the process e+e− → ηγ are in satisfactory agreement with
the experimental data obtained in Ref. [13]. The predictions for
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the processes containing η′, η(1295), and η(1405) are given.
The predictions can be verified in the ongoing experiment at
VEPP-2000 (Novosibirsk).

II. LAGRANGIAN OF THE EXTENDED NJL MODEL

In Figs. 1 and 2 the processes e+e− → (η, η′, η̂, η̂′)γ taking
into account intermediate particles γ , ρ, ω, φ, ρ ′, ω′, and φ′
are given.

For the description of these processes we will use the la-
grangian of the extended U (3) × U (3) NJL model [12,14,15],

�Lint
2 = q̄(k′)(Lf + Lγ + LV + Lη,η′,η̂,η̂′ )q(k),
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2
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where q̄ = (ū, d̄, s̄) with u, d, and s quark fields; m =
diag(mu,md,ms), mu = md = 280 MeV, and ms = 455 MeV
are the constituent quark masses; e is the electron charge; A
is the photon field; ρ, ω, φ, η, η′, η̂, and η̂′ are meson fields
(a hat over η or η′ fields means an exited state); and
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FIG. 1. Feynman diagram with photon exchange.
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A
q
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ϕq,1

η,η̂,η′,η̂′ + gq2b
ϕq,2

η,η̂,η′,η̂′fu(k⊥2
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where q = u, s. The radially excited states were represented
in the NJL model using the form factor in the quark-meson
interaction,

fq(k⊥2
) = (1 − dq |k⊥2|)
(

�2
3 − |k⊥2|),

k⊥ = k − (kp)p

p2
, du = 1.788 GeV−2, (5)

ds = 1.727 GeV−2,

where k and p are the quark and meson momenta, respectively.
The cutoff parameter �3 = 1.03 GeV. The coupling constants
are defined in the extended NJL model by the integrals
containing given form-factors,
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,

where the Zq factor appeared after taking into account
pseudoscalar–axial-vector transitions, Zs ≈ Zu = 1.2,

I f n
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where Nc = 3 is a number of quark colors. The mixing
angles for vector mesons are βu

0 = 61.44◦, βu = 79.85◦,

ρ, ω, φ, ρ , ω , φγ∗

u, d, s

γ

u, d, s

η, η , η̂, η̂

e+

e−

FIG. 2. Feynman diagrams with ρ, ω, φ, ρ ′, ω′, and φ′ meson
exchange.

TABLE I. The mixing coefficients for the isoscalar pseudoscalar
meson states.

η η̂ η′ η̂′

ϕu,1 0.71 0.62 −0.32 0.56
ϕu,2 0.11 −0.87 −0.48 −0.54
ϕs,1 0.62 0.19 0.56 −0.67
ϕs,2 0.06 −0.66 0.30 0.82

βs
0 = 57.11◦, and βs = 76.18◦. One can find the definition

of mixing angles for ρ, ω, and φ mesons in Refs. [12,14].
The mixing coefficients for the isoscalar pseudoscalar meson
states given in Table I were defined in Ref. [15].

It should be noted that meson states φ′(1680) are taken into
account only for qualitative predictions because their mass is
very close to the masses of ρ ′′(1690) and ω′′(1670), which are
not described in the framework of our version of the extended
NJL model.

III. AMPLITUDES AND CROSS SECTIONS
OF THE PROCESSES

All amplitudes of the given processes have the form

T λ = ēγ μe
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η pβ
γ

ms
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(8)

where s = (p+(e+) + p−(e−))2. The contributions from the
photon and vector mesons read
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where the coefficients CγV denote the transitions of a photon
into vector mesons,
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�q = I
f
2 (mq)√

I2(mq)I f 2

2 (mq)
, �u = 0.54, �s = 0.41,

q = u, s, Vu = ρ, V ′
u = ρ ′, Vs = φ, V ′

s = φ′.
(10)

The values of the triangles Vγ,ρ,φ,ρ ′,φ′ = V
η,η′,η̂,η̂′
γ,ρ,φ,ρ ′,φ′ depend on

the outgoing particles. We give their values:
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For the ρ ′ meson we use the width �ρ ′ (s) similar to Ref. [4],

�ρ ′(s) = 
(2mπ − √
s)�ρ ′→2π

+
(
√

s − 2mπ )

(
�ρ ′→2π + �ρ ′→ωπ
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×
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)
+ 
(

√
s − mρ ′ )�ρ ′ , (12)

where �ρ ′→2π = 22 MeV and �ρ ′→ωπ = 75 MeV were calcu-
lated in Ref. [14]; we use the complete width �ρ ′ = 400 MeV
[16]. For the widths of ω′ and φ′ mesons in Breit-Wigner
formulas we will use the more simple expression for the width
of their decays. Namely we will use ω′ and φ′ decays width
value at

√
s = mω′,φ′ . This is justified by the fact that the

contribution of the amplitude of the intermediate ω′ mesons
is an order of magnitude lower than the contribution from
the amplitude of the ρ ′ in the intermediate state. As for the
φ′ meson, its contribution is significant only in the region√

s > 1.5 GeV. For other mesons we use static widths. For
all masses and decay widths we used the standard PDG
values [16]. Let us note that the ρ ′ and ω′ mesons have similar
masses and decay widths and Tω′ ≈ 0.1Tρ ′ . That means that the
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FIG. 3. Comparison of the NJL model predictions with the
experiment [13] for the e+e− → ηγ process.

contribution from the ω′ meson to the cross section is negligible
in the present the processes. Unfortunately, our model cannot
describe phases of the excited intermediate resonances, thus
we take the phases for ρ ′ and ω′ from the experiments [3,13],
Tρ ′,ω′ → eiπTρ ′,ω′ .

The total cross section takes the form

σ (s) = α

24π2s3
λ3/2(s,m, 0)|T |2, (13)

where λ(a, b, c) = (a − b − c)2 − 4bc, m = mη,mη′ ,mη̂,mη̂′ .
One can find the cross sections of each of four processes in
Figs. 3–6. We calculated every cross section up to 2 GeV, and
give a comparison with experiment in Fig. 3 (experimental
points shown in Fig. 3 are taken from Ref. [13]) and
three predictions for each process involving η′, η(1295), and
η(1405) mesons (see Figs. 4–6). Every process was calculated
with several different amplitudes. The first amplitude was
calculated in the extended NJL model but without the con-
tribution of the φ′ meson (solid curves). The second amplitude
was obtained from the same amplitudes taking into account
contribution Tφ′ from the φ′ meson (dashed curves). The third
amplitude (in Figs. 3 and 4) was obtained in the framework
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FIG. 4. Predictions for the e+e− → η′γ process given by the
extended and standard NJL models.

045203-3



A. I. AHMADOV, D. G. KOSTUNIN, AND M. K. VOLKOV PHYSICAL REVIEW C 87, 045203 (2013)

 0

 1

 2

 3

 4

 5

 6

 1.4  1.5  1.6  1.7  1.8  1.9  2

σ(
s)

 (
pb

)

s1/2 (GeV)

Extended NJL
Extended NJL with φ′(1680)

FIG. 5. Predictions for the e+e− → η(1295)γ process given by
the extended NJL model.

of the standard NJL model (dotted curves). Note that in Fig. 3
one can see two sharp peaks. The first peak corresponds to the
ρ and ω intermediate resonant contributions, the second one
is due to the φ meson.

One can see that heavier resonances like φ′(1680) may play
a significant role after 1.5 GeV, especially in processes with
outgoing particles heavier than 1.2 GeV (see Figs. 5 and 6).

IV. CONCLUSION

The calculations resulted in satisfactory agreement with the
experimental data relating to the measurement of the e+e− →
ηγ process in the energy region 0.6–1.4 GeV. The contribu-
tions of the intermediate vector mesons ρ, ω, φ, ρ ′, ω′, and
φ′ were taken into account. For the calculations of processes
involving ground and exited states of the intermediate vector
resonances, we used the extended NJL model.

We demonstrate that the contributions of the amplitudes
with the intermediate ρ, ω, and φ mesons in the ground
states give results very close to the ones obtained within the
extended model up to about 1.5 GeV, where the ρ ′ resonance
contribution becomes important.
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FIG. 6. Predictions for the e+e− → η(1405)γ process given by
the extended NJL model.

It should be emphasized that our version of the extended
model contains only the ground and the first radially excited
states of the vector mesons.

We introduced radially excited φ′(1680) to show that heav-
ier resonances like this one can make a notable contribution to
cross sections at larger energies.

In the reactions considered here, the main role is played
by processes with intermediate vector mesons. However, there
are also reactions where intermediate scalar, tensor, and axial-
vector mesons do contribute as well; see, e.g., Refs. [17–19].

We hope that our predictions for production of final states
with η′, η(1295), and η(1405) will be experimentally verified
in existing and future experiments at e+e− colliders.
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APPENDIX: CALCULATIONS WITHIN THE STANDARD
NJL MODEL

In this Appendix, we will show the calculation of the
amplitude of the process e+e− → ηγ in the framework of
the standard NJL model. The Lagrangian of the standard NJL
model has the form [15,20–22]

Lint
standard = q̄

[
i∂̂ − m + e

2

(
λ3 + λ8√

3

)
Â

+ iγ5η(λugπ sin θ̄ + λsgs cos θ̄ )

+ iγ5η
′(λugπ cos θ̄ − λsgs sin θ̄)

+ gρ

2
(λρ̂ + λuω̂) + gφ

2
λsφ̂

]
q, (A1)

where θ̄ = θ − θ0 = −54◦, θ is the singlet-octet mixing
angle, and θ0 is the ideal mixing angle; the coupling constants
are gπ = gu1 = mu/Fπ , Fπ = 93 MeV, gρ = gρ1 , gs = gs1 ,
and gφ = gφ1 .

One can find the description of the transition of a photon
into vector mesons into Ref. [20]. The amplitudes of the
decays ρ, ω, φ were calculated in Ref. [21]. We will follow
the standard model and calculate convergent integrals which
contain three quark propagators within the infinite limits:

I
(∞)
3 (mq) = 16

3
π2mqI3(mq)
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=
∫

d4k

iπ2

mq(
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2mq

. (A2)

Thus, the amplitude Tstandard for the given process contains the
following terms:
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cos θ̄ . (A3)
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It is worth noting that the amplitude with the intermediate
photon (see Fig. 1) in this case can be easily combined with the
amplitudes with the intermediate ρ, ω, and φ mesons [20]. At
the result, we reproduce the vector-dominance model picture:

Tstandard = Tγ + Tρ+ω + Tφ = T V MD
ρ+ω + T V MD

φ ,

T V MD
ρ+ω = gπ

2mu

(
3

1 − i
√

s�ρ/m2
ρ

m2
ρ − s − i

√
s�ρ

m2
ρ

+ 1

3

1 − i
√

s�ω/m2
ω

m2
ω − s − i

√
s�ω

m2
ω

)
sin θ̄ , (A4)

T V MD
φ =

√
2gs

3ms

1 − i
√

s�φ/m2
φ

m2
φ − s − i

√
s�φ

m2
φ cos θ̄ .

One can see the comparison between the predictions given
by the extended and standard versions of the NJL model in

TABLE II. Branching ratios for the processes ρ → ηγ , ω → ηγ ,
and φ → ηγ .

Process NJL Experiment [13] PDG [16]

B(ρ → ηγ ) × 104 3.13 2.40 ± 0.32 3.00 ± 0.20
B(ω → ηγ ) × 104 6.49 4.63 ± 0.59 4.6 ± 0.4
B(φ → ηγ ) × 104 1.338 1.362 ± 0.054 1.309 ± 0.24

Figs. 3 and 4. Let us note that the standard NJL model gives
us a value for the φ-resonance peak larger than the experi-
mental value and the value predicted by the extended NJL
model.

Using the formulas for the V → ηγ vertices we can cal-
culate the decay branching ratios for intermediate resonances
into ηγ and compare them with experimental and PDG values.
One can see a comparison in Table II.
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