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Number of spin-1 states for three identical particles in a single- j shell
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In this paper we derive the analytical formulas of the number of spin-/ states (denoted as D;) for three identical
particles, in a unified form for both fermions and bosons. This is done by using 7 virtual bosons with spin 3/2,
where 71 equals 2j — 2 if one studies fermions in a single-j shell or 2/ if one studies bosons with spin /. We first
obtain a reduction rule from U(4) to O(3) for such virtual bosons and thereby derive the formulas of D,. The
formulas thus obtained are proved to be consistent with previous empirical formulas.
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To enumerate the number of spin-/ states (denoted as Dy)
for n identical particles in a single-j shell is a fundamental
practice in nuclear structure theory. A straightforward way
to obtain Dj is to subtract the combinatorial number of the
angular momentum projection M = [ + 1 from that with M =
I, inthe m scheme [1]. One may also obtain D; by the seniority
scheme [2] and the generating functions [3,4].

There have been many efforts to obtain algebraic expres-
sions of D; [5-11]. The first effort was made by Ginocchio
and Haxton [5], who obtained a simple formula of Dy
for n = 4 in studies of the fractional quantum Hall effect.
In Ref. [6], two of the present authors, Zhao and Arima,
found empirical formulas for three and four particles and
some of five particles. Zamick and Escuderos revisited the
Ginocchio-Haxton formula for / = 0 with n = 4 by a careful
consideration of the combinatorial number (in the m scheme)
to form I = j with n = 3 [7], which equals D;(n = 4). In
Ref. [8] Talmi derived recursion formulas for D; of n fermions
ina j orbit in terms of n,n — 1, n — 2 fermions in a (j — 1)
orbit, and thereby proved the empirical formulas for three
fermions in Ref. [6]. In Refs. [9,10] the studies of n = 3 and
4 were extended to the number of states with given spin / and
isospin 7. In Ref. [11], Talmi’s recursion formulas [8] was
further generalized to boson systems and applied to prove the
empirical formula for n = 5 bosons given in Ref. [6]. Very
interestingly, the number of spin-/ states, D;, was found to
be closely related to the sum rules of many six-j and nine-j
symbols, and coefficients of fractional parentage [9,12—-18].

In Ref. [19], it was proved that D; for n fermions in a
single-j shell or bosons with spin / equals the D; of another
“boson” system with spin!/” = n /2, the boson number (denoted
by 71) of which equals either 2j + 1 — n (if one studies D,
for n fermions in a j shell) or 2/ (if one studies D; for n
spin-/ bosons). For convenience of readers, this conclusion
is explained as follows. D; equals the combinatorial number
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(denoted by C;) of M =my +myp + - - -+ m, = [ (with the
requirement j > m; > my > --- > m, > —j for fermions or
l>2my >2my > --- > m, > —Iforbosons) subtracted by that
of M;1, and this practice (called process A) can be carried out
in an equivalent process as follows. We define I’ = I, — I,
where Inax = Mmax = 1j — @ for fermions or nl for
bosons. Let P(n,I’) be the number of partitions of I’ =
i+t Fipwith2j+1l—nz2iz2i=2--2i, 20
for fermions or 21 > iy > i, > --- > i, > 0 for bosons, with
the convention that P(n,0) = P(n,1) = 1. One can prove that
P(n,I’) equals the combinatorial number of M = [ = I;,,x —
I’, and thus D; = P(n,I') — P(n,I’ — 1). This method is
called process B here. Now we denote P(n,1”) by using a series
of Young diagrams, with the first row i; boxes, the second
row i, boxes, ..., the n row i, boxes. The number of such
Young diagrams is equal to that of their conjugate diagrams
with n columns, with the first column i; boxes, the second
column i, boxes, ..., the n column i, boxes. An example of
such one-to-one correspondence is shown in Fig. 1 fori; = 4,
i =2, and i3 = 1. The number of rows for these conjugate
diagrams is 2j + 1 — n for fermions or 2/ for bosons. These
conjugate diagrams correspond to P(7,1’) for bosons with
spin n/2. This means D; = P(i,I’) — P(a, I’ — 1), and we
call this method process C. Therefore, D; of n fermions in
a single-j shell or n bosons with spin / can be alternatively
studied by using 7 bosons with spin n/2. This equivalence
also leads to an interesting conclusion that D; of n fermions
in a single-j shell always equals that of n bosons with spin
l=j— % This conclusion was applied to four fermions
and bosons in Ref. [19], where D; of n = 4 was derived by
studying D; of d bosons. In Table I we exemplify the processes
A, B, and C by using four fermions in a j = 7/2 shell, to
illustrate how these three different processes give the same Dj.

The purpose of this paper is to derive the formulas of D;
for n = 3 by the above identity, i.e., D; of n identical particles
equals that of 7 bosons with spin n/2. Although the formulas
for n =3 are known, they were obtained empirically and
proved by induction with respect to j. Therefore it would be
desirable if they were derived. These formulas are understood
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FIG. 1. The Young diagram of P(n,I’) and its conjugate Young
diagram of P(n,I') = P(1,I'), for i, =4, i, =2, and iz = 1. 7 =
2j 4+ 1 — n for fermions or 7 = 2/ for bosons. The Young diagram of
P(n,I') corresponds to n identical particles (fermions in a single-j
shell or bosons with spin /), and P(71,1") = P(n,I’) corresponds to /i
bosons with spin 7 /2.
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deeply only if they are analytically obtained in a unified way
for both fermions and bosons.

For n = 3, however, we should deal with 7 bosons with
spin 3/2 which are not realistic. We call such “bosons” virtual
bosons. Below we first come to the reduction rule of symmetric
representation from U(4) to O(3). [We note that reduction
Un) D SO(n) D SO(3) for bosons was studied in Refs. [20—
22].] Then we construct the analytical formulas of D; for n
virtual bosons with spin 3/2. Finally we show that the results
of this work are consistent with those in Ref. [6].

Let us first denote the creation and annihilation operators
of our virtual bosons with spin 3/2 by ajn and a, (m =

TABLE 1. Processes A, B, and C for four fermions in a single-j shell (j = 7/2). Here i =2j + 1 —4 = 4. In process A we tabulate
combinatorial numbers of M = m| +my +m3 +my = 1 with7/2 > m; > m, > m3 > my > —7/2; in process B, we tabulate combinatorial

numbers of I' = Iy — I =i +ir+---+i, With2j+1—n>i; =i, > --

partitions in process B. One sees that C; = P(n, I —

- >, 2 0. In process C, iy, iy, - - - iz are given by conjugate

I) = P(ii,Inax — I). Therefore the three processes yield the same results of D;.

A B

C Dy—;

M C[ 211’L4 I P(}’l,l/) il

)
3
)
3
[\®)
5

~.
[¥)

P(n,I')

w
~.
N
~
[N)
~.
w
~
&~

1
-1
-1
-3
-1 3 3
-3
=5
-1 4 5
-3
-3
=5
=7
-3 5 5
-3
=5
=5
=7
-3 6 7
=5
-3
=5
=7
-5
-7
-3 7 7
-5
-7
=5
-5
-7
=7
-3 8 8
=5
=5
=7
=5
=7
=7
-7

N = O
—

— e e L) ks e e W W) ) W

|
—_

T e e e O A
Y S L S R S B S B N Y * B e )

B B B Y Y R0 R N R B N Y B B e B e Y B B e Y B e B B Y N B U BENEEN |
I
(O8]

N W= = W= = W W= WW= WL WWWeeE WWuLwnwwwuhnun h W wohnwnn n n
—

AR AR WWWOUNRERERELLULUNEREWLWLWWRONREWRRONNREWRON R, WR —N——~O

I
)

A WO WWRONWENE R, WD NDFE, WP, DR, DR, OR,NNEREPR,O—=~=,O—OO0

—_

O N =N P, NN OR P, PPN, O—R, PR, OOR =), OO0, L, OO~,OOOoOOo
SO OO =) P NDNOOR OO =R, OO0 OR O OO0, OOOoOOoOROoOOoOOoOOoOOo oo
NN = =N = O =P, NDP, P, O, RN, P, OO0, P, OO0, ~,OOoOO0O—OO0O0oOooOo
SR el el el Sl el ReoNel k=l >Nelaolell Jlelelellell jeleoleoleoBoleoBeo ool oRe]

DD WWPERWERPREPRNDWRERWWERERENDWNDWRERWRNDNDNWWRERRNDDNDWR=—=NDWRNDRRO
DR W WNRWRNPDNDELNDWRWNR=R,NOND= W= EREN== =R O—==O—=00O0

034313-2



NUMBER OF SPIN-/ STATES FOR THREE IDENTICAL ...

3/2,1/2, —1/2, —3/2). They follow

[am ] = [al.al 1 =0, [am.a,] = Spm.

The 16 bilinear forms, {a}a,}, or equivalently (al x @)%’
[f=0,1,2,3, and G, = (—)3/2’“41_#], generate the U(4)
algebra; (af x d)ﬁf ) with f =1 and 3 generate the Sp(4)
algebra; and (a' x a)\) generate the SO(3) algebra. These
algebras form a group chain U(4) D Sp(4) D SO(3). Let us
denote symmetric irreducible representation of U(4) and
Sp4) by [72,0] = [, 0, 0, 0] and (77,0), respectively. By using
angular momentum coupling and recoupling techniques [23],
or straightforwardly by expanding in terms of Clebsch-Gorden
coefficients, one can prove that

(al xaT)Lf)zo for f=0or2,

; .
@ xahy ~ (a;/z)z, (a x a' x aT)S/z) =0,

(czT x al x aT)gS//zz)

(aJr x al x aT)(99//22)

1
~ a;r/z(cff X aT)( ),

~ (a;/2)3.

Therefore one may use the following four linearly independent
(3/2)
32 >

and U = (a' x af x af x aT)gD to construct the basis vectors
(up to a normalization constant)

[[7,0,0,01, (n,0), e, I, I} = A" V"2 §"U"|0). (1)

operators A = a;f/z, V =(a'x an)(ll), S =(a" xal xah)

Because the particle number is a conserved quantity, it is ob-
vious that 7 = ny + 2n, + 3n3 + 4n4. Furthermore, because
A,V,S,and U are rank 3/2, 1, 3/2, and 0O irreducible tensor
operators of O(3) with maximal angular momentum projection
onto the z axis, directly using commutation relations of J>
operator of O(3) with A, V, §, and U, one can prove that the
total spin of Eq. (1) is

I = %n1+n2+%n3. 2)

For example, we have [J,,A"] = 3’2’—‘A”'; since the Casimir
operator J2=J_J, + J.(J; + 1), and [J,,J_]=2J,, and
[J;,Ji]l = £J4, one has [J2, A" ] = 2L (3 + 1)A™. Similar
commutation relations follow for V2, §™ and U™. In Egs. (1)
and (2), n1=0,1,2,...,7; n, =0,1,2,...,[1/2]; n3 =
0,1,andngy =0, 1,2, ..., [r/4]. [ ] means to take the largest
integer not exceeding the value inside. « is multiplicity in the
reduction Sp(4) — O(3). Since S> ~ A2U, only n3 =0 or 1
cases should be considered when S and A are used to construct
Eq. (1).
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Let us define A = n; + 2n; + 3n3. Equation (2) can be
rewritten as

n=4n4s+ A, I:%A—an—?)ng: %)L—{—n]. 3)

This is the key to obtaining the D; for n = 3 here. According
to Eq. (3), the allowed spin [ is given by

3 3 3 1
I=3 3n—2,30-3,... 1, )

for a given A defined in Eq. (3). One sees that thereisno [ = %
state for three fermions in a single-j shell, because A =1
presents the [ = % state, and the %k — 1 state is missing.
Our process to obtain D; of 71 virtual bosons with spin 3/2
is explained in three steps:
(i) Let us define

k=1[n/4], « =n mod 4.

Apparently, k = 0,2 correspond to bosons, and « = 1,3
correspond to fermions (because 7 = 2j — 2 for fermions and
2[ for bosons). A = i1 — 4ny = 4(k — ng) + k.

(i1) According to Eq. (4), for a given spin I, the allowed A
follow

A<2I for I <n/2,
&)
A<

with A #£ 2(1 4+ 1)/3. Because A = i1 — 4ny = 4(k — ny4) + «,
we obtain
21 — 3k
12
21 — 3k
12
with 21 # 12(k — ng) + 3k — 2.
(iii) D; equals the number of allowed (k — ny4) for a given
spin /. From Eq. (6), one obtains that for I < 7i/2,

Dl=|:21_K:|—|:21_3K1|+51—32, @)

21 —k

<k—ns < for I <1i/2,

(6)

<k—ng <k for I>n/2,

4 12
with
Sz 36— for «=1,2,3,
81 =683, b= T
8r,3/{+10 for « =0.

Here 7 is equal to (27 mod 12). t and « are odd for fermions
and even for bosons, respectively. The §; term arises when

TABLE II. Numbers of spin-/ states (i.e., D) for three identical fermions in a single-j shell, with j = 3/2,5/2,7/2,9/2here.n =2j — 2
(odd numbers), k = [1/4], k =nimod4.ny =0,1,2,...,k, and A =71 — 4ny = 4(k — n4) + k. The allowed values of total spin / are given

by 3, 3x—2,30-3,... 1A

J n k K (n4,1) D,
=1 3 5 7 9 11 13 15 17 19 2
3/2 1 0 1 0,1) - 1
5/2 3 0 3 0,3) - 1 1 - 1
72 5 1 1 (©05),LD) T B T 1 - 1
9/2 7 1 3 0,7), (1,3) - 1 1 1 1 1 1 1 - 1
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TABLE III. Same as Table II except for three identical spin-/ bosons, with [ = 1, 2, 3, 4 here. 7 = 2/ (even numbers).

l 7l k K (ng,)\) D
I1=0 1 2 3 4 5 6 7 8 9 10 11 12
1 2 0 2 0,2) - 1 - 1
2 4 1 0 (0,4), (1,0) R 1 1 1 - 1
3 6 1 2 0,6), (1,2) - 1 - 2 1 1 1 1 - 1
4 8 2 0 (0.8, (14,20 1 -1 1 21 1 1 1 1 - 1
L3¢ equals an integer. The 8, term arises from the condition Forl > n/2 = j — 1, Eq. (8) is reduced to
that I # 31 — 1. For I > /2, -3
2 Dy =k—1,— ! K +38 — 6
12
21 -3«
- — _ 3k —1
Dy =k |: ]+81 8. ®) =k—10+|:K :|+1_52
. - 3in =21 Imax —1
Equations (7) and (8) are our final results of D;. They are in = +1-6=|2__ |45, (10)
unified form for both fermions and bosons. 12 6

In Tables II and III, we tabulate D; for three fermions in
a single-j shell with j =3/2,5/2,7/2,9/2 and three spin-/
bosons with [ = 1, 2, 3, 4, respectively. For the convenience
of readers, we also list the corresponding 71, k, and « as well
as the allowed values of n4 and A. For each given A, one finds
the allowed values of total spin /, and from which one finally
obtains D.

We finally prove that Egs. (7) and (8) are consistent
with previous formulas obtained empirically in Ref. [6] for
n =3. We exemplify this by using three fermions in a
single-j shell. Here 7 =2j —2 and t is an odd number
below 12 (1,3,5,...,11). For I <n/2=j —1, Eq. (7) is
reduced to

T —K T — 3k
D; =21+ — + 6 — &

4 12
21 for =1
=1{2+1 for 7=3,57
2Ip+2 for =911

T+3 21 +3
=210+[ : }:[ . } ©)

where Iy = [21/12] = [1/6]. This is Eq. (1) of Ref. [6].

where §; was defined in Ref. [6]:
0 if(Ipax — I)mod6 =1,
8 = :

otherwise.

This is Eq. (2) of Ref. [6] for three fermions in a single-j shell.

To summarize, in this paper we derive the analytical
formulas for the number of spin-1 states, Dy, for three fermions
in a single-j shell and three bosons with spin /, by using
a reduction rule from the U(4) to the O(3) group chain,
U4) D Sp4) D O(3), for i1 virtual bosons which follow the
U(4) symmetry (i.e., spin 3/2). i = 2j — 2 for fermions and
i1 = 21 for bosons. We are able to obtain analytical formulas
of three bosons and fermions in a unified form and on a unified
footing. We show that the new formulas are consistent with
previous empirical formulas.

This work is supported by the National Natural Sci-
ence Foundation of China (Nos. 11145005, 11175078,
11225524, and 11247241), the 973 Program of China (Grant
No. 2013CB834401), and the Doctoral Program Founda-
tion of the State Education Ministry of China (Grant No.
20102136110002). One of the authors (J.H.) thanks the
Shanghai Key Laboratory of Particle Physics and Cosmology
for financial support.

[1] A. de-Shalit and I. Talmi, Nuclear Shell Theory (Academic, New
York, 1963) [Reprint Dover, New York, 2004].

[2] G. Racah, Phys. Rev. 63, 367 (1943).

[3] J. Katriel, R. Pauncz, and J. J. C. Mulder, Int. J. Quantum Chem.
23, 1855 (1983); J. Katriel and A. Novoselsky, J. Phys. A 22,
1245 (1989).

[4] D. K. Sunko and D. Svrtan, Phys. Rev. C 31, 1929 (1985);
D. K. Sunko, ibid. 33, 1811 (1986); 35, 1936 (1987).

[5] J. N. Ginocchio and W. C. Haxton, in Symmetries in Science VI,
edited by B. Gruber and M. Ramek (Plenum, New York, 1993),
p. 263.

[6] Y. M. Zhao and A. Arima, Phys. Rev. C 68, 044310 (2003).

[71 L. Zamick and A. Escuderos, Phys. Rev. C 71, 054308
(2005).
[8] L. Talmi, Phys. Rev. C 72, 037302 (2005).
[9] L. Zamick and A. Escuderos, Phys. Rev. C 71, 014315 (2005);
72, 044317 (2005).
[10] Y. M. Zhao and A. Arima, Phys. Rev. C 72, 064333 (2005).
[11] L. H. Zhang, Y. M. Zhao, L. Y. Jia, and A. Arima, Phys. Rev. C
77, 014301 (2008).
[12] Y. M. Zhao, A. Arima, J. N. Ginocchio, and N. Yoshinaga, Phys.
Rev. C 68, 044320 (2003).
[13] Y. M. Zhao and A. Arima, Phys. Rev. C 70, 034306 (2004).
[14] Y. M. Zhao and A. Arima, Phys. Rev. C 72, 054307 (2005).

034313-4


http://dx.doi.org/10.1103/PhysRev.63.367
http://dx.doi.org/10.1002/qua.560230514
http://dx.doi.org/10.1002/qua.560230514
http://dx.doi.org/10.1088/0305-4470/22/9/014
http://dx.doi.org/10.1088/0305-4470/22/9/014
http://dx.doi.org/10.1103/PhysRevC.31.1929
http://dx.doi.org/10.1103/PhysRevC.33.1811
http://dx.doi.org/10.1103/PhysRevC.35.1936
http://dx.doi.org/10.1103/PhysRevC.68.044310
http://dx.doi.org/10.1103/PhysRevC.71.054308
http://dx.doi.org/10.1103/PhysRevC.71.054308
http://dx.doi.org/10.1103/PhysRevC.72.037302
http://dx.doi.org/10.1103/PhysRevC.71.014315
http://dx.doi.org/10.1103/PhysRevC.72.044317
http://dx.doi.org/10.1103/PhysRevC.72.044317
http://dx.doi.org/10.1103/PhysRevC.72.064333
http://dx.doi.org/10.1103/PhysRevC.77.014301
http://dx.doi.org/10.1103/PhysRevC.77.014301
http://dx.doi.org/10.1103/PhysRevC.68.044320
http://dx.doi.org/10.1103/PhysRevC.68.044320
http://dx.doi.org/10.1103/PhysRevC.70.034306
http://dx.doi.org/10.1103/PhysRevC.72.054307

NUMBER OF SPIN-/ STATES FOR THREE IDENTICAL ...

[15] L. Zamick and A. Escuderos, Ann. Phys. (NY) 321, 987 (2006);
L. Zamick and S. J. Q. Robinson, Phys. Rev. C 84, 044325
(2011).

[16] C. Qi, X. B. Wang, Z. X. Xu, R. J. Liotta, R. Wyss, and F. R.
Xu, Phys. Rev. C 82, 014304 (2010).

[17] J. C. Pain, Phys. Rev. C 84, 047303 (2011).

[18] X. B. Wang and F. R. Xu, Phys. Rev. C 85, 034304
(2012).

[19] Y. M. Zhao and A. Arima, Phys. Rev. C 71, 047304 (2005).

PHYSICAL REVIEW C 87, 034313 (2013)

[20] M. Hamermesh, Group Theory and Its Application to Physical
Problems (Addison-Wesley, London, 1962), Chap. 11.

[21] F. Iachello, Lie Algebras and Applications, Lecture Notes in
Physics, Vol. 708 (Springer-Verlag, Berlin, 2006).

[22] M. A. Caprio, J. H. Skrabacz, and F. Iachello, J. Phys. A: Math.
Theor. 44, 075303 (2011).

[23] L. C. Biedenharn and J. D. Louk, Angular Momentum in
Quantum Physics, Theory and Application (Addison-Wesley,
Reading, MA, 1981).

034313-5


http://dx.doi.org/10.1016/j.aop.2005.08.006
http://dx.doi.org/10.1103/PhysRevC.84.044325
http://dx.doi.org/10.1103/PhysRevC.84.044325
http://dx.doi.org/10.1103/PhysRevC.82.014304
http://dx.doi.org/10.1103/PhysRevC.84.047303
http://dx.doi.org/10.1103/PhysRevC.85.034304
http://dx.doi.org/10.1103/PhysRevC.85.034304
http://dx.doi.org/10.1103/PhysRevC.71.047304
http://dx.doi.org/10.1088/1751-8113/44/7/075303
http://dx.doi.org/10.1088/1751-8113/44/7/075303



